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REAL ENTIRE FUNCTIONS OF INFINITE ORDER
AND A CONJECTURE OF WIMAN

W. BERGWEILER, A. EREMENKO AND J.K. LANGLEY

Abstract

We prove that if f is a real entire function of infinite order, then f f”
has infinitely many non-real zeros. In conjunction with the result of
Sheil-Small for functions of finite order this implies that if f is a real
entire function such that ff” has only real zeros, then f is in the
Laguerre—Polya class, the closure of the set of real polynomials with
real zeros. This result completes a long line of development originating
from a conjecture of Wiman of 1911.

1 Introduction

An entire function is called real if it maps the real line into itself. We recall
that the Laguerre-Pdlya class (LP) consists of entire functions which can
be approximated by real polynomials with only real zeros, uniformly on
compact subsets of the plane. It is easy to see that LP is closed under
differentiation; in particular, all derivatives of a function of the class LP
have only real zeros.

Theorem 1.1. If f is a real entire function and ff” has only real zeros
then f belongs to the class LP.

Here one cannot replace ff” by ff' as the example f(z) = exp(sin z)
shows. Further, the hypothesis that f is real is essential, because of the
example f(z) = exp(e®) which is due to Edrei [E]. For real entire functions
with finitely many zeros, all of them real, Theorem 1.1 was proved in [BF].

Theorem 1.1 confirms a conjecture going back to Wiman (1911). Alander
[AQ, p.2] seems to state Wiman’s conjecture only for functions of finite
genus, but in the later statements of the conjecture by Levin and Ostrovskii

W.B. supported by the German-Israeli Foundation for Scientific Research and De-
velopment, grant GIF G-643-117.6/1999, and by INTAS-99-00089. A.E. supported by
the NSF grant DMS 0100512 and by the Humboldt Foundation. J.K.L. supported by
DAAD.



976 W. BERGWEILER, A. EREMENKO AND J.K. LANGLEY GAFA

[LeO, first footnote on p.324] and by Hellerstein and Williamson [HeW1,
footnote on p.229], [HeW2] and [CCH, Probl.2.64] there is no restriction
on the genus. For functions of finite genus, Wiman made a more precise
conjecture [A1], which was proved by Sheil-Small (Theorem A below).

A weaker conjecture by Pdélya [P62] that if a real entire function f and
all its derivatives have only real zeros then f € LP, was confirmed by
Hellerstein and Williamson [HeW1,2]. They proved that for a real entire
function f the condition that f f'f" has only real zeros implies that f € LP.
Theorem 1.1 shows that one can drop the assumption on the zeros of f’ in
this result.

For every integer p > 0 denote by V3, the set of entire functions of the

form
f(2) = exp(—az??)g(2),

where ¢ > 0 and g is a real entire function with only real zeros of genus
at most 2p + 1, and set Up = Vp and Usp = Vop\Vap—o for p > 1. Thus
the class of all real entire functions of finite order with real zeros is repre-
sented as a union of disjoint subclasses Usp,, p = 0,1,.... According to a
theorem of Laguerre [L] and Pélya [P61], LP = Uy. The following result
was conjectured by Wiman [A1,2] and proved by Sheil-Small [S]:

Theorem A (Sheil-Small). If f € Uy, then f” has at least 2p non-real
Zeros.

In particular, if f is a real entire function of finite order and all zeros
of ff" are real then f € Uy = LP. In a recent paper [EdH] Edwards
and Hellerstein extended Theorem A to real entire functions with finitely
many non-real zeros. In particular they proved [EdH, Corollary 5.2] that
if f = gh, where h € Uy, and g is a real polynomial, then f*®) has at least
2p non-real zeros, for each k > 2.

The main result of this paper can be considered as an extension of
Theorem A to functions of infinite order:

Theorem 1.2. For every real entire function f of infinite order, ff" has
infinitely many non-real zeros.

Theorem 1.1 is a corollary of Theorem A and Theorem 1.2.
Applying Theorem 1.2 to functions of the form

£(2) = exp /0 (o) d¢

we obtain

COROLLARY 1.1.  For every real transcendental entire function g, the
function ¢’ + g2 has infinitely many non-real zeros.
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For polynomials g the corresponding result was conjectured in [CCH,
Probl. 2.64 and 4.28] and proved in [S]: If g is a real polynomial then g’ + g°
has at least deg g — 1 non-real zeros. With the additional assumption that
all zeros of the polynomial g are real, this was proved by Priifer [P6S, Ch. V,
Problem 182]. Corollary 1.1 also follows from the result of Bergweiler and
Fuchs [BF].

For the early history of results on the conjectures of Wiman and Pélya
we refer to [HeW1], [LeO], which contain ample bibliography. The main
result of Levin and Ostrovskii [LeO] is

Theorem B. If f is a real entire function and all zeros of f f" are real then
log* log™ |£(2)| = O(|2]log 2]) , = — oo. (1)

This shows that a function satisfying the assumptions of Theorem 1.1
cannot grow too fast, but there is a gap between Theorem B and Theorem A.
Our Theorem 1.2 bridges this gap.

One important tool brought by Levin and Ostrovskii to the subject was
a factorization of the logarithmic derivative of a real entire function f with
only real zeros: )

L =g,

where ¢ is a real entire function, and ¥ is either identically 1 or a meromor-
phic function which maps the upper half-plane H = {z € C: Imz > 0} into
itself. This factorization was used in all subsequent work in the subject.
A standard estimate for analytic functions mapping the upper half-plane
into itself shows that i is neither too large nor too small away from the
real axis, so the asymptotic behaviour of f’/f mostly depends on that of ¢.
One can show that f is of finite order if and only if ¢ is a polynomial.

The second major contribution of Levin and Ostrovskii was the applica-
tion of ideas from the value distribution theory of meromorphic functions in
a half-plane [GO]. (An earlier application of the value distribution theory
to these questions is due to Edrei [E]). Using Nevanlinna theory, Hayman
[H1] proved that for an entire function f, the condition f(z)f"(z) # 0,
z € C, implies that f’'/f is constant. The assumptions of Theorem B mean
that f(2)f”(z) # 0 in H. Levin and Ostrovskii adapted Hayman’s argu-
ment to functions in a half-plane to produce an estimate for the logarithmic
derivative. An integration of this estimate gives (1). To estimate the log-
arithmic derivative using Hayman’s argument they applied a counterpart
of the Nevanlinna characteristic for meromorphic functions in a half-plane,
and proved an analogue of the main technical result of Nevanlinna theory,
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the lemma on the logarithmic derivative. This characteristic has two inde-
pendent origins, [Lel] and [T1], and the name “Tsuji characteristic” was
introduced in [LeO].

In this paper we use both main ingredients of the work of Levin and
Ostrovskii, the factorization of f’/f and the Tsuji characteristic.

Another important tool comes from Sheil-Small’s proof of Theorem A.
His key idea was the study of topological properties of the auxiliary function
iy

f'(2)
In the last section of his paper, Sheil-Small discusses the possibility of
extension of his method to functions of infinite order, and proves the fact
which turns out to be crucial: if f is a real entire function, ff"” has only
real zeros, and f' has a non-real zero, then F has a non-real asymptotic
value. In §4 we prove a generalization of this fact needed in our argument.

F(z) =

The auxiliary function F' appears when one solves the equation f(z) =0
by Newton’s method. This suggests the idea of iterating F' and using
the Fatou—Julia theory of iteration of meromorphic functions. This was
explored by Eremenko and Hinkkanen (see, for example, [Hi]).

Theorem 1.2 will be proved by establishing a more general result con-
jectured by Sheil-Small [S]. Let L be a meromorphic function in the plane,
real on the real axis, such that all but finitely many poles of L are real
and simple and have positive residues. Then L has a Levin—Ostrovskii
representation [HeW1], [LeO], [9]

L =149 (2)
in which:

a) 1 and ¢ are meromorphic in the plane and real on the real axis;
(b) % maps the upper half-plane into itself, or ¢ = 1;
¢

(
(c) every pole of ¥ is real and simple and is a simple pole of L;
(d) ¢ has finitely many poles.

We outline how such a factorization (2) is obtained. If L has finitely many
poles, set 1 = 1. Assuming next that L has infinitely many poles, let
<O < ap < g1 < ..

be the sequence of real poles of L enumerated in increasing order. Then for
|k| large, ar and aky1 are real and of the same sign, and are both simple
poles of L with positive residue, so that there is at least one zero of L in
the interval (ay,ag+1). We choose one such zero in each such interval and
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denote it by bg. Then we set, for some large kg,

v = [

1—2z/ay’
Sk T #/
and the product converges since the series
> (x4
ay b
|k|>ko

converges by the alternating series test. For Imz > 0 we then have 0 <
> k| >ko T8 Zk:'z < 7 and so Im(z) > 0. Finally, we define ¢ by (2), and

properties (asf(zd) follow (for the details see [HeW1], [LeO], [9]).
Theorem 1.3. Let L be a function meromorphic in the plane, real on
the real axis, such that all but finitely many poles of L are real and simple
and have positive residues. Let 1, ¢ be as in (2) and (a), (b), (c), (d). If ¢
is transcendental then L + L'/L has infinitely many non-real zeros.

Theorem 1.3 is proved in §3 and §4, while Theorem 1.2 is deduced from
Theorem 1.3 in §5.

We thank losif Ostrovskii, Terry Sheil-Small and Misha Sodin for their
valuable comments.

2 Preliminaries

We will require the following well-known consequence of Carleman’s esti-
mate for harmonic measure.

LEMMA 2.1. Let u be a non-constant continuous subharmonic function
in the plane. For r > 0 let B(r,u) = max{u(z) : |z| = r}, and let 6(r) be
the angular measure of that subset of the circle C(0,7) ={z € C: |z| =1}
on which u(z) > 0. Define 0*(r) by 0*(r) = 0(r), except that 6*(r) = oo if
u(z) > 0 on the whole circle C(0,7). Then if r > 2rg and B(rg,u) > 1 we

have S
+ i0
log ||u* (4re’)|| = log B(2r,u) — ¢1 > /2m w0 2,
in which c¢; and co are absolute constants, and
A 1 [T A
Hu+(re’9)H = —/ max{u(re’e),O}dG.
2 J_,

The first inequality follows from Poisson’s formula, and for the second
we refer to [T2, Thm.II1.68]. Note that in the case that u = log |f| where
f is an entire function, ||ut(re®)| coincides with the Nevanlinna charac-
teristic T'(r, f).
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Next, we need the characteristic function in a half-plane as developed by
Tsuji [T1] and Levin and Ostrovskii [LeO] (see also [GO] for a comprehen-
sive treatment). Let g be a _meromorphic function in a domain containing
the closed upper half-plane H = {z € C : Imz > 0} (this hypothesis can be
weakened [LeQO]). For ¢t > 1 let n(¢, g) be the number of poles of g, counting
multiplicity, in {z : |z —it/2| < t/2,]z] > 1}, and set

"n(t,9)
‘ﬂ(r,g):/l 2 dt, r>1.
The Tsuji characteristic is defined as
r’{(n g) = m(r, g) + ‘ﬁ(r, g) )

where

de .

1 .
1 frosinT (1) log™ |g(r sin @e??

T om
The upper half-plane is thus exhausted by circles of diameter r > 1 tangent

to the real axis at 0. For non-constant g and any a € C the first fundamental
theorem then reads [GO], [T1]

T(r,g) = ‘S(r, 1/(g — a)) +0(1), r—o0, (3)
and the lemma on the logarithmic derivative [LeO, p.332], [GO, Theo-
rem 5.4] gives

in=1(1/r) rsin’ 6

m(r,g'/g) = O(logr +log™ Z(r, g)) (4)
as r — oo outside a set of finite measure. Further, T(r, g) differs from a non-
decreasing function by a bounded additive term [T1]. Standard inequalities
give
T(r, g1 +92) <T(r,g1) +F(r,g2) +log2,  F(r,g192) < T(r,g1) +F(r, 92)

(5)
whenever g1, go are meromorphic in H. Using the obvious fact that T(r, 1/2)
= 0 for » > 1 we easily derive from (3) and (5) that ¥(r,g) is bounded if
g is a rational function. (A more general result from [T1] is that T(r, g) is
bounded if and only if ¢ is a ratio of two bounded holomorphic functions
in H.)
A key role will be played by the following two results from [LeO]. The
first is obtained by a change of variables in a double integral [LeO, p. 332].

LEMMA 2.2. Let Q(z) be meromorphic in H, and for r > 1 set

1 & i
mox(r, Q) = %/0 log™* ’Q(Te e)lde- (6)
Then for R > 1 we have

/: 77”0“75? D g < /OO mQ) (7)

R 72
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The second result from [LeO] is the analogue for the half-plane of Hay-
man’s Theorem 3.5 from [H2].

LEMMA 2.3. Let k € N and let g be meromorphic in H, with ¢(*) # 1.
Then

o= n(e2) (D))

+ O(logr + logt X(r, g))
as r — oo outside a set of finite measure.

Lemma 2.3 is established by following Hayman’s proof exactly, but using
the Tsuji characteristic and the lemma on the logarithmic derivative (4).

We also need the following result of Yong Xing Gu (Ku Yung-hsing,
[Ku]).

LEMMA 2.4. For every k € N, the meromorphic functions g in an arbitrary
domain with the properties that g(z) # 0 and g¥)(z) # 1 form a normal
family.

A simplified proof of this result is now available [Z]. It is based on a
rescaling lemma of Zalcman—Pang [P] which permits an easy derivation of
Lemma 2.4 from the following result of Hayman: Let k € N and let g be a
meromorphic function in the plane such that g(z) # 0 and g(k)(z) %1 for
z € C. Then g = const, see [H1] or [H2, Corollary of Thm. 3.5].

3 Proof of Theorem 1.3

Let L,v,¢ be as in the hypotheses, and assume that ¢ is transcendental
but L 4+ L'/L has only finitely many non-real zeros. Condition (b) implies
the Carathéodory inequality:
1, ,.sin@ , )
5|1/1(2) — < | (re’)] < 5l (i)]
see, for example, [Le2, Ch.1.6, Thm. 8].

LEMMA 3.1. The Tsuji characteristic of L satisfies ¥(r, L) = O(logr) as
r — 00.

r
— >1,0€(0 8
Sin b)) T_ ) E( 77T)7 ( )

Proof. We apply Lemma 2.3 almost exactly as in [LeO, p.334]. Let g1 =
1/L. Then

g=-L'/L*.
Since L has finitely many non-real poles and since L+ L/ L has by assump-
tion finitely many non-real zeros it follows that ¢g; and g} — 1 have finitely
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many zeros in H. Lemma 2.3 with ¥ = 1 now gives T(r,g;) = O(logr)
initially outside a set of finite measure, and hence without exceptional set
since %(r, g1) differs from a non-decreasing function by a bounded term.
Now apply (3). o

REMARK. The condition that L has finitely many non-real poles in
Lemma 3.1 can be replaced by a weaker condition that M(r, L) = O(logr),
r — oo, without changing the statement of the lemma or its proof.

Since ¢ has finitely many poles and is real on the real axis there exist a
real entire function ¢ and a rational function R; with

¢=¢1+ R, Ri(oc)=0. (9)
LEMMA 3.2. The entire function ¢; has order at most 1.

Proof. Again, this proof is almost identical to the corresponding argument
in [LeO]. Lemmas 2.2 and 3.1 give

m&@ihrs/ ML) g — O(R M log R), R — oo.
R

» 3 )
Since mox (1, 1/9) = (log r) by (8), we obtain using (2)
/ mo“ —O(R 'ogR), R— .

But ¢, is entire and real on the real axis and so

H 10g+ |¢1(T€i9)|H = 2m07r(ra ¢1) < 2m07r(ra (JS) + 0(1) )
using (9). Since | log™ [¢1(re?)||| is a non-decreasing function of r we de-

duce that ‘
[[log™* [¢1(Re)|[| = O(Rlog R), R — oo,

which proves the lemma. O
LEMMA 3.3. Let 47 > 0 and K > 1. Then we have
lwL(w)| > K, |wl=r, & <argw<m—10, (10)

for all r outside a set Ey of zero logarithmic density.
Proof. Choose do with 0 < 99 < §7. Let
Qoz{ze(C 5 < |zl <2, 52<argz<7r 62}.
For r > rg, with ro large, let ¢g,(z) = 1/(rL(rz)). Then g¢,(z) # 0 on o,
provided rg is large enough, since all but finitely many poles of L are real.
Further, ) ) )
g(2) = —L/(r2) /L(r2)2.

Since L has finitely many poles in H and L + L'/L has finitely many zeros
in H it follows that provided r( is large enough the equation g/.(z) = 1 has
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no solutions in . Thus the functions g,(z) form a normal family on 2y,
by Lemma 2.4 with k = 1.
Suppose that |wg| =7 > rp, and 07 < argwy < 7 — 1, and that
"IUOL(’LU())’ < K. (11)
Then
9:(20)| = 1/K, 2 =",
and so since the g, are zero-free and form a normal family we have
‘g,(z)‘Zl/Kl, lz| =1, & <argz<m— s, (12)
for some positive constant Ky = Ki(rg,d1,d2, K), independent of r. We
may assume that rg is so large that |R1(z)| < 1 for |z| > rg, in which the
rational function R; is as defined in (9). By (2), (8), (9) and (12) we have,
for jw| =r, dy < argw < 7 — d9, the estimates
wL(w)] = [wpw)o(w)] < Ki
5K (13)
[pr(w)] < 1+ |o(w)] < Ko =1+ ormere
Thus (11) implies (13). For ¢ > r¢ let
Ey(t)={weC:|w=t, |¢p1(w)] > Kz} .
Further, let 6(t) be the angular measure of Es(t), and as in Lemma 2.1 let
0*(t) = 0(t), except that 6*(t) = oo if Es(t) = C(0,t). Let
E3 = {t S [T(],OO) : H(t) < 452} .
Since (11) implies (13), we have (10) for ¢t € [rg,00) \ E3. Applying
Lemma 2.1 we obtain, since ¢ has order at most 1 by Lemma 3.2,

(1+o0(1))lo 7">/T m di >/ mdt
5= ro 105 ()~ Jingrinms 402t

from which it follows that Es5 has upper logarithmic density at most 409 /7.
Since 62 may be chosen arbitrarily small, the lemma is proved. m

The estimates (8) and (10) and the fact that ¢ is real now give

K sind
[¢(2)| > W, o) <largz| <m—01,

for |z| = r in a set of logarithmic density 1. Since ¢ has order at most 1
by (9) and Lemma 3.2, but is transcendental with finitely many poles, we
deduce:

LEMMA 3.4. The function ¢ has infinitely many zeros. o

LEMMA 3.5.  There exist infinitely many zeros n € H UR of L which
satisfy at least one of the following conditions:
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(I) ne€H,
(IT) L'(n) =0,
(IIT) n € R and L'(n) > 0.
Proof. By Lemma 3.4 ¢ has infinitely many zeros; by the hypotheses (2)
and (c) these must be zeros of L. We assume that there are only finitely
many zeros of L satisfying (I) or (II) and deduce that there are infinitely
many zeros with the property (III).
Let {ax} be the real poles of L, in increasing order. By (2) and (d) all
but finitely many of these are poles of 1). Then there are two possibilities.
The first is that there exist infinitely many intervals (ax,axy1) each
containing at least one zero xj of ¢. Then we may assume that ap and
ak+1 are poles of ¢, with negative residues using (b). Hence there must be
a zero yi of 1 in (ak,aky1), and we may assume that yi # z, since L has
by assumption finitely many multiple zeros. But then the graph of L must
cut the real axis at least twice in (ag, ax+1), and so there exists a zero n of
L in (ay,ags1) with L'(n) > 0. Thus we obtain (III).
The second possibility is that we have infinitely many pairs of zeros a, b
of ¢ such that L has no poles on [a,b]. In this case we again obtain a zero

n of L with L'(n) > 0, this time in [a, b], and again we have (III). o
Let
1 L'(2)
F)=z2——, Fl(2)=1 . 14
(Z) z L(Z) Y (Z) + L(Z)2 ( )

Since L has finitely many non-real poles and L + L’'/L has finitely many
non-real zeros we obtain at once:

LEMMA 3.6. The function F has finitely many critical points over C \ R,
i.e. zeros z of F' with F(z) non-real. o

LEMMA 3.7. There exists « € H with the property that F(z) — « as
z — 0o along a path v, in H.
Lemma 3.7 is a refinement of Theorem 4 of [S], and will be proved in §4.
Now set

g(z) = 22L(2) — z = 2F(2) !

z—F(2)’ M=) = F(z) —a’
in which « is as in Lemma 3.7. Then g has finitely many poles in H and
(5), (14) and Lemma 3.1 give

X(r,g) +Z(r,h) =O(logr), r—o0.
Hence Lemma 2.2 leads to

o T Y OO T 7h
/ Mor\"»9) (; g)dr—i-/ Morih 1) (37" )dr < 00, (16)
1 r 1 r

(15)
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in which mor(r,g) and mor(r, h) are as defined in (6).

LEMMA 3.8. The function F' has at most four finite non-real asymptotic
values.

Proof. Assume the contrary. Since F'(z) is real on the real axis we may take
distinct finite non-real a,...,a,, n > 2, such that F(z) — a; as z — oo
along a simple path v; : [0,00) — HU{0}. Here we assume that ~;(0) = 0,
that v;(t) € H for t > 0, and that ;(t) — co as t — co. We may further
assume that v;(t) # v (¢') for t >0, ¢ >0, j # j'.

Re-labelling if necessary, we obtain n pairwise disjoint simply connected
domains Dy, ..., D, in H, with D; bounded by 7;_1 and y;, and for ¢ > 0
we let 0;(t) be the angular measure of the intersection of D; with the
circle C'(0,t). Since g has finitely many poles in H there exists a rational
function Rs, with Ry(c0) = 0, such that go = g — Ry is analytic in H U{0}.
By (15), the function g(z) tends to a; as z — oo on ;. Thus ga(2) is
unbounded on each D; but bounded on the finite boundary dD; of each D;.

Let ¢ be large and positive, and for each j define

uj(z) = log™ ‘92(2)/6’ , z€D;j. (17)
Set u;(z) = 0 for z ¢ D;. Then u; is continuous, and subharmonic in the
plane since gy is analytic in H U {0}.
Lemma 2.1 gives, for some R > 0 and for each j,
T omdt 4
/R 0,0 <log Huj(4rew)H +O(1)
as r — 00. Since u; vanishes outside D; we deduce using (17) that

/ T4t Yog mos (4r, g2) + O(1) < log mor (41, g) + O(1), 7 — 0,
R t0;(t)
(18)

for all j € {1,...,n}. However, the Cauchy—Schwarz inequality gives
n n n
1
<30 g <2 g
: — (;(t) — <= 0;(t)
j=1 j=1" j=1"7

which on combination with (18) leads to, for some positive constant cs,

nlogr < logmor(4r,g) + O(1), mox(r,g) = csr™, r — o0.
Since n > 2 this contradicts (16), and Lemma 3.8 is proved. o
From Lemmas 3.6 and 3.8 we deduce that the inverse function F~!
has finitely many non-real singular values. Using Lemma 3.7, take o € H
such that F(z) — «a along a path v, tending to infinity in H, and take
gp with 0 < g9 < Im « such that F' has no critical or asymptotic values in
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0 < |Jw—a] < gy. Take a component Cy of the set {z € C: |F(2) —al < ep}
containing an unbounded subpath of v,. Then by a standard argument
[N, XI.1.242] involving a logarithmic change of variables the inverse func-
tion F~! has a logarithmic singularity over a, the component Cy is simply
connected, and F'(z) # « on Cj. Further, the boundary of Cy consists of
a single simple curve going to infinity in both directions. Thus we may
define a continuous, non-negative, non-constant subharmonic function in
the plane by

u(z) = log ‘ =log |eoh(z)| (z € Cp), u(z) =0 (2 ¢ Co), (19)

€0
F(2) -«
using (15).

The next lemma follows from (14) and (19).
LEMMA 3.9. For large z with |zL(z)| > 3 we have |F(z) — a| > |z|/2 and
u(z) = 0. o

LEMMA 3.10. We have '

lim M = 0. (20)

T—00 log r
Proof. Apply Lemma 3.3, with K = 3 and §; small and positive. By
Lemma 3.9 we have u(z) = 0 if ; < |argz| < 7w — ; and |z]| is large but
not in Fj. For large t let o(t) be the angular measure of that subset of
C(0,t) on which u(z) > 0. Since u vanishes on the real axis Lemma 2.1
and Lemma 3.3 give, for some R > 0,

i0 " omdt mdt ™
log ||u(4re’)|| + O(1) E/R o) > /[R’H\E1 5.0 > r (1—o0(1))logr
as r — 00. Since d; may be chosen arbitrarily small the lemma follows. ©
Now (19) gives
[u(re®)|] < mox(r,h) +O(1),
from which we deduce using (20) that
log mor(r, h)

lim —-——F = 0.
r—00 log r
This obviously contradicts (16), and Theorem 1.3 is proved. o

4 Proof of Lemma 3.7

The proof is based essentially on Lemmas 1 and 5 and Theorem 4 of [S].
Assume that there is no @ € H such that F(z) tends to « along a path
tending to infinity in H.
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Let
W={zeH:F(z)eH}, Y={z2€H:L(z)€H}.
Then Y C W, by (14), so that each component C' of Y is contained in a
component A of W.

LEMMA 4.1.  All but finitely many components C of Y are unbounded
and satisfy
limsup Im L(z) > 0. (21)
z—00,2z€C
Proof. Suppose first that C' is a component of Y such that 0C contains
no pole of L. Then Im L(z) is harmonic and positive in C, and vanishes
on JC. Thus C satisfies both conclusions of the lemma by the maximum
principle.

Since each pole of L belongs to the closure of at most finitely many
components C of Y, it suffices therefore to show that L has at most finitely
many poles in the closure of Y. To see this, let zg be a pole of L, with
|zo| large. Then zy is real, and is a simple pole of L with positive residue.
Hence lim, o4 Im L(20+1iy) = —oo and since L is univalent on an open disc

Ny = B(zo, Ro) it follows that Im L(z) < 0 on NgNH. Thus NoNY =0. o

LEMMA 4.2. To each component A of W corresponds a finite number
v(A) such that F takes every value at most v(A) times in A and has at
most v(A) distinct poles on 0A. Moreover, v(A) = 1 for all but finitely
many components A of W.

Proof. By Lemma 3.6, F' has finitely many critical points in W, so only
finitely many components A of the set W can contain critical points of F'.
Further, the assumption made in the beginning of this section implies that
there is no a € H such that F(z) tends to « along a path tending to infinity
in W.

Suppose first that A is a component of W which contains no critical
points of F. Then every branch of F'~! with values in A can be analytically
continued along every path in H. This implies that F maps A univalently
onto H, and we set v(A) = 1 in this case.

Now consider a component A of W on which F' is not univalent. Then
A contains finitely many critical points of F', which we denote by z1,. .., 2.
We connect the points 0, F(z1),...,F(z,) by a simple polygonal curve
' c HU{0}, so that the region D = H\I' is simply connected. Let
X ={z€ A: F(z) € D}. Then every branch of F~! with values in X can
be analytically continued along every curve in D, so every component B of
X is conformally equivalent to D via F.
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If 0B N A contains no critical points of F' then the inverse branch Fz 1
which maps D onto B can be analytically continued into H, so in this case
F: A — H is a conformal equivalence which contradicts our assumption
that F' is not univalent in A.

As every critical point of F' can belong to the boundaries of only finitely
many conponents B, we conclude that the set X has finitely many com-
ponents. Denoting the number of these components by v(A) we conclude
from the open mapping theorem that F' takes every value at most v(A)
times in A.

To show that F' has at most v(A) poles on JA, it is enough to note that
if z9 € 0A is a pole of F', then for every neighbourhood N of zy, F' assumes
in N N A all sufficiently large values in H. u

REMARK. Once it is established that F' takes every value finitely many
times in A, the Riemann—Hurwitz formula shows that one can take v(A) =
p + 1, where p is the number of critical points of F' in A, counting multi-
plicity, but we don’t use this observation.

LEMMA 4.3. There are infinitely many components A of W which satisfy
all of the following conditions: (i) A contains a component C' of Y; (ii)
0ANOC contains a zero of L; (iii) F is univalent on A; (iv) C is unbounded
and satisfies (21).

Proof. We recall from Lemma 3.5 that L has infinitely many zeros 7,
satisfying one of the conditions (I), (II) or (III) of Lemma 3.5. Fix such a
zero 7. We are going to show that there exists a component C of Y such
that n € 9C. We write

L(z)=(z— n)m(aew +O0(|z — 17|)) , z—n,a>0,0¢c[-mm). (22)
Let tg be small and positive, and set

Ct)y=n+texp{L(3-6)}, te(0,to.

Then arg L({(t)) — w/2 as t — 0, and so L(((t)) € H for t € (0,t¢] if o is
small enough. We claim that ((t) € H for t € (0,%], provided ¢y is small
enough. In case (I) this evidently holds if g < Im#. In case (II) we have
m > 2 in (22) and, furthermore, we may assume in this case that n € R
(otherwise we have case (I) again) and thus 6 € {0, —x} since L is a real
function. Then arg({(t) — n) € (0,37n/4], and so ((t) € H. Finally, in case
(III) we have m = 1 and 0 = 0, and so arg(((t) —n) = w/2. This proves
our claim, and thus (((0,¢p]) C Y. Let C be that component of Y which
contains the curve (((0,?0]). Then n € 9C since ((t) — n as t — 0.
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Thus there are infinitely many zeros n of L that belong to the boundaries
of components C' of the set Y. As F(n) = oo, by (14), and Y C W, we
have n € 9C N 0A, where A is a component of the set W containing C.
Lemma 4.2 implies that infinitely many zeros n of L cannot belong to the
boundary of the same component A, and thus there are infinitely many
such components A. Finally, (iii) follows from Lemma 4.2 and (iv) from
Lemma 4.1. m

We now complete the proof of Lemma 3.7. Applying Lemma 4.3 we
obtain at least one zero n of L, with n € 0A N OC, in which A,C are
components of WY respectively, satisfying C' C A and conditions (iii) and
(iv) of Lemma 4.3. Since F'(n) = oo by (14), it follows that for an arbitrarily
small neighbourhood N of 7, all values w of positive imaginary part and
sufficiently large modulus are taken by F' in AN N. Using (iii) we deduce
that F'(z) is bounded as z — oo in A. Now (14) gives L(z) — 0 as z — o0
in A, and hence as z — oo in C. This contradicts (21). o

5 Proof of Theorem 1.2

Suppose that f is a real entire function, and that f has finitely many non-
real zeros. Then L = f’/f has finitely many non-real poles, and all poles of
L are simple and have positive residues. Thus L has a representation (2).

LEMMA 5.1.  Suppose that ¢ is a rational function. Then f has finite
order.

Proof. Lemma 5.1 may be proved by modifying arguments of Levin—
Ostrovskii [LeO, pp.336-337] or of Hellerstein and Williamson [HeW2,
pp. 500-501] based on the residues of 1, or by the following argument using
the Wiman—Valiron theory [H3]. Denote by N(r) the central index of f.
By [H3, Theorems 10 and 12], provided r lies outside a set Ey of finite log-
arithmic measure and |zg| = r, | f(20)| = M(r, f) = max{|f(2)] : |z| = r},
we hax,fe
";((ZZ)) - Ni’") (1+0(1), z=ze", te[-N(r) 23 N2,

This leads to

21 ) )
/ ‘f’(re“)/f(re”)‘wﬁdt > N(T)l/ﬁr_5/6, r—oo, ré Ey.
0

Since ¢ is by assumption a rational function, (2) and (8) give

[ 150 e o = 06— oo,
0
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for some positive M. We deduce that N (r) = O(r*5) asr — oo, and thus
f has finite order [H3, (1.8) and Theorem 6]. This proves Lemma 5.1. o

Since L + L'/L = f”/f’, Theorem 1.2 now follows from Theorem 1.3
and Lemma 5.1.
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