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SMOOTH GEOMETRIC EVOLUTIONS OF
HYPERSURFACES

C. MANTEGAZZA

Abstract

We consider the gradient flow associated to the following functionals:
Fn) = [ 14970 .
M

The functionals are defined on hypersurfaces immersed in R**! via
amap ¢ : M — R where M is a smooth closed and connected
n-dimensional manifold without boundary. Here p and V are re-
spectively the canonical measure and the Levi-Civita connection of
the Riemannian manifold (M, g), where the metric ¢ is obtained by
pulling back on M the usual metric of R™*! with the map ¢. The
symbol V™ denotes the m' iterated covariant derivative and v is a
unit normal local vector field to the hypersurface.

Our main result is that if the order of derivation m € N is strictly
larger than the integer part of n/2 then singularities in finite time
cannot occur during the evolution.

These geometric functionals are related to similar ones proposed
by Ennio De Giorgi, who conjectured for them an analogous regular-
ity result. In the final section we discuss the original conjecture of
De Giorgi and some related problems.

1 Introduction

In one of his last papers Ennio De Giorgi conjectured that any compact n-
dimensional hypersurface in R"*!, evolving by the gradient flow of certain
functionals depending on sufficiently high derivatives of the curvature does
not develop singularities during the flow ([D1], [D2, Sec.5, Conj.2], see
[D2] for an English translation). This result is central in his program to
approximate singular geometric flows with sequences of smooth ones.

Representing hypersurfaces in R"*! as immersions ¢ : M — R**! we
consider the gradient flow associated to the following functionals:

Fulo) = [ 141975,
M
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where p and V are respectively the canonical measure and the Levi-Civita
connection of the Riemannian manifold (M, g), where the metric g is ob-
tained by pulling back on M the usual metric of R**! via ¢. We denote by
V™ the m' iterated covariant derivative and by v a unit normal local vec-
tor field to the hypersurface. Finally, A and H are respectively the second
fundamental form and the mean curvature of the hypersurface. These func-
tionals are strictly related to the ones proposed by De Giorgi since, roughly
speaking, the derivative of the normal is the curvature of M. Though not
exactly the same, they can play the same role in the approximation pro-
cess he suggested. At the end of the paper we discuss some other possible
functionals and, in particular, the original De Giorgi conjecture.

Our main result is that if the order of derivation m € N is strictly larger
than [n/2] (where [n/2] denotes the integer part of n/2), then singularities
cannot occur.

The simplest case n = 1 and m = 1 is concerned with curves in the
plane evolving by the gradient flow of

Fi(v) = /Sll+k2ds, (1.1)

since the curvature k of a curve v : S' — R? satisfies k2 = |Vv|2. The
global regularity in this case was shown by Polden in the papers [Pol,2]
which have been a starting point for our work. Wen in [W] found results
similar to Polden’s, in considering the flow for fSI k%ds of curves with a
fixed length.

The very first step in attacking our problem is the analysis of the first
variation of the functionals F,,, which gives rise to a quasilinear system of
partial differential equations on the manifold M. The small time existence
and uniqueness of a smooth flow is a particular case of a very general
result of Polden proven in [HuP], [Po2]. Then the long time existence is
guaranteed as soon we have suitable a priori estimates on the flow.

In the study of the mean curvature flow of a hypersurface
@: M x[0,T) — R,

%—f =—Hv = Awp
(which is of second order) via techniques such as varifolds, level sets, vis-
cosity solutions (see [ATW], [AmS], [B], [ES], [I]), the maximum principle
is the key tool to get comparison results and estimates. In our case, even
if m = 1, the first variation and hence the corresponding parabolic prob-
lem turns out to be of order higher than two, precisely of order 2m + 2,
so we have to deal with equations of fourth order at least. This fact has
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the relevant consequence that we cannot employ the maximum principle to
get pointwise estimates and to compare two solutions, thus losing a whole
bunch of geometric results holding for the mean curvature flow. In par-
ticular, we cannot expect that an initially embedded hypersurface remains
embedded during the flow, since self-intersections can appear in finite time
(an example is given by Giga and Ito in [GI]). For these reasons, techniques
based on the description of the hypersurfaces as level sets of functions seem
difficult to apply in this case and therefore we adopt a parametric approach
as in the work of Huisken [Hul].

Despite the large literature on the mean curvature flow, fourth or even
higher order flows appeared only recently. Besides the cited works of Polden
and Wen, we quote the work of Escher, Mayer and Simonett [EMS] on the
surface diffusion flow (see also the references therein)

= (AtH)l/
and of Simonett [Si] on the gradient flow of the Willmore functional (see [Wi])

Wie) = /M AP du

defined on surfaces immersed in R3. In these papers the long term existence
and convergence of the flow for initial data which are C>®-close to a sphere
is shown.

In the article of Chrusciel [Ch], the global existence of a fourth order
flow of metrics on a two-dimensional Riemannian manifold is applied to
the construction of solutions of Einstein vacuum equations representing an
isolated gravitational system (called Robinson—Trautman metrics).

Another problem considered by Polden in [Po2,3] is the conformal evo-
lution of a metric g on a two-dimensional manifold M by the gradient flow

of the functional
/ F(R)du,

where R is the scalar curvature of (M,g) and F' is an even, smooth and
strictly convex function.

Finally, in the recent papers [KS1,2], Kuwert and Schétzle study the
global existence and regularity of the gradient flow of the Willmore func-
tional for general initial data.

Our work borrows from [Ch], [Pol,2,3] the basic idea of using interpo-
lation inequalities as a tool to get a priori estimates.

We want to remark here that a strong motivation for the study of these
flows is the fact that, in general, regularity is not shared by second order
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flows, with the notable exceptions of the evolution by mean curvature of
embedded curves in the plane (see [GH], [Gr], [Hu3]) and of convex hy-
persurfaces (see [Hul]). So our result opens the possibility to approximate
canonically singular flows with smooth ones by singular perturbation argu-
ments (see [D1,2] and section 9).

In order to show regularity, a good substitute for the pointwise esti-
mates coming from the maximum principle, are suitable estimates on the
second fundamental form in Sobolev spaces, using Gagliardo—Nirenberg in-
terpolation type inequalities for tensors. Since the constants involved in
these inequalities depend on the Sobolev constants and these latter on the
geometry of the hypersurface where the tensors are defined, before doing
estimates we absolutely need some uniform control, independent of time,
on these constants. In [Pol] these controls are obvious as the constants
depend only on the length; on the other hand, much more work is needed
in [Ch], [KS1,2], [Po3], because of the richer geometry of surfaces.

In our case, we will see that if m is large enough, the functional F,,,
which decreases during the flow, controls the LP norm of the second fun-
damental form for some exponent p larger than the dimension. This fact,
combined with a universal Sobolev type inequality due to Michael and Si-
mon [MS], where the dependence of the constants on the curvature is made
explicit, allows us to get a uniform bound on the Sobolev constants of the
evolving hypersurfaces and then to obtain time-independent L? estimates
on curvature and its derivatives. These bounds imply in turn the desired
pointwise estimates and the long time existence and regularity of the flow.

In the last section we will discuss some possible extensions of our results,
some open problems and the related conjectures of De Giorgi.

Acknowledgement. We are grateful to Gerhard Huisken for many dis-
cussions about geometric flows; moreover, we wish to thank Luigi Ambrosio
for his constant encouragement and invaluable help on several occasions.
Our work would have been impossible without the enlightening mathe-
matical insight of Ennio De Giorgi. This paper is dedicated to his memory.

2 Notation and Preliminaries

We devote this section to introducing the basic notation and facts about
differentiable and Riemannian manifolds we need in the paper, a good
reference for this introduction is [GaHL] or the first part of [P].

The main objects of the paper are n-dimensional closed hypersurfaces
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immersed in R"*! that is, pairs (M,¢) where M is an n-dimensional
smooth manifold, compact, connected with empty boundary, and a smooth
map ¢ : M — R™*! such that the rank of dyp is everywhere equal to n.

The manifold M naturally gets a metric tensor g turning it in a Rie-
mannian manifold (M, g), by pulling back the standard scalar product of
R™*+! with the immersion map .

Taking local coordinates around pe M given by a chart F': R"D>U — M,
we identify the map ¢ with its expression in coordinates po F': R" D U —
R+, then we have local bases of TpM and T,; M, respectively given by
vectors {0/0x;} and covectors {dz;}.

We will denote vectors on M by X = X! which means X = Xia%i,
covectors by Y =Y, that is Y = Yj;dz;, and a general mixed tensor with
T = T;;;l‘“, where the indices refer to the local basis.

Sometimes we will also need to consider tensors along M, viewing it as
a submanifold of R™*! via the map ¢; in that case we will use the Greek
indices to denote the components of such tensors in the canonical basis
{eq} of R™*1, For instance, given a vector field X along M, not necessarily
tangent, we will have X = X%e,.

Throughout the paper the convention to sum over repeated indices will
be adopted.

The inner product on M, extended to tensors, is given by
g(Ta S) = Giysqy - - - gikskgjlzl L. g]lZlTZIstslsk ’

Ji-gi Trez
where g;; is the matrix of the coefficients of the metric tensor in the local

coordinates and ¢ is its inverse. Clearly, the norm of a tensor is

Tl =+g(T,T).
The scalar product in R"*! will be denoted with (- |-). As the metric g
is obtained pulling it back with ¢, we have

gij(z) = <6g$) Ogg)> :

The canonical measure induced by the metric g is given by u = VG L"

where G = det(g;;) and L" is the standard Lebesgue measure on R".
The second fundamental form A = h;; of M is the 2-tensor defined as

follows: 5 (2)
T

hito) = (v(a) | S50,
10X

the mean curvature H is the trace of A,

H(z) = g" (2)hij (). (2.1)
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The induced covariant derivative on (M, g) of a vector field X is given by
4 5 wi -

where the Christoffel symbols I' = F; ;. are expressed by the following for-
mula,

i 1 4l 0 o) o)

ik = 29" (ngkz + Gog 9t ~ a—xlgjk) :
Throughout the paper the covariant derivative VT of a tensor T = Tt

L S Jr--gu
will be denoted by VTj! 7% = (VT) ™ .
By VT we will mean the k" iterated covariant derivative of a tensor 7.
We recall that the gradient V f of a function and the divergence div X

of a vector field at a point p € (M, g) are defined respectively by

g(Vf(p),v) = dfp(v) Vo € T,M
and A 4 A
div X = Trace VX = V; X' = 2 X"+ T}, X"
Notice that considering M as a submanifold of R"*1 if {e;} € R*! is an
orthonormal basis of T,,M we can express the divergence of X as
div X (p) = glei, Ve, X) = (e; | VY X) = VI(X | e;) = Ve, (X | e3)

where VM denotes the projection on T,M of the covariant derivative
of R+,

Using this last expression we can define the divergence of a general, not
necessarily tangent, vector field X along M as a Riemannian submanifold of

R"™*1. Such definition is useful in view of the following tangential divergence
formula (see [S1, Chap. 2, Sec.7]),

/M div X dj = /M<1/ | XVH dy (2.2)

holding for every vector field X along M. Notice that the right term is well
defined since, by definition (2.1), Hv is independent of the choice of the
local unit normal v. Moreover, if X is a tangent vector field we recover the

usual divergence theorem
/ divXdu=0.
M

The Laplacian AT of a tensor T is
AT = ¢V, V,T.
The Riemann tensor, the Ricci tensor and the scalar curvature can be
expressed via the second fundamental form as follows,

Rijrt = hithji — hahji,
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RiCij = Hhij — hilglkhkj s
R =H? — |A]%.
Hence, the formulas for the interchange of covariant derivatives, which in-
volve the Riemann tensor, become
ViV;X* = V;ViX* = Rijug™ X' = R X" = (highj — hahg) 97 X,
ViV;Yi — V;ViVi = Rijug™Ys = RS, Ys = (hixhj — hahji) g°Ys . (2.3)
The Codazzi equations
vih]‘k = thzk = thw

imply the following identity (see [Sim]) which will be crucial in the sequel,

Ahij = viij + Hhilglshsj - |A|2hij . (2.4)
Also fundamental will be the Gauss—Weingarten relations
Py ) O 1 O
=T57— — hyyv, —v =hyg*=——, 2.5
0z;0z; Y Oz v ox; v ig Oz (2:5)

which easily imply |Vv| = |A].

Now we introduce some non-standard notation which will be useful for
the computations of the following sections.

Throughout the paper we will write T * S, following Hamilton [H], to
denote a tensor formed by contraction on some indices of the tensors 1" and
S using the coefficients ¢g*/. Abusing the notation a little, if T7,...,T} is a
finite family of tensors (here [ is not an index of the tensor 7T"), the symbol

I
® T;
i=1

will mean T3 * 1o * - - - % 1].
We will use the symbol p4(T1,...,T;) for a polynomial in the tensors

T1,...,T; and their iterated covariant derivatives with the * product like
pS(T17"'7ﬂ) = Z Cil...il vilTl *"'*vil,—Tla
i14-ti=s

where the ¢;, ;, are some real constants. Notice that every tensor T; must
be present in every additive term of ps(771,...,7;) and there are no repeti-
tions. We will use instead the symbol q° when the tensors involved are all
A or Vv, repetitions are allowed and in every additive term there must be
present every argument of gq°, for instance,

N M
q°(Vr,A) = Z (k@l V*(Vv) ZC;BI V”A) with N, M > 1.
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The order s denotes the sum
N

M
s=Y (i+1)+ ) (i+1).
k=1 I=1
REMARK 2.1. Supposing that q° is completely contracted, that is, there
are no free indices and we get a function, then the order s has the following
strong geometric meaning: if we consider the family of homothetic immer-
sions A\ : M — R™ ! for A > 0, they have associated normal v, metric
¢*, connection V* and second form A* satisfying the following rescaling
equations, A A
(VM =Viv  (VMAY = \VIA,
(g)\)ij — )\ZQij (g)\)zy _ )\72913 )
Then every completely contracted polynomial q° in Vv and A will have the
form

D (VIVY) (VYY) (VYY) VAL VIA L VA et g
with

M=

N
s=> (+1)+ > (Gi+1)
k=1 !

and since the contraction is total it must

N
1 , .
= (Xt n+ > 0i+)
k=1 =1
as the sum between the large brackets gives the number of covariant indices
in the product above. By this argument and the rescaling equations above,

we see that q° rescales as
(VA AN = M72g5(V, .. A)
A~ (CRaa A DS G D) ) g5 (W, L A)
=2"°q*(Vr,...,A).

For this reason, with a little misuse of language, we will say that s is the
rescaling order of q°, also when q° is not completely contracted.

o
=g L

In most of the following computations only the rescaling order and the
arguments of the polynomials involved will be important, so we will avoid
making their inner structure explicit. The following substitutions, which
we will often apply, provide an example in this spirit:

Vis(Th, ..., T)=pss1(T1,...,T}) and V¢*(Vu,...,A)=¢"(Vv,... A).
We advise the reader that the polynomials ps and g® could vary from one
to another in a computation by addition of terms with the same rescaling
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order. Moreover, the constants too could vary between different formulas
and from one line to another.

3 First Variation

Given an immersion ¢ : M — R of a smooth closed hypersurface in
R+, we consider the following functionals for m > 1,

Fnlp) = / 14 [V dp,
M

where v is a local unit normal vector field to M and |V™v|?> means
ZZJS V™v®2. The norm | - |, the connection V and the measure y are all
relative to the Riemannian metric g which is induced on M by R"*! via the
immersion ¢. Notice that these functionals are well defined also without
a global unit normal vector field, i. e., M is not orientable, because of the
modulus.

In this section we are going to analyze the first variation of these func-
tionals. Actually, computing the exact form can be quite long but for our
purposes we need only study some properties of its structure.

Suppose that we have a one-parameter family 7 of immersions ¢y :
M — R™ with ¢y = ¢, we compute

SFa)D) = SFnle)| =% [ 14| L G)
¢ =0 At Ju t=0
where clearly the metric g, the covariant derivative V and the normal v
depend on t. Setting X (p) = %‘Pt(p)‘t:o we obtain a vector field along M
as a submanifold of R™*! via ¢. It is well known that

%//Jt ‘t:(] = H<V | X>/J’7

so it follows that

d Ot 0 2
—Fm(p :/ 1+ VM2 d<— )—1—/ — V™ du
a7 () —o M( v v ) At |,_o M V" o
_/ V2 Hiv | X) dp
M
a , . .
+ — (g - .g meVil_,_imijl__jmu) du .
M Ot =0

Then, we need to compute the derivatives in the last term. For the metric
tensor g;; we have

¢

Ox;

9., _ 0 [0
0195 = ot \ ox;
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_(ox| o\ 4 [ox| o
T \Ox; | Ox; oz ox;

= (X [3) + o (x [38) —2(x |o385)
=a;;(X).
Differentiating the formula g;,g% = 527' we get
997 = g2 gag"7 = —g"*ay(X)g" .
The derivative of the normal v is given by

Qo ij v o ij
o) o= (] %) 2
=-V({|X)+VW*X*=bX).
Finally the derivative of the Christoffel symbols is

505 = 30" {5 (Gow) + o (Grow) — o (Groww) |
+3 6tg {%gkl + %gjl - C%lgjk}
= 39" {V; (G9m) + Vi (5a1) — Vi (F9n) }
+3 3 Zl {atgkz ]l + atglzryk + atg]zrkl + atglzrjk

—mgjzrkl - mgkz jl}

— 192 9.7 {%gm + 22-gj1 — a%gjk}

= 39" {V; (&om) + Vi (§950) — Vi (F9n) }
+ gil%glz ;k - gis%gszrjk

= 59" {V; (§row) + Vi (G911) — Vi (5roin) }

=3 9" {V ar(X) + Viaj(X) — Viaje(X)} .

Notice that all these derivatives are linear in the field X, since the a;;(X)
and b(X) are such.

LEMMA 3.1. Ifa(X) = %g is the tensor defined before, for every covariant
tensor T' = T;, . ;, we have
SV T =Vl 4 p, (T, Va(X)),

where the constants in the polynomials ps_1 (T, Va(X)) are universal. More-
over, if the tensor T is a function f : M — RF the last term p,_1(f, Va(X))
can be substituted by another polynomial ps_o(V f, Va(X)).



148 C. MANTEGAZZA GAFA

Proof. We prove the lemma by induction on s > 1.

If s =1 then
AU %(aiTzl. i =T Ty i rienit)
- aigT““'” F;Z gtTll Az 1702410
o gtryzzTn.--izfm‘zﬂ...il

= Vj ETil...il + T * V(I(X)
by the previous computation, hence
IVT = VI +po(T,Va(X))

and the initial case is proved.
Supposing the lemma holds for s — 1, we have

AV T = 2V(VEIT)
=V(&V*'T) +po(V*'T, Va(X))
= V(V L 4 p, (T, Va(X))) +po (Vi 'T, Va(X))
= V9 4 Vp,_o(T, Va(X)) + po(V*™'T, Va(X))
=V 4 p, (T, Va(X)),
where we set
ps—1(T, Va(X)) = Vps—2(T, Va(X)) + po(V*'T, Va(X)) .
From this last formula, it is clear that the constants involved are universal.
Moreover, if T is a function f : M — RF then the term po(f, Va(X))

vanishes and the same formula says that ps_1(f, Va(X)) does not contain
f without being differentiated. o

REMARK 3.2. In the following we will omit to underline that all the coeffi-
cients of the polynomials ps and q° which will appear are algebraic, that is,
they are the result of formal manipulations. In particular, such coefficients
are independent of the manifold (M, g) where the tensors are defined. This
is crucial in view of the geometry-independent estimates we want to obtain.

ProrosITION 3.3. The derivative

2 (g gV iV )
depends only on the vector field X = %%
linear. The first variation of F,,

§Fm(0)(T) = $Fm(er) |,
is a linear function of the field X.

=0

’t:o and such dependence is
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Proof. Distributing the derivative in t on the terms of the product, we have
seen that the derivatives of the metric coefficients depend linearly on Xj; it
remains to check the derivative of V;, ; v.

By the last assertion of Lemma 3.1, we have

%le/ = Vma” + pm—2(Vr,Va(X)) ,
and since v /0t = b(X) we get
5V = V"(X) + pm—2(Vv, Va(X))

which proves the first part of the lemma as a(X) and b(X) are linear in X.
The second statement clearly follows from the previous computations
and the first part of the lemma. O

By this result, we can write dF,,(¢)(Z) = 0Fm(p)(X). Now we want
to prove that actually the first variation depends only on the normal com-
ponent of the field X, that is, (v | X), by linearity, it is clearly sufficient to
show that 0F,,(¢)(X) = 0 for every tangent vector field X. By the pre-
vious proposition, in order to compute the derivative (3.1) we can choose
any family 7 of immersions with X = at o) ‘ 0"

Given a vector field X along M as a submanifold of R"*! which is tan-
gent, there exists a tangent vector field Y on M such that de, (Y (p)) = X (p)
for every p € M. We then consider the smooth flow L(p,t):M x(—e,e)—M

generated by Y on M as the solution of the ODE’s system

aiL(p,t) =Y (L(p.t)),
L(p,0) =p
for every p € M and t € (—¢,¢), and we define ¢;(p) = ¢(L(p,t)). Clearly
¢o = ¢ and
501 0)] 2o = AL (FLED)],y = dep(Y (0) = X (7).
hence, using the family Z = {¢;} we have
0Fm(0)(X) = FFmlee) [,y -

If g; is the metric tensor on M induced by R"*! via the immersion ¢,
then the Riemannian manifolds (M, g;) and (M, g) are isometric for every
t € (—e,e), I(-,t) =@ Loy : (M,g;) — (M, g) being an isometry between
them. Since the functional F,, is invariant by isometry, F;,(¢¢) does not
depend on t and its derivative is zero. From the previous discussion we now
have the following proposition.

PROPOSITION 3.4. The first variation §F,,(¢)(X) depends only on (v | X).
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This means that, in studying 6F,,(¢)(X), we can suppose that X is a
normal field, hence we can strengthen the previous computations as follows,

2
G0 =ai(X) = —2(X | 528 ) = 2(v | X)hy

297 = — g2 999" = —2(v| X)h¥
%1/ = -V ({¥|X)

1% =g { V(v | X)hw) + V(v | X)hj) = Vi((v | X)hje) }
=VAx(v|X)+AxV({|X).

Supposing X normal, we immediately have the following modification
of Lemma 3.1 substituting the tensor a;;(X) with 2 (v | X)h;.
LEMMA 3.5. For every covariant tensor T' = Tj;,  ;,, we have

IV T =V 4+ p, (T, A, (v| X)),
where in ps(T, A, (v| X)) the derivative V*T does not appear. If T is a
function f : M — R
OV f =V (VA (] X))

and ps_1(Vf, A, (v| X)) does not contain V*f.

This lemma and the fact that 0v/0t = —V (v | X) lead to the following

proposition.
PROPOSITION 3.6. Letting {e,} be the canonical basis of R*"! and setting
v =1v%, € R"1 we have

OV it im?™ = —Virin VWV X) 4 Pt (VI A, (V| X))

where V(v | X)) denotes the ac component of the gradient V(v | X) in the
canonical basis of R"*1. Moreover, the derivative V™v is not present in

pm—1(V, A, (v] X)).
We are finally ready to compute

d
C 1 v Pdu :/(1+|me|2)H<y|X>jdu
M

dt Jur

t=0

. o . . o
+ /Mg“” s g0 gV VY g dp

-2 /Mgilj1 g I VWXV Y dp

+ 2/ V™ s pro1 (Vr, A, (v | X)) dp
M
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_ / (1+ V™) Hiv| X) dy
M
+ 2m/ V"« V™ Alv|X)dp
M
— 2/ gilj1 o gi’”jmvil...imVQ<V|X>lemjmvad,u
M

+/ Pm—1(V"0, Vi, A, (V| X)) dp.
M

Now, in order to “carry away” derivatives from (v|X) in the last inte-
gral, we integrate by parts with the divergence theorem, “moving” all the
derivatives on the other terms of the products. Hence, we can rewrite it as

| pan-al(T0, 90 A) 0 X) di
M
which is equal to

[ (T A | X) o

with the conventions of section 2. Since the second integral also has this
form, collecting them together, we obtain

d
G| = [ HE 0 des [ @A) @ X da
M M

dt o

t=0
-2 /M g g I VOV X) Vv dp

Finally, we deal with this last term. First, by the divergence theorem it
can be transformed into

—2(—1)m/ Vv | X) Vim=aty ;o v du;
M
second, using the tangential divergence formula (2.2), it is equal to
20-1" [ (| X)VeTIn Ty v dpt [ T A X) du
M M

where the extra term q?™*!(Vy, A){v | X), which has a differentiation order
lower than the first term, comes from the product with the mean curvature
in the tangential divergence formula.

Notice now that the permutation of derivatives introduces additional
lower order terms of the form

" (Vr, A) (v | X) dp
by formulas (2.3), hence we get
2(—1)m/ <y|X>vj1vj1...vjmvjmv%adwr/ > (Y, A)(v| X)dp,
M M
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that is,

m times

—
2(—1)™ /M<V\X>AA...AV°‘1/Q d,u—i—/M 2 (Y, A) (v | X) du.

By Gauss—Weingarten relations (2.5), we have
Vot = %%jgijhjzgls%% = g7 hjig"gsi = g hyi = H,
so we conclude

5 F () (X) = /M Hv | X) djs + /M g2 (T, A) (v | X) dp

m times

+o(-1)m /M AN, AH(v| X)dp

—/ ql(A)<u\X>du—|—/ " (Y, A) v | X) dp
M . M
+2(—1)m/ AA .. AH(v | X)dp.
M

By the previous discussion this formula holds in general for every vector
field X along M. We summarize all these facts in the following theorem.

Theorem 3.7. For any m > 1 the first variation of the functional F,, is
given by

5 F(9)(X) = /M Eon() (v | X) dit,

where the function E,,(¢) has the form

m times

e N—
Ep(p) = 2(—1)"AA. . AH + g2 (Yo, A) + q'(A).

4 Gradient Flow and Small Time Existence

Suppose that ¢y : M — R™! is smooth immersion of an n-dimensional
hypersurface M which is compact, connected and has empty boundary.
We look for a smooth function ¢ : M x [0,T") such that

1. the map ¢; = ¢(-,t) : M — R""!is an immersion, for every t € [0,7T);
2. the following partial differential equation is satisfied:

%(p,t) = —Em(e)(0)v(p, 1)
If we have a solution, then we say that the hypersurfaces My = (M, g¢),
where ¢; is the induced metric on M, evolve by the gradient flow of the
functional F,,.
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The small time existence of such flow is a slight modification of the
following result of Polden (see [Po2, Thm. 2.5.2, Sec. 2], or [HuP]).
Theorem 4.1. For any smooth hypersurface immersion ¢g : M — N,

with N a smooth (n + 1)-dimensional Riemannian manifold, there exists a
unique solution to the flow problem

s times
P
%2 = ((—1)*""AA .. AH+ ®(p,v, A, VA, ..., V* 1Ay

defined on some interval 0 <t < T and taking ¢g as its initial value.

Looking at Polden’s proof, it is possible to allow the function ® to
depend also on the metric g; moreover the covariant derivatives of the
normal v, using induction and the Gauss—Weingarten relations (2.5), can
be expressed in terms of the covariant derivatives of the curvature (see the
proof of Lemma 7.5). Hence, we can conclude that there exists a small time
solution of the problem

m times

%—f = ((—1)m+1AA AN H+3(p,9,A, v, VA, Vu, ... V1A V2mv))v
which includes our case up to a constant multiplying the leading term.
Since such a constant can be eliminated by a time-only rescaling and since
a smooth evolution of an immersed compact manifold clearly remains an
immersion at least for some positive time, we have a small time existence
and uniqueness result for the gradient flow of F,, with every initial hyper-
surface.

5 A Priori Estimates

To prove long time existence we need a priori estimates on the second
fundamental form and its derivatives which are obtained via Sobolev and
Gagliardo—Nirenberg interpolation inequalities for functions defined on M;.
Since the hypersurfaces are moving, also the constants appearing in such
inequalities change during the flow, hence, before proceeding with the esti-
mates, we need some uniform control on them.

In this section we see that if the integer m is larger than [n/2] then
we have a uniform control, independent of time, on the L' norm of the
second fundamental form; this is a crucial point where such a hypothesis is
necessary. This fact will allow us to show in the next section that also the
above constants are uniformly bounded during the flow.

In the last part of the section, using an inequality of Michael and Si-
mon, we prove also an a priori lower bound on the volume of the evolving
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hypersurfaces.
By the very definition of the flow, the value of the functional F,, de-
creases in time, since

GFnte) == [ Bulel du <0

hence, as long as the flow remains smooth, we have the uniform estimate
/ L+ V™0 dpy = Frn(pr) < Fn(0) (5.1)
M

for every t > 0.

Now we want to prove that if m > [n/2], this estimate implies that
the L™"!(j14) norms of the second fundamental form A of M; are uniformly
bounded independently of time.

Our starting point is the following universal interpolation type inequal-
ities for tensors.

PROPOSITION 5.1.  Suppose that (M,g) is a smooth and compact n-
dimensional Riemannian manifold without boundary and u the measure as-
sociated to g. Then for every covariant tensor T and exponents q € [1,+00)
and r € [1,+00], we have

. 7 5=J
IV T < CIV TS 1T 5y Vi€lsl,  (52)
with 1 . o
1_g o s=i
P sq sr

where the constant C' depends only on n, s, j, p, q, r and not on the metric
or the geometry of M.

The proof of the case r = 400 can be found in [H, Sec. 12]; along the
same lines also the case r < +oo follows (see also [Au, Chap. 3, Sec.7.6]).

Suppose that M is orientable and that g is the metric induced by the
immersion ¢ : M — R"*! let v be a global unit normal vector field on M.
If in (5.2) we consider T =v, s =m, j =1, ¢ = 2 and r = 400, then we
have |T| = 1 and p = 2m, hence

V0]l 2m iy < CIV™ VI 2

for a constant C = C(n,m).
Since by (2.5) |[Vv| = |A|, we conclude

/ AP™du < C / V2 dp < CFon().

If M is not orientable, then there exists a two-fold Riemannian covering
M of M, with a locally isometric projection map : M — M which is
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orientable and immersed in R"™*! via the map @om. Repeating the previous
argument for M we get

/N AP dp < C’/N V™2 dpi .

M M

Since 7 is a local isometry and noticing that the global unit normal field on
M gives locally a unit normal field on M, all the quantities which appear
inside the integrals above do not change passing from M to M; only when
we integrate do we need to take into account the two-fold structure of the
covering. This means that for every smooth function v : M — R we have

/Nuo7rdﬁ: 2/ udp .
M M
Hence, we deduce

2/ |APP™ dp < 20/ V™02 dp < 2CFpn(ep)
M M

which clearly gives the same estimate as in the orientable case.
As 2m > 2[n/2] > n + 1, we have
n+1l

/ \A|"+ldué( / |A\2mdu> T (VolM) T < CFuly)  (5.3)
M M

with a constant C' = C(n, m).

Finally we show that also the volume of M is well controlled by the

value of F,,,(¢) under the hypothesis m > [n/2]. The bound from above
is obvious, the bound from below in dimension n > 1 can be obtained via
the following universal Sobolev inequality due to Michael and Simon (see
[MS], [S1]).
PROPOSITION 5.2. Let ¢ : M — R"*! be an immersion of an n-dimensional,
compact hypersurface without boundary. On M we consider the Rieman-
nian metric induced by R™*! and the corresponding measure p. Then,
there exists a constant C' = C(n,p) depending only on the dimension n
and the exponent p such that, for every smooth function v : M — R

§ 1/p* 1/p
([an) ™ <con( [ warae [ mpad) " 6
M M M

where p € [1,n), n > 1 and p* = np/(n — p).

Considering the function v : M — R constantly equal to 1 in the in-
equality for p = 1, and taking in account (5.3), we get

(Vol M)"+" gc/ H| du
M

<CA] 1 (Vol M)
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<CFp(g)m+t (Vol M)ati .

Dividing both members by (Vol M )nTil, as iy > ”Tfl we conclude

1< CF(p)™1 (Vol M) |
that is,

< Vol M < F,,
Fnl@) (©)

for a constant C' = C(n,m).

REMARK 5.3. With the same argument, it follows that also ||A| pn+1(,) can
be controlled above and below with F,,(yp) and that the functional F,, is
uniformly bounded from below by a constant greater than zero.

In the special case n = 1, we recall that for every closed curve v : S —
R? in the plane the integral of the modulus of its curvature is at least 2,
then

1/2
2 < / |Alds < </ |A|? d8> V/Length v < C'v/Fpn(7)y/Length .
St St

Hence,

C
Fm(7)

< Length v < Fn(7)

with C' = C(m).

Putting together all these inequalities and the uniform estimate (5.1)
we obtain the following result.
PROPOSITION 5.4. As long as the flow by the gradient of F,, of a hyper-
surface in R"*1 exists, we have the estimates

”AHL”H(M) < () <+

0< Cy<Vol M; <(C3 < +00,

where the three constants C1, Co and C5 are independent of time. They
depend only on n, m and the value of F,, for the initial hypersurface.

6 Interpolation Inequalities for Tensors

We now show that the uniform bound on the L™ norm of the second

fundamental form implies that the constants involved in some Sobolev and

Gagliardo—Nirenberg interpolation type inequalities are also equibounded.
Recalling inequality (5.4), we have

[ull Loy < C(n,p) (IVull 2oy + [ Hul| o)) (6.1)

for every u € C'(M), where p* = n"—_";) and p € [1,n).
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PROPOSITION 6.1. If the manifold (M, g) satisfies Vol M+ H|[ pn+s(,y < B
for some ¢ > 0, then for every p € [1,n),

[l o oy < C (IVullLogy + lullrgy) — Yue CHM),
where the constant C depends only on n, p, § and B.

Proof. Applying the Holder inequality to the last term of inequality (6.1),
we get
[ull o=y < Cn, PIVUll Loy + C(n,p, 6, B)lul| 15,y

where p is given by

- pn+d) ., nn+o)

Pt s—p P nm+o) +po
then p < p < p*. Hence, we can interpolate | ull L7(u) Detween a small
fraction of [lu[| -,y and a possibly large multiple of [lu[| s (.,

[ull o* () <C(n, p) |Vl o) +C'(n, p, 8, B) (ellull £+ (y)+C(E7p)|’uHLP(M))'
Choosing ¢ > 0 such that eC(n,p,d, B) < 1/2 and collecting terms we
obtain

[l oy < C(n,p, 8, B) (IVullzouy + lull o)) - O
When p > n we prove the following L result (see also [KS1, Thm. 5.6)].

PROPOSITION 6.2. If the manifold (M, g) satisfies Vol M + ||H| pn+s(,y) < B
for some 6 > 0, then for every p > n, we have

max u| < C ([Vullpog + lullzrgy) — Yue CHM),
where the constant C depends only on n, p, § and B.

Proof. Suppose first that M is embedded and n + 6 > p > n, clearly
|IH||£» () is bounded by a value depending on the constant B. We consider
M as a subset of R"*! via the embedding ¢ and u as a measure on R+
which is supported on M. Then the following result holds ([S1, Thm. 17.7]):
let B,(x) be the ball of radius p centered at x in R"*1, for every 0 < o <
p < +oo we have

(7” %’f“”)l/p < (@)W +C(n,p, 8, B)(p" P — '),
Hence,

<M>W< @ + CoptmP

ohn - pn/p
and choosing p = 1, for every 0 < ¢ < 1 we get the inequality
1(Bs(x)) < C(n,p,6,B)o™ .
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Then we need the following formula which is proved in [S1, Sec. 18], as a con-
sequence of the tangential divergence formula (2.2). For every 0<o<p<+o00
we have

udp o) Udp ’
S5, @) - pr(p>n +/ T—n—l/ r(|Vul| + [uH|)du(y) dr
o B ()

where r = |z — y| and u is any smooth non-negative function.
Noticing that » < 7 and using the Holder inequality we estimate

oy wdp o udp 5P
fB”(U)n < fB"(p’n +< / \Vu|”+\uH|pdu>p / T (B, (x) b dr
M o

1
< [ wdn+ (¥l + [ullingy) [ 7=,
1z a

0—n

where in the last passage we set p = 1 used the previous estimate on
1(B;(x)). The function 7-™/7 is integrable since p > n and we get
fBa(z) udp 1—gl—n/p

< wdu+ C (||[Vu + [[uH -
. (IVulr + B 20) T

Now sending o to zero, on the left side we obtain the value of u(x) times
wy, which is the volume of the unit ball of R™, hence

() < /B O (¥l + [l
1(x

O-n

<C(n,p,6,B) ([ullpr gy + Vel Loy + Tl o) -

For a general u we apply this inequality to the function «2, thus

1/p 1/p
C’</ lul? dp + </ [uVul? du) + </ lu?H|P d,u> >
M M M
1/p 1/p
C’max|u\(/ |u| dp + (/ |Vul? d,u) + </ |uH\pdu> > .
M M M M

Since & € R*"! was arbitrary we conclude that

u?(x)

IN

IN

max [u] < C(n,p, 8, B)(|[ull ) + IVl oo + [[uBl| o)

for a constant C' depending on n,p, 6 and B. If M is only immersed,
we consider the embeddings of M in R"! x RF given by the map
o xep: M — R"™! x RF, where ¢ : M — R is an embedding of M in
some Euclidean space. Then, repeating the previous argument (this is pos-
sible since the starting inequalities from [S1] hold for embeddings in any
R!) we will get the same conclusion with a constant C.. Finally, as C.
depends only on Vol M and H, and all the geometric quantities converge
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uniformly when e goes to zero, we conclude that the inequality holds also
in the immersed case.

Now, given any p > n, we choose p = %min{n + p,2n + d}, clearly
n < p < min{p,n + §/2}. By the inequality above we have

max [u] < C(n, 5,6, B)(|[ull 2o + 1Vl £y + [uBl| o)
then using the Holder inequality and an interpolation argument as in the
proof of Proposition 6.1 we get
max [u] < C(n, P, 6, B)([[ullr ) + 1Vull o + el o)
Applying the Holder inequality again, as p < p, we conclude that
max [u] < C(n, p, 6, B) ([IVell oy + l[ull o) »
which gives the thesis since p depends only on n, p and 4. m

We now extend these propositions to tensors (see [Au, Prop.2.11], and
also [C1], [C2]). Since |T'| is not necessarily smooth we apply the previous
inequalities first to the smooth functions /|T'|? + €2, converging to |T|
when € — 0. As

7]

VT, T)
VA/I|T|? + &2 ‘ = (VT, <
‘ ‘ | \/|T|2 + g2 \/|T|2 +e2
we then easily get the following result.

PROPOSITION 6.3.  If the manifold (M, g) satisfies Vol M +|[H|[pnts(,) < B
for some ¢ > 0 then for every covariant tensor T' = T;, ; we have,

1T Loy < C (IVTllzoy + 1T Lo () if 1<p<mn, (6.2)
max [T < C (VT Lo + Tl () if p>n, (6.3)

IVT| < [VT|

where the constants depend only onn, [, p, § and B.

We define the Sobolev norm of a tensor T on (M, g) as

T llwsaguy = DIV Tl agu -
=0

COROLLARY 6.4. In the same hypothesis on (M, g) we have

. . 1 1 s—y
”v]T”Lp(M) S C”THWS’Q(M) Wlth - = - > 07 (64)
p q¢ n
vIT| < C||IT h L_s=J g 6.5
max [VT| < T lhwoogy  when =T <0, (65)

The constants depend only on n, , s, j, p, q, 6 and B.
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Proof. By inequality (6.2) applied to the tensor V/T we get
IV Tl oy < C IV T o gy + 199 T [ o )
< C (V2T || oy + 2 IV T || o2 ) + IV T || 12 )

A

S CO(IVTlprs—suy + -+ IV Tl prsmi )
S CHTHWS’Z)S*].(M) .
Since the p; are related by

po = p and ps_; = q, we have
1 1 s—j 1 s—j

P ps—j nm g n
and the first part of the corollary is proved. The second part follows anal-
ogously using also inequality (6.3). o

)

Now we put together this result and the universal inequalities

. b Eln )
19T i < CIT g 1Tl 5 (6.6)
which are obviously implied by Proposition 5.1, to get the following inter-
polation type inequalities.

PROPOSITION 6.5. In the same hypothesis on (M, g) as before, there exist
a constant C depending only on n, I, s, j, p, q, , 6 and B, such that for
every covariant tensor T' = T;, ;,, the following inequality holds

I99T gy < C TRy I (67)
for all j € [0,s], p,q,7 € [1,4+00) and a € [j/s,1] with the compatibility

condition .

1 g 1 s 1—a

=2 tal=-2)+ :

P n qg n r
If such condition gives a negative value for p, the inequality holds for every
p € [1,400) on the left side.

Proof. The cases a = j/s and a = 1 are inequalities (6.6) and (6.4), respec-
tively; the intermediate cases, when j/s < a < 1, are obtained immediately
by the log-convexity of || - ||1»(,) in 1/p, which is a linear function of a, and
the fact that the right side is exponential in a.

If p is negative then % — 2 <0and

1 s—j j (1 s> 1—a
- - <Ztal=——)+ :
q n n qg n r
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hence, the L estimate of inequality (6.5) together with (6.6) gives the
inequality for every p € [1, 4+00). o

REMARK 6.6. For simplicity, throughout the section we avoided a discus-
sion of the critical cases of the inequalities, for instance p = n in Proposi-
tion 6.3. Actually, for our purposes, we just need to say that in a critical
case we can allow any value of p € [1,400) in the left side of inequalities like
(6.7). This can be seen easily by considering a suitable inequality with a
lower integrability exponent on the right side and then applying the Holder
inequality.

Putting together the estimates of this section with Proposition 5.4 we
obtain the following result.
PROPOSITION 6.7. As long as the flow by the gradient of JF,, of a hyper-
surface in R"*! exists, for every smooth covariant tensor T = T;, .5 we
have the inequalities

199 oy < CIT eI, (63
for all j € [0,s], p,q,7 € [1,400) and a € [j/s,1] with the compatibility
condition .

1 4 <1 s> 1—a
—=Zqa(=-2)+ :
p n qg n r

If such condition gives a negative value for p, the inequality holds for every
p € [1,+00) on the left side. The constant C' depends only on m, n,l, s, j,
p, q, v and the value of F,, for the initial hypersurface.

7 Long Time Existence of the Flow

Suppose that at a certain time T' > 0 the evolving hypersurface develops a

singularity, then considering the family {Mt}te[O,T)7 we are going to use the

time-independent inequalities (6.8) to show that we have uniform estimates
max IVFA| < C) < +00  Vt€[0,T)

for all k € N. We will see that such estimates contradict the development
of a singularity at time ¢ = T, hence the flow must be smooth for every
positive time. To this aim we are going to study the evolution of the

following integrals,
/ VEAR dysy
M

REMARK 7.1. As in the previous sections, in the computations we will
omit to state that all the polynomials ps and q° which will appear are
independent of the manifold (M, g) where the tensors are defined.
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First we derive the evolution equations for g, v, F; . and A. Essentially
repeating the computations of section 3, we get

&9i7 = —2BEmhy;

9 g = 2E,,,h"

9v = VE,

OT%y = VEp A+ Ep x VA,
LEMMA 7.2. The second fundamental form of M; satisfies the evolution
equation

m + 1 times
—
G hij=2(—1)"Ao...oAhy +q> 3 (A, A) + ¢*" 3 (Vi A) + g°(A).
Proof. Keeping in mind the Gauss—Weingarten relations (2.5) and the equa-
tions above, we compute

9, __0/,| &
ot v ot 81*,8%

0?(Epv) 0%
= ZmmEl N E.,

I%*E,, 0 15 0@
= Dwidz, T Em < . <’W 57> >
OEn  0p 5| i Op
0%F OF Do
= m__pk Z7m o ls I? —h
0z;0z; Y Oxp, +Emhjig <V 0z, hwy>

=ViV,;Em — Enhisg™ hyj .

Expanding E,,, we continue,

m times
—
9 by =V,V, (2(—1)mAA L AH 4 7L (Vi A) + ql(A))
m times
e N—
- (2(—1)mAA L AH+ g2 (Vi A) + ql(A))hisgslhlj
m times
—
=2(—1)™V,;V;AA ... AH + ¢*™ 3 (Vi, A) + ¢(A) .
Repeatedly interchanging derivatives in the first term we introduce some

extra terms of the form g™ 3(A, A) and we get

m times

—
Qhyy=2(—1)"AA ... AV, V;H+ g?" 3 (A A) + g7 (Vi A) + ¢*(A),
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then using equation (2.4) we conclude

m times
9 s =2(—1)" DA . A(Ahyy — Hhag"hy + |APhs)
QAL A) + g2 (T, A) + g (A)
m + 1 times
=2(-1)™ AA...Ah;; + PP (ALA) + 73 (Vr, A) +¢3(A) . o
Now we deal with the covariant derivatives of A.
LEMMA 7.3. We have

m + 1 times
—
IVFhy; =2(—1)™AA ... AV
+ qk+2m+3(A’ A) + qk+2m+3(VV, A) + qk+3(A) ]

Proof. With a reasoning analogous to the one of Lemma 3.5 applied to the
tensor A and by the previous lemma, we have

IV hi; = VFhij + pi(A, A Ep,)
— Vk%hij + qk+2m+3(A,A) 4 qk+2m+3(VV, A) + qk+3(A,A)
m + 1 times
= 2(—~1)"VMAA... Ahy
+ qu2m+3(A,A) + qu2m+3(VV, A) + vqu(A)
+ qk+2m+3(A,A) + qk+2m+3(VV, A) + qk+3(A,A)

m + 1 times
m k/—/ﬁ
= 2(~1)"VFAA . Ahy
+ qk+2m+3(A’ A) + qk+2m+3(vy’ A) + qk+3(A) _

Interchanging the operator V* with the Laplacians in the first term and
including the extra terms in ¢*+?™*3(A, A), we obtain

m 4+ 1 times
e N—
9V hi; =2(—1)™AA ... AV
+ CIk-}—Qm-I—B(A7 A) + qk+2m+3(vy’ A) + qk+3(A) _ O
PROPOSITION 7.4. The following formula holds,

d
_/ |va|2 d,ut _ _4/ |vk+m+1A|2 dﬂt

+ /M q2(k+m+2) (A,A,A) + q2(k+m+2)(vy,A,A) d,ut

b [ AL A) di
M
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Proof. By the previous results we have
%|VICA|2 = 2gi1j1 ...gi’“j’“gisgj‘z%vil aphii Vi g Pz
g gt GG gIEN iV g s
m + 1 times
= 4(=1)"g"It gk G GPITAN L AV i RV Bse
+ (qF P23 (ALA) 4 gF (VL A) + 7P (A)) « VFA
+ 2B, g™ LRI gk gS AN bV g s
m + 1 times
= 4(=1)mg" It gk g G EAN AV i iV P
+ q2(k+m+2) (A,A,A) + q2(k+m+2)(VV,A,A) +q 2(k+2) (A, A)
=4(=1)"g" "V, VIV VIR R TR
+ q2(k+m+2) (A,A,A) + q2(k+m+2)(VV,A,A) + q2(k‘+2) (A,A).
Interchanging the covariant derivatives in the first term we introduce some
extra terms of the form q?*+™+2)(A A, A), hence we get

9 kA2
8t/|VA| dpu

= 4(—1)m/MgisngVik+1...Vi“m“V« Vi

Tk+1

Vir g iV % b dpg

k4+m41""
+ /M q2(k+m+2) (A,A,A) + q2(k+m+2)(VV,A,A) + q2(k+2) (A,A) d,ut

+ /M q2(k+m+2) (A,A,A) d,U/t,

where the last integral comes from the time derivative of p;.
Then, carrying the m + 1 derivatives Vi+1 .. Vik+m+1 on Vi-ikh by
means of the divergence theorem, we finally obtain the claimed result,

= /M gisgjzvik+m+1 vlkﬂvn Ry hijviHmH"'vikﬂvilmik hs. dpt
+ /M q2(k+m+2) (A,A,A) + q2(k+m+2) (VI/,A,A) + q2(k+2) (A,A)d,ut
=4 / [V AL dpsg
M

+ /M q2(k+m+2) (A,A,A) + q2(k+m+2)(VV,A,A) + q2(k+2) (A,A)d,ut ]

The leading coefficient became —4 since we multiplied 4(—1)™ for (—1)"*!
while doing the m + 1 integrations by parts. O
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Now we analyze the terms
/ q2(k+m+2) (A, A, A) du;  and / q2(k+m+2) (Vy’ A, A) dpg .
M M

If one of the two polynomials contains a derivative V¢A or Vi(Vv) of order
i >k + m + 1, then all the other derivatives must be of order lower than
k 4+ m, since the rescaling order of the polynomials is 2(k + m + 2) and
the fact that there are at least three factors in every additive term. In
this case, repeatedly using the divergence theorem as before, to lower the
highest derivative, we get the integral of a new polynomial which does not
contain derivatives of order higher than k + m + 1. Moreover, if there is a
derivative of order k 4+ m + 1 then the order of all the other derivatives in
g2+ m+2) must be lower than or equal to k + m, by the same argument.
With the same reasoning, the term

/ q2(k+2) (A,A) d/J/t ’
M

can be transformed it in a term without derivatives of order higher than or
equal to kK + m + 1.
Hence, we can suppose that the last three terms in

G [ IR e = = [T AR g,

+ /M q2(k+m+2) (A,A,A) + q2(k+m+2) (VU,A,A) dﬂt

+ / q?FD (A A) dpy (7.1)
do not contain derivativesM of A or of Vv of order higher than k + m + 1;
possibly, only one derivative of order k£ + m + 1 can appear.
LEMMA 7.5. The following inequality holds
Vo] < [VITHAL + |o*(A)]

where q°(A) does not contain derivatives of A of order higher than s — 2.
Proof. By equations (2.5) it follows that Vv = A « V¢, hence

Vir=VlAxVeo+ Y VIA«VIVZ

itj=5—2
and since V?jcp = —h;jv, we get
Vi =V 1A« Vo + Z ViA « VI(Av)
i+j=s—2

=V AR Ve + Y VAxVARVRY
i+j+hk=s—2
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Then, by an induction argument we can express V°v as
Viy = Vs_lA*V(,O—F qS(A)’
where q°(A) does not contain derivatives of order higher than s —2. Taking
the norm of both sides we get
Vo] < [VFTHA % Vol + [g°(A)]
and we conclude the proof computing
_ 2]
VLA« V| = |V, i 1hzlglka;i
= (vzl ds— 1]hzl.glk o g“jl---gi87ljs ! ]v_]l Js— 1h]wng e )1/2
= (Viy.iy 1 hig™ grg” g™ .. gl 1"V, o lhjw)l/Z
= (vil...isflhzlglwg“ﬁ . gls s Zjvjl Js— 1hjw)1/2
= |V Al O

Taking the absolute values inside the integrals and using this lemma to
substitute every derivative of v in (7.1), we obtain

d
E /|VkA|2d,ut§—4 |Vk+m+1A|2d,u,t—|—/ |q2(k+m+2) (A)|+|q2(k+2) (A)|d,ut,
M M M

where, as before, the two polynomials do not contain derivatives of A of
order higher than k+m + 1; possibly, only one derivative of order k+m+1
can appear in every multiplicative term of g2(*tm+2)(A).
Before going on, we remark that the * product of tensors satisfies the
following metric property,
|T S| <|T|-|5]. (7.2)
This can be easily seen choosing an orthonormal basis at a point of M} in
such coordinates we have

|T*S|2 = Z( Z Til---iijl---jl)Q

free contracted
indices indices
<2 (X >, S
- ]1 i
free contracted contracted
indices indices indices
2
< 2
= CT“...% ]1 Ji
free  contracted free  contracted
indices  indices indices  indices
2 2
=T - [S7.

Now by definition we have

N
q2(k+m+2) (A) — Z l@ VGt A



Vol. 12, 2002 SMOOTH GEOMETRIC EVOLUTIONS 167

with

Z

(cji+1) = 2(k +m +2)
1

~

for every j, hence

N
|q2(k+m+2) (A)| < Z H |VcﬂA|

Jj =1
by (7.2). Setting

Nj
@ = T[Iva|
=1
we clearly obtain

/‘qQ(Hm”)(A)\dutSZ/ Q;duy .
M T M

If Q; contains a derivative of A of order £+m+1, we have seen that all the
others have order lower than or equal to k + m, then collecting derivatives
of the same order, (); can be estimated as follows
k+m
Qj < |vk+m+1A| . H |viA|aji
i=0
for some «y; satisfying the rescaling condition
k+m
(k+m—+2)+ > (i+1)aj =2(k+m+2).
i=0
Hence, using the Young inequality, for every €; > 0 we have
k+m

1 ; y
/ Qj th ng/ ‘Vk+m+1A|2 dﬂt + _/ H |VZA‘20¢JZ d,ut
M M dej I i

_Ej/ ‘Vk+m+1A|2th+/ ‘qQ(k+m+2)(A)|th7
M M

where we put in evidence the fact that the last term again satisfies the
rescaling condition and no longer contains the derivative VATm+1A,

Collecting together such “bad” terms, and choosing suitable €; > 0 such
that their total sum is less than one, we obtain

d
_/ |va|2thS_3/ ‘VkerJrlA‘Zd,ut
dt Ju M

+ / ‘q2(k+m+2) (A)‘ + / ‘q2(k+2) (A) ‘d,ut 7
M M



168 C. MANTEGAZZA GAFA

where now in the last two terms all the derivatives of A have order lower
than k£ +m + 1. We are then ready to estimate them via interpolation

inequalities.
As before,
| k+m+2 | < Z Q] ’
and after collecting derivatives of the same order in Qj,
k+m k+m
Qj =[] V'A% with Y aji(i+1) =2(k+m+2).
=0 =0
Then,

k+m

| @am= [ L 197 d

M

k+m ‘ 1/

IT ([ v an)
M

1=0
k+m

= H HVZAHLWW,'Y'L(L%

where the v; are arbitrary posmve values such that " 1/v; = 1.
We apply interpolation inequalities: if in (6.7) we take ¢ = 2, r = n+1,
s=k+m+1,j=iand T = A we get

\\ViA\\Lpi( < Cl|Allfyzrsmery,) HA”LnH(ut

IN

with
1 _ i 1 i
o Di n n+1
0= T 1 [/ﬁ—i—m—i—ll] (7.3)
n n+1
and p; > 1.

Now, since the volumes of M; and ||A[[n+1(,,) are uniformly bounded
in time, also [|Al[|}2(,,) is uniformly bounded and using the universal in-
equalities (6.6) with p = ¢ = r = 2 we have

k+m+1
k 1 m
”AszkerH () = Z C||V +m+ A”E;L(M:d
5=0
k+m+41
< Z ‘|vk+m+1AHL2(M)+C
s=0

< B“Vk+m+1A|’L2(ut) + C7
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where we applied Young inequality. Hence, we conclude that we have con-
stants B, C' independent of ¢ such that

IV Al iy < (BIVF A 2., + O)* (7.4)
for a as in (7.3) and p; > 1.

Choosing v; = 0 if aj; = 0 and v; = 2(k + m + 2)/a;; (i + 1) otherwise,

we clearly have
k+m k+m

by the rescaling condltlon on the aji. We claim that for every i€{0,....,k+m},
the product p; = aj;y; satisfies condition (7.3).

By definition, p; = 2(k +m + 2)/(i + 1), hence we must check that the
following inequality

, il i 1
? 2(k+m+2) n  ntl
< <1
= T1 _ ktmil T =
ktm+1l™ 52— o
holds for every i € {0,...,k + m}. Since every term is an affine function

of i, the claim follows if we show that the inequality holds for ¢ = 0 and
i =k+m+ 1. If i = 0 we have to prove that

1
2 rm+2)  nHl

O< 1+ mma 1 =1
n n+1
that is, since the denominator of the fraction is negative (as 2m >n + 1),
1 kE+m+1 1 < 1 1 <0
2 n n+1~ 2(k+m+2) n+1"

The right inequality is clearly true, again since 2m > n + 1; the left one
becomes
k+m+1 1 1 <k—|—m+1
2k+m+2) 2 2k+m+2) " n
which is true as 2(k+m+2) > n. When ¢ = k+m+ 1 the fraction is equal
to 1, hence the inequality obviously holds.
Then, the exponents p; = a;;7y; are allowed in inequality (7.4) and we

get

IVP Al pesini () < (BIVFT™ Al 2 + C) ™"
where a;; is the relative value obtained from (7.3).

Hence,
k+m

/ Q] d,ut < H ”v A”zg 'sz /‘Lt
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k+m

< H (B\|Vk+m+1A||L2(ut) + C’)ajiaji
i=0

SEE agia;
< (BIVH™ A2,y +0) 77

where the constants B and C are independent of ¢ and

1 i 1
a5 n n+1
4T Tkl _ 1
n n+1
Multiplying this relation by «a;; and summing on 4 from 0 to k +m we get
k+m k+m 1 _ oy i
_ Yi n n+1
Z Qjildyi = Z T _ ktmtl _ 1
=0 =0 2 n n+1
. k+m ’i()éji Qaji
1 Zi:(] ( n + n+1
T 1 ktmtl 1
2 n n+1
k+m oji(i+1) k+m 1 1
1= = = 2t Yilag —
- 1 _ ktmdl _ 1
2 n n+1

Recalling that ZkJrOm a;i(i + 1) = 2(k + m + 2) we continue,
1 2k+m+2 + Zk+m Qjq

. 1=0 n(n+1)
- 1 _ kfmdl _ 1
2 n n+1
_9kt+m+1 k+m _ oji
. 1 2 n + ZZ 0 n(n+1)
- 1_ k+m+1 — 1
2 n n+1
Now the denominator is negative, and clearly
k+ k+ .
Zm > X ayi(i+ 1) 2k+m+2
ii _
e = L pym+l Tkdm A1)
=0 =0
so we obtain
k4+m _9ktm+1l _ 2 k4m+2 1
Z . < 1 2 n + 2k+m+1 n(n+1)
Qjilji = 1_ ktmtl _ 1
] 2 n n+1
_oktmtl _ 2 2 2
o 1-2 n n + n(n+1) + k+m+1 n(n+1)
1 E+m+41 1
2 n n+1
ktm41l 2, 2 1 _
o 1 2 n n+1 + k+m-+1 n(n+1)
1 k+m+1 1
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2 1
k+m+1 n(n+1)
ktm+l , 1 1

n + n+1 2

4
T hrmr DRkt m e DmF D—nn=1)] >

Hence, we finally get

1-6
/ Qjduy < <B/ |Vk+m+1A\2 dpg + C)
M M

for a positive § and again using the Young inequality, we have

/ Q] d/J/t < 5]/ |Vk+m+1A|2d,ut+C’
M M

for arbitrarily small €;. Repeating this argument for all the @); and choosing
suitable €; whose sum is less than one, we conclude that

d
_/ ‘va‘Q dug < _2/ |Vk+m+1A‘2 d,ut‘i‘c"i‘/ |q2(k+2)(A)|th
dt Ju M M

with a constant C' independent of time.

The last term can be treated in the same way. It can be estimated by
the sum of the multiplicative terms (); and collecting derivatives of the
same order as before, we have

k+m k+m
Q; < [[ IVAI%  with ) Bu(i+1) =2k +4.
i=0 i=0
I ' i 4 g ; o 2(k+2)
n this case the coefficients ;, when 3;; # 0, are given by ; = A1)

hence
k+m k+m

> 5= iy
2(k + 2)
by the rescaling Condltlon.

With an analogous control, one can see that the conditions on the ex-
ponent p; are satisfied. It remains to compute

k4+m k+m 1 Mi _ 6yz

IETIED ppceet=s
jilji = 1 _ ktmtl _ 1

=0 =0 2 n n+1

k+ iBji Bji
L= (B )

k+m Bji(i+1) k+ Bji
1_210m Jn +ZZ Omn(nj—}—l)

1 k+m+1 1
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1— 2k+4 + Zk+m 5]2

. 1=0 n(n+1)
o l_M_L
2 n n+1

As the denominator is negative and

%nﬁ“>k+m Bj(i+1)  2k+4
= ‘ E+m+1 k+m+1’

we obtain
k 2k+4 k4+m Bji(i+1) 1
g < L= n + Zz:(;n kj—l—m-l—l n(n+1)
Z Bjiaji < 1 _ ktm+l _ _1_
=0 2 n n+1
2k+4 2k4-4 1
. L= n + k+m+1 n(n+1) 9
1_ k+m+l _ 1 )
n n+1
since this last inequality is equivalent to
2k+4 2k+4 1 2(k+m+1) 2
1-— + >1-— —
n E+m+1nn+1) n n+1
and simplifying, to
2k+4 1 - 2(m—1) 2
k4+m+1n(n+1) n n+1’

which is obviously true.
Concluding as before we finally get

d
—/ IVFAP dpy < —/ |VFmH A2 dpy + C (7.5)

for a constant C' independent of time.
By (5.2) and the Young inequality, we have

m-+41
VAR € < BT AT AN +C

< B‘|Vk+m+1A||£§L&+l +C

< _/ |Vk+m+1A|2d,ut+C',
2)m

again with a uniform constant. Combining this inequality with (7.5), we
obtain

d 1
d—/ |VEA? dpy < ——/ |VEA2 dpy + C
tJm 2 Ju

and a simple ODE argument proves that there exist constants C}, indepen-
dent of time such that

/ \VEAR dpy < Oy
M
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To pass from W?2P(u;) to pointwise estimates, first we notice that as all
the derivatives of A are bounded in L?(u;), by inequalities (6.2), for every
p > 1 and k € N we have constants Cj, , such that

/M IVFAP dpy < Crp .-

Then choosing a p > n, we apply inequalities (6.3) to every V*A to conclude
that for every k € N we have constants C}, independent of ¢, such that

max |[VFA| < Cy. (7.6)
M

Looking back at the way we obtained them, we can see that the con-
stants C} depend only on the dimension n, the differentiation order k£ and
the initial hypersurface ¢y.

Following Huisken [Hul, Sec. 8] and Kuwert and Schétzle [KS1, Sec. 4],
these estimates imply the smoothness of the map ¢(p,t). Since VFA are
uniformly bounded in time, supposing that [0,7") is the maximal interval
of existence of the flow, we have

\ﬂnw—w@ﬁng/ﬂaaﬁxmwsgca—@

for every 0 < s <t < T, then ¢; uniformly converge to a continuous limit
prast—1T.

We recall Lemma 8.2 in [Hul| (Lemma 14.2 in [H]).
LEMMA 7.6. Let g;; a time-dependent metric on a compact manifold M
for 0 <t <T < +o0. Suppose that

T 0
max
o M

Egij
Then the metrics g;;(t) are all equivalent, and they converge as t — T
uniformly to a positive definite metric tensor g;;(T") which is continuous
and also equivalent.

dt < C.

In our situation, if T' < 400, the hypotheses of this lemma are clearly
satisfied, hence ¢(-,T') represents a hypersurface. Moreover, it also follows
that there exists a positive constant C' depending only on n and ¢ such
that for every 0 <t < T we have

& <o) <C.
Since

8917 = —2Emhij
by (7.6), for every k € N we have

Hvk%gi]‘ < C}.

Loo(u)
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Analogously, as the time derivative of the Christoffel symbols is given by
OTl =VEp *A+Epx VA,
it follows that A
HV’“%F}RHLW(M < G-

for every k € N.

With an induction argument, we can prove the following formula (where
we avoid indicating the indices) relating the iterated covariant and coordi-
nate derivatives of a tensor T,

m
VT =0"T+ ) > O ... OITOFT . (7.7)
=1 j1+-+jit+k<m—1
By this formula and induction, it follows that

”akrz'lHLo"(u) ) Hak%F;l < Ck,

Loo(u)

for every t € [0, 7).
Applying again formula (7.7) to T'= V*A we see that

k
OFVEA — VFTSA = Z Z O ... 09T VoA,
=1 ji+-+ji+Hl<k—1
and by induction and estimates (7.6) we obtain
|0"VE A ooy < Chos
for every k,s € N.

Since we already know that || is bounded and |0¢| = 1, by the Gauss—

Weingarten relations (2.5)
0?0 =Ty + Av, v =Ax0dyp
and the previous estimates, we can conclude that
105l ey < Ck

for every k € N and ¢ € [0,7). The regularity of the time derivatives also
follows by these estimates and the evolution equation.

Hence, the convergence ¢; — @, when t — T, is in the C'*° topology
and Mr is smooth. Then, using Theorem 4.1 to restart the flow with ¢

as the initial hypersurface, we get a contradiction to the fact that [0,T) is
the maximal interval of existence.

REMARK 7.7. Though this argument shows that the solution is classical, we
cannot conclude that the estimates on the parametrization hold uniformly
for every t € [0,+00) which is instead the case for the estimates (7.6) on
the curvature.
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Theorem 7.8. If m > [n/2], for any smooth hypersurface immersion
o : M — R™ ! there exists a unique smooth solution to the problem

% (p,t) = ~Em(p) (pv(p,1),

that is, the gradient flow associated to the functional
Ful) = [ 1+ V7w d,
M

defined for every t € [0,+00) and taking ¢o as its initial value. Moreover,
such solution satisfies

max |[VFA| < Cy.
My

for constants C}, depending only on n, k and .

8 Convergence
Let us consider the function o : [0,4+00) — R,

o(t) = /M B ()] dpie > 0.

Clearly we have

L Futo0 == [ Bl = =),

and integrating both sides in ¢ on [0, +00) we get

+o0o
/0 o(t)dt = Fn(wo) — Fn(er) < Fmlpo) -

Moreover

| /‘ = th Em(¢r) — H[Em ()] | dpe < C

by the bounds (7.6). Then the function o, being Lipschitz and integrable
n [0,+00), converges to zero at +oo. This means that every C'°° limit
hypersurface of the flow 9 : M — R"*! satisfies E,,,(¢)) = 0, i.e., it is a
critical point of F,.
To find limit hypersurfaces, we need the following compactness result

of Langer and Delladio [Del], [L].

Theorem 8.1. Let (M, g;) be a family of closed, oriented, n-dimensional
hypersurfaces, isometrically immersed in R"*! via the maps ¢; : M —
R"™*1: Jet 11; be the associated measures on M and Bar; the center of gravity
of ;, that is,

Bar; = / Pi dp; -
M
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Let h be any metric tensor on M, if for some exponent p > n and C' > 0
we have

/ 1+ |APdu; + |Bar;| < C < +00.
M

Then there exist a subsequence of {;} (not relabeled) and diffeomorphisms
o; : M — M such that, {p; o 0;} converges in the H*P weak topology of
maps from (M, h) — R"*! to an immersion ¢ : M — R"*1,

Translating the hypersurfaces ¢; : M — R in order to have Bar, =0 €
R 1, we are in the above hypotheses. Hence, we can extract a subsequence
of smooth hypersurfaces ¢; = ¢y, and diffeomorphisms o; : M — M such
that, for a fixed metric h on M, the sequence {p; o 0;} converges in the
H?P? weak topology to an immersion 1 : M — R+,
With the arguments of the proof of Theorem 8.1 in [Del], [L] and taking
into account that in our case we have also the estimates (7.6), it is possible
to conclude that actually the convergence is in the C'*° topology and the
limit hypersurface is smooth (see also [Hu2, Prop. 3.4]).

Theorem 8.2. The family of smooth hypersurfaces ¢g : M — R"L
immersed in R"*!, evolving by the gradient flow for the functional

Fale) = [ 141V d,
M

when m > [n/2], up to reparametrizations and translations, is compact in
the C'*° topology of maps. Moreover, every limit point for t — 400 is a
C™ critical hypersurface of the functional F,,.

9 Some Remarks and Open Problems

9.1 Other ambient spaces. A natural extension would be to consider
an ambient space different by R"*! and a codimension s greater than one,
that is, a general Riemannian manifold (N, k) of dimension n+s (we remark
that Polden’s Theorem 4.1 about small time existence of the flow already
deals with hypersurfaces in a general target manifold). In this context a
functional which could be considered is

Fulp) —/ L4 [Vl dy,
M

where w = v; A --- A g is an s-vector obtained by a local orthonormal
basis of the normal space to the n-dimensional immersed submanifold ¢ :
M — N"™% The case n = 1 was treated in [DzKS] by Dziuk, Kuwert and
Schatzle, extending Polden’s results to space curves.
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9.2 Other Functionals. It would be very interesting to study the flows
in the “critical” case 2m = n, where our proof fails since we are no longer
able to bound the constants independently of time. Notice that the well-
known Willmore functional on surfaces in R3 (see [S2], [Wi])

W(e) = /M AP dp

falls exactly into this case if we add the area term, since |A|? is equal to
|Vv|2. To the best of the author’s knowledge, up to now, there is no proof
of regularity of the flow, nor an example showing the development of a sin-
gularity in finite time. Mayer and Simonett have recently obtained strong
numerical evidence that a singularity could appear and by a contradiction
argument Kuwert was able to show an example of a non-embedded initial
surface becoming singular, though possibly at ¢ = 400 (personal commu-
nication). However, the problem is completely open in the case of initial
embedded data. See [KS1,2], [Si] for the recent results on this subject.

When 2m < n we do not expect regularity of the flow by the gradient
of F,, since the curvature term is not sufficiently strong to give regularity,
and dumb-bell-like separation phenomena should appear during the flow
of certain hypersurfaces. It should also be noticed that in this and in the
critical case, the n-dimensional unit sphere in R"*! collapses in finite time.

Moreover, one can consider “non-quadratic” functionals also, for in-
stance,

Fnp(p) = / 1+ |V™|Pdpy  when mp >n
M
(following the analogy with the Sobolev spaces), in particular,

Fiplp) = /M 1+ AP dp for p >n

which would give rise to a flow of order lower than the one of F;, when
n > 1.
In the same spirit another interesting functional is

Hy() :/M1+|H|pd,u forp>mn.

In these cases the existence and regularity of the flow is a completely open
problem.

9.3 Smoothing Terms. From our analysis, it easily follows that for
all positive constants o and 3 the gradient flow of the functional

Fab(p) = / o+ BV dy
M
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exists and is smooth for every positive time. Moreover, if we consider a
general positive geometric functional

6(0) = [ g A, VATV du,

such that f is smooth and has polynomial growth, and choosing an integer
m large enough, the gradient flow of the perturbed functional with € > 0

Gr(9) = G(p) + eFm(p)

does not develop singularities. This is achieved by choosing m so that the
rescaling order of |V™vy|? is larger than the rescaling order of
flo,g,A v,..., VA, V), in this way the extra terms coming from G are
well controlled by the leading term in the first variation of eF,, and do not
affect long time existence. Then we say that F,, is a smoothing term for
g.

Once we have a sufficiently general family of smoothing terms we can
study what happens when the parameters are varied, in particular when
the constant in front of them goes to zero.

This program, suggested by De Giorgi in [D1], [D2, Sec. 5], can be stated
in general as follows: given a geometric functional G defined on submani-
folds of the Euclidean space (or a more general ambient space),

e find a functional F such that the perturbed functionals G. = G 4 e F
give rise to smooth flows;

e study what happens when ¢ — 0, in particular, the existence of a
limit flow and in such case its relation with the gradient flow of G (if
it exists and is smooth or singular).

Our work shows that the functionals F,,, satisfy the first point when the
functional G has polynomial growth, provided we choose an order m large
enough (depending on G).

Concerning the second point, a first step would be to consider the pos-
sible limits when ¢ — 0 of the flows of [,, 14 ¢|V™v|?dyu when m > [n/2]
and their relation with the mean curvature flow. Even the simplest case of
the convergence of the family of flows of curves associated to the functionals

718(7)2/811+5k2ds

to the mean curvature flow is an open problem.

9.4 De Giorgi’s conjecture. Finally, we introduce the original smooth-
ing terms suggested by De Giorgi in [D1,2]. Given a smooth embedded
hypersurface M C R™!, we can consider the squared distance function
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nM(z) = [d(x, M)]? : R**! — R which turns out to be smooth in a neigh-
borhood of the hypersurface M. Then we define the function

2 _ M
2
and its derivatives
e tm axil e 8$Z’m
whenever they exist, in particular for every x € M.

The quantities Af‘l/{ i, (w) for x € M are related to the second funda-

mental form A(x) of M and to its derivatives up to the order m — 3, for

instance
AN @)= > [AM ()] =3|A()?.
1<i,5,k<n+1

In general there is a one-to-one relation between the quantities Af\]/[k(x) and
the second fundamental form of M at x (see [AmM]). In the case of an
immersed manifold, not necessarily embedded, the function AM () can be
defined using the property that every immersion is locally an embedding.

The relations of the distance function with the second fundamental form
make it a valuable tool in the study of the evolution by mean curvature (see
[AmS], [So]) and more generally of geometric functionals and flows (see for
instance [AmM], [DeZ1,2)).

De Giorgi suggested that the gradient flow of the functionals

DG.e) = [ 1414, P

when m is large enough, does not become singular. By analogy with our
work we expect that when m > [%] + 2 we obtain regularity.

The first variations of these functionals have been studied by Ambrosio
and the author in [AmM, Sec.5.3]: the leading term of the first variation
of DG,, turns out to be a constant multiple of the leading term of E,, 5
(see Theorem 3.7),

m — 2 times

—
2m(—1)"AA...AH,

Moreover, the functional DG, has the same rescaling properties of F,_o.
The difficult step in repeating our proof lies in controlling a priori Sobolev
and interpolation constants, or more precisely in obtaining inequalities of
kind

AL ey < CIUAY 5, lLaq) »

Z1...ik
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since the integrals are done on M but the derivatives are taken along all
the directions of the ambient space R"*!1. At this moment the original
conjecture of De Giorgi remains open.

9.5 Asymptotic Behavior. Natural open problems are the uniqueness
and the classification of the possible limit hypersurfaces of these flows, or
equivalently of the critical points of the functionals F,, (actually, it is also
unknown to the author if the hypersurface can actually go to infinity when
t — 400). In his work [Pol] Polden completely classifies the limit curves of
the flow of the functional (1.1). The analogous n-dimensional result seems
to be a much more difficult task.
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