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HARMONIC ANALYSIS OF TRANSLATION INVARIANT
VALUATIONS

SEMYON ALESKER, ANDREAS BERNIG AND FRANZ E. SCHUSTER

Abstract. The decomposition of the space of continuous and translation-invariant
valuations into a sum of SO(n) irreducible subspaces is obtained. A reformulation of
this result in terms of a Hadwiger-type theorem for continuous translation-invariant
and SO(n)-equivariant tensor valuations is also given. As an application, symmetry
properties of rigid-motion invariant and homogeneous bivaluations are established
and then used to prove new inequalities of Brunn—Minkowski type for convex body
valued valuations.

1 Introduction and Statement of Main Results

Let V be an n-dimensional Euclidean vector space and let A be an abelian semigroup.
A function ¢ defined on convex bodies (compact convex sets) in V' and taking values
in A is called a valuation, or additive, if

O(K) +¢(L) = (K UL)+¢(KNL)

whenever K, L and K U L are convex.

The most important cases are A = R or C (scalar-valued valuations), A = Sym*V’
(tensor valuations) and A = K", the semigroup of convex bodies in V' with the
Minkowski addition (Minkowski valuations).

Scalar-valued valuations play an important role in integral geometry. Hadwiger
characterized in [Ha2] the continuous Euclidean motion invariant valuations. Almost
all classical integral-geometric formulas can be reduced to this landmark result. For
generalizations of this idea in different directions, we refer to [All,3], [B2], [BF2],
[F], [KIR], [LR], [M2].

Tensor valuations were studied by McMullen [M3], the first author [Al2] and
Ludwig [L2]. Recently, a full set of kinematic formulas for tensor valuations was
obtained by Hug, Schneider and R. Schuster [HuSS1,2].

The best known example of a Minkowski valuation is the projection body. This
central notion from affine geometry has many applications in several areas such as
geometric tomography, stereology, computational geometry, optimization or func-
tional analysis. For a systematic study of Minkowski valuations, we refer to [H1,2],
[K], [L1-4], [S2] and the references therein.
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In this article, we contribute to these three different directions in the theory of
valuations. Our main result may be stated in the language of scalar-valued valuations
or in the language of tensor valuations. For simplicity, we assume throughout this
paper that n > 3, even if most of the results also hold true for n = 2.

A valuation ¢ is called translation invariant if (K 4+ z) = ¢(K) for all z € V
and K € K", and ¢ is said to have degree i if ¢(tK) = t'¢(K) for all K € K"
and ¢t > 0. We call ¢ even if p(—K) = ¢(K) and odd if ¢(—K) = —¢(K) for all
K € K™. We denote by Val the vector space of all continuous translation-invariant
complex-valued valuations and we write Valii for its subspace of all valuations of
degree i and even/odd parity. An important result by McMullen [M1] is that

Val= (P (Val] & Val;). (1.1)
0<i<n
In order to state our main theorem, we need the following basic fact from the rep-
resentation theory of the group SO(n): The isomorphism classes of irreducible rep-
resentations of SO(n) are parametrized by their highest weights, namely sequences
of integers (A1, A2, ..., A|n/2)) such that

)\12)\22"'2/\@/2]20 fOI"OddTL,
)\12)\22...2/\n/2,12])\n/2] for even n .

(See section 3 for the background material from representation theory.)
The natural action of the group SO(n) on the space Val is given by

(Wp)(K) = ¢(0'K), 0 eSO0(n), ¢ € Val.

Our main theorem is the following decomposition of the space Val into irreducible
SO(n)-modules.

Theorem 1. Let 0 <1¢ < n. The space Val; is the direct sum of the irreducible
representations of SO(n) with highest weights (A1,..., | 2|) precisely satistying
the following additional conditions:
(i) A\j =0 for j > min{i,n —i};
(i) |Nj| #1 for1 <j < |n/2];
(iii) |[Ao| < 2.
In particular, under the action of SO(n) the space Val; is multiplicity free.

Earlier versions of Theorem 1 for even valuations were obtained in [Al3] and
[AIB]. These results were subsequently applied in the construction of new algebraic
structures on the space Val (see [Al5, BF1]) which provided the means for a fuller
understanding of the integral geometry of compact groups acting transitively on the
unit sphere (see e.g. [Al4], [B2], [BF2], [F]).

For the proof of Theorem 1 we draw on methods from representation theory,
differential geometry and geometric measure theory. To be more specific, we use a
representation of smooth translation-invariant valuations via integral currents first
obtained in [Al6] and later refined in [BB] and [B3] as well as an analysis of the
action of SO(n) on the space of translation-invariant differential forms on a contact
manifold (see sections 4 and 5).
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We now state a reformulation of Theorem 1 in the language of tensor valuations.
Let (T', o) be a (finite-dimensional, complex) representation of SO(n). A continuous
translation-invariant valuation with values in I' is called SO(n) equivariant if

P(IK) = 0(9)¢(K)
for all ¥ € SO(n) and K € K.

Theorem 1'. Let (T, o) be an irreducible SO(n) representation and let 0 < i < n.
There exists a non-trivial continuous translation-invariant and SO(n)-equivariant
valuation of degree i with values in I' if and only if the highest weight of I' satisfies
the conditions (i)—(iii) in Theorem 1. This valuation is unique up to scaling.

Since a finite-dimensional representation of SO(n) can be decomposed into a sum
of irreducible representations, Theorem 1’ can be used to study the space of equiv-
ariant I'-valued valuations also for reducible I' (compare the examples in section 5).

The case of symmetric tensors, namely I' = Sym”* V', has been intensively treated
in [All], [HuSS1,2], [L2], [M3]. In these papers, translation invariance is replaced by
the more general isometry covariance. In the recent article [HuSS2], Hug, Schneider
and R. Schuster explicitly determined the dimension of the space of all continu-
ous isometry covariant tensor valuations of a fixed rank and of a given degree of
homogeneity. However, these computations do not seem to give a basis of the sub-
space of translation-invariant tensor valuations. For the general, non-symmetric,
case, not much seems to be known except the construction of A*V ® A*V-valued
translation-invariant valuations in [B1].

DEFINITION. A map ¢ : K" x K" — C is called a bivaluation if ¢ is additive in
each argument. A bivaluation ¢ is called translation bi-invariant if ¢ is invariant
under independent translations of its arguments and ¢ is said to have bidegree (i, j) if
o(tK,sL) = t'sTp(K, L) for all K,L € K" and t,s > 0. We say ¢ is O(n) invariant
(resp. SO(n) invariant) if p(VK,9L) = @(K,L) for all K,L € K" and ¥ € O(n)
(resp. ¥ € SO(n)).

In their book on geometric probability, Klain and Rota [KIR] pose the problem
of classifying all “invariant” bivaluations. The first such classification results were
obtained recently by Ludwig [L5]. In section 6 we obtain a description of all contin-
uous translation bi-invariant bivaluations which can be seen as a starting point for
systematic investigations of this problem.

As an application of Theorem 1, we obtain the following important symmetry
property of rigid-motion invariant homogeneous bivaluations.

Theorem 2. Ifp: K" x K™ — R is a continuous translation bi-invariant and O(n)
invariant bivaluation of bidegree (i,i), 0 < ¢ < n, then

for every K, L € K™.

As a byproduct of our proof of Theorem 2, we also obtain that if the bival-
uation ¢ is as above but merely SO(n) invariant, then (1.2) still holds true if
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(i,n) # (2k + 1,4k + 2), k € N. If n = 2 mod 4, then there exist continuous trans-
lation bi-invariant and SO(n) invariant bivaluations of bidegree (n/2,n/2) which are
not symmetric.

The symmetry property established in Theorem 1 in combination with tech-
niques developed by Lutwak [Lul,5] can be used to obtain geometric inequalities
for Minkowski valuations. Recall that a map & : K" — K" is called a Minkowski
valuation if ® is additive with respect to the usual Minkowski addition of convex
sets. We denote by MVal; the set of all continuous translation-invariant Minkowski
valuations of degree 7.

A convex body K is uniquely determined by its support function h(K,u) =
max{u-z : v € K}, for u € S"~!. Among the most important examples of Minkowski
valuations is the projection operator II € MVal,,_;: The projection body 11K of K
is the convex body defined by

h(IIK,u) = vol,_1(K|ut), weS" !,

where K|ut denotes the projection of K onto the hyperplane orthogonal to u. For
the special role of the map II in the theory of valuations we refer to [L1].

Let 0 <i<n-—1. If &; € MVal,; is O(n) equivariant, i.e. ®;(VK) = J®,K for
all K € K™ and ¥ € O(n), then the map

o(K,L) =V (®,K,L[i],Bn—i—1]), K,Lek"

where V(®, K, L[i], B[n—i—1]) denotes the mixed volume of ®; K, i copies of L and
n —i — 1 copies of the Euclidean unit ball B, is a translation bi-invariant and O(n)
invariant bivaluation of bidegree (i,7). By Theorem 2, it is symmetric in K and L.

In the particular case where ¢ = n — 1 and ®,,_; = II, this symmetry property
is well known. Its variants and generalizations have been used extensively for es-
tablishing geometric inequalities related to convex and star body valued valuations
(see [GZ], [GrZ], [HS], [Lul,2,4,5], [LuYZ1], [LuYZ2], [LuZ], [S2] and section 7).
Complex versions of the projection body were recently studied in [AB], they satisfy
similar symmetry properties.

In the following, we give one example of the type of inequalities that can be
derived from Theorem 2. To this end let us recall a version of the classical Brunn—
Minkowski inequality. For ¢ € {0,...,n}, let V;(K) denote the i-th intrinsic volume
of K € K™. The Brunn—Minkowski inequality for intrinsic volumes states the fol-
lowing: If 2 < i <n and K, L € K" have non-empty interior, then

Vi(K + L)Y > Vi(K)Y' + vi(D)'1, (1.3)

with equality if and only if K and L are homothetic.

In [Lul,5], Lutwak obtained inequalities of Brunn—Minkowski type for a well-
known family of Minkowski valuations derived from the projection body operator.
As an application of Theorem 2, we show that inequalities (1.3) and Lutwak’s in-
equalities for derived projection operators of order 7 are in fact part of a larger family
of Brunn—-Minkowski type inequalities which hold for all continuous translation-
invariant and SO(n)-equivariant Minkowski valuations of a given degree.
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Theorem 3. Suppose that ®; € MVal;, 1 <i <n —1, is SO(n) equivariant. If
K, L € K" have non-empty interior, then

Vig1 (®5(K + L))l/i(iﬂ) > Vi1 (@)D 4 vy (@, L)1,

If i > 2 and ®; maps convex bodies with non-empty interior to bodies with non-
empty interior, then equality holds if and only if K and L are homothetic.

The special case of Theorem 3 for even Minkowski valuations was recently es-
tablished by other methods by the third author [S2].

2 Translation Invariant Valuations

In the following, we collect background results on translation invariant complex-
valued valuations needed in subsequent sections. In particular, we recall the defini-
tion of O(n) finite valuations and smooth valuations as well as their representation
via integral currents.

A classical theorem of Minkowski states that the volume of a Minkowski linear
combination t1 Ky + ...+ tx K} of convex bodies K1,..., K can be expressed as a
homogeneous polynomial of degree n:

k
Vil Ko+ o+ K = Y V(G K )ty -

11 yeenyin=1
The coefficients V (K, ,..., K;,) are called mized volumes of K;,,...,K;, . Clearly,
V(K,...,K) = V,(K). Moreover, mixed volumes are symmetric, non-negative and

multilinear with respect to Minkowski linear combinations. They are also continuous
with respect to the Hausdorff metric and satisfy the following two properties:

o If K, L € K™ such that K UL € K", and C = (K1,..., K;), then
Vi(K,C) + Vi(L,C) = Vi(K UL, C) + Vi(K N L,C),
where V;(K, C) denotes the mixed volume V(K,..., K, K,..., K;).

e Mixed volumes are invariant under independent translations of their arguments
and they are invariant under simultaneous unimodular linear transformations,

ie.if Ky,...,K, € K" and A € SL(n), then
V(AKy,...,AK,) =V (Ky,...,K,).

Recall that we denote by Val the vector space of continuous translation-invariant
complex-valued valuations and we write ValgIE for its subspaces of all valuations of
degree i and even/odd parity.

It is easy to see that the space Valj is one-dimensional. The analogous (non-
trivial) statement for Val,, was proved by Hadwiger [Ha2, p.79].

The following consequence of McMullen’s decomposition (1.1) is well known.

COROLLARY 2.1. Let C' € K™ be a fixed convex body with non-empty interior.
The space Val becomes a Banach space under the norm

]l = sup{|6(K)| : I € C}.

Moreover, a different choice of C' yields an equivalent norm.
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The natural continuous action of the group GL(n) on the Banach space Val is
given by
(Ap)(K) = ¢(A'K), AecGL(n), ¢ € Val.

Note that the subspaces Val;t C Val are invariant under this GL(n) action.
The following result is known as the irreducibility theorem. It implies a conjecture
by McMullen that the linear combinations of mixed volumes form a dense subspace

in Val.

Theorem 2.2 [Al3]. The natural action of GL(n) on Val¥ is irreducible for every
i €{0,...,n}.

In the following, it will be important for us to work with two different dense
subsets of valuations in Val:

DEFINITION. A valuation ¢ € Val is called O(n) finite if the O(n) orbit of ¢, i.e.
the subspace span{v¢ : ¥ € O(n)}, is finite dimensional.

A valuation ¢ € Val is called smooth if the map GL(n) — Val defined by
A — A¢ is infinitely differentiable.

The notions of O(n) finite and smooth valuations are special cases of more general
well-known concepts from representation theory (see e.g. [W]).

We denote the space of continuous translation-invariant and O(n) finite valu-
ations by Val/ and we write Val® for the space of smooth translation invariant
valuations. For the subspaces of homogeneous valuations of given parity in Val/
and Val* we write Val;t’f and Valli’oo, respectively.

It is well known (cf. [BrD, p.141] and [W, p.32]) that the set of O(n) finite
valuations Valf[’f is a dense O(n) invariant subspace of Val;t and that the set of
smooth valuations Valli’oo is a dense GL(n) invariant subspace of Valli. Moreover,
Val/ C Val®™ and from (1.1) one easily deduces that the spaces Val/ and Val™®
admit direct sum decompositions into their corresponding subspaces of homogeneous

valuations of given parity.

An equivalent description of smooth valuations can be given in terms of the
normal cycle map. Let SV = V x S"~! denote the unit sphere bundle on V. For
K € K" and z € 0K, we write N(K,z) for the normal cone of K at z. The
normal cycle (or generalized normal bundle) of a convex body K is the Lipschitz
submanifold of SV defined by

nc(K) = {(z,u) € SV:2 € 0K, ue N(K,xz)}.

For 0 <i <n —1, let Q"= denote the space of smooth translation-invariant
differential forms of bidegree (i,n —i — 1) on SV. The following result is a special
case of [Al6, Th.5.2.1]:

LEMMA 2.3. If 0 <i <n— 1, then the map v : Q"= — Val® defined by

vw)(x) = [ " 2.1)

is surjective.
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The kernel of the map v was described in [BB] in terms of the Rumin operator
[R], a second-order differential operator which acts on smooth forms on the sphere
bundle. A refined version of this result (stated in section 4 as Theorem 4.3) was
recently proved in [B3] and will be crucial in the proof of Theorem 1. We also
remark that recently a broader notion of smooth valuations in the setting of smooth
manifolds was introduced, see [Al6]. The classical concept of valuations as used in
this article is in some sense an infinitesimal version of this more general notion.

The description of smooth valuations provided by Lemma 2.3 was the main tool
used in [BB] to establish a hard Lefschetz theorem for translation-invariant valuations
(see also [Al4, Al7]). The next statement is an immediate consequence of this result.

Theorem 2.4. For every i € {0,...,n}, the spaces Val® and Val;° ; are isomor-
phic as SO(n) modules.

3 Irreducible Representations of SO(n) and O(n)

In this section, we recall some well-known results concerning irreducible representa-
tions of the groups SO(n) and O(n), n > 3. As a general reference for this material
we recommend the books by Brocker and tom Dieck [BrD], Fulton and Harris [FuH],
and Goodman and Wallach [GoW].

Since SO(n) and O(n) are compact Lie groups, all their irreducible representa-
tions are finite dimensional. The equivalence classes of irreducible complex repre-
sentations of SO(n) are indexed by their highest weights, namely |[n/2]-tuples of
integers (A1, Aa, ..., A|,/2)) such that

{Alz/\zz...zAanzo for odd n,

A > A2 2 Nyp1 2> ‘)‘n/2‘ for even n . (3.1)

We refer to [BrD] or [Ad] for an introduction to highest weights.

In the following, we use I'y to denote any isomorphic copy of an irreducible
representation of SO(n) with highest weight A = (A1, A2, ..., A[p/2))-
ExXAMPLES. (a) The only one-dimensional (complex) representation of SO(n) is
the trivial representation; it corresponds to the SO(n) module I'¢ o).

(b) We denote by Ve = V & C the complexification of V. The standard repre-
sentation of SO(n) on V¢ corresponds to I'(y g . o)-

(c) For every 0 < i < [n/2]| — 1, the exterior power A’V is an irreducible SO(n)
module with A = (1,...,1,0,...,0), where 1 appears ¢ times.

If n = 2k + 1 is odd, the exterior power A*V¢ is also irreducible; but if n = 2k
is even, it splits as A*Vp = o,y ® Ll 1-1)-

For every i € {0,...,n}, there is a natural isomorphism of SO(n) modules

AiV(C = An_iV(c . (3.2)

(d) For k > 2, the symmetric power Sym* V¢ is not irreducible as SO(n) module;
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its decomposition into irreducible submodules is given by
Lk/2]
SymkVC = @ F(k‘*2j,0,...,0) . <33>
j=0
A description of the irreducible representations of the full orthogonal group O(n)
can be given in terms of the irreducible representations of its identity component
SO(n) (cf. [GoW, p.249]). The main difference arises from the fact that O(n) has
a non-trivial one-dimensional representation, called the determinant representation,
which corresponds to the O(n) module A" V.

LEMMA 3.1. Let A= (A1,...,A|n/2)) be a tuple of integers satistying (3.1).

(a) Ifn is odd, then the irreducible representation I'y of SO(n) is the restriction
of two non-isomorphic irreducible O(n) representations I'y and 'y ® A"V¢.

(b) If n is even and A, ) = 0, then the irreducible representation I'y of SO(n) is
the restriction of two non-isomorphic irreducible O(n) representations I'y and
[y® A"V, If Anj2 # 0, then Iy is not such a restriction.

(c) If n is even and A, /5 # 0, then the SO(n) representation I'y & I'y, where
A= (A1, Apja—1, —Any2), is the restriction of an irreducible O(n) repre-
sentation I'.

Moreover, all irreducible representations of O(n) are determined in this way.

Let I' be a (not necessarily irreducible) complex SO(n) or O(n) module. Recall
that the dual representation is defined on the dual space I'* by

(Wu*)(v) =u (W '), ¥eSO(n), u" el vel.

We say that I' is self-dual if I' and I'* are isomorphic representations. The module

I' is called real if there exists a non-degenerate symmetric SO(n) invariant, or O(n)

respectively, bilinear form on I'. In particular, if I' is real, then I' is also self-dual.
The following lemma (cf. [BrD, p. 292]) will be critical in the proof of Theorem 2.

LEMMA 3.2. Let A= (A1,...,A|n/2)) be a tuple of integers satistying (3.1).

(a) If n # 2 mod 4, then all representations of SO(n) are real.
(b) If n =2 mod 4, then the irreducible representation I'y of SO(n) is real if and
only if A, 5 = 0. If Ay, # 0, then the dual of T'y is 'y

Moreover, all representations of O(n) are real.

An essential tool in the classification of irreducible modules of a compact group
is the character of a representation: Let I' be a finite-dimensional (complex) SO(n)
module and let p : SO(n) — GL(I') be the corresponding representation. The
character of T is the function charI' : SO(n) — C defined by

(char ') () = Tr (),

where Tr o(¥) is the trace of the linear map o(9) : T' — I,
A complex representation is determined up to isomorphisms by its character.
Moreover, from properties of the trace map, one immediately obtains several useful
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arithmetic properties of characters: If I and © are finite-dimensional SO(n) modules,
then

char(I" ® ©) = char I + char © (3.4)

and
char(I' ® ©) = charI" - char © . (3.5)
The character of the irreducible SO(n) modules I'y with highest weights A =
(Mg, .. ; Alnj2)) are described by Weyl’s character formula. However, more impor-

tant for us is a consequence of this description, known as the second determinantal
formula, which we describe in the following.
Let A = (A1,...,A|n/2)) be a tuple of non-negative integers satisfying (3.1). We

define the SO(n) module 'y by

- yoly if n is even and A, ;5 # 0,
F)\ = s
Iy otherwise .

The second determinantal formula expresses char 'y as a polynomial in the charac-
ters F; of the fundamental representations A’V¢, i € Z. (Note that Eg = E, = 1
and that we use the convention E; =0 for i < 0 or i > n.)

Given a tuple of non-negative integers A = (A1,...,A|,/2)) satisfying (3.1), recall
that the conjugate of A is the s := A\; tuple u = (p1, ..., us) defined by saying that
p; is the number of terms in A that are greater than or equal to j. The second
determinantal formula (cf. [FuH, p.409]) can be stated as follows:

Theorem 3.3. Let A = (Aq,... ; Alnj2)) be a tuple of non-negative integers satisfy-
ing (3.1) and let p = (1, .., us) be the conjugate of . The character of ' equals
the determinant of the s X s-matrix whose i-th row is given by

(Bpi—it1 Bumive + Epmi o Epigs + Epmiosy2) .- (3.6)

It is sometimes convenient for us to take s > A; in the definition of the conjugate
of A. This just introduces additional zeros at the end of the conjugate tuple. How-
ever, note that this does not change the determinant of the matrix defined by (3.6).

In the following, we use #(\,j) to denote the number of terms in a tuple of
(non-negative) integers A = (A, ... ; Aln/2)) Which are equal to j. As a consequence
of Theorem 3.3, we note the following auxiliary result which will be needed in the
proof of Theorem 1.

COROLLARY 3.4. Ifi,j € N are such that n/2 <i <n and i+ j <n, then

EiEj — EiflEjfl == Z char f)\ s (37)
A
where the sum ranges over all |n/2|-tuples of non-negative integers A=(\y, ..., A B )
2
satisfying (3.1) and
M2, #AD)=n—i-j, #AXA2) <. (3.8)

Proof. Tf A = (A1,...,A|;/2)) is a tuple of non-negative integers satisfying (3.1) and
(3.8), then the conjugate of A is given by u = (u1, p2), where pa = #(\,2) < j and
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p1 — pio = #(N\, 1) = n —i — j. Thus, by Theorem 3.3, the character of Iy is given
by

Char f)\ = det EM2+]€ E,u2+k+1 + EM2+I€—1
By —1 Euy + Epy—2 ’

where k = n — i — j. Consequently, the right-hand side of (3.7) is

J
Y charTy = Y (B k(B + B —2) = Epo—1(Epy ikt + Eppyi1))
A

p2=0
=EniEj—E, -1)Ej-1.
To finish the proof, note that E,_; = E; by (3.2). 0

An important class of (infinite-dimensional) representations of a Lie group G are
those induced from closed subgroups H of G. Although in this article we will only
need the case G = SO(n) and H = SO(n — 1), we shall explain this construction
for a general compact Lie group G and its closed subgroup H. To this end, for any
finite-dimensional complex vector space I', we denote by C*°(G;T") the space of all
smooth functions f: G — T

If © is any representation of G, clearly we obtain a representation Resﬁ@ of
H by restriction. Conversely, each H module I' induces a representation of G as
follows: Let Ind%T' € C°°(G;T) be the space of functions defined by

IndG T := {f € C®(G;T) : f(gh) =h "' f(g) forall g€ G,h € H}.
The (smooth) induced representation of G on Ind%T is now given by left translation

(9f)(u) = flg7'u), gueg.

A basic result on induced representations is the well-known Frobenius reciprocity
theorem (cf. [GoW, p.523|):

Theorem 3.5. If © is a G module and I' is an H module, then there is a canonical
vector space isomorphism

Hom (0, Ind4T) = Homp (Res$0,T) .

Here, Hom¢ denotes the space of continuous linear G-equivariant maps.
Recall that if © is an irreducible G module, by Schur’s lemma, the multiplicity
m(Z,0) of © in an arbitrary G module = is given by

m(E,0) = dimHomg(=Z,0) = dim Homg (0, =2) .

Thus, by the Frobenius reciprocity theorem, if © and I' are irreducible, then the
multiplicity of © in Indgf equals the multiplicity of I' in Res%@.
In order to apply Theorem 3.5 in our situation, where G = SO(n) and H =

SO(n — 1), we will need a formula for decomposing Resgggz)_l)F into irreducible

SO(n—1) modules. This is the content of the following branching theorem (cf. [FuH,
p. 426)):
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Theorem 3.6. If 'y, with A\ = (A1,..., A 2)) satisfying (3.1), is an irreducible
representation of SO(n), then

SO(n
Resgo( Iy = DTy, (3.9)
o

where the sum ranges over all = (u1,...,ux) with k := [(n —1)/2] and

AL = A2 > g > 2 1 2> A2l > |l for odd n,
Alzulz/\gz,u2>---2uk2\/\n/Q\ for even n .

4 The Rumin—de Rham Complex

We state in this section a refinement of the description of translation-invariant
smooth valuations via integral currents. We also establish an auxiliary result which
will enable us to subsequently employ the machinery from representation theory
explained in section 3.

Recall that SV = V x S”~! denotes the unit sphere bundle. The natural smooth
(left) action of SO(n) on SV is given by

ly(x,u) == (Jz,9u), I €SO0(n), (z,u) e SV. (4.1)
Similarly, each y € V' determines a smooth map ¢, : SV — SV by
ty(r,u) = (r+y,u), (r,u)eSV. (4.2)

The canonical contact form a on SV is the one form defined by
a|(:r,u) (w) = <u7d(ac,u)7r(w)> y WE T(:r,u)SVv

where 7 : SV — V denotes the canonical projection and d, )7 its differential at
(x,u) € SV. In this way, SV becomes a 2n — 1-dimensional contact manifold. The
kernel of « defines the contact distribution () := ker a. The restriction of doa to @
is a non-degenerate two form. In this way, each @), ,) becomes a symplectic vector
space.

The Reeb vector field R on SV is defined by R, .y = (u,0). It is the unique
vector field on SV such that a(R) = 1 and igrda = 0, where irda denotes the
interior product of R and da. At each point (x,u), Q) is the orthogonal sum
of two copies of T,,S™~! and, consequently, we have an orthogonal splitting of the
tangent space T(;,)SV given by

Tau)SV = spang Ry ) ® T,S" ' @ T,5" . (4.3)

The product structure of SV induces a bigrading on the vector space Q*(SV') of
complex-valued smooth differential forms given by

Q1(SV) =@ ai(sv),

where Q%7(SV) denotes the subspace of Q*(SV) of forms of bidegree (i, 7). We write
QB C QBI(SV) for the subspace of translation-invariant forms, i.e.

QY ={weQY(SV): thiw=wforalyecV}.
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Here, t; is the pullback of the map t, : SV — SV defined in (4.2). Note that the
restric‘mon of the exterior derivative d to Q%7 has bidegree (0, 1).
The vector space 2%/ becomes an SO(n) module under the (continuous) action

Yw=lw, ¥€S0(n), we Q.

An important SO(n) submodule of Q%7 is given by the space Q57 of vertical
forms, defined by
Qb= {we Q™ :aAw=0}.
Note that a differential form w € Q% is vertical if and only if it vanishes on the
contact distribution @ of SV.
The SO(n) submodule Q37 C Q% of horizontal forms, is given by

Q;{] ={w e iguw=0}=QY/QY .
It follows from (4.3) and the definition of Q;L’j that w € Q%7 is horizontal if and only
if
Wl ENTES" O NTFS" @ C
for every = € V and each u € S" L. In the following we will therefore simply write
wly instead of wl(, ) whenever w € Q)7 and (z,u) € SV.
We now fix a point ug € S"~! and let SO(n — 1) be the stabilizer of SO(n) at uo.

For u € S" !, we denote by W, := T;,8" ! ® C the complexification of the tangent
space T,,S™ ! and we write W, to denote Wi -

LEMMA 4.1. Fori,j € N, there is an isomorphism of SO(n) modules

Qi = Ind3o™ | (NWE @ W) .

SO(n—1)

Proof. First note that, for each ¥ € SO(n), the differential of the map ly : SV — SV
defined in (4.1) induces a linear isomorphism

uoly = (duolp)* s NW5, @ NWj, — NW§ @ NW .
Moreover, the natural representation of the group SO(n — 1) on the space
AW @ MW is given by 7 — duolnf
Now suppose that w € Q;L’]. We define f,, : SO(n) — A'W; @ AW by

fu(0) = dUOZﬁ(w’ﬁUO) .
Clearly, we have fw(ﬁn) =n"1f,(9) for every ¥ € SO(n) and € SO(n — 1). This

shows that f,, € Indgo(" || (AW © AIW).

Conversely, let f € Indsogn) 1)(AZT/[/{)k ® AMWE). We define a horizontal form

wy € Q;L’] by
—1
Welouy = dugly  (f(9)).
It is not difficult to show that w is well defined, i.e. if Juyg = Yug for some
9,9 € SO(n), then w|yy, = w|yru,-
The observation that the SO(n)-equivariant linear maps w — f,, and f — wy are
inverse to each other finishes the proof. 0
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Let 7%/ denote the SO(n) invariant subspace of Q%7 defined by
T ={weQY w=aNE+dany, EcQW ey,

Finally, we denote by Q;’j the SO(n) module of primitive forms defined as the

quotient N S
e VA (4.4)

An equivalent description of primitive forms can be given as follows: The multi-
plication by the symplectic form —da induces an SO(n)-equivariant linear operator
L:Qy — Q;:rl’] *1 which is injective if i + j < n — 2. Moreover, it follows from the
definition of Q,” that in this case

. 11
Q7 =Qpl JLy, (4.5)
From Lemma 4.1 and (4.5), we now immediately obtain

COROLLARY 4.2. Ifi,j € N are such that i+j < n—1, then there is an isomorphism
of SO(n) modules

i, SO(n) SO(n)
Q, J @ Indg SO(n—1) SO(n—1)

Primitive forms are of particular importance for us since the space Val® fits into
an exact sequence of the spaces Qp’] , as was recently established in [B3]|. In order
to describe this sequence, note that dZ% C Z%+1. Thus, by definition (4.4), the
exterior derivative, on the one hand, induces a linear operator dg : Q) — Q) +
and, on the other hand, integration over the normal cycle induces a linear map v :
Q" 5 Val® (cf. Lemma 2.3). Clearly, both operators are SO(n) equivariant.

(AW @ AW = Indg (AWg @ MW

Theorem 4.3. If0 < i <mn, then there is an exact SO(n)-equivariant sequence of
SO(n) modules

) . d .. d d . .
0= AVe —» Q50 2 Qi =5 5 obnim1 5 val® — 0.

5 Proof of Theorems 1 and 1’

Theorems 1 and 1’ are just reformulations of each other. We give the proof of
Theorem 1 first and then show how Theorem 1’ follows from it.

Proof of Theorem 1. The cases ¢ = 0 and ¢ = n are trivial. Moreover, by
Theorem 2.4, we may assume that n/2 < i <n.

Let T'y be an arbitrary irreducible SO(n) module of highest weight A =
(A1y-- oy Alny2y)- It is well known (and a consequence of Corollary 4.2) that the
multiplicity of I'y in the spaces Q]i;j of primitive forms is finite. The same holds true
for the spaces Val; since they are quotients of Q5" "' by Theorem 4.3. Thus, by
Theorem 4.3, we have

n—i—1

m(Val, A) = (=1)""'m(A"Ve, ) Z Dm0, (5.1)

where m( -, \) denotes the multiplicity of I'y in the respective SO(n) modules.
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Let W = W* denote the (complex) standard representation of SO(n — 1). By
Corollary 4.2 and (3.4), we have

i, SO(n i i i— i
m(Q7, \) = m(Indgor | (AW @ ATW), \) —m (Indgo ) | (AW @ ATT1W), A) .

Thus, it follows from an application of Corollary 3.4 (with n replaced by n — 1 and
0<j<n-—1-41) that

id SO(n =
m(Q7N) =3 m(Indsogn)_l)rg, ), (5.2)
where the sum ranges over all k := [ (n—1)/2]-tuples of non-negative highest weights
o= (01,...,0r) of SO(n — 1) such that
0-1§27 #(O’,l):n—l—i—j, #(072)§j
If P; denotes the union of these k-tuples of non-negative highest weights of
SO(n — 1), then, by (5.1) and (5.2),
m(Val;, ) = (=1)"“m(A'Ve, ) + > (=1)/7lm(Indgon) | T, ) (5.3)
o€P;
Let \* = (A},... ’ATn/2j)’ where A} := min{\;,2} and A} = || for every
1 < j < |n/2]. By Theorem 3.5, Theorem 3.6 and the definition of I',, we have
Z (_1)|0| (IndSOEn) l)FU’ )\) = Z(_1)|#|’
oc€P; I

where the sum on the right ranges over all sequences = (p1, ..., ug) with p,—; =0
and

)\TZ,UJIZ)\;Z,MQZZMk—lZ)\Tn/QJ Z|:uk| for Oddn7
N2 >N 2 e > > 2 for even 1.
If A}, ;11 > 0, there is no such sequence. If A} .. = 0, we obtain

. *
n—i—1 j

S 0t E) = T3
ocP; J=1 =Xty
This product vanishes if the )\;-, j =1,...,n — 1, do not all have the same

parity. If the )\;, j=1,...,n—1, all have the same parity, the product above equals
(—1)(==DA1 " Consequently, we obtain, for i > n/2,
) ()"t A Ty = A,
S DIl (mdgo Do, A) = 1 if \ satisfies (i), (if), (iii) ,

oEP; 0 otherwise .

If ¢ = n/2, in which case n is even, then

(1)t if A= (1,...,1,£1),
Z (—1)|‘T|m(lndgggz)_1)f‘g,)\) =<1 if A satisfies (i), (ii) and (iii)
oeP; 0 otherwise .

Plugging this into (5.3) and using that A™/?Ve = L, y®la, . 1,-1) if nis even
and A" Ve =2 APV for every i € {0,...,n}, completes the proof. 0
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Next we explain how Theorem 1’ can be deduced from Theorem 1. The argument
presented here in fact shows that Theorem 1 and 1’ are equivalent.

Proof of Theorem 1'. Let I' = T';, be an irreducible SO(n)-module. The space of
I'-valued valuations is isomorphic to Val ® I'.

Let S denote the set of highest weights of SO(n) satisfying conditions (i)—(iii).
By Theorem 1, we have

dim(Val; ® )59 = dim(Val! @ T)5°®) =3~ dim(I'y ® [,)*°™.
AeS
Here and in the following, the superscript SO(n) denotes the subspaces of SO(n) in-
variant elements. The I'y, A € S are not necessarily self-dual (compare Lemma 3.2).
However, if A € S, then also X € S, where )\ is the highest weight of I'}. Thus, by
Schur’s lemma, we have

‘ . _ 1 ifpuels,
dim(Val; ® I')3°0 =3 " dim Homg () (T, Ty) = { 0 otﬁerwise.
Aes

O

Exampres. (a) IfI' = T'g . o) = Cis the trivial representation, then (Val @ )S0()

>~ Val®°™ is the vector space of all continuous rigid-motion invariant valuations
and Theorem 1’ reduces to Hadwiger’s characterization of intrinsic volumes.

(b) T = T'p,..0 = Vc is the standard representation, then there is no
translation-invariant and SO(n)-equivariant continuous valuation with values in T.

(c) By (3.3), we have, for 1 <i<mn—1,

E/2+1 if £ is even,
(k—1)/2 if k is odd.

In particular, if & = 2, then there exist (up to constant multiples) two translation-
invariant and SO(n)-equivariant continuous Sym?Vg-valued valuations of a given
degree 1 < ¢ < n — 1. These valuations are explicitly known (see [M3], [HuSS1],
[L2]).

()T =T1,0.0 = A2V is the space of skew-symmetric tensors of rank two,
then there is no translation-invariant and SO(n)-equivariant continuous valuation
with values in I". This answers (the translation-invariant case of) a question by
Yang [Y].

(e) The unique translation-invariant and SO(n)-equivariant continuous valuation
with values in T'g 2. 0) Was constructed in [B1].

dim(Val; ® Sym*V)S0™ = {

6 Bivaluations

We turn now to the study of bivaluations. In particular, we will present the proof
of Theorem 2 at the end of this section.

We denote the vector space of all continuous translation bi-invariant complex-
valued bivaluations by BVal, and we write BVal, ; for its subspace of all bivaluations
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of bidegree (7,7). An immediate consequence of McMullen’s decomposition (1.1) of
the vector space Val is a corresponding result for the space BVal:

COROLLARY 6.1. The space BVal admits a decomposition

n
BVal = (P BVal, ;.
i,j=0
Corollary 6.1 implies an analog of Corollary 2.1 for the space of translation bi-
invariant bivaluations as follows.

COROLLARY 6.2. Let C' € K" be a fixed convex body with non-empty interior. The
space BVal becomes a Banach space under the norm

el = sup{|p(K, L) : K,L € C}.
Moreover, a different choice of C' yields an equivalent norm.

The group O(n) x O(n) acts continuously on the Banach space BVal by
((n,9)¢) (K, L) = ¢p(n 'K, 97"L), (n,9) € O(n) x O(n), ¢ € BVal.

We denote by BVal/ the subspace of bivaluations with finite-dimensional
O(n) x O(n) orbit. Since O(n) x O(n) is compact, BVal’/ is a dense subspace
of BVal (see e.g. [BrD, p.141]).

PROPOSITION 6.3. Let 0 <1, <n. The linear map ¢ : Valzf ® Valf — BValzf’j,
induced by
WP @ V)(K, L) = ¢(K)p(L), (6.1)

is an isomorphism of O(n) x O(n) modules.

Proof. Tt is easy to see that the map ¢ is O(n) x O(n) equivariant and injective. It
remains to prove that it is onto.

It is well known that every irreducible O(n) x O(n) module is of the form I'® ©,
where I', © are irreducible O(n) modules (c.f. [BrD, p.82]). Thus, if ¢ € BValZ]:j
belongs to a subspace isomorphic to I' ® O, the valuation (-, L) € Val; belongs
to a subspace which is isomorphic to I' as an O(n) module for every L € K"
Since any O(n) representation whose restriction to SO(n) is multiplicity free is itself
multiplicity free, it follows from Theorem 1 that the irreducible subspace of Val;
which is isomorphic to I' has multiplicity at most one.

If {¢1,..., ¢} is a basis of the isomorphic copy of I' in Val;, then

!
o(- L) => ol )ve(L),
=1

where 9, (L) are coeflicients depending on L. It is not difficult to show that v, € Val;
and that 1), belongs to an isomorphic copy of © in Val; for every k € {1,...,1}.
Thus, we have shown that ¢ is the image under the map ¢ of the element
Skt Ok ® ¢y, € Vall ® Val. 0
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After these preparations, we are now in a position to prove the following refine-
ment of Theorem 2.

Theorem 6.4. Suppose that ¢ € BVal,;, where 0 <i < n:
(a) If ¢ is O(n) invariant, then (K, L) = ¢(L, K) for every K,L € K".
(b) If ¢ is SO(n) invariant and (i,n) # (2k + 1,4k + 2), k € N, then p(K,L) =
o(L, K) for every K,L € K".
(¢) If (i,n) = (2k + 1,4k + 2), k € N, then there exist an SO(n) invariant
¢ € BVal;; and K, L € K" such that (K, L) # ¢(L, K).

Proof. Since the cases i = 0 and ¢ = n are trivial, we may assume that 0 < i < n.

Moreover, since O(n) x O(n) finite bivaluations are dense in BVal; ; we may assume
that ¢ € BVallfi7 where 1 <7 <mn.

From Theorem 1 we deduce that the decomposition of the space Val; into irre-
ducible O(n) modules is multiplicity free, say

Val, = @ r,,
YER

where the sum ranges over some set R of equivalence classes of irreducible represen-
tations of O(n).
From Proposition 6.3, it follows that

BVal/*" = (val] @ Val/)°™ = ) (I, ® I'5)°").
¥,0€ER

Since, by Lemma 3.2, all representations of O(n) are self-dual, we have
(T @ T5)°™ = Homoy,) (T, T's) 2 Homg ) (Ty @ T, C) .
Since I'y and I's are irreducible, Schur’s lemma implies that

, 1 ify=90,
dim Homg ) (I'y, T's) = { 0 ifz# 5

Since all representations of O(n) are real, the space
Homg ) (T @ Ty, C) = (Sym?T,) O™ @ (A’T,)0™
of O(n) invariant bilinear forms on T, coincides with (Sym®T,)°. Thus,

Bval{:iO(n) ~ @ (SmeF’y)O(n)
YER

which completes the proof of statement (a).

If n # 2 mod 4, then the proof of statement (b) is similar, since in this case all
representations of SO(n) are also real, by Lemma 3.2. However, in the case n = 2
mod 4, more care is needed, since there are SO(n) modules which are not real. By
Lemma 3.2, an irreducible SO(n) module I'y of highest weight A = (A1,..., A, /2)
is real if and only if A, = 0. If i # n/2, then, by Theorem 1, all irreducible
SO(n) modules which enter Val; are of this form. Consequently, any SO(n)-invariant
bivaluation ¢ € BVal,; is symmetric in this case.



768 S. ALESKER, A. BERNIG AND F.E. SCHUSTER GAFA

Finally, let n =2 mod 4 and i = n/2. By Theorem 1, the dual irreducible SO(n)
modules I'(y oy and T'(y 5 _9) both enter Val; with multiplicity one. If {¢1,..., ¢}

isabasisof I'(p  9) C Vallf and {¢1, ..., } denotes the corresponding dual basis in
L,..2,-2) C Vallf, then the image of 22:1 ¢ @1y, under the map ¢ defined in (6.1)
clearly is a continuous SO(n)-invariant bivaluation in BVal, ;. However, it is not
symmetric since the valuations {¢1,...,¢;,91,...,9¢;} are linearly independent. O

7 Applications to Geometric Inequalities

As applications of Theorem 2, we present in this section several new geometric
inequalities involving SO(n)-equivariant Minkowski valuations. Their proofs are
based, on one hand, on the symmetry of bivaluations and, on the other hand, on
techniques developed by Lutwak [Lul-5].

LEMMA 7.1. If ® € MVal is SO(n) equivariant, then ® is also O(n) equivariant.

Proof. Let CVal denote the vector space of all continuous and translation-invariant
valuations with values in the space C'(S™~!) of continuous complex-valued functions
on S"~ 1. Note that any SO(n) equivariant ® € MVal induces an SO(n) equivariant
® € CVal, by ®(K,-) = h(®PK,-). Therefore, it is sufficient to show that any
SO(n)-equivariant valuation in CVal is O(n) equivariant.

Using arguments as in the proof of Proposition 6.3, it is easy to show that
CVal’ = Val/ @ C(5" 1)/ as O(n) x O(n) modules. Consequently,

CVal/ 0™ = (val/ @ ¢(s571)7)°™. (7.1)

It is well known that the decomposition of C'(S™~!) into irreducible SO(n) mod-

ules is given by
C(S" ) =P T ko0 (7.2)
k>0

where the spaces I'(; ... 0) are precisely the spaces of spherical harmonics of degree
k in dimension n. Moreover, the spaces I'(; 0, ) are self-dual and O(n) invariant
and, thus, (7.2) also represents the decomposition of C'(S"~!) into irreducible O(n)
modules.

Let my, denote the (finite) multiplicity of the isomorphic copy of I'(; ... 0) in Val.
From (7.1), Theorem 1 and an application of Schur’s lemma, we obtain

CValso(n) = @ my (F(k,O,...,O) X F(k707m70))80(n) = CValo(n) .
k

Thus, any SO(n)-equivariant valuation in CVal is also O(n) equivariant. O

For K,L € K" and 0 < i < n—1, we write W;(K, L) to denote the mixed volume
V(K,...,K,B,...,B,L), where K appears n — 1 — i times and the Euclidean unit
ball B appears ¢ times. The mixed volume W;(K, K) will be written as W;(K) and
is called the i-th quermassintegral of K. The i-th intrinsic volume V;(K) of K is
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defined by
b Vi(K) = (”) W i(K) (7.3)

7

where k,, is the n-dimensional volume of the Euclidean unit ball in V.
We will repeatedly make use of the following consequence of Theorem 2 and
Lemma 7.1.

COROLLARY 7.2. If®; € MVal;, 1 <i<n—1, is SO(n) equivariant, then
Wh—1—i(K, ;L) = Wy_1_(L, ®;K)
for every K, L € K". O

Let K C K™ denote the set of convex bodies with non-empty interior. One of the
fundamental inequalities for mixed volumes is the (general) Minkowski inequality:
IfK,LeK)and0<¢<n-—2, then

Wi(K, L) > W;(K)""'W;(L), (7.4)
with equality if and only if K and L are homothetic.
LEMMA 7.3. Let ®; € MVal;, 1 <i <n—1, be SO(n) equivariant and non-trivial,
ie. ®;(K) # {0} for some K € K™.

(a) There exists a constant r(®;) > 0 such that, for every K € K",
(b) If K € K, then

Wl ) > (@)
()= o W (00

If &,k C K7, then equality holds if and only if ®;K is a ball.

Proof. Statement (a) follows from Hadwiger’s characterization theorem. From re-
peated application of Minkowski’s inequality (7.4) with L = B, we obtain the in-
equality

W1 (K)'H > kW1 i(K),

where, for K € K7, there is equality if and only if K is a ball. Taking ®;K instead
of K and using (a), yields statement (b). O

Special cases of Lemma 7.3 were previously obtained by Lutwak [Lul] (for ®; =
I1;) and one of the authors [S1] (for i =n — 1).

In order to prove Theorem 3, we need a further generalization of the Brunn—
Minkowski inequality (1.3) (where the equality conditions are not yet known): If
0<i<n—-2 K, L,Kq,...,K; € K"and C = (Kl,...,Ki), then

Vi(K + L,C)Y =) > v (K, C)Y =) L yy(L, C)Y (), (7.5)

Proof of Theorem 3. Since translation-invariant continuous Minkowski valuations
which are homogeneous of degree one are linear with respect to Minkowski addition
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(see e.g. [Ha2]), the case i = 1 is a direct consequence of inequality (1.3). Thus, we
may assume that ¢ > 2.
By Corollary 7.2 and (7.5), we have for @ € K,

W1-4(Q, (K + L) =W,y (K + L, Q)"
> W1 (K, @,Q)Y + Wiy (L, ©,Q)"
ne1-i(Q, O K + W,y _i(Q, ®; L)Y
It follows from Minkowski’s inequality (7.4), that
Wio1-i(Q, & K)™ > W1 _i(Q) Wi —1—i(®:K) (7.6)
and
Wio1-4(Q, @ L) > Wy1—i(Q) W1 —i(®;L) . (7.7)
Thus, if we set @ = ®;(K + L) and use (7.3), we obtain the desired inequality
Wn—1—i(¢’i(K + L))l/i(iﬂ) > Wn—l—i(@iK)lﬁ(iH) n Wn_l_i(q)iL)l/i(i+1) _
Suppose now that equality holds and that ®;£? C K. By Theorem 1, applied
to the standard representation V' =T'(1 o o), the Steiner point of ®; K is the origin
for every K € K". Thus, we can deduce from the equality conditions of (7.6) and
(7.7), that there exist A1, A2 > 0 such that
;K = \O;(K +L) and &;L = \o®;(K + L) (7.8)
and
A A =1
Using Lemma 7.3(a) and (7.8) we get
Wai(K + L)Y = Wi (K) Y+ Wi (D),
which, by (1.3), implies that K and L are homothetic. O

The major open problem concerning the rigid-motion invariant quantities
Wy—1-i(®;K) is how to estimate them from below in terms of W,_1_;(K). A
standard method of proof for isoperimetric problems of this kind was introduced
by Lutwak [Lu2] and is now known as the class reduction technique. Our last result
shows how Corollary 7.2 allows for applications of the class reduction technique to
the functionals W,,_1_;(®;K), K € K.

In the following we use (ID?K to denote ®;P; K.

Theorem 7.4. Let ®; € MVal;, 1 <i <n-—1, be SO(n) equivariant and suppose
that ;K C K. If K € K, then

Wn—l—i(q)iK) - Wn—l—i(@?K)A

Wh—1—i(K)? = Wy_1—i(®;K)’
with equality if and only if K and ®?K are homothetic.
Proof. Let K,Q € K. From Corollary 7.2 and the Minkowski inequality (7.4), we
obtain

Wo1-4(Q, ®;K) ™ = W,y (K, ®,Q) > W, 1 (K)'W,_1-4(9;Q),
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with equality if and only if K and ®;Q) are homothetic. Taking Q) = ®,; K, yields
Wio1—i(Q; ) > Wy i (K)' W, (9FK),

with equality if and only if K and ®?K are homothetic. 0
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