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UNIQUE ERGODICITY OF HARMONIC CURRENTS ON
SINGULAR FOLIATIONS OF P2

JOHN ERIK FORNAESS AND NESSIM SIBONY

Abstract. Let F be a holomorphic foliation of P? by Riemann surfaces. Assume
all the singular points of F are hyperbolic. If F has no algebraic leaf, then there
is a unique positive harmonic (1,1) current 7' of mass one, directed by F. This
implies strong ergodic properties for the foliation F. We also study the harmonic
flow associated to the current T

1 Introduction

Let F be a holomorphic foliation of the complex projective space P2. Our purpose
is to study the ergodic properties of F, using the theory of harmonic currents as
developed by the authors in [FoS].

A holomorphic foliation can be seen as a rational vector field in C2. Our goal is
to develop an ergodic theory for the dynamics of such vector fields. The two main
difficulties are: the presence of singularities (they always exist) and the absence
(generically) of algebraic leaves. And hence it is not clear where to start the analysis.
Our method is geometric but requires difficult estimates. To our knowledge, this
is the first paper where global dynamical results for rational vector fields (without
invariant algebraic leaves) are obtained. The subject is classical and related to
polynomial vector fields in R? [LP], [12].

We first recall a few facts. Let m : C3\ {0} — P? denote the canonical
projection. The foliation 7*F can be defined in C® by a global 1-form wy =
ai(xz)dxy + as(x)drs + az(x)drs where the a;(x) are homogeneous polynomials of
the same degree § > 1, without common factors. Moreover since every line through
the origin is in the kernel of wy, they satisfy the condition ) z;a;(x) =0

The degree of F is by definition deg F = d := degd — 1. It represents the number
of tangencies of a generic line L, with F. Let Fol(d) denote the space of foliations
of degree d. The space of coefficients of 1 forms of degree ¢§ is a projective space.
The subspace given by > z;a; = 0 is a linear subspace, so also a projective space.
The subspace of 1 forms of degree § of the form HA where H is a homogeneous
polynomial of degree 0 < § < § and A is a 1-form of degree § — ¢’ is an algebraic
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subvariety. This gives that Fol(d) is the complement of an algebraic subvariety of
some PV,

It follows from the Bézout theorem that the foliation F has a finite number of

singularities bounded uniformly by 6246+ 1. If in a coordinate chart U, F is defined
by w1 = a(z,w)dz + (2, w)dw, then sing(F) NU = {a = § = 0}. We can assume
that all the singular points are in the same C2, {p; = (o, 8;)}j<nN-
DEFINITION 1. Suppose there is a change of coordinates around p; sending p; to 0
and such that wy(z, w) = zdw — AMwdz + O(z,w)? where A = a+ib and b is a nonzero
number. We say in this case that the singularity is hyperbolic and that we are in
the Poincaré domain.

The following is a classical fact due to Poincaré, see [Ch].

Theorem 1. Suppose that the singular point is hyperbolic. Then there is a local
biholomorphic change of coordinates so that the form wg in these coordinates can
be written wy = zdw — \wdz (with the same \).

We remark that the form wyq is invariant under scaling except for multiplication
by a constant which of course does not affect the zero set. Hence we can assume
that the linearization is valid in a fixed large ball, in particular in a neighborhood
of the unit bidisc.

The following result is due to LinsNeto—Soares [LiS| (we give only the two-
dimensional version, their result is also valid in P¥). The result uses Jouanolou’s
example of a foliation in P? without algebraic leaves, see also [LP].

Theorem 2. There exists a real Zariski dense open subset H(d) C Fol(d) such that
any F C H(d) satisfies

(1) F has only hyperbolic singularities and no other singular points.
(2) F has no invariant algebraic curve.

The global behavior of foliations is not well understood. It is unknown whether
every leaf of a given foliation, F, clusters at a singular point. This problem, known
as the problem of existence of a minimal exceptional set is discussed in [CLS] and
[BoLM] for example. It is conjectured in [I2] that a generic holomorphic foliation
by Riemann surfaces in P¥ has dense leaves. Mjuller [M] has constructed non-empty
open sets of holomorphic foliations by Riemann surfaces in P? such that every leaf
is dense. Recently Loray-Rebelo [LoR] have constructed similar examples in P*.

The dynamical properties of holomorphic foliations in P? with the line at infinity
invariant have been established by Hudai—Verenov, and Ilyashenko [I1] and [I2].

L. Garnett [G] has introduced the notion of harmonic measure for smooth folia-
tions (without singularities) of a compact Riemannian manifold. She studied their
ergodic properties. The article by Candel [Ca] contains a recent approach to that
theory. In [FoS] the authors have shown that a C! laminated set in P2, without
singularities carries a unique harmonic current of mass 1 directed by the lamina-
tion. Very recently Deroin and Kleptsyn [DK] developed the theory of diffusion on
transversally conformal foliations and they showed that there are only finitely many
harmonic measures. The uniqueness of harmonic measure for the Ricatti equation
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has been established by Bonatti-Gémez-Mont [BoG|; the ergodic study is continued
in Bonatti-Gémez-Mont and Viana [BoGV].

For holomorphic foliations (with singularities) of P? the following analogue was
proved in [BS]. It is valid for laminations by Riemann surfaces with a small set of
singularities, see [BS] and [FoS].

Theorem 3. Let F be a holomorphic foliation of P2. There exists a positive current
T on P?, of bidimension (1,1) and mass 1 which is harmonic, i.e. id0T = 0. Moreover
in any flow box B (without singular points), the current can be expressed as

T = / halValdu(a) (L1)

The functions h,, are positive harmonic on the local leaves V,, and y is a Borel mea-
sure on the transversal. The function H : B — R™, H, Vo = ha Is Borel measurable.

Observe that if F is defined in B by a smooth form wg, then T'Awy = 0. We will
say that the current is directed by F.

A theory of intersection of positive harmonic currents of bidegree (1,1) is devel-
oped in [FoS]. The main purpose of the present article is, using that intersection
theory, to prove

Theorem 4. Let F be a holomorphic foliation in P? without algebraic leaves.
Assume that all singular points of F are hyperbolic. Then there is a unique positive
harmonic current T' of mass one, directed by F.

A consequence of Theorem 4 and of results from [FoS] is that the foliations F
with only hyperbolic singular points are uniquely ergodic in a very strong sense,
i.e. the current T' can be obtained by an averaging process on the leaves, whose
limit is independent of the leaf. Recall that foliations with only hyperbolic singular
points and no invariant algebraic curve don’t admit a non-zero directed positive
closed current, see for example [FoS, p.981]. It follows that the leaves are covered
by the unit disc A. Denote by A, the disc of radius r, centered at zero. We get the
following convergence result.

COROLLARY 1. Let F € H(d). Let ¢ : A — L be the universal covering of a leaf L.
Let 7. := ¢, [logJr |Z|Ar]/H¢*[log+ |Z|A7’] H Then lim,_,q1 7. = T, where T is the
unique harmonic current directed by F.

In section 26, Remark 2, we will show a similar uniqueness result for some classes
of foliations with non-hyperbolic singularities.

Observe that under the assumption of Theorem 4 there is no non-zero positive
closed current directed by F; see [FoS] and Brunella [Br| for a general discussion of
closed cycles for foliations by Riemann surfaces.

A consequence of the above uniqueness result is that there is a unique minimal
set with singularities for foliations as in Theorem 4. On that minimal set every leaf
is dense. However this does not imply that leaves are dense in P?. This also does
not solve the minimal set problem.

The intersection theory of positive d0-closed currents of bidegree (1,1) in [FoS]
is valid on compact Kihler manifolds. We just recall a few facts restricting to P2
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Let T be a positive harmonic current of bidegree (1,1) in P2, i.e. i00T = 0. Let
w denote the standard Kihler form on P2. Then T can be written as
T =cw+ 0S5+ 0S +i00u
with ¢ > 0 and S is a (0,1) form such that 5,095,095 are in L? and u € L'. The
current 05 depends only on T and is zero only if T is closed. So the quantity
[0S A dS which we called energy, measures how far T' is from being closed. The
expression

/T/\T::/(cw+85+85)/\(cw—l—85+65)

makes sense and is finite. It is independent of the choice of S. Moreover if 17 and
Ty are two positive harmonic currents such that f Ty N1y, = 0, then T7 and Tb
are proportional mod(9du). For currents directed by foliations and whose support
does carry a positive closed current, then [T} AT, = 0 implies that 7,7, are
proportional, see [FoS, Lem.3.10]. On the other hand the currents directed by
holomorphic foliations can be expressed in a flow box B as

T = / halValdi(a)

as described in Theorem 3. It is hence possible to consider the geometric self-
intersection of such currents. More precisely consider suitable automorphisms @,
of P? which are close to the identity. For a current T directed by a foliation F, it
is possible to define the geometric intersection T' Ay @, (T") as the measure on the
complement of the singular points given locally by the expression

SIS ratlts®5,]dute)dus). (12)
S
Here JOZ 3 denotes the points of intersection of the plaque L, and the plaque (®¢).Lg
and d, denotes the Dirac mass at p. It is shown in [FoS] that [T1 ATy =
lime_o [T1 Ay To ([FoS, Lem.19]). To show that [T1 ATh = 0 it is enough to
count the number of points of intersection of a given plaque with perturbed plaques
and estimate the harmonic functions. This is done in [FoS, Th.6.2] when we assume
that the currents 717,75 are supported on a minimal laminated compact set, which
is transversally of class C!.
Indeed the minimality hypothesis is not used and the argument there gives the
following stronger result.

Theorem 5. Let F be a C' lamination with singularities by Riemann surfaces
in P2. Assume that there is a laminated compact set X without singularities. Then
there is a unique positive harmonic current T', of mass 1, directed by F.

Proof. We know that there is a harmonic current 77 of mass 1, supported on X. Let
T5 be another such current directed by F, but not necessarily supported by X. The
argument in [FoS, Th. 6.2] shows that lim._¢ [T Ay T2 = 0. Hence [T} ATh = 0.
Therefore 77 and T, are proportional. O
We now deal with the case where the foliation is holomorphic and the current T'
contains in its support singular points (which are all hyperbolic).
We will prove the following more general result than Theorem 4.
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Theorem 6 (Main Theorem). Let F be a holomorphic foliation of P? without
algebraic leaves. Let X be a closed invariant set for F. Assume that all singular
points of X are hyperbolic. Then there is a unique positive harmonic current T of
mass 1, directed by X.

The result is valid for a laminated set (X, £, E') where X \ E is a C' lamination by
Riemann surfaces. The set £ = {p1,...,p/} is a finite set and in a neighborhood U;
of every singular point p; we assume that X NU; is holomorphically equivalent to a
lamination contained in z = Cw™, Aj = a;j+1ibj, bj # 0. One of the consequences of
the main theorem is Corollary 3 (section 26) which says that appropriate weighted
averages of the leaves always converge to the current 7. This is a strong ergodic
theorem. The uniqueness of T" also permits to show that A — T) is continuous when
A varies in a holomorphic family of foliations as considered in the main theorem.

It is easy to see that 0T =7 AT, 7 is a (1,0) form along leaves. We consider in
section 27 a metric gy := ;7’ A 7 and we show that the curvature x of that metric
satisfies k(gr) = —1. We also define a finite measure pp := it A7 AT. We have that
the measures vary continuously with the foliation. The metric gr and the measure
wr were introduced by S. Frankel [Fr] in the nonsingular case. Candel, Gémez-Mont
and Glutsyuk have given good criteria for the conformal type of leaves for singular
foliations see [CaG] and [Gl].

Acknowledgement. We thank several referees for their very helpful suggestions
and observations.

2 Sketch of Proof of the Main Theorem

Let T be a harmonic current of mass 1 supported on X and directed by F. In a flow
box

T = / halValdu(a)

We have to estimate the number of intersection points of a plaque with per-
turbed plaques near a singularity and also to study the behaviour of the harmonic
continuation hg of hq along a leaf near a hyperbolic singularity.

This will give us that the geometric intersection is zero and hence [T AT = 0.
Since T is arbitrary, the intersection theory of positive harmonic currents and the
nonexistence of a closed current imply that 71" is unique.

After a change of coordinates we do the analysis for the form wg = zdw — Awdz,
A =a+ib, b#0, near (0,0).

In order to study positive harmonic currents near 0, we cover a deleted neigh-
borhood of 0 by finitely many “flow boxes” (B;)i1<i<n, with 0 € B; for every i. Each
B; = S; x A, where S; is a sector in C such that the map ¢ — €S is injective in a
strip in the (—plane v1 < ¢ < 79, with values in S;, A is a disc in C, centered
at 0. So the leaves in B; are graphs over all or part of S;. We will consider them
as the local plaques. For the sake of argument we will use the sector S given by
0<u<2m.
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The strategy for the proof is to choose a family of automorphisms (®.) of P?,
close to the identity and to estimate the integral (1.2) in the flow boxes (B;)i<n-
For that purpose we need to estimate the growth of the harmonic continuation of
he along the leaves and also the number of intersection points of a plaque L, with
perturbed plaques Lﬁﬁ.

Away from singularities this is just the proof given in [FoS] for a lamination.
In the present case we have to divide the phase space into many regions where the
estimates are technically different. The estimates are different close to separatrices
and in other regions. This requires a precise subdivision of a polydisc near a singular
point. We will describe the subdivision in more detail after stating Theorem 7.

Consider again the foliation zdw — Awdz = 0, A = a 4+ ib, b # 0. Notice that
if we flip z and w, we replace A by 1/\ = A\/|\|? = a/(a® + b?) —ib/(a? + b?). We
will assume below that the axes are chosen so that b > 0. However, it is important
to note that the estimates are also valid if b < 0. The point is that it will be seen
that the case a = 1 is a degeneracy that complicates the estimates. However if we
flip coordinates, the constant a = 1 becomes a/(a? + b?) = 1/(1 + b?) < 1. We now
describe a general leaf.

There are two separatrices, (w = 0), (z = 0). Other than that a leaf L, can be
parametrized by (z,w) = ¥o((), z = e/¢t0glaD/b) "¢ — 4 1 iy, w = aeCHoela)/b),
We have |z| = 7, |w| = e~ 0",

Notice that as we follow z once counterclockwise around the origin, u increases
by 27, so the absolute value of |w| decreases by the multiplicative factor of e=2™.
Hence we cover all leaves by restricting the values of a so that e 2™ < |a| < 1. We
observe that with the above parametrization, the intersection with the unit bidisc
of the leaf is given by v > 0, u > —av/b independently of «. In the (u,v)-plane this
corresponds to a sector S = Sy with corner at 0 and given by 0 < § < arctan(—b/a)
where the arctan is chosen to have values in (0,7). Let v := arctan(—b/a)- Lhen the
map ¢ : 7 — 77 maps this sector to the upper half plane with coordinates (U, V).
The fact that v > 1 will be crucial, this is where the hyperbolicity of singularities is
used.

Let h, denote the harmonic function associated to the current T on the leaf L.
The local leaf clusters on both separatrices. To investigate the clustering on the
z-axis, we use a transversal D,, := {(z0,w);|w| < 1} for some |z9] = 1. We
can normalize so that h,(z9,w) = 1 where (zp,w) is the point on the local leaf
with e72™ < |w| < 1. So (20,w) = ¥a(C0) = Yalup + dvg) with vy = 0 and
0 < up < 27 determined by the equations |z| = e = 1 and e~ w

< Ju| =
e~buo—avo 1 Tet fza denote the harmonic continuation along L. Define H,(¢) :=
B (ei(CJr(logIOél)/b)’aei/\(€+(log\a|)/b)) on S).

PROPOSITION 1. The harmonic function H, := H, o ¢~ is the Poisson integral of
its boundary values. So in the upper half plane {U +iV;V > 0},
. Vv

Ho (U +iV) = 71T/°° ﬁ“(x)w f o U)de (2.1)
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[for du a.e. «]. Moreover,
/ / ﬁa(x)\x]}v_ldx dp(a) < co. (2.2)
e=2m<]al<1l J—c0

Proof. Let A, := {(20,w); e 2™+ < |w| < 72" 5 = 0,1,...}. The holonomy
map around (z = 0) as described above gives a map
An — An+1 .
The transverse masses of these sets are on H, (o + 2mn)du(a) = Bp(¢p). The
functions B, (¢) are harmonic on {v > 0,u > —av/b — 2wn}. Since the transverse
mass is finite on (z = 2p) and since the annuli A, are disjoint we get,

> Bu(G) < oo. (%)
n=0

We get a similar estimate along the other separatrix. It follows that

/AO </88A Ha> dp() < . (2.3)

We show now that for almost every «, H, (x,y) is equal to the Poisson integral
of its restriction to y = 0. Every positive harmonic function on the upper half plane
can be written as a sum of a Poisson integral and cy, ¢ > 0. The problem is to show
that ¢ = 0.

We consider the restriction L/, of L, to the bidisc A?(0,e™1). The leaf L., equals
1o (Sy) where S} == {v > 1,u > —av/b+ 1/b}. The image of this sector under ¢ is
a domain of the form A} | = {z +iy;y > 7a(x)} where 7, is a continuous strictly
positive function so that 7, — +o0c when |z| — oo. The function Bj is bounded on
the edges of S§. So By :=Bjo ¢! is bounded on the graph of 7, and hence there
is no term ¢y, ¢ > 0, in the canonical representation of B;. The same argument is
valid for the functions H, at least for u almost every c.

It follows that the representation as a Poisson integral is valid. On the other
hand, estimate (2.3) can be read as

/ / Hy(u)dudp(a) < oo and
e 2m0<|al<1 JO

/ / H, (ueiarctan(—b/a))du du(a) < o0,
e=2m0<|al<1 JO

which, after a change of variables, gives the estimates (2.1) and (2.2) on the growth
of H,. |

COROLLARY 2. Let F be a foliation as in Theorem 6. Then for any positive harmonic
current T, directed by F, the transverse measure  is diffuse.

Proof. Assume p has an atomic part, i.e. a Dirac mass at p. Let L be the leaf
through p. The restriction T to L is a non-zero positive harmonic current. We can
normalize so that the transverse measure is one. Then we have a positive harmonic
function h defined on L.

If there is a flow box B, away from the singularities, such that L crosses B on
infinitely many plaques on which A is bounded below by a strictly positive constant,
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then we get a contradiction because the mass of 1" should be finite. In any flow box
the leaf must intersect in infinitely many plaques P; and the harmonic functions
hj = hip; must go uniformly to zero as j — oo.

Let f denote the lifting of the harmonic function to the unit disc, so f = ho ¢
where ¢ : A — L is a universal covering map. Since f > 0 there is a set S C 0A of
full measure on which f has nontangential limits f(e®).

LEMMA 1. The function f(e?) =0 a.e. on S.

Proof. Suppose that f(e’®) > 0, 6y € S. We consider the curve ¢(re?0). By the
above argument, it follows that this curve can only intersect finitely many plaques in
any flow box away from the singular points. But if some plaque is visited infinitely
many times as r — 1, we see that h must be constant on this plaque, hence constant
on the leaf, a contradiction. It follows that the curve converges to a singular point.

Then it follows from [FoS, p.991] that this only happens on a set of measure 0,
because almost every radius leaves some ball around the singularity. a

A consequence of the lemma is that the function f is given by the convolution
of the Poisson kernel with a singular measure. This implies that the function f
is unbounded. Outside any given neighborhood of the singular set the function
must be uniformly bounded. But then the Poisson integrals of Proposition 1 are
also uniformly bounded. Hence by Proposition 1 the function is uniformly bounded
everywhere, a contradiction. |

REMARK 1. It is convenient in some later calculations to replace |z|'/7~! by
(J#| + 1)Y/7~1 in the integral of Proposition 1. By Harnack, this doesn’t effect the
order of magnitude of the integral.

We decompose a leaf L, into plaques L, where 2nm < u < 2(n + 1)m. Here
n is an integer. [Note that if a < 0, these n must be positive to have a nonempty
intersection with the bidisc.] In this way L, , is a graph over some part of the z-axis.
We let (z,w) be a point in L, parametrized by a point (u,v). We write in polar
coordinates, u + iv = pe’? with p = vu2 4+ v2, § = arctan(v/u). Then in the (U, V)
plane this point corresponds to U + iV = ¢(u + iv) = (u + iv)7,
U +iV = p?e? = p7 cos(v8) + ip” sin(16) .
We hence get the following formula for the function H,(u + iv).

LEMMA 2.
p7 sin(~0)

(p7sin(70))? + (z — p7 cos(70))?

Now we write the formula for the perturbed foliation F, = (®.).F where ®, is
a family of automorphisms of P2. We will need as in [FoS] that all our estimates
stay valid when composing ®. with ¥ in a neighborhood of the identity in U(3)
(depending on €). We will need that ®. moves the singular point in a direction away
from the separatrices near all the hyperbolic points. We also need the ®,. to have
a common fixed point p in the support of 1" and that the tangent space of the leaf

Hy(u + iv) /H dx . (2.4)
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through p moves to first order with e. So we write in C?
D (z,w) = (a(e),ﬂ(e)) + (z,w) + €O(z,w)
with /(0), 5'(0) # 0. We will also need that X # 5'(0)/a/(0).

Suppose that (z,w) is a point in the perturbed bidisc ®.(A?), not on a separatrix
of F.. Then ®1(z,w) is on some plaque Lg,, with parameters (u’,v’). We ignore
the problem that we need u’ # 27 because we can also use other flow boxes. The
original point (z,w) is on a plaque L., and we get

LEMMA 3. o (46
0 1 ~ r")7 sin(~6
3+ ) = B0 (s o - = (oo @9
Next, for each («, 3,m,n,¢€), let I, gm.ne denote the set of points p in a slightly
smaller bidisc which belong to La,nnL%,m- Our main technical result is the following
Theorem,which says that the geometrical intersection is zero, so that the current T
is unique, see section 26.

Theorem 7.

lim / S Y b p)du(a)du(8) = 0.

e—0
m,n pe[u,,@,m,n,e

Proof. During the proof it will be convenient to divide up the region of integration
into several pieces. For constants 0 < ¢ < C and § > 0, we consider the regions
around one of the finitely many singular points.The regions are defined as follows:

D, = {(z,w); |z| <ce, |w| < ce}

Dy = {(z,w); |z] < Ce, |w| < Ce} \ Dy

Dy = {(z,w); |2| <0, |w| <6} \ D1UD;.

By [FoS], for any given § > 0, the contribution to the integral from outside
these regions goes to zero when ¢ — 0, this uses that the measure is diffuse. We
will subdivide the regions D1, Do, D3 further. For most of these new subregions the
contributions go to zero with e. But for some of the subregions, we need § to go to
zero for the contribution to go to zero. Hence in the following arguments, § will be
an unspecified small number which will later go to zero. So the way the argument
works is, in order to show that the integral becomes smaller than some given 7 > 0
when € — 0, we first fix a very small § and then let ¢ — 0. This is the case at the end
of sections 8, 9. We will constantly use the finiteness of the integral in Proposition 1,
in order to show that the limits are zero.

The constants ¢ and C' are determined by the geometry of the leaves near the
singularity. We choose ¢ > 0 small enough that the region D; does not contain the
singular point of the perturbed foliation. In fact we will make ¢ > 0 so small that
the slopes of the leaves of the perturbed foliation are almost constant on D;. The
precise estimate is done in Lemma 4.

For the constant C' we want to make sure that the singular point of the perturbed
foliation is inside A2(0, Cle|/2). So for example the choice C' = 3 max{|a/(0)[,|3'(0)|}
will work.
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3 Proof of Theorem 7 for the intersection points in D; (close to
the singularity)

LEMMA 4. Let 6 > 0. Then for all small enough ¢, |e|, the slopes of the leaves of F,
‘fg € A()\gjggg ; 5) at all points in Dy .
Proof. Recall that
O (z,w) = (a(e),ﬁ(e)) + (z,w) + €0(z,w).
We estimate we, the form defining F, in D;. We have
we := (Pe)x(wp)
= 0() + [(z — a(€))(1 + Ae€) + Be(w — B(¢))] dw
+ [(z = B(€))(=A + Ce) + De(z — au(e))] dz
=0(*) + (2 — a(e))dw + (z — Be)) (—A)dz
= (2 — o/ (0)e + O(e?))dw — A(w — B'(0)e + O(€?))dx.

So,
dw _ ANw—F'(0)e+0(e?) _,5(0)
= = )\ + . e
dz z—a(0)e + O(e?) a/(0)
The lemma follows immediately. O

The following lemma describes the lamination associated to we = (®¢)«(wp) near
D4 after possibly shrinking ¢ further and is an immediate consequence of Lemma 4.

LEMMA 5. The plaques of F. near D; are of the form w = f,(z) where f,(n) =0

and f} € A(Agigg%;é).
To estimate the geometric wedge product we will consider three types of points

in a plaque LG s namely if they are close to where the plaque crosses the z-axis
(Case 1) or w-axis or otherwise (Case 2). The estimates for hj are fairly independent
of which case we are in because of the choice of ¢, but h, is very sensitive to the
cases.

We estimate the function Beﬁ on these plaques. First observe that the points in
By := A?((—a/(0)e, —3'(0)¢); 2cle|) are mapped by @, to a region covering D;.
LEMMA 6. There is a constant C > 0 so that if some leaf Leﬁ intersects Dq for a
parameter value u + iv then

1;alog(1/\e\)—0<u<1;alog(1/\e|)+C, (2.6)

and
log (1/]e]) — C < v <log (1/]¢]) + C. (2.7)
Proof. First recall that z = e*(utiwvt+(0glBl/b)  Hence |z| = e¥. But (z,w) € Bs.
Hence
(I/(0)] = 2¢)|e] < [2] = €™ < (|&/(0)] + 2¢) e] .
So
logle] —C < —v <logle| + C

which gives the estimate on v.

The inequalities for u follow also by a straightforward manipulation. O
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In what follows we use the notation A ~ B to mean that there is a constant L
so that iA < B < LA and L is chosen independent of the other parameters. Also
A < B means similarly that there is a constant L so that A < LB.

Next we estimate the value of ﬁ% for a point (u,v) as in the previous lemma.
Let 0, tan® = v/u be the argument. By Lemma 6, it follows that, for all small e,
tan® ~ b/(1—a) # b/(—a) so that the angle 6 is uniformly inside the sector S for all
small e. It follows that @ is strictly inside a sector 0 < s < 70 < w — s < 7 for some
fixed s > 0 which only depends on A and is independent of all other choices, and for
all small enough e. This implies that sinyf > k > 0 uniformly. As in Lemma 2, for
a point in Dy, this allows us to estimate the kernel for Hg(u + iv).

LEMMA 7. Suppose (u + iv) is such that the corresponding point on the leaf Lj is
in Dy, then if ly| < 2(log(1/]e]))7,
(r)7 sin(~0) 1

~

((r)7sin(v0))* + (y — (r)7 cos(70))*  (log(1/[e[))7 -
On the other hand if |y| > 2(log(1/|e|))Y then
(r)7sin(~0) _ (log(1/]e)))”
((r)7sin(y6))? + (y — (r)7 cos(v0))? y? '
Hence using Lemma 2 and Lemma 7 we get
LEMMA 8. We have the following estimate of Hj for points in Dy:
1

(log(1/le[)) /y|<z<1og<1/|s>>v

Hp(y)dy+ (log(1/]e]))” /|y|>z(1og<1/|e>)v Hzgy) @ -
B (2.8)

Next, we fix «, § and plaques Lan, L, and assume they intersect in D;. By
Lemma 6, there are conditions on m for this to happen, namely,
2mm < u' <2(m+ )7

Hf ~

and 1;alog (1/]e]) = C </ < 1;alog (1/]e]) + C.

1-— 1-—
So, balog(l/]e\)—C—27T<2m7r< balog(l/]d)—i—C.

We pick a plaque Lg with an intersection point in D;. Then this plaque is of the
form w = f(z) = f,(2) where f,(n) = 0 and f is as in Lemma 5, i.e. close to /\g;(g).
Next consider a plaque L, ,,. Then z = e!(ut(oglal/b)=v and o = qei(C+oglal)/b),
Hence 2nm < u < 2(n + 1)7 and |w| = e7?—,

We estimate the location of the intersection points.

Case 1: |z—mn| <d|n|, 0 <d < 1. The constant d will be chosen small enough,
in order to satisfy an inequality at the end of the proof of Lemma 9.

We estimate the parameter values (u,v) for Le .

Since [n|(1 —d) < |z| = e < |n|(1 + d), log(1/|n]) —2d < v < log(1/|n|) + 2d.
Note that also, for the point (z,w) to be on Lf  with |z —n| < d|n| we must have
that [w| < 2/A[|2,0) dln].

LEMMA 9. For (z,w) to be an intersection point between L, , and Leﬂ in Dy with
|z —n| < d|n|, we must have
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(i) 2nm <u < 2(n+ 1)m;
(i) 2nm > 1;“ log(1/|n]) —
(iii) log(1/|n|) —2d < v <log(1/|n]) + 2d.
Moreover there is at most one such intersection point.

Proof. We have already proved (iii) and (i) is given. To prove (ii):

—bu—av

16°(0)]
|/ (0))]

bu —av < log|n| + C'.
Using the estimate on v we get u > ((1 — a)/b)log(1/|n])
absolute constant.
To prove the last part, notice that the slope of Lfg is about A while the slope

of L, is Aw/z so is at most |\ 2)\|’6 O)|d n)/(n|(1 —d)) < |A| if we just make d
la’ (0)]

small enough. |

w| = e

< 2|A| dln|.

So,

— C’" where (' is an

LEMMA 10. We estimate the value of H, at intersection points between L, and
LG in Dy with |z — n| < d|n|. We have two cases: (i) 1% log(1/n]) — C < 27n <
C'log(1/|n|). Then we have
H,
Ho(u+ iv) ~ / (@) +/
jal <2(108(1/In))y 108(L/[MD)Y " Jyai>20108(1/1n))

In the next case, (ii) 2mn > C'log(1/|n|), we then have U+iV ~ nY~+in?~1log (|717|)

and

2) (log(1/[n1)”

a
2

Ho(u+iv) ~ / x
lo—Ul<n7—1log(1/n)) ™7t log(1/[nl)

iy (o~ og(1/ ),
le—U|>n7= log(1/|n]) (z —U)
Proof. Case (i): We use that sin(y#) is bounded below by a strictly positive constant.
Case (ii) is clear. O

Case 2: Our next step is to discuss intersection points of L, , and L%’m in Dy

for which |z —n| > d|n|. Note that Lj, intersects the w-axis close to (0, _)\ﬁ/gog n)

A0

and the above argument applies as well to the region |w + 0)77‘ < d|n|. Hence

we only need to consider intersections of Lqa, and Lj ,, when !w + A0 o'(0) n} > d|n|
and also |z — n| > d|n|, call this set S’.
Note: This is the place in the argument where we will assume that a # 1.

Since we are excluding the points near where Lg ,, crosses the two axes, we have
the following estimate on points in Lj, : For some ﬁxed constant R > 1 we have
that

rlwl <|z] < Rluwl
for points in 5.
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Hence ]l%e_a”_b“ < e < Rem® ™, Sobu—logR < (1 —a)v < bu + log R.
Therefore 2nbr /(1 —a) — C' < v < 2nbr /(1 —a) + C’. ]

LEMMA 11 (Intersection lemma). There is a constant N > 1 so that if we cover the
rectangle 2nm < u < (2n+ 1)m, 2nbrw /(1 —a) — C' < v < 2nbr /(1 —a) + C'" with N
equal squares, then there are at most two intersection points in each square.

Proof. We choose N so that, in each square, the slope of L, , is almost constant
and will produce at most one intersection point. The exception is when the slope is
close to A? (() Then there might be a tangency between L, and Lg. Hence there
might be two or more intersection points counted with multiplicity. We will show
there are at most 2. Note that the slope S of L, 5 is given by the quotient Aw/z.
dw/dz = Aw/z
et G+ (log | /b))
ei(ut(log |a] /b)) —v
Aavel(0g |al)/b)(=b+ia) iAl
- eillog|af)/b eic
So, § = Cel® D¢ and 9% =i(A—1)S ~i(A — )AL, )~ 1.
This says that the slope of L, , near intersection points vary very rapidly, while
we also see from Lemma 5 that the slope of L, varies slowly. This implies that
near tangential intersection points there are at most two of them. ]

We estimate the value of H, at points p where L, and Leﬁ ., intersect in Dy
away from the axes (|z —n| > dJn|, |w + )\5:58377’ > d|n)).

LEMMA 12. For the intersection point to be in D; we need |n| > |17a|12(;gb(1/‘€|) - (.

Then i J i 3
H,(p) ~/ o(@)dz +/ a@)lnl g,
2|<Colnfr  In|Y lo|>Colnr T

Proof. For the first estimate, recall that |z| = e™" < ¢|e| and that 2nbr/(1—a)—C' <
v < 2nbr/(1 — a) + C'. For the integral estimate we see that (u + i)Y = U + iV
with V'~ |n|7” and |U| <~ |n|7. Then the estimate is immediate from the Poisson
kernel. O

We complete the estimate in Theorem 7 for D;.

Theorem 8. The contribution to the geometric wedge product of T' and T, from
intersection points in D1 goes to zero when € — 0.

Proof. Let I = I. consist of all intersection points p in Dy. They are labeled p =
Da,B,n,m,e if they belong to the plaques Ly, L%,m and / lists them (with multiplicity)
if there are more than one. By Lemma 6,

(1 —a)log(l/lel) _  _ ~ (1—a)log(l/le])

2mh 2mh
so in particular there are at most finitely many values of m and there is a uniform

upper bound on the number of them. We can hence restrict to one fixed value of m.
Next recall that from Lemma 8 we have the estimate (2.8) on the value of Hj at
each intersection point.
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By Lemmas 9 and 11 there is at most a uniformly bounded number of intersection
points with L, and LG, in D;. Hence when we estimate the geometric wedge
product we can factor out the contribution from [ and we get, using (2.8), an upper

bound of
1 N
/(ZHﬁ>dﬂ ™ (log(1/le]))” /|<2(log(1/|e))'¥ Hﬁ(y)dydu(ﬁ)N
+ (tog(1/1e)” [ Ho) gyaup)

lyl>2(log(1/le))r Y
We collect a few estimates that will be used repeatedly in the Lebesgue dominated

convergence theorem.
LEMMA 13. We have the following integral estimates.
(D)
; / Hg(y)dy
(log(1/1€)))Y Jyy<2(1og(1/1el)
3 1/y—1 | 1

. Fcsentris PO e 4 100
an

(IT) IfU ~n”, then
H,
/ B @) .
le—U|<n7—1log(1/[n)) ™7~ log(1/|n])
1y-1 AT

Ho(x)|z] log(1/[n]) "

/lx—U<ml log(1/[n[)

/Z Hgdu(3) — 0.

We use the a priori bound that we found and estimate (I) in the previous lemma.
The Lebesgue dominated convergence theorem and Proposition 1 gives the result.
End of the proof of Theorem 8. After integrating with respect to p and using (I) of
Lemma 13 we can use the dominated convergence theorem. We estimate the value
of H, at one of the intersection points p € Dy. From Lemma 2 we have

/ Hal P sin(79) dz .
/ﬂ sin(70))? + (z — p7 cos(70))?
Case (i): |z —n| < d|n|, In|] < Clog(1/|n|). By Lemma 9 it follows that
V = 7 sin(40) ~ (log(1/In]))" and |U] <~ (log(1/[]))". So we get
H,(z)dx ~ log(1 v
oo~ | iy 1y 0B/,
ja<Cog(1/la)yr (108(L/ 1)) Jyai>c0g(1/1n) z

Adding up we get
S b~ [ Aot (YT,
o “ (log(1/[nl))”

In|<log(1/|n]) |z|<C(log(1/|nl))™
N N\ H1/v
+/ Ha(li)|$|1/'yfl ((10g(1/|77|)) > dx .
|| >C (log(1/|n]))” ||

We want to show that
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Integrating with respect to u we get that E\n|<log(1/|n|) han(pn) — 0 as e — 0
since |n| < e. We use again the estimates in Lemma 13 and Proposition 1.

Case (ii): |z—n| <d|n|, |n| > Clog(1/|n|). Then by Lemma 9, n > 0 and we
have U, ~ n7, V ~ n?"!tlog(1/|n|). From Lemma 10 we have

ﬁa(x)

H,(p) N/ 27y
le—U]<n7~1log(1/|n]) 10&(1/[n])

N 7~ og(1
N oy e,
lz—U|>n7="log(1/|n|) l= = Ul
Therefore,
Ij—’a($) 1/v—1
Z Ha,n(p) ~ Z / v " e
n>Clog(d/ ) o oty le=Unl <= 10(1/1a1) 108 (1/ 1)
i n7~log(1/In|)

alx 9 dx
/w—Un|>n“fllog(1/77|) |z — Uyl

+
n>C'log(1/|n])
=I+1I.

We are going to estimate I and II separately. Note that for a given x, the number
of integers n for which U,, — n""tlog(1/|n|) < z < U, +n?~ 1log(l/|77|) is bounded
above by a multiple of log(1/|n]). It follows that I <~ flog 1/|77\))7/0H (z)x/ 7 da.
This contribution goes to zero as |e| — 0 since |n| < |€|.

To study II we estimate U,, more precisely. We have 2nm < w, < 2(n + 1)m
and log(1/|17|) —2d < v, < log(1/|n|) + 2d, and (u,, + iv,)? = uh(1 + dv,/u,)? =
w4+ yul” tivn + By, with [Ep| < ull(vn/un)? ~ n72(log(1/|n]))2.

Hence |U, — (2n7)Y| < n?~'log(1/|n|). We can hence replace U, by (2n7)Y in II
without changing the order of magnitude of the expression. We divide II into pieces
I14,11p,11¢. In 114 and in II¢, « is such that n > C'log(1/|n|).

In IIp, n has a range of the form n > z'/7 + r(x)log(1/|n|), r(z) ~ 1 and in
Clog(1/|n]) <n < /7 — s(x)log(1/|n]), s(x) ~ 1. So
II=1I4 +1Ip + 1.
For 114 we have

C1(log(1/n))” . -1

=eo n>Clog(1/In) [ = n7f?
N / log(1/n])
el<Cr(og(1/lh)yr - [10log(1/|m)|]Y —
N /—Cl(log(l/lnl))” T log(1/|n|)
r=—oo T 10log(1/ )] — 2

/ I ’ 1/v-1 |(13‘ =1
~ H,(x)|z|""™ < > dx
2| <Ch (log (1/|n])) (@)l [log(1/[n])]”

—C1(log(1/[n))" _ T\ V7
_|_/ Ha($)|l,|1/'y—1 <(10g(1/’77’)) > dz .

B ]
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For
00 ~ -1
IIg ~ Z Ha(x)n log(l/m’)dx
- |z — n7|?
e=C1(log(1/[nl))” n>x/7+r(z)log(1/|n|)
- / He ()| dz,
z=C1(log(1/|n]))”
and
. = Y tlog(1/|n])
HC -~ /C - ) Z Ha(x) |x o n7|2 dx
x=C2(log(1/In])) Clog(1/|n|)<n<xl/773(x) log(1/|n|)
HC ~ / ga(x)wl/’yildw‘
x=Cx2(log(1/|n]))”

Integrating with respect to u we get

/Hdu(a) ~/IIAdu(a)+/IIBdu(oz)+/Ilcdu(a)
(0% « (0%
<[/ Fa (@)1 dedp(a)
a J|z|>(log(1/|n]))Y

5 B || 1-1/v
+// Hy(a)|z|" 1( dxdu(a),
a J|z|<C1(log(1/In]))” (@)l (log(1/|n[))” ()

which tends to 0 as 7 — 0. (Recall that || < €.)

Case (iii): |w+ An| < d|n|. This case is symmetric to cases (i) and (ii), so
done.

Case (iv): |z|,|w| < cle|; |z —nl,|w + An| > d|n|. We recall the estimate of
H, »(p) at intersection points from Lemma 12. The contribution W to the geometric
wedge product is

/"‘ [ 2 /|x|<2n|v Hﬁzda: ! /|:E|>2|n|7 Ha(ﬁnpdﬁ e

In[>[|1—allog(1/|e])]/[2mb]-C
We divide the first integral into two pieces, so W = W4 + Wp + We. We get

H,(x)dx
wan [[ [ > W e
o LJ|z]|<2[[|1-allog(1/|e])]/[2mb]-C|7 [n|>[|1—a| log(1/|e])]/[2mb] —C 7]
|z

1-1/~
~ H,(z :L’l/'y_l( ) dw}du Q
/a[/x<2|[|1—a1og(1/|e)]/[27rb]—0|v (@lal (log(1/]e]))” ()

—0 ase—0.

For Wp replacing similarly the sum by an integral, we have
H,(z)d

o0
v~ [ ]
o a:>2|[|1—a1og<1/|e>]/[27rb]—cw(m%m In[7

Wp ~ / [ / ﬁa(x)w/“dx]dﬂ(a)
o L/ Je|>2|[|1-a| 10g(1/[e])]/[2mb]-C

— 0,



1350 J.E. FORNASS AND N. SIBONY GAFA

again by Proposition 1. Finally, for W we get
(lz|/2)t/

ﬁa z)|n|"dx
e [ > T iyt
o L/jal>2 =g —cp v

=[|1—allog(1/[e)]/[2wb] -C

N/ [/ ﬁa(x)ml/v—ld;g]du(a),
o L/ |z[>2/[[1-a|log(1/|e])] /[27t] —C |7

and hence Wg — 0.
Now we have finished the part of the proof of Theorem 8 where we consider
intersection points in Dy = {|z|, |w| < c|e|}.

4 Proof of Theorem 7 for Intersection Points in D, C A%(0, Cle|)
close to the separatrices

We split D5 into regions A" and B where A’ denotes points close to the separatrices
and B denotes the rest. Then A’ has 2 pieces. It suffices to consider one, A =
{(z,w); cle] < |z|] < Clel, |Jw| < r|e|} where 0 < r < ¢ depends on the choice of C.
We consider intersection points of L, , and Leﬂ in A. We parametrize L,, Wlth
(u+iv) and LG with u'+4v". In A we have for Lq»: log(1/]e[) — C' < v <log(1l/|e )
and |w| =e b“ W < rlel. Sou> ',%log(1/]e]) — C and n >} log(1/|e]) —
For Lf , we have in A, since |z’\ < Cle| that v/ > log(l/\e\) C. Therefore

10 2c_a1/ < < lo av’+20
& |y b b & || b b

The m’s are estlmated later and they depend on which case we are in, a = 0 or
not.

LEMMA 14. If a # 0, there is an integer N so that for small r, there are at most N

intersection points between any pair L, and L m

Proof. This follows from considering the slopes of the plaques, given by the forms
w,w,. Namely the slope of the L, is very small and the slope of L, has close to
constant larger modulus and close to constant argument on each of N small squares
where there might be an intersection. O

Next we estimate hq,, at an intersection point.

Case (i): n < log(1/|e]) : In U,V coordinates we have V' ~ (log(1/le|))7,
|U| < (log(1/]€]))?. Using the expression as a Poisson integral we get

- || -1
hon®) ~ [ Ho(a) o] 7 o] 1
[l <C 1og(1/le]))” (log(1/]e]))”
log(1 v
+/ Ha(z)|$|1/'y—1(og( /|€|)) |l’|_1/’yd$.

f#/>C10g(1/le]))" 2]

Case (ii): n >log(1/|e|). Then U ~nY, V ~ n¥ llog(1/|e|). Hence

v—1
D [t D
nY~tlog(1/[e]))? + |z —n7|
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We observe that this integral has already been estimated above. Namely see
Case (ii), integrals T + II.
So we get

S ) < / o) 2]
|z|>(log(1/]e])Y

n>101log(1/|€|)
+f A A
e <Clog(1/ld))y log(1/le) '

We estimate next hj,, (p). From the above estimates for u',v" we see that
|u/| <~ and hence V' ~ (V)7 |U'| < (v")7. We then have
1-1/~ 1

o
hemp'\’/ Hyyl/”1< dy
o~ [ e ()
(U/)7>1+1/'y 1

e[l ,
lyl>C(') |yl
Note that for a # 0, we have that

log (1/le]) /a — bu'Ja — 2¢/|a| < v’ <log (1/|€]) /a — bu'/a + 2¢/|b]
and log (1/le]) /a — 2mmb/a — C < v' <log (1/|e]) /a — 2mmb/a + C.
So v’ > log(1/|e|) and m/a < ,}, log(1/le|)(1/a — 1) + C.

Define
3= Z Bom -
m/a< 271717 log(1/]e])(1/a—1)+C
Then using the above estimates,

DES Z/ Hg(y)|y"/
= iyl <Cllog(1/lel) fa—b2mir ay

dy.

(Y

. ( 1yl >1‘1/” . 1 i
(log(1/|e])/a — b2mm /a)Y |log(1/le])/a — b2mm /al

3 / Ha(y)ly!
m Y ly|>C(log(1/|e])/a—b2mm /a)Y

_ \ 1+
. ((log(1/|e|)/a b2mm/a) > i} 1 dy=1+11,
|yl log(1/le])/a — b2mm/a
We study I and II separately. We split I into two parts:
I=1a+1p.

For 14 we have

Iy — / 3 Hp(y) [y~
Iwl<CQos/IeN)Y 1 jac 1 tog(1/lel)(1/a—1)4C

. < ly] >1‘1” . 1 "
(log(1/le[)/a — b2mm /a)? | log(1/]e[)/a — b2mm /al

1/v-1 |y =1/
~ Ha(y)ly|/"~ < > dy .
/|y<caog<1/e|>w sl (log(1/le[))”
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We estimate

Iy = / h 3 Hy(y)]y] V!

=C(log(1 v
y| (Og( /‘€|)) m/a< logQ(;élLeD —(|y\/C’)1/W

ly] =l 1
* * dy
(log(1/e])/a — b2mm/a)™ |log(1/le|)/a — b2mm /a|
~ Hy(y)lyV7dy
ly|=C(log(1/]e]))
For II we have
I~ > o Ha()ll
= O €el))y
by 108(1/le) (1 fa—1)>m/a> 95071 _ 1y ¢y /2 WI=CUoBA/1eD)
\ <<log<1/\e\>/a - bzmw/ay*)”” T, L dy
ly| log(1/lel)/a — b2mm/a

o

< Hi(y)ll 1~ dy
ly|=C(log(1/lel))"

With these estimates it follows that Theorem 7 is proved for the region A close

to the separatrices, in the ball Ds provided that a # 0.

For brevity we skip the case a = 0 which can be handled adapting the estimates.
We next consider the set B of points in A%(0,Cle|) defined above as consisting
of points which are at distance at least r|e| from all separatrices.

5 Proof of Theorem 7 for Points in B, i.e. Points in D, which are
at Distance at Least r|e| from the Separatrices

We estimate H, on L,, N B. We can assume a # 1, otherwise flip the axes. So
rle] < |z| < C|el, hence log(1/|e|) — C" < v < log(1/|¢]) + C".

Similarly it follows that r|e| < |w| < Cle|, therefore ', log(1/|e]) — C < u <
1% log(1/]e]) + C.

Using these estimates on (u,v) and similarly for (v/,v), Lemma 11 shows that
there is an integer N independent of € so that if we take any two plaques of two
leaves La,Lg, then they intersect in B in at most N points. In U,V coordinates,
(u+iv)Y =U + iV, hence V ~ (log(1/|e])” and |U| <~ (log(1/]€]))?.

This gives

(log(1/le]))?
i ~ /Ha(x) (log(1/[€]))** + (z — U)?

He(z)(jx| + 1)

dzx

|z| + 1
(log(1/le]))

1 (log(1 v _
_|_/ Ha(l’)(‘ﬂ—i-l)l/’y 1 (log( /‘6‘)) (|x‘ +1) I/de'
|z > (log(1/ €] )7 lz] +1

It follows from these estimates applied to Hg as well that Theorem 7 is valid for
intersection points in B.

—1/v
z|+1 dx
/x<c<1og<1/e|)>v o (el +1)
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6 Theorem 7 for D3 = A?%(0,4) \ A?%(0,C|e|)

There are 3 regions to consider:
D3 =R URsURs,
Ry ={Cle| < |z| <8, Cle| < |w| <6},
Ry ={Cle| < |z| <8, |w| < Clel},
Rz = {|z| < Cle|, Cle| < |w| <4} .
Note that since we have assumed a # 1, the cases of Ry and R3 are not completely

symmetric. We will leave it to the reader to verify that the estimates we do later
for Ry nevertheless hold for Rs.

7 Theorem 7 for R,, the Diagonal Part of D

We first outline our approach. Fix parameters «,( and corresponding plaques
Lon, LG,,- Next we divide R, into dyadic components, rings, {R(p)} in the z-
direction, e P71 < |z| < e7P, Cle| < |w| < §. Then we estimate h, and hg on
Ly, N R(p) and LGN R(p) respectively. Next, for fixed «, 3,n, m we estimate the
values of p where the leaves Ly, Ly might intersect, and the number of intersec-
tion points for each such p. Putting this information together we can estimate the
contribution from R; to the geometric wedge product.

Pick a plaque Lo, and a point (z,w) in L, N R(p) parametrized by (u,v).
Then e P! < |z] = e ¥ < e7P, 50 log(1/6) < v < log(1/]e]) — C and log(1/6) < p <
log(1/le]) — C, so 2nm < u < 2(n + 1)7.

For w we have Cle| < |w| < 4. So log(bl/é) -9 <u< 1°g(1/‘el|7)_10g0 - 9. We
divide into cases depending on whether a # 0 or a = 0.

2sbr
a

Case (i): a #0,n < sp, then (u+iv)Y =U+iV ~ U +ip?, |[U| <~ p7. So we

have
1-1/~y
- _ T 1
Ha,nw/ Ho () |zt (U) d
|z|<CpY p p

~ 2 1+1/v 1
+/ Ho(z)]z|Y/ 71 (p > dz .
|| >Cp || p

Case (i): a#0,n > sp, so (u+iv)Y =U +iV ~nY +ipn?~L.
Then

First, assume a # 0. We choose a constant 0 < s < 1 so that ; <1+ < 3

~ 1 ~ pn’y*l
Hypm ~ Hy(x) dx+ H,(x) o dx
|z—nY|<pny—1 pn7 nY/2>|z—n7|>pny—1 ‘x - n’Y’
- v—1 - y—1
+ / HO[(:L')pn2 dx +/ Ha(m)pn , dr
nY/2<|z—nY|<2nY n=7 le—n7|>2n7 Z

=I+1II+II+1IV
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We will leave the case a = 0 to the reader.
Our next step is to locate for which R(p) there is an intersection between L, p
and L m
Fix L, and LG and assume (z,w) € Lgpn N L5, We can write
y = ei(CJr(lOgla\)/b’
C=u+1v,
2nw <u<2(n+ )m,
|z| = e ".
Also (z,w) = (', w'), (Z/,v) € LB’T”' We have 2/ = ¢i(¢'+(olal)/b ¢/ — 4/ 4y,
Hence 2mnm < v’ <2(m+ D)7, |2/| =e7".
So
z = afe) + i(¢'+(log [B1)/b) €O w'),

w = B(e) + B¢ +log|B)/b) 4 €O w').

Our goal is to locate for which R(p) the point (z,w) can belong to. So we need
to find p so that e P! < |z] = e™¥ < 7P, i.e. we need to get a good estimate for v
in terms of «, 5,n, m.

There are 4 unknowns, u, v, u’,v’. However, u ~ 2nm, ' ~ 2mm, so we only have
v,v’ left. Also we have two equations for the z and w coordinates respectively. (In
fact, since these are complex equations, we have 4 real equations for the two real
unknowns v, v'.)

Before we proceed we show at first that for there to be an intersection, we actually
must require that n and m are very close.

LEMMA 15. If Ly, and L, intersect in Ry, it follows that |m —n[ < 1.

Proof. Recall that
P (z,w) = (a(e), B(e)) + (2,w) + O(z,w) .
If § is chosen small enough, this implies that |eO(z,w)| < ole| for any given 0 <
o< 1.
We pick two plaques, Lq », L,%,m and consider intersection points in R;. Let S > 0
be such that |e|/S < |a(e)| — ole|, |B(e)| — ole| < |al(e)] + ale|, |B(e)| + ale] < S.
Note that if we increase the constant C' used in the definition of D4, we can still
use the same S. When the point is in L, , we have |z| = |ei(c+(log|a|)/b‘ =e " So
log(1/]4]) < v < log(1/|e|]) — C, and |w| = ‘aei)‘(CJr(log'O“)/b)‘ = ¢ bu—av,
If it is also in Lgy, then |2/| = ’e"(g/*(log'm)/b)‘ = e, hence log(1/]d]) < v/ <
log(1/le|]) — C. Also |[w'| = }ﬁei)‘(gl+(1°g‘ﬂ|)/b)‘ = e bu/—av’
Since Lj , = ®c(Lg,m), the image point can be written
Z = afe) + ei(¢'+(log |8])/b) . O, w'),

W = B(e) + B+ | o W)
Consider an intersection point in R; and set ' = ( + ¢+ id. Then
z2=7,
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el _Slel < eV <e 4 S,
e - Sellel <1 <e 4 Se’le|.

So Se’le] < S(1/(Cle|)|e] = S/C <« 1, and |d| < 2Se”|e| < 2S5/C.

For the other coordinate,

w=W,
g~bube—av—ad _ gl¢| o gmbu—av _ o—bu—be—av—ad | g|¢|

hence Se?**+%|e| < S/C < 1. We then get easily |bc| < 25e"+%|¢| + |a|2Se”|e|.

Also, |e+id] < % (1+ ")) < 1. D

It is also convenient to show that o and  must be very close if there is an inter-
section. We estimate first the modulus and next the angle and finally we combine
them.

LEMMA 16. Suppose L, intersects Lg’m in Ry. Then
‘ log(’5|/|a\)} < 25|e’ [@” (b+ |a’) + ebu—i—av] .

Proof. We have z = Z, so e/(¢toglal)/t) — () 4 ¢ilCHetidt(oglB)/0) 1 cO(2 w').
Hence, e!(¢t(oglal)/b) [y _ gie—dtillog(Bl/la)/b)] = q(e) + €O(z',w'). Taking the
modulus, |1 — eic_d“(l"g'ﬁ'/‘a')/b)’ < Selel] < 1. This gives [log(|8]/|x|)/b] <
25¢e’|e| + 25ePF%|¢| /b 4 25(|a| /b)e”|e|. The lemma follows. O

We remark that the lemma as stated is slightly inaccurate. We only can con-
clude the estimate modulo 2. However, the parameters e~>™ < |a|,|3| < 1 so this
problem arises when say || is close to 1 and |3| is close to e~2™. We ignore this
technicality which just means that |«| and || get close after we follow the leaf L,
once around 0 counterclockwise. We show that || is small.

LEMMA 17. Write 3/a = |3/ale®. If there are intersection points in Ry, 0 is close
to 0 mod 27. More precisely,

0] < 25" T e[[|al/b+ |a|/b+ 1] + 2S|ele’ [Jal?/b+ b+ (Ja| + |al?/b)] .

Proof. We again use the parametrization, w = W, i.e. aeMCH(loglal/b)) - —
Ble) + ﬁei)\(g+c+id+(log\ﬁ|/b)) + eO(z’,w’).
SO 6(6) + 60(2/711),) = aeiA(<+(10g‘a|/b)) [1 _ gei)‘(c_"id"‘(lOg‘B'/b))], hence

‘1 _ gei/\(c-l—id-i-(logw\/b))l < Sebu+av’6|‘

Therefore, Sebu+av|€| > ‘1 _ ge[—bc—ad—(log|o¢\/b)}+i[ac—bd+a(log(\ﬁ|/\a|))/b]” then
1 > Sebu+av|€| > }1 _ e[—bc—ad]+i[6'+ac—bd+a(log(|,6\/|a|))/b}‘ and 2Sebu+av|6| >
|0 + ac — bd + a(log(|5]/]e)) /0]

Therefore,
61 < lac| + [bd] + lal 108181/ lal)| /b -+ 25+ e
< Se"+|e|[2]al /b + 2]al /b + 2]
+ Slele” [2lal?/b + 2b + 2(ja] + |al>/b)] -
This gives the estimate. o
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LEMMA 18. Suppose that Lo, N LG, N Ry # 0. Then,

y e~ A(log|a])/b)
- .1 log <§> = je~i—illoglal)/b [a(e) 4+ €O] + Z,l emiAC [B(e) + €O]

i\ A «
+ O(ee )2 + O(e” %),
Proof. Next we locate more precisely the intersections of L, , and Lfg m in Ry, Let
z=14.
Then €IC+Z(10g |a‘)/b — a(e) + ei</+i(10g Iﬁ')/b + 6O<Z/7 w/).
We define A by ¢/ = ( + A. Then
ei¢tillogla)/b _ cidtidti(loglBN/b — o(¢) + €O,

eiC+i(log|al)/b [1 _ eiA+i(10g(|ﬂ\/|Oél)/b] = a(e) + €O,
hence
1 — tA+ilog(8l/lal)/b — ,—iC—i(log|al)/b [a(e) + e(’)] )
This gives, since A is close to zero,
A+ (log(|8]/]a])) /b = ie~ i elel/b [q(e) + O] + O(ee™)2.
Using w = W, we have
aeM¢+(oglal)/b) Ble) + BetMe+A+ogBD/) 4 0
e [aeMoBlaD/) _ g a+1oglB)/D)] = 5(e) 4 O

_ ei)\(ei/\(log |a])/b)

i [ — peiNie 1R I Ma( 0]

So
—iX(log |a|)/b
L B xarog 8l/la ) _ -inge” BV 8(e) + O]
o @
. | e=iMlogal)/)
—log <§> —i—z)\(A—i-(log \6\/\04])/1)) N N [/5(6)—1—6(9] )

We get for a suitable branch of log,

A +log (18l/]al) /b— 1)\log ( e [B(e) + O]

7 o A «

5) 1 i e—iA(log |a])/b)
+ O(e )2
Adding the two expressions with A, using Lemma 16 and that A is close to zero
gives the lemma. O

To continue the search for intersection points of Ly, L%ym in Ry, we divide Ry
into 3 pieces. We let C; > 1 be a large constant.
Ria = {C\e\ <|z|, |Jw| <d, Cilw| < |z|},
Rip = {Cle| < |2|, |w| <6, Ci|z] < |w|},
Ric ={Cle| < 2|, |w| <4, |2| < Cilw| < 012]2\} .
Here the constant C; is chosen to work in the slope estimates before Lemma 19.

Observe that Ri4 and Rqp are similar. We will leave it up to the reader to verify
the estimates for Ripg.
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8 Theorem 7 for R;4, the Part of R, Close to the z-Axis

We will assume that a # 0 and leave the verification of the case a = 0 to the reader.
If jw| < |z|, then the second term in the expression for log(3/«) in Lemma 18 on
the right dominates and we get e |¢| ~ |(8/a) — 1|, hence 2nm < u < 2(n + 1)1
and av ~ log |(B/a) — 1| + log(1/|e|) — 2nbm.

So |v — leel@/e)=titlosl/lh=2nbr ) and Cle| < e < 4, log1/§ < v <
logl/le| —C,p<v<p —|— 1, see the beginning of section 7.

LEMMA 19. For intersection points in Ry, There is a constant C' such that

C'|e] 1
5 < I8 —al < o
Proof. Since e™0%|¢| ~ ‘g —1| ~ |8 — o] and e® " = |11U| we have |3 — a] ~ ||;||.
But Cle| < |w| < |2|/C < §/C. The lemma follows. O

With R(p) as in the beginning of section 7 we get

LEMMA 20. Suppose that L, intersects L m 1 Ri4. Then the intersection points
must be in R(p) for some p, such that
log |(B/a) — 1| 4+ log(1/[e|) — 2nbm
B a
For the plaque to enter Ry we further need n to satisfy
log |(8/a) — 1] +log(1/]e]) — 2nbmw € I
where I is the interval with endpoints alog1/6,alog(1/|e|) — aC

<C.

Our next step is to verify that there is a uniform bound on the number of
intersection points of Lq y, Leﬁym in Ri4.

In order to study the number of intersections between plaques, we compare their
slopes.

Suppose (z,w) = (Z,W) = ®.(z',w’) is an intersection point of L, , and L
in Ry. The slope S of Ly 5, is Aw/z. The slope of the perturbed leaf is Sp. We choose
the constant C7 used in the definition of Ry 4, R1p, Ric in the following estimates.

We have

(2 w') (2, ') = (2 + eO(Z, w'), W' + O, w')) .

The slope
' 4+ €02, w')
S2 = / /! /
2+ eO(, w')
AW = AB(e) +eO(Z, W)
- Z—-a(e) +e0(Z,W)
So
g — Aw — AB(€) + €O(z, w)
7T 2= ale) + €O(z,w)
and
Sy 5 — Aw — AB(e) + €O(z,w) w2

z — afe) + €O(z,w)
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_ =MB(e)z + dwa(e) + €O(22, 2w, w?)
2(z — a(e) + eO(z,w))
It A o 2l < Jwl < Cilz| then Sy — 51 ~ )‘2( a(e) — zB(e)),if |lw| > Cilz| then
So —51 ~ %9 and if |w| < 01]z| then Sy — 51 ~ ¢
LEMMA 21. There is at most a uniformly bounded number of intersection points
in RlA-

Proof. The case of Ri4, R1p follows from slope estimates. For the case Ric, note
that leaves might be tangent when (w/z) is close to ((€)/a(e). They both have
slope about \. But since we assume that A # (0)/a/(0), this tangency is at most
of order 2. O

We estimate the contribution to T'A, T from R14. We assume again that a # 0.
By Lemma 18, the parameters «, 3 are restricted to the values: e=2™ < |al, |3| < 1,
1/C > | —a| > Cle|/d. So fix a, 8. Next, by Lemma 15, we can set n = m to
be some integer in the interval given by Lemma 20. The case n = m £ 1 is similar.
Because of the finiteness of the number of intersection points, see Lemma 21, we can
p = ) = 9E1(3/2) = 1+ og(1/ ) 20t
and consider only one intersection point. Then we multiply the values of H, , and
Hg ,, using the formulas in case (i) or (ii) depending on whether n < sp or n > sp.
We then add these products over n and integrate the result over du(a)du(3).

Case (i), n < sp. Since 5 < 1+ 2" < 3 we get easily n < n(a,,€) =

s log|(B/a—1|+log1/le|
1.4 286 a .

a

In this case we have the following estimates at intersection points:

1-1/y
o [ e (M) e
|z|<CvY v v

v\ 1+1/v 1
+/ Ho(z) ]|V <” > da
|| >CvY |.CIZ“ v

1=1/~ 1

1yl
h,mfv/ Hyyl/”l( dy
’ ly|<C (') 2 (V)7 v/

B (,U/)'y 1+1/~y 1
+/ Hy(y)ly'" 1( dy .
ly|>C(v') sl Y| v

Here we have used that v and p are comparable. In fact from the estimate in the
beginning of the section, we see that u ~ n, n < sp so u <~ v, hence p ~ v.

Here v,v" ~ log |(5/)~ 1‘+10g /lel=2nb7  Thig allows us to sum over v instead of
over n, log1/d < v <logl/|e ]

We need to estimate ) ha’nh B and then integrate the answer over the measure

() ().

set
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Note that we will majorize the sum by the product Y han ), hEﬂ m- Then we

use the dominated convergence theorem. We finally have
log1/|e|]-C

- d . v
~ Z [/ H,(z) v —|—/ H,(z) |U’2da:]
v=log 1/6 |z|<CvY v |z|>CvY |:L'|
We split the integral
R log 1/|e|—-C do
ha,n N/ Ha(m)
Zn: o< (l0g 1/8) ,,:%1/5 v
B log1/|e d
+ ()
(1og 1/8)7<[z|<(log 1/ el U:%:w v
1 ||t/
+/ H,(x) vVdx
(log 1/6)7 <|z|<(log 1/[e[)7 z? vzgg:l/g
) 1 log1/]e
+/ H,(x) vVdz .
[ >(log 1/¢l) z? vgg:ua

We estimate the quantities under ¥ in the right-hand side and we get

- 1
han N/ H,(z
En: ’ |z|< (log 1/8)7 ( )(10g1/5)7_1
- 1
+/ H,(z) -1/ dx
(log 1/8) <|z|<(log 1/|¢|)” ||t/

~ 1 1
+ H,(x) T
(log 1/6)7<|zl<(og /ey @2 |z[t=1/

~ 1
+ H,(x) 2(log 1/]6])7+1dx.
|z|>(log 1/1e[)7 r
Using Lemma 13 this gives

~ m 1-1/v
| Ao (@)]a] ( )
- jel<( )

(log1/6

Hy () |z da

log1/6)

“
(log1/6)7 <|z|<(log1/|e[)Y
+f oot (8 1/rem>”1” &
|z|>(log 1/]€])™ ||
—0, asd—0.

Observe that we had to take § small.
This finishes the case (i), n < sp. So we have proved

LEMMA 22. The contribution to the geometric wedge product from Ry 4 in case (i),
a # 0, n < sp goes to zero when 6 — 0.

We next deal with the case n > sp. Recall that case (ii) is a # 0, n > sp. We
then have (u + iv)? = U +iV ~n? +ip(n)n? L.
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Then

H,, ~ H,(x dx
" /|xm<p(n>m—1 ) p(mpn

~ n n'yfl
N / (@ p(n) )
Y /25 g —n7|>p(n)ni—1 |z —n7|

- n)nY 1 - n)n’
+/ ()P )2 d:v+/ o)™ )2 dz
nY/2<|z—nY|<2nY n<y lx—nY|>2nY Zz

=1, + 11, + 1L, + IV,,.
For simplicity of notation we assume a > 0. Then we have the following range
for n from Lemma 20. The number n satisfies

alog1/6 <log|(B/c) — 1| +log (1/|e]) — 2nbr < alog1/|e| — aC.
This gives
log |(8/cr) — 1| + log (1/|¢]) — alog 1/|e| — aC < 2nbm
< —alog1/6 +log|(3/a) — 1| +log (1/]€]) .

dz

Hence
log|(8/a) = 1] + (1 — a)log(1/le) —aC _
2bm
- —alog1/d + log |(B/a) — 1| + log(1/|€l)
2bm
However, n is further restricted because n > sp and p > log1/§. If we then

estimate IV,, and sum over n, we get
H,(z) ! E n’
22

DIV, <~ /
n |z[>( n=log1/4

<~ / He(z)|z|"/ 7 da
|z|>(log 1/8)Y

— 0.

ml/w

log1/6)

Similarly for 3 TIT,, we get to estimate > 1/n? <~ |z|'/7~! which again is fine.

Next we handle the terms IL,. For a given x, the range of n is on the order of
2/3]z|"/7 < n < |z|"7 — p(z¥/7) and similarly for n > |2|*/7. Also note that the

v—1

terms p(n) < |z|Y/7 since n ~ |z|*/7 and p < n. So we sum the expressions ( N2

z—n?)
which integrates to zjn7|’ so inserting the limits of the summation, we get a bound
of the same form as for III,.

Finally we sum over the I,,. Here we make the rough estimate that log1/§ <
p(n) < sn. So we integrate over |x —n?| < sn” but in the integrand we replace p(n)
by log 1/6. With this estimate we get the integral ﬁa(x)log(11/6)\x\ < Hy(x)|x|V/r1.
Hence this also goes to zero with 4.

Finally, we have shown the following:

LEMMA 23. The contribution to the geometric wedge product in the case of Rya,
case (ii), a # 0, n > sp goes to zero when § — 0.
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9 Theorem 7 for R,c, the Diagonal Part of R,

We are in the set {Cle| < |z|, |[w| <, |z| ~ |w|}. On Ly, we have the following
estimate for u, v:

nm <u<2n+Lm, |v

2 1 1
. <O, log . <wv<log -C.
l—a J €]

In the U,V coordinates, (u +iv)Y =U 4+ iV, V ~ |n|7, |U| <~ |n|7.
So at intersection points

n'y

ha,n ~ /Hoc(x) n2y + (w o U)gdx

- dx ~ n7dx
~ H,(x) +/ H,(x) .
/|J:|<27ﬂ “ n’ |z|>2nY “ z?

Adding up the contributions

o0

. 1
hamn ~ / H,(z) < >dm
Zn: || <(log(1/|8))" Z ny

n=log1/8

7 1
- / Ha($)< >da:
|z >(log(1/10))Y Z nY
/ Haf )( > m)d
+ o\l x.
|z|>(log(1/|8)) T2

n=log1/4
After estimating the sums we get

- 1
ha,nN/ H,(z d$+/ H,(z
Zn: Ja < (log(1/18))” “ tog(1/0) 2> (log(1/18)) @ @iy
. 1/yyy+1
+/ H,(x) (= 2) dx .
Jaf > (log(1/]6))" z

Zham N/ Hy(a)|z|Y 7 da

n |z|>(log(1/6))Y

] 1/v—1 |z =i
+/ Hy(z)|x|V7~ < > dr .
|| < (log(1/8)) (@)l (log(1/0))7

This is arbitrarily small as long as § is chosen small enough.

So,

10 Theorem 7 for R,, the Part of D3 Close to the z-Axis

This case is divided in two subcases depending on whether one is close to one of the
separatrices (R24) or not (Rap).

11 Theorem 7 for R;4 Close to a Separatrix

Again we assume that a # 0. There are two separatrices, w = 0 and w close to [(e).
By symmetry it suffices to do one of them. We choose to estimate close to the
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separatrix w = 0. So we set Roa = {Cle| < |z| < d,|w| < sle|} for some small
constant s > 0. Let Leﬁ’ and L, , be plaques intersecting at (z,w) in Ray for
parameters (u’,v"), (u,v).

Since the point (z,w) is about distance |3'(0)||e| away from the separatrix for the
perturbed lamination, we get (w' = B(e) + BetA W +(oglBl/b)+i") L ...y This gives

2mr <u' <2(m+1)r and C; < av’ + 2mbr + log|e| < O .
We also have
Cle| <|z] =€ = 2| = |afe) + W Hlog|Bl/o)—v" | . |,

hence C3 < v —v' < Cy, Cy < av + 2mbr + log |¢| < C5 and 2nm < u < 2(n + 1)7.

Using |w| < sle|, we get log(l/s) < av + 2nbr + logle|, 2(n — m)br =
(av + 2nbr +log |€]) — (av + 2mmb + log |e|) > log(1/s) — C4.

These calculations show that for the given plaques, the pairs (u, v), (v’,v") belong
to rectangles of uniformly bounded size. Hence the number of intersection points
can easily be estimated by using slope estimates for the plaques. We get a uniformly

bounded number of intersection points.
We divide this into cases I, II, III.

For I we have 1/C'log(1/]e|) < 2mbm + log |e| < C'log(1/|e]).
For II we have 2mbr + log || < 1/Clog(1/|e]).

For III we have 2mbm + log |¢| > C'log(1/]e|). We note however, that in case III,
v must be very large in comparison with log1/le|. This implies that |2'| < |e]
hence there are no intersection points in this case. So we are left with the two cases
Roar, Roarr-

m

12 Theorem 7 for R;4; Close to a Separatrix

It follows in this case that v, v’ ~ log(1/|e|). Hence
u +iv' ~2mm +ilog (1/[e]) and U’ +iV' ~ U +i(log(1/|e]))”.
In particular |U’| <~ (log(1/|€]))”. Using the Poisson integral we estimate
7 1 5 o (log(1/]e]))”
hemN/ Hp(y) dy+/ Hp(y) dy .
2 ui<atosuiay s Qos(UD) T Syisaozayy v

Adding up
7 1/v—1 Y| =15
’me/ Hg(y)|y["/"~ < ) dy
mzel ’ l<20los(1/1e)yr (log(1/lel))

(10g(1/\6|))7>1/7+1dy.

+ st
ly|>2(log(1/[])) lyl

Next we estimate hg . There are two cases to consider,

(a) n < Clog(1/|e]);
(b) n > Clog(1/|e|).

The contribution for case (a) is
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Case Roarq: Recall that we have n > m — Cs. Hence we have that |n| <
C'log(1/|e|). This means that we can write u + iv ~ 2nm + i(log(1/|¢|)). Hence the
estimates work as for h - We get

Z hoz,n ~

[n]<C'log(1/[e])

T () 1 || i .
Ha(@)lel (aog(l/rer))v) !

+ Ao <<log<1/rer>>7>””“dx.
jal>2(log(1/1el)) 2]
Case Raamy: We have u + iv ~ n +ilog(1/]e|), U + iV ~ nY +in?"Llog(1/|e]),
and o~ [ Hal) o1 g5 oy 4
This integral has already been estimated. See the calculations for the set D; in
the region where |z — n| < d|n|, case (ii) where n > 10log(1/|n|). It follows that the
contributions from that region goes to zero with e.

/|x|<2(10g(1/|6))7

13 Theorem 7 for R, 455 close to a separatrix

We restrict for simplicity to the case a > 0. We can divide into three cases:

(a) n>m > v,v;
(b) n>wv,v" >m;
(c) v,v' >n>m.

14 Theorem 7 for R;ar1o Close to a Separatrix
We have (u+iv)? = U+iV ~ n?+ivon?~ ! and (v +iv')Y = U'+iV' ~ m7+iv'm?7~1 ~
(log 1/|€e|)” + v’ (log(1/]e]))?~! with log1/6 < v' < log1/|e|.
We now estimate
v'(log(1/[e]))!

Hs~ | H
’ / s(0) [v (log(1/[€[))7=1]? + (y —m?)?
We divide the integral and estimate each term. We have

~ 1
H ~/ Hg(y dy
Y ymotcostons-s 0ot log (11
~ "(log(1/]e[))~1
+/ sy v'(log(1/lel)) )
(log 1/]e])7 /25 [y—(log 1/]e])7|>ev’ (log 1/]e )11 (y — (log 1/le]))
. v'(log(1/]e)))1

Jr/ sy (g(/||))72y'

ly—(log 1/]e])7|>(log 1/]e])7 /2 (y — (log 1/le]))

So
yl/'y—l

Hg N/ Hs(y)” | dy
ly—m7|<cv’(log 1/]e[)7—1 v
B / v—1
+/ sy v'(log(1/[el)) ;
ly—(log 1/]e])7|>cv’ (log 1/]e])71 (y — (log 1/e])7)
= Hﬁl,v’ + HB2,’U/ :
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For H, we have
~ 1 ~ oYt
Haw/ () 7_lczm+/ (@), " do.
|lz—nY|<conY—1 un |z—nY|>conY—1 (ﬂ? n )
To sum up over the intersection points, we note at first that for a given plaque
Lg , there is a finite range of v" and v — v’ is bounded, so we can assume that there
is one intersection point with L., for each n > m. Hence we sum first over the
plaques Lo p, m < n < oco. We obtain

B 1 ~
Z/ () _ld;pw/ ()2 da
n Jlz—nY|<cony—1 un’Y x>m7

The other contribution is
vnY1

H,(x) dx N/ He ()| /71
;/|418—7ﬂ|>c1m“f1 “ (w_n’y)Z x>mY—com? 1 “

~ v
+/ H,(x) dx ,
z<mY—com7¥—1 “ ‘I' - m’Y’

fl(x)|a:|1/71+/ Ho(z) ° _do

r<mY —com7¥—1 |CC - m’Y|

so, we conclude

> o~ [

n>m r>m7

B _ |z| 1-1/v
<~/ Hayx|1/v—1+/ Ha(x)|x\1/7_1< ) dz .
|z|>m7/2 lz|<m/2 mY

In this case m will have approximately the range (log1/le])/2 < m < log1/|e|,
hence we have

> Ho<~ | o[t

n>m || >(log 1/e[)

TS G B R
+/ Hy(z)|x|V7™ ( ) dr .
|| < (log 1/]e])? (log 1/]e)7

Next we sum Hg over m or equivalently over v',log1/6 < v < (log1/le|)/2.
We integrate first over Hg . For a given y, the range of v’ is in the interval with

endpoints (1 =+ ¢) %; g‘f}g‘lﬁjm. This part is bounded by

Hy(y)ly|"/" " dy — 0.
ly—(og 1/]¢[)7|<(log 1/]€[)7 /2
The second part is bounded by

] 1/v—1 Y =1
Hp(y)ly|7™ ( > dy
/|y<2(1og1/|e>v sl (log 1/[€|)

~ _ log 1/l \ 11/
+/ Hﬂ(y)‘yyl/y 1 (( g /‘ D ) dy.
ly|>2(log 1/|])” Y|

Again the contribution goes to zero by Proposition 1 and Lemma 13.

15 Theorem 7 for Ryarrp Close to a Separatrix

In this case n > v,v" > m. First we recall the estimates for H, which are the
same as in the case Roarrq. We have (u + i)Y = U + iV ~ nY + ivn?~! with
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log1/§ < wv,v" <logl/|e|. So
o N/ Ao(z) dx—i—/ ), " e
“ |lz—n7|<conY—1 “ vn7 1 |z—nY|>conY—1 “ (x - n7)2
Next we estimate Hg. We have (u' +40v')Y = U’ + iV’ with (log1/]e])/2 < v' <
log1/|e] and m 4+ v' =log 1/|e|. Hence V' ~ (log1/|e|)? and |U’| <~ (log1/]e|)7.
~ ~ v
We get Hy ~ iy catog1/1ey 78 tog 1y 0 + Siyaiog 1710 3 2" .
Next we estimate the contribution to the geometric wedge product. So fix «, 3.
Next fix a plaque Lg,, v,v" ~ log1/|e] —m. Then we consider the contribution
from H,, for all n > v. This is the same estimate as in the previous section, so goes
to zero when € — 0. To sum up over m, notice that we have about log 1/|€| terms of
the same order of magnitude. From this we get that the contribution goes to zero
when € — 0.
To estimate the geometric wedge product, we sum independently over m,m
throwing out the condition that n > m. We get as in the previous section that
the contribution goes to zero.

16 Theorem 7 for R; 7. Close to a Separatrix

Here we deal with the case when v,v" > n > m. In this case the same formula as in
the last section applies to both H, and Hg. We have
_ 1 ~ (log1 v
H,, ~ i, dac+/ i, 108 é’e‘) da,
lz|<2(log 1/l (log 1/[e[)7 |z|>2(log 1/[€]) T
and
1 ~ (log1/|e])Y
i) e [ 2,108 /1
lyl<2(og 1/l (log 1/]e])7 ly|>2(log 1/]e]) y
So again the contribution goes to zero.

Hg ~ dy .

17 Theorem 7 for R,p away from the Separatrices

At an intersection point p = (z,w) of Lan,Lf,, we have sle| < |w| < Cle| and
sle] < |w — B(e)] < Cle|l. So logle| — C < —av — bu < log |e| + C and logle| — C' <
—av’ — bu' < logle| + C. This gives —C < v—v' < C, =C < n—m < C and
log(1/6) < v,v" <log(1/|e]) — C, —C'log(1/|e]) < u,u',n,m < Clog(1/|e]).

Given (a, 8,n,m) we need to estimate the values of v,v’ corresponding to an
intersection, as well as the number of intersections. The following is immediate.
There is no dependence on «, 3.

LEMMA 24. At intersection points of L p, L%’m in Rop away from the separatrices,
we have
—2nbr/a+ 1/alog (1/e]) — C < v,v' < —2nbm/a+ 1/alog (1/]e]) + C.

It follows that intersection points are localized in bounded rectangles. To show
finiteness of number of intersection points for given plaques, we use slope estimates.

We divide the estimates in two cases, (i) if v, ~ log(1/|e|) and (ii) if log(1/§) <
v,v" < 1/Clog(1/|el).
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18 Theorem 7 for Ryp; when v ~ log(1/|€|)

Recall that this means that for a large constant A, ,}1 log é‘ < v < Alog |i|. The esti-

mates for hq n and hj ,, are similar. We have U+iV = (u+iv)” ~ U +i(log(1/[e[)).
So [U| < (log(1/[e]))".
At intersection points

(log(1/]e]))?
e / Hal®) (g (1/1e)2 + (o — 02

/ 1ot (o ) A
~ H, x|/~ dx
2| <C(log(1/[e]) (log(1/e]))” log(1/]e()

+f Ao (<log<1/|e|>>v>””” L
|z|>C(log(1/]e) |z| log(1/lel)

We estimate the total contribution,

. 1-1/~
thn ~ / Ha|l,|1/'y—l < ‘513’ > dr

|| <C (log(1/|€])) (log(1/e]))”

+ [ A1/ <<log<1/|e|>>7>1“” "
|z >C'(log(1/e])) |z ’

which will converge to 0 by Proposition 1.

19 Theorem 7 for Ryp;; when v < | log(1/|e|)

In this case we have u,u’,n,m ~ log(1/|e|). The estimates for hqn, hf,, are similar.
In the following 0 < d < 1. More precisely, d will be close to |a|A, see the 4th
inequality below. Expressing that we are in Rop;; we get the following inequalities:

(1 —d)log (1/]e]) < 2nbr < (1+d)log (1/[€]),
logle|] —C < —av —bu < logle| + C.
Hence

log |e] + 2nbr — C < —av < log |e| 4+ 2bn7 + C,
—dlog (1/e]) = C < —av < dlog (1/]e]) + C'.
In U,V coordinates, U + iV = (u + iv)? ~ (log(1/]e|))” + i(log(1/]e]))? 1w
. . r7 log(1/|e)Y—1
This gives hapn ~ [ Ho(x) ((1og(1(/(\)j§)v/|—1‘)3)2+(vx—U)2 dz.
When we sum up over hqp, heﬁ . we can take for simplicity n = m and v = o/
since |[n — m|, |[v — ¢/| are uniformly bounded in Rsp as stated above. The product
of contributions is estimated by

o e (log(1/le]))" v )
hanha m /Ha( )((log(l/\e\))“y_ 10)2 + (2 U)zd
: (tog(1/]e))"~
*/Hﬁ(y)((log(l/‘d))'y 1v)2+( _U)zdy.
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So
- 1

hanh m ~ [ / Ao ()
5 le—U|<(log(1/] €)1 ]o| ( (log(1/]e])) v
- y—1
o o) 50
lo—U|>(log(1/]e)))7=1]o] (z—U)
~ 1
* Hg(y dy
|:/|y—U|<(log(1/e|))W1|v| sl )(log(1/|€’))%lv
- -1
Ny i) 5D
ly—U|>(log(1/ €)= [v] (y-0U)
— [[ + TI[I11 + IV].

There are 4 cases to sum over: (I,III), (IL,III), (IL,IV) and (I,IV). The case
(I,IV) is similar to (II,III) so we can skip it without any loss.

dx

20 Theorem 7 for R;p;ia,im)

We have
1

hanhm ~ 22 ﬁa(aﬁ)|aj\1/7_1dx

/II—U|<1/C(10g(1/|6))7

*/ Hg(y)ly" " dy.
ly—U1<1/Clog(1/[e]))"

Since log(1/d) < v < 1/Alog(1/]e|) we get
1

sty S 0o [
Z B, 10g(1/6) Jiz—v|<1/C0g(1/1e))

*/ Hg(y) |y tdy.
ly—U|<1/C(log(1/e]))"

Hy (z)|z|"/ " da

Finally,
1

hanhS ,, < H, 1r=1g
D hanlfim S 001/8) ()Y

/:v(log(l/le))7|<1/C(10g(1/€|))7

«f Ay(y)lyl " dy.
ly—(log(1/]e]))7[<1/C(log(1/e]))™

This contribution goes to zero when € — 0.

21 Theorem 7 for R;p;i11,1m)

We estimate
_ (log(1/]e)) 1
ot | 1 oy (0B
[2=U1> (log(1/le))> o (z=0U)
~ 1
* Hs(y) L dy.
/|yU<(log(1/|e))71|v 7 (log(1/le)))7—1v
Here log(1/d) < v < dlog(1/[e|), 0 < d < 1 and —av = log |e[+2bnm+O(1). Also
we can take n = m. When we sum over n, v runs through log(1/0) < v < dlog(1/|e|).
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Hence the contribution to the geometric wedge product is
dlog(1/el)

€ 1o (2 ! x
> et~ 3 /. Ho® (2 og (112

v=log(1/6) (log(1/]€)7[>(log(1/l€[)) 7~ |v]

* / Hp(y)dy -
ly—(log(1/[e[))7[<(log(1/]e))Y~*|v|
We introduce a counting function, N(z,y), which tells us for a given (x,y) for
how many terms of the sum (z,y) is in the domain of integration for the above
integrals:

| — (log(1/]e))"| > (log(1/¢l))" " |v]
ly — (log(1/]e)"| < (log(1/le)))""Jo]
We divide the above domain in three parts:
Py = {|z — (log(1/[e]))"| > d(log(1/|e))",
|y — (log(1/|e]))”| < log(1/6)(log(1/[e]))"~"}
in which case Ny (z,y) ~ dlog(1/|e|),
= {lz — (log(1/l¢)))”] > d(log(1/le]))",
log(1/8)(log(1/[e))"~! < |y — (log(1/[e]))”| < d(log(1/|€]))" },

for the Py case No(z,y) ~ (10g(1/|(1\gé’(’1/\|y‘ )(kig(m Dl . Finally,

Py = {log(1/8)(log(1/[e]))"~" < |z — (log(1/]e]))7| < d(log(1/]e]))7,
log(1/6)(log(1/]e))"™" < |y — (log(1/[¢]))"] < d(log(1/]e]))" } -
|z — (log(1/]€]))7| = |y — (log(1/]e]))7]
1

N3 (1:7 y) ~
(log(1/le]))7=
when the right-hand side is positive. Hence,

lz —yl
Nal@:9)~ (10g(1/1e -1

For Ps,

22 Theorem 7 for Rjpi1,urnp

This gives the estimate for the product
Ho () Hg(y)
hanhG ,, ~ dlog (1/]¢| / dxdy
2 hanh WD) J,, (o = rog(1/ieh2
/ Ho (@) |27~ oY Ha(y)ly
py [z = (log(1/[e))7['=1/7((log (1/]e[)7)2/

. . 1
< H,(x 2|V 1/v-1
S [ Aalel T Al

— 0,

og(1/]e])

when € — 0.
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23 Theorem 7 for Ryp;i1,i1)p;

We get the estimate

Zh € N/ ﬁa<x)’x‘l/’Yilﬁﬂ(y)‘y’l/vil‘xll—l/q/’y‘l—l/'y
2 tanltim ™ f (@~ (og(1/]e))?
e — Y
, 4008 (1/1)” Iy — (0B (/IDY |,
(log(1/1el))7~
Using the definition of P,

Zha,nh%,mN/P Ho ()|~ H(y) |y
2

n,m

|z
|z — (log(1/]€]))7|

, (d(log(1/[e]))” — [y — (log(1/e[))7])
|z — (log(1/1€]))7|

<~ /P Ho@)|e 7= g )y /7!
2

— 0,

mfl/v

dxdy

1
dxdy
log(1/[e[)

as € — 0.

24 Theorem 7 for Ryp;i1,i)p;s

We estimate, using the definition of P3, the sum,

¢ Ho(z)Hp(y) o=yl
2 by /P (z — (log(1/]e]))")? (log(1/]e))yr—1 =W

~ He ()| Hg(y)|y| !
x [z =y dzdy .
" (z — (log(1/le]))7)?(log(1/]e[)) =7

> by < [ Aalwlel 7 syl
3

n,m

1
* |z — (og(1/]e]))|(log(1/|e))1

< Ho () /7~ Hy(y)ly| !
3

dxdy

1
" log(1/6) (log(1/|e))7= (log(1/|e]))* =

1 ~ ~
~ H,(2)|z|""'H Dyt dady — 0,
o(1/5) o, Ao sl

because we can choose § small enough.

dxdy

1369
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25 Theorem 7 for Rapiiariv)

Recall from Lemma 24 that
—2nbr/a + 1/alog (1/|e]) — C < v,v' < —2nbr/a+ 1/alog (1/|e|) + C
We estimate the contribution
i (log(1/e[))" v

hanh3m N/ olT
’ |e—(log(1/]e]))7|>(log(1/le]))7=1|v| (z — (log(1/[e[))7)?
~ log(1/]e))) v
. ) (B0
ly—(log(1/[¢)) > (log(1/[e))) = [o] (y — (log(1/]¢l))7)
Note that when we sum over n, v depends linearly on n and as seen above, ranges
from log 1/6 to dlog(1/]e]), 0 < d < 1.

Hence we need to estimate the expression I(«, 3)for given («, 3):
dlog(1/lel)

o 7. () (or(L/I)) 1k
)= k ggjl/é /x (log(1/|e))*|>(log(1/|e]))¥~ ”fHa( )(a: — (log(1/¢))7)*

iy (0R(1/1D)

* Yy
/|y—(10g(1/e|>>v>(1og(1/e|>>v—1k Py — (log(1/]e))))?
We introduce the integrals

i (log(1/[e[))*

L o ::/ alx
’ 1(log<1/\e|>>Hj<\x—(log(l/w))v|<<1og<1/|e\>>vfl(j+1> (z — (log(1/ ’GW;)Q
~ fla(x)|$]1/7_1da:: ,zf]-,a,
3% J(tog(1/1e)) =15 <|z—(log(1/le))7] < (log(1/]e) 1 (j+1) J

- y—1
L ::/ (2 (log(1/lel)) )
lo—(log(1/]]))7|>d(log(1/|e]))" (z — (log(1/[e[))7)

1 / 5 1/7—1 1

<~ He ()| dr = I 4,
(log(1/]e]))?

and similarly for 3. We get

dlog(1/[e[) dlog(1/le[) dlog(1/|e[)
o= 3 0% o)) [ n) v
k=log1/d Jj=k
dlog(1/|e[) dlog(1/|e[) i dlog(1/le[) I
- 2,0 ) e [(C% ) )
= =k i=k

k=log1/d
dlog(1/|€]) dlog(1/lel) »
kQ[

and

DI D DS

dlog(1/le[) 5
dl

I;
> fo]

k=log1/d j=k i=k
dlog(1/el) dlog(1/le]) » dlog(1/el) dlog(1/le]) »
D SIS SR S RO SV D SH | N
k=log1/d i=k k=log1/d i=k J
dlog(1/lel)
+ > Klsalsp
k=log1/é

=I+II+II1+1IV.
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Here IT and IIT are symmetric. It suffices to estimate II.
We estimate IV first. Since > k? ~ (log(1/|e|))?, this is immediately small when
multiplied with I o, s g. For 11, we get

dlog(1/le|) dlog(1/lel) i, 5
_ 2 2,
n= Y I ooa[ > 2,2]
k=log1/s i=k

dlog(1/|€l) |:dlog(1/€|) :|

< I Z Z fi,ﬁ

k=log1/d i=k

H 1/4-1 /H 1/4-1
< gy | Fa@lel s [ Bowlal "y — 0.

Finally we estimate I:
dlog(1/lel) dlog(1/el) i dlog(1/]e]) =
S|

1= > > >

32

k=log1/6 j=k i=k
dlog(1/le]) 1 dlog(1/lel) dlog(1/]el)

< > kg{ > IMH > Im].
k=log1/é j=k i=k

We can make this as small as we wish by choosing § small.

26 Proof of Theorem 4

Proof. We use the approach in [FoS].

Let T be a positive harmonic current directed by F. We want to show that
[TAT =0. Let T. = (®,),T and define T? as the average of T, using a small neigh-
borhood of identity in U(3). Then since T, — T, we have [T AT = lime_o [ T A T..

On the other hand T% = w + 08 + 95 + i90u® and S — S, in L2. So [T AT, =
Ty s 15/ —0,(], |67 | < [ T3 AT?. Hence as in [FoS] it is enough to show that

. !
lim /Tf/\T‘S:O.
8,6 ,e=0,5],]8"| <e|

We can compute the geometric intersection 7’ f AT? and it is enough to estimate
T Ny T'. Recall that if ¢ is a test function supported in B, then we define

(T, Ay T,6) = / Z 6(p) Ha (p) H (p)dps()dpa(3) .

where Jg 5 consists of intersection pomts of Ay and Aj. The following lemma is
proved in [FoS].

LEMMA 25. We have that [T AT, = [T Ay T.. The same holds for 0,7
(T Ny T, ) < Cll6oc / Z Ha (p) H (p)dja(0)dpu(53).

We know that the number of pomts in JS g is bounded by a fixed constant
independent of €. For p out of a fixed nelghborhood of the singularities the integral
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converges to zero. This is the case considered in [FoS]. So it is enough to show that
for 4 > 0 small enough

J(6) = / S Ho(p) HS (p)dp()dpa(5)
T

is arbitrarily small. This is precisely the content of Theorem 7, since all estimates

are valid after composition by automorphisms in a small neighborhood of U(3).
Consequently if 7,75 are two such currents then [ TIJQFTQ A TIJQFTQ = 0. Hence

[Ty ATy = 0, therefore T, Ty are proportional. O

We give a dynamical consequence of the uniqueness of the harmonic current for
F € H(d), here H(d) is the Zariski open set of foliations of degree d, introduced in
Theorem 2. Recall from the introduction:

COROLLARY 3. Let F € H(d). Let ¢ : A — L be the universal covering of a leaf L.
Lot o o Oellos” 1A
T guliogt 7 A

current directed by F.

Then lim,_.1 7. = T, where T is the unique harmonic

Here A, denotes the disc of center 0 and radius r. The corollary which is a
consequence of paragraph 5 in [FoS] says that the normalized images of [log+ |Z| Ar]
converge to 1. This is similar to the pointwise ergodic theorem, since we are aver-
aging on an orbit.

Recall that the limit set of a leaf L is defined as lim(L) = N, L\ K, where
K, C K,41 is an exhaustion of L by compact sets. One of the main questions in
foliation theory is to describe the limit set of a foliation F: lim(F) := Urer lim(L).
Corollary 3 implies in particular that for F € H(d), for every leaf L € F, lim(L)
contains supp(7’). Indeed as shown in [FoS],

“D* [w |Z|AT]

as r — 1. Hence supp(T) C L\ K,, for every n.

— OO

COROLLARY 4. The map A — Ty, is continuous from H(d) with values in the positive
harmonic currents of mass one. Let F) be a holomorphic family of foliations in H(d).
Let (T)) be the associated currents. If a hyperbolic point py € Supp(T},), then the
perturbed hyperbolic point py belongs to Supp(Ty).

Proof. Assume F), — Fy, in H(d). Let (Ty, ) be the normalized positive harmonic
currents associated to Fy, . Since ||T), | = 1, the sequence (T}, ) has cluster points.
It is clear that any cluster point S is positive harmonic and directed by F),. So
S =T, by uniqueness. Assume the support of Ty, intersects a ball B(pg,r) where
po is a hyperbolic singular point of F), and the ball is contained in the common
domain of linearization of py € Sing(F\),px — po, px hyperbolic.

From our local study of positive harmonic currents near a hyperbolic singular
point pg € Supp(T),). Since T\ — T),, T gives mass to B(pp,r), applying again
the local study for Ty we get that py € Supp(T)). 0

REMARK 2. Let f be a holomorphic endomorphism of P2. Let F be a foliation
with only hyperbolic singularities. Then f*F is a foliation and its singularities are



GAFA ERGODICITY OF HARMONIC CURRENTS 1373

not necessarily hyperbolic. However there is only one positive harmonic current of
mass 1, directed by f*F. Indeed let T be any such current. We will show that
[T AT = 0 which implies the uniqueness. Observe that f,T is a current directed
by F. Hence [ f, T A fT = 0. Since f* is a finite covering of degree d?> we have

/T/\Tg/f*[f*T/\f*T]:dQ/f*T/\f*T:O.

27 Measure Associated to a Harmonic Current

Let F € H(d) be a holomorphic foliation as in Theorem 2. We know that there is a
unique positive harmonic current 71" of mass one directed by F.

We are going to associate to 1" a conformal, measurable metric along leaves that
we will denote by gr and also a positive finite measure pr which is related to the
harmonic flow associated also to 7. The metric g7 and the measure pur where first
considered by S. Frankel, in the non-singular case [Fr| he proved in that case a
version of Proposition 2 and Proposition 3.

On a flow box B disjoint from F = Sing(F), the current T can be written

T— / haValdu(a)

where h,, are positive harmonic functions and p is a positive measure on a transver-
sal A. The [V,] are the currents of integration on plaques. On B,0T = 7 A T with
T = Ohg/ha, 1 almost everywhere. Observe that 7 is independent of the choice of
he : if we replace hy by caha,co € RT then 7 is unchanged.

We define the metric gr on leaves by gr = ;7‘ ® 7. Along the plaque V,, with a
choice of coordinate (z,) we have

i |0h|? 1
= d d 1
gr 2|0zq | h2 Yo 020 (1)
Define Cr = {(a, 2); 85‘; (a,z) = 0} it’s the critical set of the “metric” gr. We

also define the current of bidegree (2,2), pr, which we identify with a measure
pr =1t ATAT.
In local coordinates in a flow box B, we have
Oha|® 1
pr = [ dvt) /W ol
PROPOSITION 2. Let F € H(d). The metric gr has constant negative curvature out
of the set Cr where the metric vanishes.

(idzq N dzq) . (2)

Proof. Since the current T is unique, every measurable set of leaves A has zero or full
measure with respect to ||7']|. Define NV, := {leaves on which g7 vanishes identically}.
Since h, is measurable, then N is measurable. So Ny is of zero or full measure.
But if NV is of full measure, 9T = 0 and by conjugation 9T = 0, hence T is closed.
A foliation F in H(d) admits no positive closed current directed by F since all
singularities are hyperbolic. So Nj is of zero ||T'|| measure.
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From (1) it is clear that the metric is conformal. On a flow box B, the curvature

k(g) has the following expression out of Cr. The curvature is given by
1Alogg 1 Alogh,

K(g) = 4 g T 910ha|?21
Oza | h2
S0 clor) = W2 (0 (has
I he 2 \02 \ ha )]
Since h,, is harmonic we get x(gr) = —1. O

Because of the nature of the singularities, the leaves are uniformized by the unit
disc A. Let g denote the Poincaré metric on leaves. We choose a normalization so
that the curvature k(g) of g on leaves is —1.

PROPOSITION 3. Let T be the harmonic current associated to F € H(d). If gr is
the associated metric on leaves, then gr < g.

Proof. We have normalized the metric gr so that on each leaf Lo, gr has curvature
—1on L, \C(T). Ahlfors’ Schwarz lemma, applied to the abstract Riemann surface
Ly \ Cr, implies that gr < g. O

We will denote by &, : A — L, the uniformizing map from A to £,. When
we fix a transversal A in a flow box we can choose for each a € A a uniformizing
map P,(0) = a, then &, vary measurably. We will denote by T, the group of deck
transformations for the map ®,.

We want to define a vector field x on F associated to the current 1. The vector
field will be defined as the metric gr only || T|| a.e. On Lg, X is collinear with the
gradient field of h,. We define x, on a flow box with local coordinates z, = T4+ iyq

by I
Xa i=C (haashy,) -
. ?

We choose the constant ¢ so that gr(xa, xa) = 1. The vector field x, is inde-
pendent of the choice of h. It blows up at every point of Cr. Which means that the
integral curves of y, approach these points at infinite speed. So we have to take
out these trajectories in order to have a well-defined flow. Observe that the set of
these trajectories is of ur measure zero. It is clear that the integral curves of x,
are along the level sets of the harmonic conjugates of h, such that f, = hqy + iv, is
holomorphic.

Theorem 9. Let T' be the positive harmonic current associated to F € H(d). Then
the measure ur is finite. Moreover, if Fy is a holomorphic family of foliations in
H(d), A € A(Xo,r), then the mass of pug, near hyperbolic singularities is uniformly
small in a fixed neighborhood of the singularities.

Proof. For a flow box B away from the singularities, it is clear that ur has finite
mass. Indeed the functions h, are positive harmonic, and by Harnack hy/|0hs| < c,
hence pr has finite mass in B. It is enough to show that 7 has finite mass in a
flow box B; near a hyperbolic singularity given by wy = zdw — Awdz, A = a + @b,
b # 0. We use the parametrization

Vo) = (ei(C+(10gIOél)/b),aeM(CJr(log\Oél)/b))
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by a sector near the hyperbolic singularity. Since ¥} h, = H,, is a positive harmonic
function and p a.e., H,({) — 0 when ¢ — +o0, then again by Harnack ¢ (7) is
bounded. The total mass of ur in B; satisfies

L/Mé/‘ 0% (7) AU(T) A Vil Hadp(a)
B; D(wO,T)XSA

Y% [V,] is a graph in the flow box. It is of bounded area and [ D(wo.r) H. adp(a) defines
a bounded harmonic function. So the mass pr is bounded near the origin.

Basically the slicing of pr along the leaves gives the area measure on leaves
associated to the metric gr. Let T\ be the current associated to Fy, and let p?
denote the corresponding measure on a transversal. The linearizations associated
to a holomorphically varying hyperbolic singularity vary holomorphically. Then
[ H)dp* (@) — 0 when ¢ — +oo, uniformly when X is near Ag. (We don’t say
that HC)Y‘ vary holomorphically.) So the mass of pp, is uniformly small in a fixed
neighborhood of the singularities if A is close enough to Ag. a

Theorem 10. Let A — F) be a holomorphic family of foliations in ‘H(d), paramet-
rized by a disc A. Then A — puy is a continuous family of measures.

Proof. Let (T)) be the family of the positive harmonic currents directed by F).
Recall that pur, =ity A7y AT)y.

Fix a flow box B for F,, away from the singularities. We can consider (¢,) local
biholomorphisms straightening F, in B, when A — Ag. We know that the currents
Sy := (¢x)«T depend continuously on A\. We can write in B,

S = [ o = alid@dunl)
where ) is the measure on a fixed transversal (z = zp). We can assume that
R (z0) = 1 for all o, A

Since Sy — Sy, then for every z we have h)(2)ux(a) — h)0uy, (o) weakly when
A — )\0.

The (h))? also vary slowly, by Harnack, so we also get that A — (h)(2))%ux(c)
is continuous for every z. Define

Uy := /[w = o (h))?(2)dux(a) .

The family of positive currents Uy is also continuous because (h2)? is uniformly
bounded. It follows that A\ — 09U, is continuous, i.e.

A= [Pl = aldusa).
Using again Harnack inequalities for 1/ hf‘f, we find that X — p7, is continuous
in B.

We have seen in Theorem 9 that pp, has uniformly small mass near the singu-
larities. Hence A — pp, is continuous. a
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