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A LAURENT EXPANSION FOR REGULARIZED
INTEGRALS OF HOLOMORPHIC SYMBOLS

SYLVIE PAYCHA AND SIMON SCOTT

Abstract. For a holomorphic family of classical pseudodifferential opera-
tors on a closed manifold we give exact formulae for all coefficients in the
Laurent expansion of its Kontsevich—Vishik canonical trace. This general-
izes to all higher-order terms a known result identifying the residue trace
with a pole of the canonical trace.

Introduction

Let M be a compact boundaryless Riemannian manifold of dimension n
and F a smooth vector bundle based on M. For a classical pseudodiffer-
ential operator (»do) A of non-integer order acting on smooth sections of
E one can define, following Kontsevich and Vishik [KV] and Lesch [L], the
canonical trace of A

TR(A) = /M dz TR,(A), TRu(A) = ][ | tna{oa(e. ).

in terms of a local classical symbol 04 and a finite-part integral JCT; W over
the cotangent space Ty M at x € M. Here, d§ = (2m)™" d€ with d¢ Lebesgue
measure on Ty M = R", while tr, denotes the fibrewise trace. Since the
work of Seeley [Sel] and later of Guillemin [Gu|, Wodzicki [W] and then
Kontsevich and Vishik [KV], it has been known that given a holomorphic
family z — A(z) of classical 1)dos parametrized by a domain W C C, with
holomorphic order o : W — C such that o/ does not vanish on

P:=a'(ZN[-n,+x[),
then the map z — TR(A(z)) is a meromorphic function with no more than
simple poles located in P. The complex residue at zy € P is given by a
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local expression [W], [Gu], [KV]

Res,—,, TR(A(z)) = —ﬁ res(A(z0)) (0.1)

where for a classical pseudodifferential operator B with symbol op

res(B) = /M drresy(B), resy(B):= /g*Mtrx((UB)—n($af))dS§

T

is the residue trace of B. Here, ds§ = (2m) "dg(§) with dg(§) the sphere
measure on SEM = {|¢| = 1| & € TyM}, while the subscript refers to the
positively homogeneous component of the symbol of order —n.

In this paper, extending the identification (0.1), we provide a complete
solution to the problem of giving exact formulae for all coefficients in the
Laurent expansion of TR(A(z)) around each pole in terms of locally-defined
canonical trace and residue trace densities.

For a meromorphic function G, define its finite-part fp,_, G(z) at 2o
to be the constant term in the Laurent expansion of G(z) around z. Let
A (z) = 9T A(2) be the derivative ¢pdo with symbol T At (z) = 0L0A()-

Theorem. Let z — A(z) be a holomorphic family of classical )dos of order
a(z) =qz+b. If zp € P and q # 0, then TR(A(z)) has Laurent expansion
for z near zg

TR(A(2)) = _TGS(A(ZO)) 1 ) + ipr:ZOTR(A(k)(Z))(Z;,

Furthermore,

1
TR, (AW - —
(TRe(a® ) - 2
defines a global density on M and

fp.—., TR(AW) (2)) = /M dz <TR$ (A®) (29))—

res; o (A(k+1)(z0))> dx (0.3)

(A4 ))
(0.4)

At a point zy ¢ P the function TR(A(z)) is holomorphic near z, and the
Laurent expansion (0.2) reduces to the Taylor series

o0 .k
TR(A(2)) = TR(A(20)) + Y TR(AM (z0)) %
k=1 ’
It is to be emphasized here that A()(z) cannot be a classical 1do
for > 0, but in local coordinates is represented for |{| > 0 by a log-
polyhomogeneous symbol of the form
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UA(T)(z) (ZL‘, f) ~ Z Z O-(A(T) (Z))a(z)_j’l(xa f) IOgl |£|
§>0 1=0
with O'(A(T))a(z)_j’l (x,&) positively homogeneous in & of degree a(z) —j. It
follows that individually the terms in (0.3),

TR, (A(k)(ZO))d:L‘ = ][T*Mtrw (O'A(k)(ZO)(ZE, f))d§ dx , (0.5)

T

and

resx,o(A(kH)(zo))da; ::/ trx(a(A(k+1)(z0))_n70(x,§))d‘5§d:1;, (0.6)
SxM

x

do not in general determine globally-defined densities on the manifold M
when r > 0, rather it is then only the sum of terms (0.3) which integrates
to a global invariant of M. (In particular, it is important to distinguish
(0.6) from the higher residue trace density of [L], see Remark 1.5 here.)
When a(z) = gz + b is not integer valued it is known that TR, (A% (2))dz
does then define a global density on M in this case, resx70(A(k+1)(z)) is
identically zero and (0.4) reduces to the canonical trace TR(A®)(z)) =
fo da TR, (A®)(2)) on non-integer order ¢dos with log-polyhomogeneous
symbol [L].

These results hold more generally when «(z) is an arbitrary holomorphic
function with o/(z9) # 0 at zp € P. Then the local residue term in (0.4) is
replaced by the local residue of an explicitly computable polynomial in the
symbols of the operators A®+Y(z), ..., A(z). A general formula is given
in Theorem 1.20, here we state the formula just for the constant term in
the Laurent expansion of TR(A(z)): one has

oca, TROAG)) = [ (TRo(AG0) — i resnn(d (o) )

M o'(20)
O// (ZO)
20/ (2p)?
Thus compared to (0.4), the constant term (0.7) in the expansion acquires
an additional residue trace term. Moreover, the identification implies that

(TRx (A(z0)) — ﬁ resg o (A'(zo))> dz (0.8)

defines a global density on M independently of the order a(zp) of A(zp) (for
20 ¢ P the residue term vanishes and (0.8) reduces to the usual canonical
trace density). Though this follows from general properties of holomorphic
families of canonical traces, we additionally give an elementary direct proof
in Appendix A.

res(A(z)) . (0.7)
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Applied to Ydo zeta-functions this yields formulae for a number of
widely studied spectral geometric invariants. For ) an elliptic classical
pseudodifferential operator of order ¢ > 0 and with spectral cut 6, its
complex powers @, * are well defined [Sel], and to a classical pseudodif-
ferential operator A of order @ € R one can associate the holomorphic
family A(z) = AQ,* with order function a(z) = o — gz. The generalized
zeta-function

Z = CQ(Aa Q) Z) = TR(AQQ_Z)
is meromorphic on C with at most simple poles in P := {% |lj €[-n,00)NZ}.
It has been shown by Grubb and Seeley [GruS], [Grul] that I'(s){s(A4, Q, s)
has pole structure

¢ Tr (Allg) ¢ c
[(s)Co(A,Q,8) ~ > S+j_Ta— , +;<(S+ll)2+(sjrl)>, (0.9)

j=-n
where the coefficients ¢; and c; are locally determined, by finitely many
homogeneous components of the local symbol, while the c;l are globally
determined. In particular, whenever
| —
2 . =1€[0,00)NZ
it is shown that the sum of terms
Cl -+ Ca_l,_lq (010)
is defined invariantly on the manifold M, while individually the coefficients
¢, and c,41, (which contain contributions from the terms (0.5) and (0.6)
respectively) depend on the symbol structure in each local trivialization.
Here, in Theorem 2.2, we compute the Laurent expansion around each of
the poles of the meromorphically continued Schwartz kernel

KAQ;Z (l,’x)|mer = ][T*MO'AQG—z(I',g)dg

giving the following exact formula for (0.10). One has
" —1)! 1
¢ + Catig = %/ dx (TRx(AQl) - gresx,o(AQl logy Q)> . (0.11)
Yo
The remaining coefficients in (0.9) occur as residue traces of the form (0.1).
By a well-known equivalence, see for example [GruS|, [Grul], when @ is
a Laplace-type operator these formulae acquire a geometric character as
coefficients in the asymptotic heat trace expansion
Tr (Ae™ @) ~ Z Cjt% + Z(—c; logt + ¢, )t!
j>—n 1>0

as t — O+.
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From (0.1) ([W], [Gu], [KV]) (s(A, @, z) has a simple pole at z = 0 with
residue —%res(A), which vanishes if « ¢ Z. The coefficients of the full
Laurent expansion of (y(A,Q,s) around z = 0 are given by the following
formulae (Theorem 2.5).

Theorem. For k € N, let C(gk) (A,Q,0) denote the coefficient of 2*/k! in
the Laurent expansion of (y(A,Q, z) around z = 0. Then

7(4,Q,0) = (—1)* / dz <TRm(A logh Q) — ——— res, (A log}*! Q))
M q(k+1)
+ (=) tr(Alogf QTlg), (0.12)
where Ilg is a smoothing operator projector onto the generalized kernel
of (). Specifically, for a classical 1do A of arbitrary order

<TRI(A) - %resx,o(A logy Q)) dx (0.13)
is a globally-defined density on M and, setting (y(A,Q,0) := Ce(o) (A,Q,0),

the constant term in the expansion around z = 0 is
Co(A,Q,0) = / di (TR (A) — Lreso(Alogy Q) — tr(Allg).  (0.14)
M

When A is a differential operator (p(A, Q,0) = lim,_(p(A, Q, z) and equa-
tion (0.14) becomes
C(A,Q,0) = —% res(Alogy Q) — tr(Allgp) . (0.15)
When @) is a differential operator and m a non-negative integer, setting
Co(Q,—m) :=1p,__,,Co(I,Q, 2), one has
Co(Q,—m) = —% res(Q™ logy Q) — tr(Q™Ilgp) . (0.16)
If A is a 1pdo of non-integer order o ¢ Z then 0 ¢ P and from [L] the
canonical trace ofAloglg @ is defined. Then (0.12) reduces to
G"(4,Q.0) = (~1)"TR(Alog Q) — (~1)*tr(Alogf QIlg)  (0.17)
and, in particular, in this case
C(A,Q,0) = TR(A) — tr(Allg) . (0.18)
Notice that in (0.15) the term res(Alogg Q) = (p(A4, Q,0) + tr(Allg) is
locally determined, meaning that it depends on only finitely many of the
homogeneous terms in the local symbols of A and @ ([GruS, Th.2.7], see
also [S, Prop.1.5]). In the case A = I the identity (0.15) was shown for
pseudodifferential @ in [S] and [Gru2], and in the particular case where @ is
an invertible positive differential operator (0.16) can be inferred from [Lo].
The identity (0.18) is known from [Grul, Rem. 1.6]. A resolvent proof of
(0.14) has been given recently in [Gru3].
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If, on the other hand, one considers, for example, A(z) = AQ;W’

then the corresponding ‘zeta function’ TR(AQ; W) has simple and real

poles in C\{—1/u} and by (0.7) the constant term at z = 0 has, compared
to (0.14), an extra term

oz 1
fp,_oTR(AQ, ") = /M dx <TRI(A) — 51‘685570(/1 log, Q)>

—tr(Allg) + £ res(A) .
q

The appearance here of u/qres(A) corresponds to additional terms that
occur as a result of a rescaling of the cut-off parameter when expectation
values are computed from Feynman diagrams using a momentum cut-off
procedure, see [Gr|. See also Remark 1.23.

One view point to adopt on (0.7) is that it provides a defect formula for
regularized traces and indeed most well-known trace defect formulas [MN],
[O1], [CDMP], [Gru2| are an easy consequence of it. On the other hand,
new more precise formulae also follow. In particular, though TR is not in
general defined on the bracket [A, B] when the bracket is of integer order,
we find (Theorem 2.18) that in this case the following exact global formula
holds:

/M do <TRZ([A, B]) — éresx,o([A,Bloge Q])) 0. (0.19)

This holds independently of the choice of @), when [A, B] is not of integer

order (0.19) reduces to the usual trace property of the canonical trace
TR([A, B]) = 0, see section 2.

Looking at the next term up in the Laurent expansion of TR(Q %) at
zero, equation (0.12) provides an explicit formula for the (-determinant

detc0 Q = exp (— (9(Q,0)) ,
where ()(Q,0) = 0.¢(Q, 2))|._o» of an invertible elliptic classical pseudo-
differential operator @) of positive order ¢ and with spectral cut . The zeta
determinant is a complicated non-local invariant which has been studied in
diverse mathematical contexts. From (0.12) one finds (Theorem 2.11):

Theorem.
log det¢ 4(Q) = / dz <TR$(10g9 Q) — %resmg(logg Q)) . (0.20)
M

A slightly modified formula holds for non-invertible ). Notice, here,
that TR of logy @ does not generally exist; if res g (log2 Q) = 0 pointwise it
is defined, and then log det¢ ¢(Q) = TR(logg @), which holds, for example,
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for odd-class operators of even order, such as differential operators of even
order on odd-dimensional manifolds [KV], [02]. Equation (0.20) leads to
explicit formulae for the multiplicative anomaly.

1 Finite-Part Integrals (and Canonical Traces) of
Holomorphic Families of Classical Symbols (and
Pseudodifferential Operators)

1.1 Classical and log-polyhomogeneous symbols. We briefly re-
call some notions concerning symbols and pseudodifferential operators and
fix the corresponding notation. Classical references for the polyhomoge-
neous symbol calculus are, e.g., [G], [GruS], [H8], [Se2], [Sh], and for the
extension to log-polyhomogeneous symbols [L]. E denotes a smooth her-
mitian vector bundle based on some closed Riemannian manifold M. The
space C*°(M, E) of smooth sections of E is endowed with the inner product
(W, ) = [ dp(z)(¥(x), p(x)), induced by the hermitian structure (-, -),
on the fibre over € M and the Riemannian measure p on M. H*(M, E)
denotes the H*-Sobolev closure of the space C*°(M, E).

Given an open subset U of R™ and an auxiliary (finite-dimensional)
normed vector space V', the set of symbols S"(U, V') on U of order r € R con-
sists of those functions o(z,§) in C°°(T*U, End(V)) such that 8}58&’0(1‘, €)
is O((1 + &))"~y for all multi-indices p, v, uniformly in ¢, and, on com-
pact subsets of U, uniformly in . We set S(U,V) := U, S"(U,V)
and S™°(U,V) = ,cr S"(U,V). A classical (1-step polyhomogeneous)
symbol of order @ € C means a function o(x,&) in C*°(T*U,End(V))
such that, for each N € N and each integer 0 < j < N there exists
Oa—j € C®°(T*U,End(V)) which is homogeneous in ¢ of degree o — j for
€] > 1, s0 0a—j(z,t8) = t* Jo4_j(z,€) for t > 1, [¢] > 1, and a symbol
o) € S Rele)=N=1(17 V) such that

N
o(2,8) =Y 00 j(@,8) + o (@,€) V(&) eTU. (L1

j=0
We then write o(z,§) ~ 3 72 0a—j(2,€). Let CS(U,V) denote the class
of classical symbols on U with values in V, and let CS*(U, V') denote the
subset of classical symbols of order a. When V' = C, we write S"(U),
CS*(U), and so forth; for brevity we may omit the V' in the statement of
some results. A tdo which, for a given atlas on M, has a classical symbol
in the local coordinates defined by each chart is called classical, this is
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independent of the choice of atlas. Let Cl(M, E) denote the algebra of
classical ¥dos acting on C*°(M, E) and let Ell(M, E) be the subalgebra of
elliptic operators. For any a € C, let C14(M, E), resp. Ell*(M, E), denote
the subset of operators in Cl(M, E), resp. Ell(M, E), of order a. With
Ry = (0,00), set Elloraso(M, E) := U, e, EII'(M, E).

To deal with derivatives of complex powers of classical ¥dos one con-
siders the larger class of ydos with log-polyhomogeneous symbols. Given
an open subset U C M, a non-negative integer k£ and a complex number «,
a symbol ¢ lies in CS**(U, V) and is said to have order o and log degree
k if

N
0'(1', g) = Z Ja—j($a 5) + O(N) (1’, g) \V/(ZL‘, 5) €eTU > (12)
j=0
where oy € SRe(@)=N=l+e([7 V) for any € > 0, and

k
Tai(€) =Y oaji(x,&)log'l¢] VEETIU,
=0

with 0,_;; homogeneous in & of degree a—j for [£| > 1, and (in the notation
of [Grul]) [¢] a strictly positive C°° function in & with [§] = [¢] for |£] > 1.
As before, in this case we write

[e'e) o k

o(z,§) ~ Z Oa—j (z,8) = Z Z Ja—jJ(xa £) IOgl €] (1.3)
7=0 j=01=0

Then CS™*(U,V):=Us, CS™"(U,V), where CS*™*(U,V)=,cc CS*"(U, V),

defines the class filtered by k of log-polyhomogeneous symbols on U. In

particular, CS(U, V) coincides with CS*%(U, V).

Given a non-negative integer k, let Cl1**(M, E) denote the space of
pseudodifferential operators on C*°(M, E) which in any local trivialization
Ejy =2 UxV have symbol in CS**(U, V). Set CI**(M,E) := Uaec C1**(M, E).

The following subclasses of symbols and dos will be of importance in
what follows.

DEFINITION 1.1. A log-polyhomogeneous symbol (1.3) with integer order
a € Z is said to be even-even (or, more fully, to have even-even alternating
parity) if, for each j > 0,

O-Oz—j,l(x7 _E) = (_l)a_]o-a—j,l(xag) for |£| > 1» (14)
and the same holds for all derivatives in x and £. It is said to be even-odd
(or, more fully, to have even-odd alternating parity) if, for each j > 0,

Ta—ji(x,=§) = (—1)0‘_j_10a_j7l(x,§) for [£] > 1, (1.5)
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and the same holds for all derivatives in x and £. A 1do A € C1**(M, E)
will be said to be even-even (resp. even-odd) if in each local trivialization
any local symbol o 4(x, €) € CS®*(U, V) representing A (modulo smoothing
operators) has even-even (resp. even-odd) parity.

Thus, an even-even symbol with even-integer degree is even in £, while
an even-odd symbol with even-integer degree is odd in £; a similar statement
holds if the symbol has odd-integer degree.

REMARK 1.2. The terminology in Definition (1.1) follows [Grud]. Kont-
sevich-Vishik [KV] studied even-even classical 1dos on odd-dimensional
manifolds, calling them odd-class operators. Odd-class operators (or sym-
bols) form an algebra and include differential operators and their para-
metrices. The class of operators with even-odd parity symbols on even-
dimensional manifolds, which includes the modulus operator |A| = (42)1/2
for A a first-order elliptic self-adjoint differential operator, was introduced
and studied by Grubb [Grul]; this class admits similar properties with re-
spect to traces on wdos as the odd-class operators, though they do not
form an algebra. In [O2] Okikiolu uses the terminology ‘regular parity’ and
‘singular parity’ for (1.4) and (1.5).

1.2 Finite part integrals of symbols and the canonical trace. In
order to make sense of [, o(x,&)d{ when o € CS**(U,V) is a log-
polyhomogeneous symbol (g‘cche integral diverges a priori if Re(a) > —n)
on an open subset U C R"™, one can extract a finite part when R — oo
from the integral fB;(O’R) o(z,£)d¢ where BX(0, R) C T;U denotes the ball
centered at 0 with radius R for a given point x € U.

First, though, we introduce the local residue density on log-polyhomo-
geneous symbols, which acts as an obstruction to the finite-part integral
of a classical symbol defining a global density on M and measures the
anomalous contribution to the Laurent coefficients at the poles of the finite-
part integral when evaluated on holomorphic families of symbols.

DEFINITION 1.3. Given an open subset U C R", the local Guillemin—
Wodzicki residue is defined for o € CS*(U, V') by

res; (o) = / try (0_p(z,€))dsE,
SxU
and extends to a map res, o : CS**(U, V) — C by the same formula

res; o(0) = /S*U try (0_n(z,&))dsé



500 S. PAYCHA AND S. SCOTT GAFA

k
. l
= lz:g /S;Utr:c (U—n,l(xag)) IOg |§‘d5§

:/ trg (0-no(2,§))ds€ .
SxU

When k& > 0 the extra subscript is included in the notation res; (o)
as a reminder that it is the residue of the log degree zero component of
the symbol that is being computed. The distinction is made because when
k > 0 the local densities res, o(o)dz do not in general define a global density
on M, due to cascading derivatives of powers of logs when changing local
coordinates. When k = 0, Guillemin [Gu] and Wodzicki [W] showed the
following properties.

PROPOSITION 1.4. Let A € CI*(M, E) be a classical do represented in a
local coordinate chart U by o € CS*(U,V'). Then res,(o)dx determines a
global density on M, that is, an element of C*°(M, |Q2|), which defines the
projectively unique trace on Cl*’O(M, E).

Proofs may be found in loc. cit., and in section 2 here. The first property
means that res,(o)dx can be integrated over M. The resulting number,

res(A) := /M resg(o)dr = /M dx /S;M try (o—n(z,€))dsE, (1.6)

is known as the residue trace of A. The terminology refers to the trace prop-
erty in Proposition 1.4 that if the manifold M is connected and has dimen-
sion larger than 1, then up to a scalar multiple (1.6) defines on C1*(M, E)
the unique linear functional vanishing on commutators

res([A,B]) =0, A,BeCl"(M,E).
Notice, from its definition, that the residue trace also vanishes on operators
of order < —n and on non-integer order operators.

REMARK 1.5. The residue trace was extended by Lesch [L] to AcC1**(M, E)
with & > 0 by defining resj(A) := (k+ 1)! [,, dx fS;M tryp(o—nk(z,§))dsé.
For an operator with log-polyhomogeneous symbol of log degree k > 0
the form o_,, ;(z,£)dx defines a global density on M, a property which
is not generally true for the lower log degree densities o_po(x,&)dz, ...,
0_nk—1(x,&)dx which depend on the symbol structure in each local co-
ordinate chart. We emphasize that the higher residue is not being used
in the Laurent expansions we compute here, rather the relevant object
is the locally defined form o_, o(x,&)dz which for suitable A defines one
component of a specific local density which does determine an element of
C*(M,End(E) ® |9]).
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It was, on the other hand, observed by Kontsevich and Vishik [KV]
that the usual L2-trace on tdos of real order < —n extends to a functional
on the space CI°\2(M, E) of ¢dos of non-integer order and vanishes on
commutators of non-integer order. Lesch [L] subsequently showed that the
resulting canonical trace can be further extended to

V(M E) = | ) 1™ (M, E)
aeC\Z

in the following way.

LEMMA 1.6. Let U be an open subset of R™ and let o € CS¥¥(U,V)
be a log-polyhomogeneous symbol of order a and log-degree k. Then for
any © € U the integral fB,*.(o R) o(x,£)d§ has an asymptotic expansion as
R — o0, ’

0

k
/B 0(2,8)dé ~pooo Col0)+ > > P0a—jy)(log R)R* "

%(0,R) §=0,a—j+n#0 1=0
ko1
+y i@, Odslogt R, (1.7
e

where Pj(0q—;;)(X) is a polynomial of degree | with coefficients depending
on oq—j;. Here B}(0,R) stands for the ball of radius R in the cotangent
space Ty M and S;U the unit sphere in the cotangent space T,U.

Discarding the divergences, we can therefore extract a finite part from
the asymptotic expansion of || B(O,R) o(x,&)d¢:

DEFINITION 1.7. The finite-part integral of ¢ € CS**(U, V') is defined to
be the constant term in the asymptotic expansion (1.7)

][ o(x,&)d¢ = LIMR_,OO/ o(x,&)d¢ = Cy(0). (1.8)
T B:(0,R)

(This concept is closely related to partie finie of Hadamard [H|, hence the
terminology used here. However in the physics literature this is also known
as “cut-off regularization”.)

The proof of the following formula [Grul], [P] and of Lemma 1.6 is
included in Appendix B.
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LeEMMA 1.8. For o € CS**(U,V)

][T* 7l = Z/ ”aﬂxf)d'f*/TUU(N)(%ﬁ)dﬁ

T x

H'll'

Py Z e [ oeategase. (19)

j=0,a—j4+n#0 [=0
It is independent of N > Re(a) +n — 1.
The residue terms on the right side of (1.9) measure anomalous be-
haviour in the finite-part integral. Specifically, (1.9) implies that, for a
rescaling R — pR,

LIMp oo / o (2, €)d¢ = LIMp_o0 / o(x, &)de
3 (0,uR) Bi(

(0,R)

k I+1
log ,u/
+ E i 1.1
- I 1 S;Ua-a g,l(ﬂf,g)dsﬁ ( 0)

(cf. Appendix B) and hence that the finite-part integral is independent of

a rescaling if fS*U 0_ni(x,&)ds¢ vanishes for each integer 0 <1 < k. More
generally, just as ordinary integrals obey the transformation rule

det C| - fcfdzz/ Fe)de,
R Rn

one hopes for a similar transformation rule for the regularized integral
fRnJ(ﬁ)d‘& when o is a log-polyhomogeneous symbol in order to obtain
a globally-defined density on M. That, however, is generally not the case
in the presence of a residue, as the following proposition shows.
PROPOSITION 1.9 [L]. The finite-part integral of o € CS**(U) is generally
not invariant under a transformation C € Gl,(T;U). One has,

deeC]-f  ole.COdE = olw )it

S (- I+1 -1
—ni(z, &)1 —glde. (111
+> /;U" (e, €)logH O glag . (111)
Proof. We refer the reader to the proof of Proposition 5.2 in [L]. O

As a consequence, whenever [g.;; 0 (2,§) log! ™! |C~1¢|d¢ vanishes for
each integer 0 <[ < k and x € U, one then recovers the usual transforma-
tion property

|det C| '][T*Ua(m,Cﬁ)d‘ﬁ = ][T*Ua(x,f)dﬁ. (1.12)
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With respect to a trivialization Ejy = U x V, a localization of
A e C1*F (M, E) in C1**(U, V) can be written

/ / ie=0)€a sy, €) f(y)dy €
with amplitude a € CS*(U x U, V). Then with
O'A(xa g) = a('r7 T, g) € CSa(U7 V)
we define

TR, (A)dx ::][ try(oa(x,€))dé da .
M

If (1.12) holds for ¢ = o4 in each localization it follows that TR, (A)dx

is independent of the choice of local coordinates. This is known in the

following cases.

PROPOSITION 1.10. Let A € C1**(M, E). In each of the following cases

TR, (A)dzx defines an element of C*° (M, |Q)|), that is, a global density on M :
(1) ¢ [-n,00)NZ;

(2) A (of integer order) is even-even and M is odd-dimensional;

(3) A (of integer order) is even-odd and M is even-dimensional.
C

ases (1) and (2) were shown in [KV], where the canonical trace was
first introduced, in terms of homogeneous distributions. Case (1) was
reformulated in [L] in terms of finite-part integrals and extended to log-
polyhomogeneous symbols k& > 0. Case (3) was introduced in [Grul] where
it was shown that (2) and (3) may be included in the finite-part integral
formulation. We refer there for details. Notice though that it is easily seen
that the integrals fS,*.UO-_nvl(x’f) log*1 |C—1€|d¢ vanish in each case; for
(1), there is no homoéeneous component of the symbol of degree —n and so
the integrals vanish trivially, while setting ¢(&) := o_,1(x,§) logtt |C e,
for cases (2) and (3) one has g(— &) = —g¢(&) and so the vanishing is imme-
diate by symmetry.
DEFINITION 1.11. For atdo A € C1“*(M, E) satisfying one of the criteria
(1),(2),(3) in Proposition 1.10, the canonical trace is defined by

TR(A) := /M dz TR, (A) .

The case of ¥dos of non-integer order is all that is needed for the general
formulae we prove here, cases (2) and (3) of Proposition 1.10 will be rele-
vant only for applications and refinements. Case (2) in particular includes
differential operators on odd-dimensional manifolds, though this holds by
default in so far as TR, vanishes on differential operators in any dimension
(noted also in [Grul]):
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PrOPOSITION 1.12.  Let A € CI(M, E) be a differential operator with
local symbol o 4, then for any x € M
TR, (A) ::][ try (JA(aj,g))d‘f =0.
T:M

Proof. Since A is a differential operator, o4(z,§) = Zf,;‘dfo oz, &) with

k = (ki,...,k,) a multi-index with k; € N and oy(z,&) = ap(x)EF posi-
tively homogeneous (with the previous notation we have oy = 0 provided
N > ordA). Its finite-part integral on the cotangent space at x € M there-

fore reads
ordA

][ PO = S (LMo /B ehag

|k|=0 % (O,R)

R
= o [kl 4+n—1, ) by
ap(x)LIMp </0 r r /S;Mg <

Rlkl4+n
W — O. D

On commutators the canonical trace has the following more substantial
vanishing properties [KV], [MN], [L], [Grul], providing some justification
for its name.

PROPOSITION 1.13. Let A € C1**(M, E), B € CI®(M, E). In each of the
cases,
(1) a+f ¢ [—n,0)NZ,
(2) A and B are both even-even or are both even-odd and M is odd-
dimensional,
(3) A is even-even, B is even-odd, and M is even-dimensional,

which vanishes since LIMp_ o

the canonical trace is then defined on the commutator [A, B] and is equal
to zero,
TR([A,B]) =0.

The canonical trace extends the usual operator trace defined on the
subalgebra C1o4<~"(M, E) of 1dos of real order Re(a) < —n, in so far as
for vdos with (real) order less than —n, finite-part integrals coincide with
ordinary integrals. More precisely, if K4(x,y) denotes the Schwartz kernel
of A € CI°“""(M, F) in a given localization, then o (z,£) is integrable
in & and Ky(x,z)dr = (fT;MUA(:L‘,f)dE)d:E determines a global density
on M, and one has

tr(A) = /M dz try (Ka(z,x)) = /M dx][T*Mtrx (ca(z,€))ds = TR(A).



Vol. 17, 2007 LAURENT EXPANSION FOR REGULARIZED INTEGRALS 505

1.3 Holomorphic families of symbols. We consider next families
of symbols depending holomorphically on a complex parameter z. The
definition is somewhat more delicate than that used in [KV] (or [L]) since
growth conditions must be imposed on each z-derivative of the symbol.
This is in order to maintain control of the full Laurent expansion.

First, the meaning here of holomorphic dependence on a parameter is as
follows. Let W C C be a complex domain, let Y be an open subset of R™,
and let V' be a vector space. A function p(z,n) € C°(W x Y,End(V)) is
holomorphic at zg € W if, for fixed n with

P (z0,m) = 0% (p(z:m)]._.,

there is a Taylor expansion in a neighbourhood N, of z,
k

Z — Z
Zp(’“ (20, k!O) : (1.13)

which is convergent, umformly on compact subsets of N, , with respect
to the (metrizable) topology on C*°(W x Y,End(V)) associated with the
family of semi-norms,

lallm, i 0o = sup 0295 a(z,m)], (1.14)

(z,meK1 x Ko
T+ pl<m

defined for m € N and compact subsets K1 C W, Ko C R™.
DEFINITION 1.14. Let m be a non-negative integer, let U be an open
subset of R™, and let W be a domain in C. A holomorphic family of log-
polyhomogeneous symbols parametrized by W of order a € C*°(W,C) and
of log-degree m means a function
o(z)(x,€) :=o0(z,2,8) € C¥(W x U x R", EndV)
for which
(1) o(2)(x,&) is holomorphic at zeW as an element of C> (W xU xR", EndV)
and
o(2)(@,8) ~ > 0(2)a)—j(®,€) € CS*E™U, V), (1.15)
i>0
where the function]oz : W — C is holomorphic;
(2) for any integer N > 1, the remainder

J(N)(z)($a£) =0 Z Oa(z) :E f)

is holomorphic in z € W as an element of C®(W x U x R™ EndV)
with k' z-derivative,

o0 (2)(@.€) = O (o) (2)(2.€)) € SN V), (116)
for any ¢ > 0.
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A family z — A(z) of log-classical ¥dos on C*°(M, E) parametrized by

a domain W C C is holomorphic if in each local trivialisation of E one has
A(z) = Op(oa()) + B(2)

with 0 4(;) a holomorphic family of log-polyhomogeneous symbols and R(z)

a smoothing operator with Schwartz kernel R(z,z,y)eC*™ (W x X x X, End(V))

holomorphic in z.

There are, of course, other ways to express these conditions; for example,
in terms of the truncated kernel K™)(z2)(z,y) fT Ly e y)cr(N (2)(x, &)de
with large N, and its derivatives 9% K@) (2 )(:x,y), used in the case k =0
in [KV] to compute the pole of Tr (A(z)) at z9p € P. When dealing with
the full Laurent expansion the essential requirement is that a balance be
preserved between the Taylor expansion in z, in terms of the growth rates
of the z-derivatives of the symbol, and the asymptotic symbol expansion
in £.

PROPOSITION 1.15. If o(z)(x,&) € CS*G™(U, V) is a holomorphic
family of log-classical symbols, then so is each derivative
D (2)(@,€) = 0L (a(2)(x,€)) € CS*D™ T, V). (1.17)

Precisely, U(k)(z)(m‘ f) has an asymptotw expansion

~ > 0 (2) a0 (2,€) (1.18)

5>0
where as elements of | J;, mik oge=)—d, Z(U V)
00 (2)a(s)-j(.€) = 02 (0(2a()-i (2.€)) (1.19)
That is,
(850-(2))0((2)_]‘(1"’5) = 85( ( )a(z (1’ g)) (120)

Proof. We have to show that
(o ~ > 0 (0(2)ae)—i(@,6)) (1.21)
7>0
where the summands are log-polyhomogeneous of the asserted order. First,
the estimate

N-1
OF(0(2)(2,0)) = > 0F (0(2)a(e)—j(z,9)) € 2Nt (U, V)
j=0

for any € > 0, needed for (1.21) to hold is equation (1. 16) of the definition. It
remains to examine the form of the summands in ZN (0 (2)a(x)—j (2, €))-
Taking differences of remainders o(y)(2)(z,§) 1mphes that each term
0(2)a()—j(w,&) is holomorphic. In order to compute 9,(0(2)a(z)—;j(7,§))
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one must compute the derivative of each of its homogeneous components;
for [¢| > 1 and any [ € {0,--- ,m}

0: (0a(-3a()(@.©)) = 0. (161D 00y u(2) (2.5))
= (VT 0 10(2) (o ) ) oI
FIEPOT0, (o0l (2. 5).

Since 0q(z)—j(2)(x,€[€]71) is a symbol of constant order zero, so is its
z-derivative. Hence,
82’ (U(Z)a(z)—j,l<x7§)) = a/<z)a(z)a(z)—j7l<x7§) lOg[g] +pa(z —7, l( )( g)
(1.22)
where 04(2)—1(2); Pa(z)—j1(2) € CSO‘(Z)_j(U) are homogeneous in £ of or-
der a(z) — j. Hence, 0,(0(2)a(z)—j) € CS@)=im+L(7). Tterating (1.22),
ok (o Oa(z)—j(2)(7,§)) is thus seen to be a polynomial in log[¢] of the form

(0(2)) 0y (2) (, ) logh+ ™[] + -
+ €705 (g0 ju(2) (2. ) ) 108°f€]

with each coefficient homogeneous of order «(z) — j. This completes the
proof. O
Thus, taking derivatives adds more logarithmic terms to each term
0(2)a(z)—j(7,§), increasing the log-degree, but the order is unchanged.
Spe(nﬁcally o) (2 Z)a(z)—; takes the form
m+k
J(k)( )a(z (1’ g) Z () (Z)oc(z)—j,l(xa f) IOgl [E] ) (123)
=0
where the terms o(*) (2)a(z)—j1 (7, &) are positively homogeneous in £ of de-
gree a(z)—j for [¢| > 1 and can be computed explicitly from the lower-order
derivatives of 0(2)q(z)—jm(7,§). The following more precise inductive for-
mulae will be needed in what follows.
LEMMA 1.16.  Let o(z)(z,§) € CS(U,V) be a holomorphic family of
classical symbols. Then for || > 1

ot @@, 8) = ()0 ()€,
oM (2)(@,6) = o (2)0 ), )

+ el @790, (0% ()@, E/lED), 1<I<E,
oW (@), €) = [¢]*C) o, (a;';;)_jp(z)(x,g/\a)) .
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Proof. From the above,

k
0O(@a(e)—j(@:6) = 0 (0(Da)—(.6) = Y o™ (2)age)—ja(x. ) log'le].
=0
so that
k
" (@) -5(@,6) = Y 0: (6P (@a)su(@.O) log'le] . (1.24)
=0
Hence, for |[£] > 1,
k+1
ZNH (@ &) log! €] = Za (- (2,€) log" T [¢]

+ [¢[= 7, (a< (o) (a:, i) tog” I¢
where for the right side we apply (1.22) to each of coefficient on the right
side of (1.24). Equating coefficients completes the proof. O

A corresponding result on the level of operators follows in a straight-
forward manner:

PROPOSITION 1.17.  Let z — A(z) € C1**}™(M, E) be a holomorphic
family of log-polyhomogeneous v¥dos. Then for any non-negative integer k,
A®) () Ties in 10k (N E).

ExXAMPLE 1.18. For real numbers «, ¢ with ¢ > 0, the function o(z)(z,&) =
P(€)[€]|* 7%, where 1) is a smooth cut-off function which vanishes near the
origin and is equal to 1 outside the unit ball, provides a holomorphic family
of classical symbols; at any point z = zy € C, we have

o™ (20)(2,€) = (=) (&) log" [¢] ¢4

which lies in CS“~%0*(U/). More generally, if Q € Cl9(M, E) is a clas-
sical elliptic ¥do of order ¢ > 0 with principal angle 6, then one has for
each z € C the complex power Q,* € CI"%*(M, E) [Sel] represented in a
local coordinate chart U by a classical symbol q(z)(z,&) € CS™%*(U,V).
Let A € CI%(M,E) be a coefficient classical ido represented in U by
a(z,§) € CSY(U). Then O'AQ;z(l', €) € CS*7%*(U, V) is a holomorphic fam-
ily of symbols parametrized by W = C whose convergent Taylor expansion
in C*°(C x U, V) around each zy € C is from [O1, Lem. 2.1] given by

(UAQG‘ Ja—gz— (2, )

0

k (z — z)F
>_ (=1 (aclog"(@) o alx0)) s, () log' [€] =7~

k=0 1=0
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where o denotes the usual mod(S™>°) symbol product, q := q(—1) and
log®(q)(z, &) := (log(q) o ... olog(q))(z, &) € CS**(U, V) with k factors.

1.4 A Laurent expansion for finite-part integrals of holomor-
phic symbols. The following theorem computes the Laurent expansion
for finite-part integrals of holomorphic families of classical symbols of or-
der «a(z) in terms of local canonical and residue densities. This extends
Proposition 3.4 in [KV], and results of [Gu, W], where the pole, the first
coefficient in the expansion, was identified as the residue trace. The proof
uses the property that each term of the Taylor series of a holomorphic fam-
ily of classical symbols has an asymptotic symbol expansion, allowing the
Laurent expansion of fo(z)(z,€§)d¢ to be computed through Lemma 1.8.
Notice that although the Taylor expansion in the C*° topology gives no
control over the symbol as |{| — oo, (1.15), (1.16) impose what is needed
to ensure integrability requirements.

DEFINITION 1.19. A holomorphic function o : W — C defined on a domain
W C C is said to be non-critical on

P:=a Y(ZN[-n,+oo[) NW
if &/(z9) # 0 at each zy € P.

Theorem 1.20. (1) Let U be an open subset of R™. Let z — o(z) €
Cse2) (U, V) be a holomorphic family of classical symbols parametrized by
a domain W C C such that the order function « is non-critical on P. Then
for each x € U the map z — fT;UJ(z)(a:,g)dﬁ is a meromorphic function
on W with poles located in P. The poles are at most simple and for z near
zg € P one has

][ o)z €)dE = ——
T:U

o/ (20)

1
(z — 20)
1

+ * o (z0)(z,€)dE — — ) o' (20)—n,0(x, &)dsé
T*U o/ (z0) SxU

x

| ot -a(r€)dst
SxU

O// (ZO)

K
P NIV o(z0)—n(z o) () (z
2/ (20)? /*U (20)-n( ,{)d5§+; <][ (20)(x,§)dg

o TxU
(z — 20)F
k!

+o((z - 20)"), (1.25)

_l’_

_/ gk(a(%),... ,o(k“)(Zo))_mO(:E,§)ds§>
U

T
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where
k+1 D1 .
Li(o(z0),...,0% ) (z)) = %UO)(ZO) O S VAN
j=0 & (20)
(1.26)
and py41—; is an explicitly computable polynomial of degree k + 1 — j in
o (20),...,a# (%), Furthermore, the coefficient of (Z_kﬁ in (1.25) is

equal to pr:ZOJCT*UU(k)(Z)’ If « is a linear function o(z) = gz + b with
q # 0 then (1.25) reduces to

1 1
f e = /S o)l sE s

N < ][T;UJ(ZO)(x’ £)d — % / ;Ua'(zo)_n,o(x,f)m)
K k
DY (f o o

1 (z—zo)’l‘C
m/S;U0(k+1)(20)—n,o(x,§)ds§> o +o((z —20)). (1.27)

If zo € W but z ¢ P, then §-..;0(z)(x,&)d¢ is holomorphic at z = zy and
(1.25) then simplifies to the Taylor expansion

][T* 2)(x,&)dE = ][ o(z0)(x, &)dg

z — z9)F
—i—Z][ zo (x,&)d: §(To)+o((z—zo)l{). (1.28)

(2) For any holomorph1c family z — A(z) € C1°G)(M, E) of classical
1pdos parametrized by a domain W C (C such that order function « is
non-critical on P, the map z — TR(A(z)) := [, dx fT* tre(o 4z (2,§))dE
is a meromorphic function on W with poles located in P. The poles are at
most simple and for z near zg € P

TR(A(Z)) — _O/(lzo) I‘eS(A(ZO)) (Z _1ZO)
+ /M dx (TRx (A(z0)) — 0/(120) resx,o(A'(zo))> + ;,((72)))2 res(A(zo))

(z—zo)k
k!

+o((z — 20)") . (1.29)

K
+ Z /M dx (TRw(A(k)(zo))—reSLO([,k(aA(zo), . ,UA(k+1)(ZO))))
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Furthermore, the coefficient of (z— z)¥/k! in (1.29) is equal to
fp,—,, TR(A®)(2)). If A(z) has order a(z) = gz + b with ¢ # 0 then

+ /M dx <TRx (A(20)) — = resyo (A'(Zo))>

K (k+1) i
T ) (24)) — resq,o(0 (20)) ) (z — 20)
+3 ] d <TRI(A e0)) - ) -
+o((z — 20)").. (1.30)

If zg € W but zy ¢ P, then TR(A(z)) is holomorphic at z = zy and (1.29)
then simplifies to the Taylor expansion

K
(2—20)"
TR(A(2)) = TR(A(z0))+ > TR(A® () T+o((z—zo)K) . (1.31)
k=1
REMARK 1.21. Since « is non-critical on P, we have from Proposition 1.17
and equation (1.22) that the operators A®)(z) € C1*Z0)* (M| E) in equa-
tion (1.29) are not classical for k > 1.

REMARK 1.22. At a point 2y € P, o(z) # 0; writing a(z) =
alzg) + /(20)(z — 20) + o(z — 2p) we find that « is injective in a neigh-
borhood of zy. As a consequence, Z being countable, so is the set of poles
P=a"YZnN[-n,+00))NW countable.

REMARK 1.23. Setting a(z) = z/(1 + A\z) with A € R* for z € C\{-\"1}
gives rise to an additional finite part 22/,/% fS;U o(0)_p(z,&)dsé =
/\fS;UU(O)_n(:I:,f)d‘sf just as a rescaling R — e R in the finite-part in-
tegrals gives rise to the extra term X [q.;; 0(0)—n(z,&)ds€ (see (1.10) with
k=0and pu=e"). ’

Proof. Since the orders «(z) define a holomorphic map at each point of P,
for any zp € P there is a ball B(zp,r) C W C C centered at zyg € W
with radius r > 0 such that (B(zp,7)\{20}) (P = ¢. In particular, for
all z € B(z,7)\{20}, the symbols o(z) have non-integer order. As a con-
sequence, outside the set P, the finite-part integral fT;UJ(z)(a:,g)dﬁ is
defined without ambiguity and fT;UU(z)(x,f)d‘g dz defines a global den-
sity on M.

Since zp € P, there is some jp € N U {0} such that a(zp) +n — jo = 0.
On the other hand, for z € B(zp,7)\{20} we have a(z)+n—j # 0and N >
Re(a(z))+n—1 can be chosen uniformly to ensure that o(y)(z) € S<"(U, V).
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Hence, for z € B(zp,7)\{z0}, equation (1.9) yields (with k£ = 0)

f o (2) (€ ¢
T*U

TN
> [ oy le O+ [ o)

=07/ Bz(0,1) .
Y 1
_gm/;zjg(z)a(z)—j(%@‘%g
N
= Z\/B*(O 1) U(Z)O‘(Z)_](x’g)df—i_/*UU(N)(Z)(%@J{
Jj=0""z% .
N
1
_j:%:#jom/,g;(]a( )a(z (x f)dsé

1

a(z) - alz)

/ - 0(2)a(z)-jo (2, €)dsE (1.32)

where, in view of the growth conditions (1.15) and (1.16), it is not hard to
see that each of the integrals on the right side of (1.32) is holomorphic in z.
Since 04(2)—;(2)(x,§) is a holomorphic family of classical symbols, there is
a Taylor expansion (1.13)

k

U(z)a(z) Z g Z(] a(zo)— (1’ g) M (133)

with coefficients in CS™=0)=7k(7)

(k)(zo)a (33 §) = 8§(U(z)a(z)—j){Z:Z0 = (8§U(Z))a(z) {Z 20’ (1.34)

where the first equality is by definition, while the second equality is equa-
tion (1.20), and likewise there is a Taylor expansion of the remainder
oy (2)(z, &) with coefficients

0 (o) ()@, ) sy = (050(2)) (@ Olsmsr (1.35)

where again the equality is consequent on equations (1.18) and (1.20).
For any non-negative integer K we may therefore rewrite the first two
lines of (1 32) as a polynomial > 5, ak( = )

o((z — 2)%) with

plus an error term of order
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ap = Z/* o) a(z (1’ f)‘z o d§+/T*U(8§U(Z))(N)(x’§)|Z=Zod§

T

- i 35|z=zo<m /S;Ud Ja()— (@:€) ds§> (1.36)

J=0,3#jo
Here, since j # jo, we use the fact that each factor in the terms of the final
summation of (1.36) are holomorphic in a neighbourhood of zy (including
at z = z9). On the other hand, from (1.18),
oW (z0)(2,€) = ko (2)(2,€)smz0 ~ D (050(2)) oy (@ )=
j>0

while we know from (1.17) that o) (z) € CS**)*(U). Hence (1.9) may be
applied to see that

][ o) (20) (2, £)de

_Z/*(Ol a(z (x )|z= zod§+/T (ak (z ))(N (@, 8)] 2=z, dE

l+1l|
cy oyl
J=0,j#jo I= 0
From the followmg lemma, we conclude that the expressions in (1.36)

and (1.37) are equal.

(050(2)) 2y ju (% €)=z dsE . (1.37)

U

LEMMA 1.24. For j # jg, one has in a neighbourhood of z

a’f(ﬁln_j / 0o st )

l+1l|

k
Z —]—I—n)l+1 / (850(2))(1(2 (33 &)ds&. (1.38)

Proof. We choose z in a neighbourhood of zg such that each of the factors
on both sides of (1.38) are holomorphic. The equality holds trivially for
k = 0. For clarity we check the case k = 1 before proceeding to the general
inductive step. For k = 1, the left side of (1.38) is equal to

<a(z)a—(§)+ n)? /SW 0(2)a(z)- (@, €)dsE

1

Calz)—j+n /S;U8Z(”(Z)a<z)—j)(x7£)ds§ . (1.39)
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From (1.18) and (1.22), for |£] > 1,
(82 ( )) x?ﬁ) (Z)U( )a(z (:17 g) lOg |§‘ +pa (=) ( )(x f)

il
and hence (0. <mw 2(5,6) = 0/(2)0(2)a(e)—y (@,€) for J¢] > 1. The
expression in (1.39) is therefore equal to

1
@) 77 Jssw O a-ia (@O

1
- N - 82 a(z)—j 9 d 9
a(z)—j+n/5;U (0(2)a(z)—j) (@, €)ds
which is the right side of (1.38) for k£ = 1.
Assume now that (1.38) holds for some arbitrary fixed £ > 0. Then the

left side of (1.38) for k + 1 is equal to

5L<a§<g@7§%:;;/;Ua@»uﬁﬁx%fyk§>>

)l—i—ll'

8Z<§k: ) —j +mn)tt /*U (afa-(z))a(z (z, 5)%5)

=0

i (1 +1)!
Z _—;_’_):)l(-i-Q) /* J(k)(z)a(z)—j,l(xag)dsg
=

l+ll|

+Z ]_|_n H—l /* 8Z(U(k)(z)a(z)—j7l(xaf))dsf, (140)

where, for the second equahty we use the property that both of the factors
in each summand on the right side of (1.38) are holomorphic near zj, and
in the notation of (1.23)

k
(8,];0(2))04(2) Z:Oa ]r(x g) log [5]
In that notation the right side of (1.38) for k replaced by k + 1 reads
kt1 (—1)H 11 .
: j 1.41
; (a(z) = j +n)i+t /;U" (2)a(z)—j1(2,€)dsE, (1.41)

while on the (co-)sphere SiU where |{| = 1 the identities of Lemma 1.16
become
k k
oY (@6 = ()0l (2)(,6),
Tai a2 @) =0 (o 1 ()@ 0oyl 5 ((@,6) , 1<I<h,

oM (D@, = 0. (%) ()(@,6)) .

o
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Substitution of these identities in (1.41) immediately shows (1.41) to be
equal to (1.40). This completes the proof of Lemma 1.24. O

Returning to the proof of Theorem 1.20, from (1.36) and (1.37) and
Lemma 1.24, we now have

ap = ][T;Ua-(k) (ZO)(:E’ f)df )

and so the first two lines of (1.32) may be replaced by
k

S (=~ 20)
}jfT*UaW(zO)(a:,g)dg 2 4 o(( - 20)%).
k=07 ‘e '
Hence (1.32) becomes
k

][T*U 2)(z,&)dE = Z][ Zo (x,€) §%+0((z—zo)[()

_E@F%EJ/W“”%@ﬂ@é (142

To expand the sphere integral term in (1.42), since « is holomorphic we
have in a neighbourhood of each zy € P a Taylor expansion

L a0z
a(z) —a(z) = Z ﬂ (z — zo)l +o(z — zo)L

!
=1

and hence since o/(zy) # 0 an expansion

1 1 1
A G0~ WG ) 11y, S Gl o
1 1 " J
= . o"(20) —1—2@ 20)(z — 20)! +o(z — %), (1.43)

o/(20) (2—20) 20'(2)?

with (3;(20) an explicitly computable rational function in a*)(z), 1 < k <
j + 1 with denominator an integer power of a’(zg). On the other hand,

7=1

since a(zp) — jo = —n, the expansion (1.33) for j = jo becomes
k
z— 2z
0.0 = 33 (0¥ ) loglil B2 (1
k=0 1=0

Since (0 (20)) _ni(z,€)log! |€] = 0 for I > 1 on S*U, we find from the
expansions (1.43) and (1.44)
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1
M/S;UJ(Z)Q(Z)—J'O(ZE’E)JSE
1 , 1
ey -/S*U (0'(20)) _,, o(. §)ds§ o=y
3 1 (z—20)"
_ ];) /S;U Li(0(20), 0" (20), -, o (20)) _, o, &) R
+0((z—20)%), (1.45)
where Ly, (0(20),0"(20), -+ , o®*+V(29)) is readily seen to have the form in

(1.26). In particular, the explicit formulae given for the first two terms in
(1.43) lead to the formula

EO (J(ZO)a U/(ZO)) (:Ea f)
. 1 / d a”(zo) d
= ) Joy 7 Ol 085 = 7 [ oGo) a5,
which with the contribution from the & = 0 finite-part integral on the right-
side of (1.42) gives the stated constant term in the expansion (1.25). The

next term up, for example, is

,Cl (O’(ZQ), 0'/(20), 0'//(2,:/0()) §x7 g) =
/ 7)ol OdsE — 5T / /0 nale E)dse
3 (20)% — 2a™ (20)0! (20)
120/ (29)3

(=]

o (20)

/ 0 (20) n(z, €)d5E.
S:U

When a(z) = ¢z +b with ¢ # 0 the right-side of (1.43) is and so

from (1.33) one then has Ly (¢(z0), 0" (20), - - ,U(k+1)(Z0)) = JqTJrgZ)(!’) and
so (1.27) follows.

If zg ¢ P then a(z) € C\Z and so the log-polyhomogeneous symbols
Ly, in (1.45) then have non-integer order and hence have no component
of degree —n, and therefore vanish. Likewise the pole in (1.45) vanishes
and so (1.25) simplifies, in this case, to (1.28). Alternatively, this can be
seen in a simpler more direct way by using the linearity of the finite-part
integral over log-polyhomogeneous symbols of non-integer order applied to
the Taylor expansion of the symbol at zp. (Indeed, in this case the term
J = jo in (1.32) does not need to be treated separately from the sum in the
previous line and (1.36) holds by linearity, from which Lemma 1.24 may

then be inferred and now including the case j = jo.)
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This shows the first part of the theorem.

For the second part we use a partition of unity {(U;, ¢;) | i € J} such
that for 4, j € J there is an l;; € J with supp(¢;) Usupp(¢;) C Uij := Uy;.
We suppose trivialisations of 7 : F — M over each open set U;. Then, with
Uij identified with an open subset of R", one has A(z) = >_, ; ¢;A(2)9;
where ¢;A(2)¢; = Op(o(;;)(2)) is the localization of A over U;; with am-
plitude

(i) (2)(2,y,€) € CS*O(Uy; x Uiy, V),
a local holomorphic family of symbols in (z,y) form. Each finite-part in-
tegral foUija(ij)(z)(x,x,ﬁ)dg is well defined outside P, since A(z) has
non-integer order for those values of z. Using the linearity there of the
canonical trace functional it follows that for z ¢ P

TR(A(2)) = ZZJ: /Uij ][TZUijtr (U(ij)(z)(m‘,x,ﬁ)) d¢ dux,

where tr is the trace on End(V'), allowing (1.25) to be applied to each of
the summands defined over the trivialising charts. Each locally defined
coefficient in the Laurent expansion is seen by holomorphic continuation to
define a global density on M in the way explained in Proposition 1.25. The
first part of the theorem therefore yields that TR(A(z)) is meromorphic
with simple poles in P and since

k
o4y = Ta09 ) (1.46)
the identity (1.29) now follows from the formula (1.25) applied to each
localization.

The fact that the coefficients of (z — 29)*/k! in the Laurent expansions
of the meromorphic maps z — jCT;UO'(Z) and z — TR(A(z)) correspond
to the finite part at z = zg of their derivative at order k follows from the
general property for a meromorphic function f on an open set W C C with
Laurent expansion around zy given by

_ J b; K (z—20)" \K
f(2) E -+ E ay +o((z—20)"),
(z—20)7 = k!

Jj=1

that
fpz:zof(k) (Z) = ag . (147)
Combined with the equality 0*TR(A(z)) = TR(A®)(2)) valid for z & P we
reach the conclusion.
Since the formulas (1.30), (1.31) now follow from (1.27) and (1.28), this
ends the proof of the theorem. O
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In passing from the local formula (1.25) to the global formula (1.29)
in the proof of Theorem 1.20 we have implicitly used the following fact,
yielding the Laurent coefficients to be global densities on M which can be
integrated.

PROPOSITION 1.25. Let cx(x) denote the coefficient of (z — 2)* /k! in the
Laurent expansion (1.25). Then cy(x)dx is defined independently of the
choice of local coordinates on M.

Proof. By formula (1.47), the coefficient cx () of (2 — 20)¥/k! in the Laurent
expansion (1.25) with o(2)(z,) = 04.)(z,-) is identified with the finite
part at zg of the k-th derivative of the map

S L @) = f (e €.

Le. cx(z) = fp,— Lam (s (2). For z ¢ P the property (1.12) holds for the
finite-part integral I4(,)(z) as well as for the finite-part integrals I AR () (x)
since the order of A%*) differs from that of A(z) by an integer.

The map z — I,u(,(z) has a Laurent expansion I m,)(z) =

S s+ i enlw) B + o(= — 20)") and (2 — 20/ Ly ()
can be extended to a holomorphic function in a small ball centered at zg
with value byy1(x) at 2. Since property (1.12) holds for 1) (,)(x) outside
zo in this ball, it holds for the holomorphic extension on the whole ball and
hence for byy1(z). Using (1.12), we deduce that by1(z) dzx is defined inde-
pendently of the choice of local coordinates on M and so is the difference

(IA(k)(Z) (x)— %)dw for any z outside zg in a small ball centered at zg.

Iterating this argument, one shows recursively on the integer 1 < J < k

that (IA(k)(z) (x)— Zfill_‘] (Zbi(z?)j )dz is defined independently of the choice
of local coordinates on M in a small ball centered at z3. Consequently, the
finite part (pr:ZOI A (2) (m))daz at z¢ is also defined independently of the
choice of local coordinates. Since this finite part coincides with k! ci(z), we
have that ¢ (z)dx is defined independently of the choice of local coordinates

on M. |

FExamining the singular and constant terms in the expansions of Theo-
rem 1.20 we have the following corollaries.

First, the singular term yields the known identification of the residue
trace with complex residue of the canonical trace, derived in [Gu], [W],
[KV]. With the assumptions of Theorem 1.20:
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COROLLARY 1.26. The map z — fT*UJ(z)(a:,g)df is meromorphic with
at most a simple pole at zy € P with complex residue
1
Rescoyf 0@ d = [ o) (e Odss. (148)
TxU o’ (20) SxU

For the holomorphic family z — A(z) of 1dos parametrized by W, the
form m fS;U(JA(ZO))_”(x’ €)ds& dx defines a global density on the mani-
fold M and the map z — TR(A(2)) := [,,; dx TR, (A(z)) is a meromorphic
function with at most a simple pole at zy € P with complex residue

Res,—., TR(A(z)) = —ﬁ res (A(20)) . (1.49)

Thus, consequent to Proposition 1.25, one infers here the global exis-
tence of the residue density for integer order operators from the existence
of the canonical trace density for non-integer order operators and holomor-
phicity.

On the other hand, the constant term provides a defect formula for
finite-part integrals.

With the assumptions of Theorem 1.20:

Theorem 1.27. For a holomorphic family of symbols z — o(z) €
CS(U, V) parametrized by a domain W C C and for any x € U,

fpzzzof BRCIERT:

- ][ o(z0)(x, €)de — Lt / o' (20)—n0(x, €)ds
U S

o (20) Js=u

*
T

+ a(z(])/ o(20) (@, €)dst . (1.50)
S:U

20/ (20)?
For the holomorphic family z — A(z) € Cl(M, E) of ¢»dos parametrized by
W cC,

fp,—., TR(A(2)) = /M dx <TRm (A(20)) — o/(lzo) res, O(A/(zo))>
22///((53))2 res(A(zp)) . (1.51)

REMARK 1.28. Since « is non-critical on P, from Proposition 1.17 if zy € P
the operator A’(zy) € C1*=0)}1 (M E) in equation (1.51) is not classical.

REMARK 1.29. Ifres, 0(A(z0)) =0 then fp,__ TR, (A(z)) = lim._.., TR, (A(2)).
If this holds for all x € M, then TR(A(z)) is holomorphic at z; and
fp,—., TR(A(2)) = lim._.., TR(A(z2)).
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One therefore has the following statement on the existence of densities
associated to the local canonical trace.
Theorem 1.30. With the assumptions of Theorem 1.20, for a holomor-
phic family z — A(z) € CI(M, E) parametrized by a domain W C C, and
irrespective of the order a(zp) € R of A(zp)

<TRI(A(ZO)) _ a,(lzo) resx,O(A/(zo))> de (1.52)

defines a global density on M which integrates on M to fp,_, TR(A(z)). If
a(z9) ¢ Z then (1.52) reduces to the canonical trace density on non-integer
order classical 1dos of [KV].

Though this follows on the general grounds of Proposition 1.25, we have,
for completeness, given a direct proof of Theorem 1.30 in Appendix A. This
specializes to give the previously known existence of the canonical trace on
non-integer order vdos, recalled in section 1.2.

With the assumptions of Theorem 1.20:

Theorem 1.31. Let z — A(z) € CI(M, E) be a holomorphic family of
classical 1dos parametrised by W C C and let zy € W. If either

TR (Ao )de = (f tra(oaa) o, ) o

T

or

res, (A'(zo))dzz: = /S*M trw((aA/(ZO))_n(:z:,f))dgf dx

defines a global density on M, then TR(A(zg)) and res(A'(z))) =
Jarrese0(A(z0))dx are both well defined. The following defect formula
then holds

fp.—, TR(A(2)) = TR(A(20)) —

o/(lzo) res (A'(20)) - (1.53)
This holds in the following cases:

(i) If A(z0) € C1*=)0(\, E) satisfies one of the cases (1), (2) or (3) of
Proposition 1.10 then TR(A(z0)) is defined and (1.53) holds. In case (1)
this reduces to

f, ., TR(A(2)) = TR(A(2)). (1.54)

(ii) Ifresy o(A'(20)) = 0 for all x € M then TR(A(z)) is holomorphic at
20 € W, so that fp,_, TR(A(z)) = lim, .., TR(A(2)), and (1.54) holds.

(i) If A(zo) is a differential operator, and more generally whenever
TR (A(20)) =0 for all x € M, (1.53) reduces to

fp,_., TR(A(2)) = —a/(lzo)res(A’(zo)) . (1.55)
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REMARK 1.32. (1.53) can hold with both summands on the right-side of
the equation non-zero. See Example 2.8.

Proof.  The first statement is consequent to Theorem 1.30.  Since
TR, (A(zp))dx then defines a global density the transformation rule for
finite-part integrals in Proposition 1.9 implies that

/S*Mtrx (UA(Zo))_n,o(x7§) log|C~Y¢|ds¢ =0 VYC € GL,(C),
and hence (taking C = \-I, A\ € C) that
res; o(A(z0)) := /S Md‘5§ try (O'A(ZO))_mO (x,€) =0.

T

Equation (1.53) now follows from (1.51). Parts (i), (ii), (iii) are now obvious
in view of Proposition 1.10 and Proposition 1.12 and the vanishing of the
residue trace on non-integer order operators and on differential operators. O

2 Application to the Complex Powers

An operator @ € Ell(M, E) of positive order is called admissible if there is
a proper subsector of C with vertex 0 which contains the spectrum of the
leading symbol o7,(Q) of Q. Then there is a half line Ly = {re??,r > 0}
(a spectral cut) with vertex 0 and determined by an Agmon angle 6 which
does not intersect the spectrum of (). Let Ellg%’;o (M, E) denote the subset
of admissible operators in Ell(M, E') with positive order.

Let Q € Ellgiﬁo (M, E) with spectral cut Ly. For Re z < 0, the complex
power @ of @ is a bounded operator on any space H*(M, E) of sections
of E of Sobolev class H® defined by the contour integral:

Qi = [ N(Q—A)"dx (2.1)
2T Cp
where Cg = Ci 9, U Cop, UCsp,. Here r is a sufficiently small positive
number and C 9, = {\ = |A[e? | +00 > |A| > 7}, Cop, = {A=rei® | 0 >
¢ >0 —2r} and Cz9, = {\ = [\e®2™ | r < |\| < +oo}. Here \* =
exp(zlog A) where log A = log |A\|+i6 on C g, and log A = log |A\|+i(6 —27)
on Csg .

For k € N the complex power Q7 is then extended to the half plane Re

z < k via the relation [Sel]

Q"5 = Q5.
The definition of a complex power depends in general on the choice of
and yields for any z € C an elliptic operator Qj of order z - ord(Q). In
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spite of this #-dependence, we may occasionally omit it in order to simplify
notation.

REMARK 2.1. For z =0,

Qy=1-1Tlg,
where Ilg is the smoothing operator projection

i

= — — M)~ tax

2T Co (Q ) ’
with Cp a contour containing the origin but no other element of spec(Q),
with range the generalized kernel {¢p € C®(M,E) | QNv¢ = 0 for some
N € N} of Q. (See [B], [W], presented recently in [Po]).

Let Q € EI™M (M, E) be of order q with spectral cut Lg. For ar-
bitrary k € Z, the map z — @} defines a holomorphic function from
{2 € C,Rez < k} to the space L(H*(M,E) — H*%4(M, E)) of bounded
linear maps and we can set

080 @ = | 73]
z=0

From (1.22), in a local trivialisation FEj, ~ U x V of E over an open set

U of M the symbol of logy Q reads o144, (7, &) = ord(Q) log [£|Id + p(z, §)

with p € CI°(U, V), and so log, Q € C1>*(M, E) has order zero and log de-
adm

gree one. The logarithmic dependence is slight, for P,Q € ENIS 1 ((M, E),
of non-zero order p, q respectively and admitting spectral cuts Ly and Lg

we have % — % € CI°(M, E). More generally, higher derivatives of
the complex powers have symbols with polynomial powers of log |£| and it
follows from Proposition 1.17 that
ak
logk Q := {@Qg} e CI%F(M, E). (2.2)
z=0

Theorem 1.20 leads to the following Laurent expansion.

Theorem 2.2. Let Q € EII’Y (M, E) with spectral cut 6 and of order
q and let A € C1*(M, E). On the half plane Re(z) > (a+n)/q the lo-
cal Schwartz kernel KAQ;Z(xvy) of AQ,* is well defined and holomorphic

and the restriction to the diagonal KAQ;z (z,x)de = [1.,, TAQ; (x,&)d€ dx

defines a global density, an element of C*°(M,End(E)). There is a mero-
morphic extension of KAQG—Z(:L‘, y) to all z € C,

KAQO—Z (IL', x)‘mer = ][T*MO-AQQ_Z (IL', g)df ’ (23)



Vol. 17, 2007 LAURENT EXPANSION FOR REGULARIZED INTEGRALS 523

with at most simple poles, each of which is located in P := {(a—j)/q | j €
[-n,00[NZ}. For any x € M, we have for z near (a« — j)/q € P

! 1
K, mer __ i—a)/q O)dgl —————
4g; = (@, 2)| . /S;M (UAQéJ va) (2, €)ds -5
K N
(_1)k a— ]
+ ,;:0: k! Z = W X fT;UUAQéj—a)/q logh Q(x’ €)de

1
S /S*M (UAQéj—awq logh+! Q)_n’o(xyf)dﬁ)

ol (=) ) oo

It follows that the map z — TR(AQ,”) = [, trx(KAQ;z(meer) is a
meromorphic function with no more than simple poles located in P, and
for z near (o — j)/q € P

i—a K ()& o—i\F
TR(AQ;") = T res(4Q,7 ) — =+ > <__J>

(2_%) e

x/ dx <TRI (AQ;%X loglg Q) -
M

1 fe
m I'eSx’O (AQQ 1 10gg+1 Q))

ol (52) ) oo

If 29 ¢ P then TR(AQ, ) is holomorphic at zy and for z in a small enough
neighbourhood of zg

NN
TR(4Q;%) = ) =7~ TR(AQ; logf Q)
k=0 ’

(2 — 20)"
k!

+o((z—20)%). (26)

Proof. Since o(z) := Taq;* has order a(z) = a—qz, (1.27) of Theorem 1.20

can be applied to equation (2.3). Using (2.2) and Example 1.18, this yields
(2.4). Applying the fibrewise trace tr, and integrating over M yields equa-
tion (2.5). Equation (2.6), to which (2.5) reduces when o ¢ Z, as the
operators inside the local residue traces then have non-integer order, fol-
lows from (1.31); that TR, (AQ}" loglg Q) dx defines a global density on M
in this case is known from [L]. O

Because of the identity with the generalized zeta-function

C@(Aa Q7 Z) = TR(AQQ_Z)
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the expansion (2.5) is of particular interest near z = 0, owing to the role of
the Laurent coefficients there in geometric analysis.

Theorem 2.3. Iford(A) = a € [-n,00[NZ then 0 € P and one then
has, near z = 0,

Co(A,Q,2) = %res(A) Ly /M dx (TRx(A)—% resg o(Alogy Q)) —tr(AIlg)

k
kA oy 1 k1
+ Z( 1) Tl /M dx (TRx(A logy Q) ) resy,o(Alog, Q)>
— tr(Alogh QTlg) + o(25) . (2.7)
If « ¢ [—n,00[NZ then (9(A,Q, z) is holomorphic at zero and one has for

z near zero,

K Zk
Go(A,Q.2) = Y _(~1)*(TR(Alogj Q) — tr(Alogf Qllg)) 17 +0(") . (28)

k=0

REMARK 2.4. The formula (2.8) can also be deduced from exact formulas

for the case a ¢ Z in [Grul, §3]. All formulas presuppose the existence

shown in [KV], [L] of the canonical trace for non-integer order dos with

log-polyhomogeneous symbol.

Proof. The assumption a € [—n,00[NZ means that (o — jg)/q = 0 for
some jy € [—n,00[NZ. Hence (2.7) is almost obvious from (2.5); the
subtle point is to take care to replace Qe_(a_J Va QY by I —Ig, see
Remark 2.1.  Since the spectral projection Ily is a smoothing operator
the term TR, (A 10glg QIlg)dx is an ordinary integral valued density and
globally defined, yielding the term tr(A loglg Q1Ilg). The formula (2.8) for
A of non-integer order (to which (2.7) reduces in this case) is immediate

from (2.6). O

We denote the coefficient of (z — %)k /k! in the Laurent expansion
of the generalized zeta function at (o — j)/q € P by C(gk) (A,Q, (a—3)/q).
In the case k = 0, we use the simpler convention of writing the constant

term () (A4, Q, (@ — 1)/4) = 1o—(a_j)/q Co(A, Q. 2) as Co(A, Q, (& — j) /q).
When A = I write (p(Q, (o — 3)/q) == (o(I,Q, (o — J)/q).

COROLLARY 2.5. For any operator A € CI(M, E),
C(A4,Q,0) = / dx <TRm(A) - él’eSL(](A logg Q)) —tr(Allg). (2.9)
M

More generally, for any non-negative integer k
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((4,Q.0) = (~1)* /

1
dz | TR, (Alogk Q)— ——— res, o(Alogh™! )
[ (TR (108 Q) s vesofAlogs Q)

+ (=) tr(Alogh QTIg) . (2.10)
If A has integer order o € [—n,00) NZ then
oa—7 o=

_ai _
G (A,Q, ; >= /Md:c (TRx(AQg )= reso(4Q, logeQ)>

Applied to the complex powers, the general statement on the existence
of densities associated to the canonical and residue traces of Theorem 1.30
now states that independently of the order of A € C1(M, E),

<TR$ (A) — % resg o(Alogy Q)) dx
always defines a global density on M.

a=j

If A has non-integer order this reduces to the KV canonical trace density
and (by (2.8)) the identity (2.10) loses its residue defect term and one then
has the known formula (cf. [Grul, Cor. 3.8])

¢"(A4,Q,0) = (~1)FTR(Alogh Q) — (~1)F tr(Alogh Q). (2.11)

Applying Theorem 1.31 to the zeta function at z = 0 yields the following
refinement of (2.9).

Theorem 2.6. Let Q € EII*Y (M, E) be a classical 1»do with spectral
cut 6 and of order q, and let A € C1(M, E) be a classical 1ydo of order .
If either TR, (A)dz or res,(Alogy Q)dz defines a global density on M, then
Co(A,Q, 2) is holomorphic at z = 0, TR(A) and res(Alogy Q) both exist,
and one has

(A, Q,0) =TR(A) — %res(A logy Q) — tr(Allgp) . (2.12)

Proof. If TR, (A)dx defines a global density then res(A) vanishes, as ac-
counted for in the proof of Theorem 1.31, and so (y(A4, @, z) is holomorphic
at z = 0. The formula is obvious from (1.53). 0

Notice that the assumptions of Theorem 2.6 also force res(A) = 0.

The situation of Theorem 2.6 can be seen to hold for certain combi-
nations of even-even and even-odd tdos. First, it holds in the following
circumstances.

COROLLARY 2.7. (i) If A satisfies one of the cases (1), (2) or (3) of
Proposition 1.10 then TR(A) is defined and (2.12) holds. In case (1) this
reduces to

(A, Q,0) = TR(A) — tr(Allg) . (2.13)
If Q is an even-even operator and has even order, then (2.13) also holds
when A satisfies case (2) (assume M is odd-dimensional) or (3) (assume
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M is even-dimensional) of Proposition 1.10. These facts are known from

[Grul].

(ii) If A is a differential operator, and more generally whenever TR, (A) =
0 for all z € M, (2.12) reduces to

C(A,Q,0) = —% res(Alogy Q) — tr(Allgp) . (2.14)

Proof. Part (ii) follows from Proposition 1.12. For part (i), it is clear
that (2.13) holds when res;(Alogy @) = 0 for each z € M. This is ev-
ident for case (1) operators. If A satisfies case (2) (resp. case (3)) of
Proposition 1.10 and if @ is even-even and of even order, then it is not
hard to see that 0410g, (7, &) is also even-even (resp. even-odd) and hence
(0 Alogy @) —n,0(, &) vanishes when integrated over the n — 1 sphere. O

ExAMPLE 2.8. To see that (2.12) may hold with all three terms non-
zero, take A = D + S with D a differential operator and S a smooth-
ing operator, and let Q € EIX™ (M,E). Then TR(A) = tr(S) and
res(Alogy Q) = res(D logy @) both exist (note Corollary 2.7 (ii)) and are
non-zero in general. For example, if Q = D € Ellgfér;o(M , ) is invertible
one has res(Dlogy D) = — (p(D, —1).

REMARK 2.9. In Corollary 2.7 (i), if @ has odd order then (2.12) may
hold with all three terms non-zero due to dependence on the choice of the
spectral cut. The distinct behaviour for odd-order ) was kindly pointed
out to the authors by Gerd Grubb.

REMARK 2.10. Using Theorem 1.31 similar facts to those in Corollary 2.7
can be seen to hold for the C(gk) (A,Q, (a—j)/q), see also [Grul, §3]. The
regularity of (p(A4,Q,z) at z = 0 in (ii) is proved in [GruS]. When A =T
the identity (2.14) was shown in [S]. On the other hand, when @ is a
differential operator and taking A = Q™ in (2.14) gives

Co(Q. —m) = —Lres(Q™ logy Q) — tr(Q™TIg), (2.15)

which was obtained in the case when () is positive and invertible by other
methods in [Lo]. Note that for sufficiently large m one has tr(Q™ Ilg) = 0.

Looking at the next term up in the Laurent expansion, around z = 0
the zeta function (4(Q,z) = TR(Q,”) is holomorphic and hence the (-
determinant

detc,@ Q = €xXp ( - Cé(Q7 O)) )
is defined, where (5(Q,0) = 0.¢o(Q, 2))|._,-
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Theorem 2.11. One has

log det¢ p(Q) = /M dx <TRx (logg Q) — % res; o(logs Q)) — tr(logy QIlg) .

(2.16)
If M is odd-dimensional and () is an even-even operator and has even order
then one has (as known from [02], [Grul, §3], see also [KV, §4])

log det¢ 9(Q) = TR(logy Q) — tr(logy QIlg), (2.17)
where TR(logy Q) = [,; TRz (logy Q)dx,

Proof. Examining the coefficient of z in the Laurent expansion (2.7) imme-
diately yields (2.16). If @ is even-even and of even order then the classical
component of the local symbol of logg Q€ 010’2(M , ) also has even-even
parity. Hence the local residue integral of the term of homogeneity —n then
vanishes, TR, (logy Q) dx defines a global density on M, and (2.16) reduces
to (2.17). O

2.1 The canonical trace on commutators and the residue trace
on logarithms. The canonical trace TR is not defined on a commutator
of classical 1ydos which has integer order. Rather the following property
holds.

Theorem 2.12. Let Q € Ellzfégo(M, E) be of order q and with spectral
cut 9, and let A € C1°(M, E), B € C1°(M,E) for any a,3 € R. Then

(TRI([A, B) — Lres,o([A, Blog, Q])) dz

defines a global density on M and one has

/ dx <TR$([A, B]) — %res%o([A, Blogy Q])) =0, (2.18)
M
independently of the choice of Q).

Proof. Using the vanishing of TR in Proposition 1.13 (1), for z # 0 suffi-
ciently close to 0 we have

TR([A4, BQ,7]) =0. (2.19)
Hence the function 2TR([A, BQ, ?]) also vanishes identically for such non-
zero z. But from (2.7), 2TR([A, BQ,*]) extends holomorphically to include
z = 0. By equation (2.19), this analytically continued function must also
vanish at z = 0. It follows that TR([A, BQ,*]) is holomorphic near z = 0
and so (2.7) implies fp,_oTR([A, BQ,*]) = lim,_oTR([4, BQ,*]) = 0.
Applying Proposition 1.31 to A(z) = [A, BQ, "] with 2y = 0, we have by
Theorem 1.27

0= pr:(]TR([A, BQQ_Z])
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- /M dx <TR$([A, B(I - Tlg)]) + éresx,o([A,Bloge Q])) ,
which is equation (2.18), since TR ([4, Bllg)]) = tr ([4, Bllg)]) = 0. O

COROLLARY 2.13. Let Q € Ellg%@o(M, E) be of order q and with spectral
cut 6, and let A € C1%(M,E), B € C1°(M,E). Then in cases (1), (2) and
(3) of Proposition 1.13 the form res, ([A, Blog, Q]) dz determines a global
density on M and one has

res([A, Blogy Q]) =0,
independently of the choice of Q).
REMARK 2.14. The independence from @) can also be seen for the residue
trace term directly; given Qq, Q2 € Ellgfér;o(M ,E) of order ¢; and g2 re-
spectively with common spectral cut 6, the difference

<qL1 res;0([4, Blogy Q1]) — q% res; o ([4, B logg Qg])) dx
defines a global density which integrates to

res <[A,B <10g9Q1 _ 10g9Q2>]> —0
a1 q2

logy Q1 o logg Q2
q1 q2

A useful consequence of Theorem 2.12 and Proposition 1.12 is
COROLLARY 2.15. Let QQ € Ellg%@o(M, E) of order q and with spectral
cut 0, andlet A, B € CI(M, E). Whenever TR([A, B]) = [, dcTR,([A, B])
is well defined then res; ( ([A, B logy Q]) dx is globally defined and one then
has

since is a classical do.

res([4, Blogy Q]) = ¢ TR([4, B)) . (2.20)
In particular, if [A, B] is a differential operator then res, o ([A, Blogg Q) dx
is globally defined and one has

res([4, Blog, Q]) = 0.

In that case, whenever res; o(ABlogg Q)dx defines a global density, then
so does res, o(Blogy QA)dx and

res(Blogg QA) = res(ABlogy Q) .
In particular, since res (logy Q) exists [O1], for any invertible A € CI(M, E)

res (A~ ' logy QA) = res (logy Q) (2.21)

REMARK 2.16. This proposition partially generalizes the fact [O1] that
resg o ([A4,logy Q]) dz for A a classical ¥do defines a global density and
res ([4,logg Q]) = 0, which when A is a differential operator follows from
the corollary applied to B = 1.
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On the other hand, the well-known ([MN], [O1], [CDMP], [Gru2]) trace
defect formula

G (1A, B),Q,0) = —Lres(A[B, logy Q)) (2.22)
follows easily by applying the same argument as in the proof of Theo-
rem 2.12 to C(z) = A[B,Q™?]. From (2.18) and (2.22) we infer

COROLLARY 2.17. For classical 1»dos A and B

—%res(A[B,loge Q]) = /M dx <TRx([A, B]) — %resx([A, Bl logy Q)) .

In cases (1), (2) and (3) of Proposition 1.13 the form res, ([A, B]log, Q) dz
determines a global density on M and one has

res(A[B,logy Q]) = res([A, B]logy Q) .
While from Proposition 2.12 we conclude

COROLLARY 2.18.  The density res, ([A, Blog, Q] — [A, B]log, Q) dzx is
globally defined on M for classical ¥dos A and B and one has

ros(A[B, ogy Q]) = res((14, B] logy Q — [4, B logy Q)
Proof.

%res(A[B,logg Q) = —/

y dx <TRx ([A, B]) — % res; ([A, Bl log, Q)>

__ / i <TRm([A, B]) — L res, ([A, Blog, Q)
o q
+ éresm([A, Bllogy Q — [A, Blogy Q]))

= 1/ dx resx([A, Bllog, Q@ — [A, Blog, Q])
qa.Jm

1
= 5 res([A, Bllogy Q — [A, Blog, Q]) =
We point out that Corollary 2.19 and (2.22) imply the following local
index formulae.

COROLLARY 2.19.  Let A be an elliptic ¥»do with parametrix B. Let
Qe Ellzfégo(M, E) be of order q and with spectral cut §. Then, indepen-
dently of the choice of @),

res([A, Blogy Q]) = res (A[B, log, Q]) , (2.23)

and are equal to —gindex (A).

Proof. In this case index (4) = tr([A4, B]) and since [A, B] is smoothing
equal to TR ([A, B]). The first equality thus follows from (2.20). Since
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AB = I+ S where S is a smoothing operator, and since res; o(Slogg Q) is
therefore equal to zero, the second equality also follows. O

Appendix A: Proof of the Density Formula

The purpose here is to give a direct elementary proof of Theorem 1.30,
which for the family z — A(z) € Cl(M,E) parametrized by a domain
W C C states that, irrespective of the order a(zp) € R of A(zp),

(TR4(A) — Zrres, o(A')) dz (2.24)
defines a global density on M. Here, we have written A = A(z), A" =
Al(z0) :=d/dz| =5, (A(2)), and o/ = &(2).

From previous works [KV], it is known that TR;(A(z0))dzx defines a
global density on M when «a(zp) is not integer valued; this follows immedi-
ately from (2.24) and Proposition 1.17.

The method of proof uses a generalization of the method used in [O1]
to show that the residue density is globally defined for any classical 1do,
and the method in [L] used to show that the canonical density is globally
defined for classical ¥dos of non-integer order. We will take A to be scalar
valued for notational brevity, but the proof works in the same way for
endomorphism valued operators; indeed it works equally for the pre-tracial
density fT oAz, &)dE — L fs* (0ar)—no(x,&)dsé)dx.

First, we have a lemma, generalizing Lemma C.1 in [O1].

LEMMA 2.20. Let f(§) be a smooth function on R™ which is homogeneous
of degree —n for |{| > 1 and let T be an invertible linear map on R"™. Then
for s € C and any non-negative integer k

F(Tn)|Tn|* log" | Tm|dsn =

EIT ¢~ logh [T~ €| dst

nl=1 |d tT|
Specifically, one has
1
f(Tn)log |Tn|dsn = ——— f(©log| T ¢ldss, (225
/n|=1 () tog Tojdsn = o [ p(e)1ow T (2.25)
1
F(Tn)dsn = f(§)ds€ . 2.26
/n|=1 (Paydsn = e [ 1@ (2.26)

Proof. 1t is enough to prove this for k = 0, differentiation with respect to s
yields the general formula. We have, using the linearity of T,

[ s@amran= [ [ gemaeirapetaras
1<|n|<2 Inj=1J1<r<2
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25 1
— T |Tn|dsn .
< . >/In=1f( m)|Tn|*dsn

On the other hand, changing variable,

1
FITndn = oo f(m)nl*d
[ gt = [ flatan

) .
_ frm)rInl*r™™ drdsn
|det T| Jip=1 J1/yp-1n|<r<2/|7-14) el

1 25 1
= T 'n|*dsn.
Tt T ( . )/m:lf(n)l n|"*dsn O

Consider now a local chart on M defined by a diffeomorphism x : Q — U
from an open subset 2 of M to an open subset U of R™. For p € Q) we then
have the local coordinate xz(p) € R™. Let x : U — V be a diffeomorphism
to a second open subset V' of R™. Then y(p) = k(z(p)) is also a local
coordinate for €2.

Let a(z(p), &) = a(z(p), z(p),§) where a(z(p),y(p),&) denotes the local
amplitude of A in z-coordinates, and likewise let b(y(p), £) denote the ampli-
tude along the diagonal in y-coordinates. From [H6] with T'(p) := (Dky(y))"
we have

TR, () (A)dy(p) = ][ Rnb(y(p)’ §)dg dy(p)
= ][Rna(w(p), T (p)§)dg dy(p) -

According to the transformation rule in Proposition 1.9, for f € CS(V) and
T an invertible linear map on R"™,

1 _
IO = i (f @t [ e s T gl

with f (€)(=n) the homogeneous component of f of degree —n. Hence
TRy(p) (A)dy(p)

_ m <][Rna(:c(p), €)de dy(p)

a(z(p), é)( log |T(p)~"¢|d¢ dy(p)>
= a €)d¢ dz(p ), & log |T'(p)~t¢|d¢ da
{0 Ocdet) [ alwp).€) , los[T) el drtr)

= TRm(p)(A)dx( ) — / a(m p),ﬁ) log ‘T lﬁ{d‘ﬁ dx(p). (2.27)
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We turn now to the other component of (2.24) given in y-coordinates

by .
Y lgl_lb'(y(p),é)(_n)dsédy(p),

where b (y(p),€) = d/dz|,=z,(0a(2)(y(p),§)) is the symbol derivative in

y-coordinates and where ¥'(y(p),&)(—n) denotes its log-homogeneous (cf.

(1.2)) component of degree —n. From [H6] we have the asymptotic formula
z(p

]
|u|>0

with ¥, (z,&) polynomial in § of degree of at most |a|/2. To begin with,
suppose that a(x(p), £) is homogeneous in & of degree —n. Then from (1.22)
for |n| > 1,

a'(z(p),n) = o’a(z(p),n) log [ + p—n(z(p),n) , (2.29)
with p_,(z(p),n) positively homogeneous in 7 of degree —n, and o’ (z(p),n)

= a'(2(p),n)(—n)- Thus, if a(z(p),&) is homogeneous in & of degree —n, by
(2.28) and (2.29)

L |ﬂzlb’(yqp),5)(_71)ars§dy<p>=—§ m:la’(x<p>7T<p>€>dS€dy<P>
_ _5 o, @ 0). T()E) log [T(p)eldse dy )
_ ai - pn(@(p), T(p)€)ds€ dy(p)
_ /K _, (o). T)) g Tp)eldse dy(r)
_é - P (2(p), T(p)€) ds€ dy(p) . (2.30)

Using equations (2.25) and (2.26) of Lemma 2.20, (2.30) becomes

—resy ) o(A)dy(p) = a(a(p),€) log [T(p) €| dsé dy(p)

[det T(p)| Jigj—1
1 1
~ o/ [det T(p)| e 1 —n(o0), £}t dy )

(z(p), ) log | T(p)~"¢|dsé da(p)

s

Jo
1

_ L / pn(2(p), ) dst da(p)
el=1

[0}
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_ /|§|—1 a((p), €) log | T(p) €| ds€ da(p)

1
= —1esa(p) 0(A)dx(p), (2.31)

where the final equality follows from (2.29). Adding (2.27) and (2.31) we
have when a(z(p), ) is homogeneous in £ of degree —n

<TRy(p) (4) - % resy(p)70(‘4/)> dy(p)

o' (zo
_ <TRm(p) (A) — ﬁresm(pw(/l/)) dx(p), (2.32)

proving the invariance of (2.24) in this case.
Next suppose that a(z(p),&) is homogeneous in £ of degree a > —n.
Then from (2.28) and since we can commute the z and p derivatives

V), Om = Y, .., 0 (a(2)(@(®), T(P)€)) Uy —n(,E) .
lul>a+n
where ¥, _,(x,§) is a polynomial in £ of degree |u| —n — a. Hence

LZl b (y(p)7 g) (—n)dSé dy(p)

B d
- Z e
lulza+n
=0.
The final equality follows using the integration by parts property in Lem-
ma C1 of [O1], which states that if g(§) and h(§) are homogeneous in £ of
degrees v, where v+ § = 1 — n, then

[ @eo@in@ase=- [ gonnease,
l€l=1 l€l=1

along with the fact that ¥, _,(z,£) polynomial in & of degree || —n — a.

. /5:1 9 (a(2)(z(p), T(p)€)) U ps,—n(x, §)ds€ dy(p)

This completes the proof that (2.24) is a density independent of coor-
dinates.

Appendix B: Proof of Lemma 1.6 and Lemma 1.8

For a fixed N € N chosen large enough such that Re(a) — N —1 < —n, we
write o(x,§) = Z;K:Aé Oa—j(x,§) + oy (7,&) and split the integral accord-
ingly as
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/B;(OR (x,&)d¢ = Z/ aa _j(x §)d§+/ oy (z, €)dE .

B3 (0,R)

Since Re(a) — N — 1 < —n, oy lies in LI(T*U) and the integral

fB* (0.R) T(N) (x,&)d¢ converges when R — oo to fT* n(x,8)d€. On the
other hand, for any j < N,
/ Oq—j = / Oa—j —I—/ Oaq—j - (2.33)
B;(0,R) B;(0,1) D3 (1,R)

Here D}(1,R) = B}(0,R)\B:(0,1). The first integral on the r.h.s. con-
verges and since oq—j(z,§) ~ Zf:o Ta—ji(z,§) log'[¢], the second integral
reads:

k R '
/ Oa—j(x,§)ds = Z/ re=itn=logl p dr / Ta—ji(z,w)dw.
Dx(1,R) =0 /1 SxU

Hence the following asymptotic behaviour:

k I4+1
log"™ R
df Oa—j :E,f ~ R—o0 .
/D;zu,R) i) 2

1=0 [+1 SzU

Oa—j,l (.’L’, (U)ds§

k

l+1R
=y = o i@, €)dsE i a—j=—n
=0 [+1 SxU

DL _log’ R

l
(lz
A€ o—i(x,§) oo <
/D;;(lR ] o Z Z (—j+n)

1=

amﬂw/!gwﬂma@é

+(—1)ll!Lj+n-/ Oa—ji(x,8)dsé
(a=j+n)* Jop “7
(=D . :
m : /S;UUa—j,l(xaf)dsf if a—j#-n.

Putting together these asymptotic expansions yields the statements with

l+ll|
Cm(d):/* O(N) +Z/*01 ‘|‘ Z Z a]—i-nl"'l/;Uaaj’l‘

j=0,a;+n#0 (=0

The p-dependence follows from

I+1 I+1 log . 11 s & log 1t b
log" ™ (uR) =log"™" R |1+ ~R—oo lOg RZ Cin | —=
k=0

log R log R
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The logarithmic terms Ef:m%fS*UJ_n,l(aj,g)dgflong(pR) therefore

I+1
contribute to the finite part by Zf:o bi# . fS*U o_ni(x,&)dsé as claimed
in the lemma.
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