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Abstract

This paper studies the stability criterion and controller design for time-delay switched
systems with input saturation. The main contributions of this paper are as follows:
(1) Based on constructing the Lyapunov—Krasovskii functional (LKF) with the triple
integral term and making full use of the delay lower bound information, the sufficient
conditions for the exponential stability of the system are given. (2) A state feedback
controller is designed for the input-saturated system. (3) The symmetric delay rate
problem is considered to accurately define the derivative of LKF, which reduces the
conservatism of the system. By reducing conservatism, that is, the time-delay upper
bound is raised, allowing for a wider range of time-delay signals. Finally, the effec-
tiveness of the proposed method is verified by the numerical examples.

Keywords Input saturation - Time-delay switched system - Exponential stability -
Average dwell time

1 Introduction

In scientific and engineering fields, such as mechanical rotation, flight control systems,
and high-tech fields, time delay often occurs, which in most cases causes the degra-

B Guoda Chen
gchen@zjut.edu.cn

Qian Wang
wq@hdu.edu.cn

Fujie Tian

tfj0427@163.com

School of Automation, Hangzhou Dianzi University, No.1158, No.2 Street, Hangzhou Economic
Development Zone, Hangzhou 310018, China

College of Mechanical Engineering, Zhejiang University of Technology, No. 288 Liuhe Road,
Hangzhou 310023, China

Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00034-023-02557-2&domain=pdf
http://orcid.org/0000-0002-3296-4280
http://orcid.org/0000-0001-9952-125X

1474 Circuits, Systems, and Signal Processing (2024) 43:1473-1491

dation of the system performance and even destabilizes the system. In recent decades,
the time-delay system stability has been extensively studied and has attracted a lot of
attentions from the researchers [1, 4, 20, 31]. Additionally, switched system is one of
the current research hotspots. In Cai et al. [2], the model-based event-triggered control
for uncertain discrete-time switched systems composed of stable and unstable subsys-
tems was studied. In Zhang et al. [32], a low-cost adaptive pre-designed time tracking
control strategy was proposed for nonlinear switched systems with input quantization
and unknown inter-class hysteresis delay. In Swapnil and Nikita [16], the dynamics of
a bimodal planar linear switched system with Hurwitz stable and unstable subsystems
was studied. In the current study, the switched non-time-delay systems or time-delay
non-switched systems are relatively simple, while the switched systems with time
delay are more complicated [21]. It is very important to find the maximum bound of
time delay to ensure the asymptotic stability of the system. The study on the time-delay
switched systems has attracted great interest [3, 8, 9, 11, 29, 33].

On the other hand, due to the physical limitations of the engineering equipment in the
actual system, the input saturation occurs frequently. Therefore, it is great theoretical
and practical importance to design the controller to make the system stable when the
input saturation occurs [22]. In recent decades, there have been many research results
on the switched systems with input saturation [12, 23, 24]. In Shang and Jingcheng
[17], the adaptive event-triggered robust optimal control method for discrete-time
switched systems with input saturation and external disturbances was studied. In Wu
and Zhang [25], a non-fragile event-triggered control method for positive switched
systems with/without input saturation was proposed. In Jiang et al. [7], an adaptive
neural network control scheme for a class of randomly switched systems with input
saturation was studied. In Wang et al. [26], the exponential stability of the switched
systems with input saturation and parameter uncertainty was studied. In Marc and
Sophie [13], the anti-windup control for the discrete-time switched systems with input
saturation was studied.

Due to the inherent conservativeness of the Lyapunov—Krasovskii functional (LKF)
method, the researchers have been trying to find ways to reduce the conservativeness
of the stability criterion. In Gu [5], an approximation to the full LKF was achieved
by decomposing the integration interval and restricting arbitrary matrix functions to
sectional-continuous functions. In Peet and Papachristodoulou [14], the stability anal-
ysis was transformed into a sum-of-squares problem by parametrizing arbitrary matrix
functions into higher-order polynomials and using polynomial relaxation techniques.
In Seuret and Gouaisbaut [18], time-delay states were projected onto Legendre poly-
nomials to achieve exact bounding of the cross terms. In Han [6] and Yue et al. [30],
by decomposing the time-delay variation interval, the conservativeness of the corre-
sponding linear matrix inequality (LMI) conditions can be reduced. The above stability
analysis methods use the time-delay variation range and the upper bound on the rate
of delay change. By using these two kinds of information and introducing the triple
integral term into the design of LKF, the solution space will also be enlarged, which
can further reduce the conservatism of the stability analysis.

In this paper, the stability criterion and controller design for the time-delay switched
systems with input saturation is investigated based on an improved LKF. Based on
constructing LKF with triple integral term and making full use of delay lower bound
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information, the sufficient conditions for exponential stability of the system are given.
A state feedback controller is designed for the input-saturated switched system. The
symmetric delay rate problem is considered to accurately define the derivative of LKF,
which reduces the conservatism of the system. The inverse convex method is also
introduced, which can directly deal with the integration of inversely weighted convex
combinations to effectively reduce the number of decision variables and obtain a less
conservative stability criterion. Finally, the effectiveness of the proposed method is
verified by the numerical examples .

Notations We have used some standard symbols in this paper. R”*" represents the
m x n dimensional real matrix, and R” represents the n-dimensional Euclidean space.
Let 0 ={1,2,...,2"}. M T and M~! show the transpose and inverse of the matrix
M, respectively. I, represents the n-dimensional identity matrix. M > Oand M < 0
represent the positive definite and negative definite symmetric matrices, respectively.
X (t) is the derivative of the function x(f) with respect to time ¢. Amax(+) and Apin (+)
denote the matrix minimum and maximum eigenvalues, respectively, and * denotes
the symmetric terms in a symmetric matrix.

2 Problem Formulation

Consider the following time-delay switched system with input saturation:

§(t) = Apx(t) + Cox(t —d(t)) + Bosat(u(z))

D
x(0) = @(0), 6 € [—h2, O]

where x(t) € R" is the system state, u(f) € R is the system input, and ¢(0) is a
continuous initial function. o (k) : [0, c0) — M = {1, 2, ..., M} denotes the
switched signal, M denotes the modal number. And

sat(u(t)) = [sat(u; (1)), sat(u(1)), -+, sat(up ()]

with —1 < sat(u;(¢)) < 1. Ay;, B, and C, are constant matrices with appropriate
dimensions. The time-varying delay d(¢) satisfies

0<hy <d(t) <hy, —dmax < d(t) < dmax < 1

where 1, hy and dp,x are the positive constants.

Lemma 1 [19] (Jensen’s integral inequality) Let x be a differentiable derivative on
[a, B] — R". For a positive definite matrix R € R™*", the following inequalities
hold
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By ( 8 T8
(ﬂ—a)/ x (s)Rx(s)ds > / x(s)ds | R / x(s)ds
B-a? (B[P o B B T (B B
) / /9 X (s)Rx(s)dsdd > / /0 x(s)dsd0 | R / /0 x(s)dsdo

where o and 8 are the positive constants.

Lemma2 [15] Let fi, f2, ..., fn : R™ — R have the positive values in an open
subset D of R™, and then, the f; mutually convex combination on D satisfies

1
min 30— fi) =30 fi0) + max 3 g0
s i i

;>0, Yo
i

then

L pm A, fi(@) gi ()
{gl,] :R" — R. gl,](t) —g],l(f)~ [gi,j(t) fj(t) :| > 0}

Remark 1 Lemma 2 is the inverse convex method, which can directly deal with the
integration of inversely weighted convex combinations to effectively reduce the num-
ber of decision variables.

Lemma 3 [34] There are 2™ diagonal matrices D; € R™*™ with elements 1 or 0,
Jj€Q,and D7 =1 — Dj. The scalars nj satisfy 0 < n; < 1 and Z?:l nj =1, and
it can be concluded that

2)71
Y njDj+D) =1, jeQ
j=1
And a bounded set is defined as
LH) ={x(t) e R": |hlx(1)| < 1,5 € {1, 2, ..., m}}

where h? is the s-th row of H € R™*", For x(t) € R", K € R™*" ifx(t) € L(H),
then

sat(Kx (1) € co{D;Kx(t) + Dy Hx(1), j € Q}

where co{-} denotes the convex hull.

Definition 1 [27] If there exist positive constants ¢ and A such that for any initial
condition x (0), the solution of the system satisfies

lx(D)]| < ce =0 ||x (), Vr > 10
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and then the system is said to be exponentially stable with the exponential decay rate
A.

Problem 1 Consider system (1) with u = 0, a novel LKF is designed for the time-
delay switched system. A less conservative stability criterion is obtained; that is, the
time-delay upper bound is raised.

Problem 2 Consider system (1), a novel LKF is designed for the time-delay switched
system with input saturation. A less conservative stability criterion is obtained; that is,
the time-delay upper bound is raised. A state feedback controller is designed to ensure
the exponential stability of the closed-loop system.

3 Main Results

Firstly, the stability of system (1) with u = 0 is discussed and sufficient conditions
for the exponential stability of the system are given.

Theorem 1 For given constants hy > 0, hy > 0, a > 0, wu > 1, if there exist
matrices P; > 0, Rj; >0, Dj; >0, Qj; >0, S;; >0, Z; > 0 of appropriate
dimensions satisfying

D) Py P13 Py Dy
Dy Doz Doy Pos
x % P33 P3yy P35 | <0 2)
ok x Dyq DPys
*  x k% Dss

*

i|>0, (=12 3)

Pi < uPj, Qu < pnQij, Qo < nQzj, Rii < uRyj, Ry < puRyj,

4
Dy = uDyj, Dy =ubDyj, Zi < uZj @

And the average dwell time t, satisfies

In
T >t =k

where

@iy = 20P; + P A + AT P+ Qui + Qo + AT N A + 132 — e 722N Ry;,
D1y = PiCi +e MRy —e72hs 4 ATN, G, @13 = 72015y, @14 =0,
D5 = haZ;i, Doy = CIN;C; +2e7 2115y, —2e720M Ry, 4 2e7 20025y, 2o~ 20h2 Ry,
—(1 = dmax)e 2Dy + (1 + dimax)e 2 Dy;, @23 = —e 215y + e Ry,
Dyy = —e 2M25y; 4 eT2MRy By5 =0, D33 = —e Q) — e MRy,
—e 2Ry ey, B3y =228, B35 =0,
By = —e 2Ry — o220y — 72Dy Y5 =0, D55 =7,
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2 2 h% . 1 Inp
Ni = hiRi; +hiyRoi + = Zi a = minAmin(P), 1 = S(@ = —),
a
b = max Amax (P;) + hi max Amax (Q1;) + h2 max Amax (Q2;) + 7 max Amax (D1;) +

h? n?
ho max Amax (D2;) + 71 max Amax (R1;) + 72 max Amax (R2;), hiz2 = hy —hy.

Then, the system (1) with u = 0 is exponentially stable.

Proof We choose the following LKF

Voiy(®) = Vier)() + Vag(ty @) + V3o ) (1) + Vag (i) (1) + V5o (1) (2) ©)

where
Vi (®) = xT (1) Py iy (1) 6)
Vag () (D) = f{_p, X ) Q15 ) x(s)ds + [y, xT ()2 05 1) x(s)ds (7
Vi) @) = fft:;'(lt) xT(S)eza(“'_l)D]U(Z)x(s)ds + ftt__;lz(l) xT(s)eZ‘”(s_’)ng(,)x(s)ds (8)
Vao (@) = h1 [% [ 19 £T ()20 Ry )i (5)dsdo 9
—hi et T 2a(s—t) . 9
+h2 f*hz fr+9x (s)e Roq (1) X(s)dsdo
and
1 -0 0 . _ .
Vsay ) =3 [2 fo [ 5 ()e670 Z, ) 3(s)dsdrde (10)
The derivative of (5)—(10) is
Vi(t) = Vii (1) + Vai (1) + Vi (1) + Vai () + Vsi(8) (11)
where
Vi (1) = 2xT (1) P (1) (12)
Vai (1) = =2aV5; (1) + xT () Quix(t) — T (¢ —hp)e M Qyix(t — hy) (13)
+xT (1) Qpix (1) = xT(t — hp)e™2M2 Qoix(t — )
V3i (1) = —2a V3 (1) — (1 — d(0)x" (t — d(1)e 2% DDy x(1 — d (1))
+xT(t —hpe™22M D x(t — hy) — xT(t — hp)e™ 2% Dy x(t — hy) (14)
+(1 = d)xT(t — d(1)e 224Dy, x(r — d(1))
Vi (1) = =2aVgi (1) + h3x T (O Ry (1) — hy [T () Ry %(1)
—e 23T (s — p) Rkt — hy)dr + hisz(t)Rzi)'c(t) (15)
—hya [ 2T = h) Rt — hy) — e 222 5T (1 — ho) Ro;i(t — hy)dt
and

4 2
Vsi () = =20V (1) + %xT(t)ziX(t) - "72 ffhz Jlp 3T ()22 67D 2,5 (s)dsdo (16)
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Then, it can be derived

Vit) < 2xT(t) Pk (1)
—2aVoi (1) + xT() Qrix(t) — xT(t — h)e M Qyix(t — hy)
+xT(#) Q2ix(t) — xT(t — h2)e 22 Qoix(t — h)
—2aV3;(t) + x¥(t — h))e 2" Dy x(r — hy)
—(1 = dma)x T (t — d(t))e 2" Dy;x(t — d(t))
—xT(t — hy)e 2*M2Dy;x (1 — h») (17)
+(1 + dma)xT(t — d())e2*2Dy;x(t — d(1))
—2aVai (1) + B3 (O Rk (1) — hy [, £T()e™ M Ry (s)ds
+h3 5T (O Ry (1) — hia [/ 57T (s)e =242 Ry i (s)ds

4 2
20 Vsi(1) + FFTOZii () — 2 [ [l 3T (5)Zik (5)dsdo

To make the stability criterion less conservative, Lemmas 1 and 2 are used to deal
with the integral term,

—h frt—h| iT(s)e2am Ry;jx(s)ds
=—h fttfd(t) 1T (s)e=2eh Ryjx(s)ds — hy flt:}iil(t) XT(S)efhxhl Rypi(s)ds
S (%()‘(” —x(t —dONTRy; (x() — x(t — d(1)))
it (= W) = x( = h) TRy (e = (1) = x(t = 1)

h
:_e—2ah1|: x(1) = x(t = d(1)) T anki 0 [ x(1) = (1 = d(1) }
x(t —d(0) — x(t — hy) 0 %R” x(t —d(1)) — x(t — hy)

ot X0 —x@=d@) TR Su ][ x® - x@—d@)
= Xt —d@)—x(t—h)) | | % Rii ][ xt—d@)—xt—hp)

In the same way,

—hp [0 5T ()22 Ry (5)ds

- _e—2ah2|:x(t —hy) —x( —d(t))]T |:R2i Sai ] [x(l —h1) —x(t - d(l))}

x(t —d(t)) — x(t — hp) * Ry | [x(t—d@) —x(t—h2)

For the double integral, using Lemma 1, we can obtain

—% L2 T )’cT(f)Z,-)E(s)dsdQ <=/, ft;? iT(s)dsdo z; [°) [l , 5T (s)dsdo
< —(hax(0) — [, x($)d)TZi(hox (1) — [, x(5)ds)

By the above derivation, it can be concluded that

Vi(t) + 20V (1) < 2x" (1) P (1) + 20x™ (1) Pix (1)
+xT ) Q1ix (@) — xT(t — hp)e M Qyix(t — hy)
+xT (1) Q2ix (1) — xT(t — ha)e "2 Qpix(t — )
+xT(t — hp)e M Dyx(t — hy)

) Birkhduser
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— (1 = dmax)x " (t — d(1))e "Dy x(t — d (1))
—xT(t — hy)e 22D x (t — hy)
+ (1 + dmax)X T (t — d(1))e*"2Dy;x (1 — d(1))

e[ xO—x@=d@) T [Ru Su x(1) = x(t —d(1))
Xt —d®) —x@—hp) | | % Ry || x@—d@®) —x —hy)

e [ X =) —x(t —d )] [ R S | [ % = k1) = x( = d ()
x(t —d(t)) —x(t — hp) % Rp; x(t—d(t)) —x(t —hp)

. h3 .
+xT<r)(fZ,- + h2Ry; 4 h35 Ryi)% (1)

t t
— (hax(t) — f x(5)ds)T Z; (hax () — / x(s)ds)
t—ho t—ho

Then, it can be derived
Vi(t) +2aVi(t) < ETE (18)

where
t
ET = (x(0), x(t —d(0)), x(t — hy), x(t — h), / x(s)ds)
t—hy

When 2; < 0, we have V,(t) + 2aV;(t) < 0 which means
Voo (X (1) < Vo (x(tx))e 20t € [ty tis1) (19)

where #; denotes the switched time, 1y <t] <fp <« -ty <fpgp1 < ---.
According to condition (4), we can obtain

Vo) (x(tx)) = Vo - (x (1))

where #;— denotes the left limit of #;.
Letk = Ny(,r) <t — 19/ Ty, we have

V@) < eV, oy (2 7)) < - < e 200 ) (x(10)
< e Qo T 0=0)V, ) (x(10)

According to Definition 1, we can obtain

a _,—
Ix@) < \/;e M) e 0| (20)
Therefore, the system (1) with u = 0 is exponentially stable. O
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Design the state feedback controller u(t) = Ky x (), where K, denotes the gain of
the controller. According to Lemma 3, it follows that

2))1
sat(u) = sat(K,x) = Y _1;(DjKo + D Hy)x(1)
j=1

Then, the following closed-loop system can be obtained

2)7‘1

x(t) = Asx(t)+ By . nj(D;jKs + D]-_Hg)x(t) + Cox(t —d(1))
j=1

x(0) = ¢(0), 0 € [~h2, 0]

21

Now, we give the sufficient conditions for the exponential stability of the time-delay
switched system (21) as follows

Theorem 2 For given constants hy >0, hp >0, « > 0, u > 1, if there exist
matrices P; > 0, Rj; >0, Ry >0, Dj; >0, Q;; >0, §;; >0, Z; > 0of
appropriate dimensions satisfying

[ @ 4}12 @13 @14 q}lS Xiz‘i,»T XiAiT XiA;r i
* Dy Doz Doy Pos X;Ci X, CT X;Cit
ok P33 D3y P35 O 0 0
- * * * &)44 &)45 0 0 0
%=, 4 4 2 ds 0 o0 o |=0 22)
x x %k o« * —R; 0 0
* ok ok ok % % —Ry 0
L k k % * k k k —2,’ i
Rji Sji _
|« R >0, (j=12) (23)
_le' X; .
2 =1, 2 24
. Rji] >0, (j » 2) (24)
[ Z: X;
) Zi] >0 (25)

P < uPj, Q1 < nQij, Q2 <nQ2j, Rii < uRyj, Ry < Msz,(%)
Dy < uDyj, Dy <uDsj, Z; < uZ;

And the average dwell time T, satisfies

In
T >t =

where
By = 2aX; + A X; + X; AT + Q1; + Qo + BiY; + YT BY +13Z; — 72 Ry,

Pp = CiX; +e MRy —eT2MG @3 = 7Ny By =0, ys =haZ;,
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Bpy = 2072015 2672 Ry 420725y 2672 Ron (1 — dipax)e 22 Dy
+( + dmax)e 22 Dy, Bz = —e T2 Gy 4 eTHMRy By = —e 7225y,
+e MRy Bys =0, B33 = —e M Qy; — MRy — TRy, 4 72 Dy,

B3y = e 228y, B35 =0, Buy = —e M2 Ry — 7220y — 722Dy g5 =0,

om

Pss = —Z;, A=Y nj(D;K; +D; Hp), Xi = Pl Y = AiX;

j=1

Qji = XiQjiXi, Rji = XiRjiX;i, Zi = X;Z;iX;, Sji = X;SjiXi, Dji = X;Dj; X;
Rij = hi*Rii, Roj = hiz Roj, Zi =403 Z;.
b = max Amax (P;) + hj max Amax (Q1;) + h2 max Amax (Q2;) + h1 max Amax(D1;)

2 2

h h
+h max Amax (D2;) + 71 max Amax (Ry;) + 72 max Amax (R2;)

a = min Apip(P;), A = 5(oz

Then, the

1 In
g

a

closed-loop system (21) is exponentially stable.

Proof We choose the following LKF

Vo)) = Vigr)(®) + Voo i) (1) + Vag ) (1) + Vag ) (1) + Vsg ) (1)

where

Vi (®) = xT(0) Py (yx (1)
Vao iy () = fi_p, X" ©)* 0T Q15 x(5)ds + [, T (9124070 Qo 1y x(5)ds

hy

Vign)(t) = ftt:d(t) xT(s)ezo‘(X*f)Dla(,)x(s)ds + ftl:hd;l) xT(s)ez"‘(Sft)DZU(,)x(s)ds

Viag () = hi f_o;,l [0 AT ()2 7D Ry )k (5)dsdo

and

—h . _ .
+hip ffhzl ftt+9 iT(s)e2e (s t)RZG(t)x(s)dst

3 . - .
Vsoy @) = 2 [0 [ [0 £T()e20 0 Zg )k (5)dsdAd0

The derivative of (27)—(32) is

where

Vit) = Vii (1) + Vai (1) + Vs (1) + Vai (1) + Vs (1)

Vii (1) = 2xT (1) Pii(t)
Vo (1) = —2aVai (1) + xT(0) Qrix(r) — xT(t — hy)e= 221 Qyix(r — hy)

+xT(0) Qi x (1) — xT(t — h2)e 22 Qi x(t — hy)

Vai (1) = =20 V3 (1) — (1 — d(0)xT (r — d(1)e 2% DDy;x(t — d (1))

% Birkhiuser

+xTt = hp)e 22Dy ix(t — hy) — xT(t = hy)e 222Dy x(t — hy)
+(1 = d)xT(t — d(1))e™ 224Dy, x(r — d(1))

27)

(28)
(29)
(30)
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Vai (1) = —2aVai (1) + W35 T (O Ry %) — hy [T (@OR:5(0)
—e=20m Ty — hYRy;%(t — hy)dr + hszT(t)Rzlx(t) (37)
—hl2fxT(’ — h) Ry (t — hy) — e 72225 (1 — o) Ry k(1 — h)dt

and

. 4 2
Vsi(0) = —2aVsi (1) + 23T 0 Zii (1) — 2 [ [l 3T (6)e2* 0D Z15k(5)dsdo
(38)

Then, it can be derived

Vi(t) < 2xT(t) Pii (1)
—20Voi (1) + xT (1) Q1ix(t) — xT(t — h)e M Qyix(t — hy)
+xT() Qaix(t) — xT(t — h2)e ™22 Qyix(t — hy)
—2aV3i(t) + xT(t — h))e 2Dy x(t — hy)
—(1 = dina)xT (1 — d(1))e 22D y;x(t — d (1))
—xT(t — hy)e 22M2Dy; x (t — hy) (39
+(1 + dma)xT(t — d(t))e*"2Dy;x (t — d(1))
—2aVyi (1) + h3T (O Rk (@) — by f[, &T(s)e™2* MRy (s)ds
lsz(r)Rz,xa) hiy [0 5T (s)e =292 Ry i (s)ds

—2aVs; (t)+ T zix() — 5[3,12 f,’+9 1) Z;x(s)dsdo

To make the stability criterion less conservative, Lemmas 1 and 2 are used to deal
with the integral term,

—hi f{_p, KT ()M Ry (s)ds
——hlft d(t)x T(s)e 221 Ry, 5 (s)ds — hlft () #T(s)e 22 Ry, 5 (s)ds
< —e 2t () — x(r—d(r)))TR1,<x<r)—x(r—d(z)))
s (= ) = x( = h) TRy (= (1) = x(t = b))

o [ x) —x—d@y [ 25RO x(t) — x(t — d(1))
_e—2ahy (1)
x(t —d() = x(t = hy) 0 Ry | Lx@—d@) —x(t—h)

<_e_zah1[ x(0) = x(t = d(1) ]T[Rl,- Sl,-][ () = x(t = d(1) ]

x(t —d(t)) —x(t —hy) * Ry | [x(t—d(t)) —x(t—hy)

In the same way, we have

—hip [0 5T ()22 Ry (5)ds

- _ewz[x(t —hy) = x(t —d(t))]T |:R2i Sai ] [x(t —h1) = x(t - d(t))}
X(t—d®) —x(t—hy) | | * Ry ||xt —d@®)—x(t—h)

For the double integral, using Lemma 1, we can obtain

—é L2 T )%T(;V)Zi)%(s)dsdé’ <=/, ftﬁr? iT(s)dsdo z; [°) [l 5T (s)dsdo
< —(hox(t) — [, x()d)T Zi (o () — [, x(s)ds)
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By the above derivation, it can be concluded that

Vi(t) +2a V(1) < 2xT () Pix(t) + 2axT (1) Pix (1)

+xT() Q1ix(t) — xT(t — hpe M Qyx(t — hy)

+xT (1) Q2ix (t) — xT(t — hp)e 22 Qi x (t — h2)

+xT(t — h))e MDDy x(t — hy)

—(1 = dmax)x (¢ — d(t))e 2"2Dy;x(t — d(1))

—xT(t — hp)e 2*M2Dyix (t — hy)

+(1 4 dmax)xT(t — d(1))e 22 Dy;x (t — d(1))

2| X —x@—=d@) V[ Ry Si x(1) = x(t —d(1))
x(t—d@)) —x(@t —hy) * Ry; x(t—d()) —x(t —hy)

_{4M2xa—hn—xa—dm)T Roi Soi | [x(t —hi) —x(t —d(1))
x(t —d(t)) —x(t — hp) * Rp; x(t —d() —x(t —hy)
pil

+iT (O (2 2 + 2Ry + 12, Ron)i (1)

—(hax(t) = [, X()d5) T Z; (hax () — [/, x(s)ds)

Then, it can be derived

Vi(t) + 2 V(1) < &TQjE
DY, ©;2 D3 Py Oy5
D5, Pr3 Doy Dos (40)
* * c1)33 CI)34 CD35 <0
* % ok Dy Dys
* % x  *x OPsg

*

Q) =

where

O =2aP;, + PiA; + AT P + Q1 + Qo + AIN;A; + h3Z; — e Ry;,
2= PiCi+e MRy — e M Sy + AN, C;,
cb/22 = ClTNjC,‘ + 26_20””511 — 26_2ah1R1,' + 26—2ah252i — Ze_zathz,',
2m
Ai = an(DjKi + D; H)), A;j = Ai + BiA;,
=1

h4
N; = hiRy; + hi,Roi + ZzZi,

t
éT = (x(t), x(t —d()), x(t — hy), x(t — hp), / x(s)ds).
t—hy
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Using the Schur complement lemma, Q! < 0 equals
[y ci’lz D13 Py D5 | _A,-TNiAi A,TNiCi 000
* Doy Oo3 Ppy Pog * CITNZ'C,' 000
Q; = ¥ x O3z D3g P35 | + * * 000
¥ ok ok Dy Dys * * ¥*00
L o * *x * x OPss | L * * * % 0
[ dyy c1312 3 @1y dys | [ ATP ATP AT P
* Opp Bo3 Doy Dos clp, C, , CL P,
= * * <D33 4334 CI)35 + 0 0 0
¥ k% ok Dy Dys 0 0 0
L * * % % OPs5 | . 0 0 0
H1 0 0 7 '[PA PCi000
X * H12 0 PiAi Pl'CiOOO
* * H2 P;A; P;,C; 000
[ dy ci’lz D13 14 Pi5 A,-TPi A;FPi A,»TPi_
* Dy Po3 Doy o5 C P CIP; CT Py
¥ x O33 D3y P35 0 0 0
— * % % <I>44 CD45 0 0 0 <0 (41)
¥ % x % P55 0 0 0
* % %k  x  x HIl 0 0
* ok ok ok sk * HI2 0
Lo * % x % ok % *  H2 |
where
b1y =20P; + PiA; + AT Pi+ Qui + Qo + PiBidi + ATBI Pi + hy?Z; — e 21 Ry,
D1y = PiCi+e MRy — 2Ny, @13 =2y, @1y =0, Op5 =haZ;,
Doy = 272015, — 27 20N Ry 4 27 20h2 55— 207 20M2 Ry (1 — dipay)e2%M2 Dy
+(1 + dma)e ™22 Doy H12 = —h 7 (P~ Ry P~ 71,
Hl=—h 2R~ 'Ry P~ 1, H2——4*h54(P Iz, p-1 ,)—
For convenience, let
Xi =P~ Yi=ANX;, Qi =XiQjiXi, Rji = XiRjiXi,
Zi = X:ZiX;, Sji = XiS;iXi, Dji = X;Dji X;
Then, left multiplying and right multiplying inequality (41) by

diag{X;, X;, Xi, Xi, Xi, Xi, Xi, X;}, we can obtain
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[ @1 @1 Di3 Pig Pys XA X, AT X AT
x Dy B3 Doy Pps X;CiT X;CT X CiT
* * 4_333 &)34 <i>35 0 0 0
¥ k% ok Dy <P45 0 0 0 <0 (42)
¥ ok kx  x Oss 0 0 0
* % % x  x X;HI1X; 0 0
* ok ok ok sk * XiH12X; 0
I T * * X;H2X; |

Consider .(24)—(25), the inequality (22) is equivalent to inequality (42). When Qi <
0, we have V;(t) + 2aV;(t) < 0 which means

Voury(x (1)) < Vo (x(t))e U™t € 1, trt1) (43)

where f; denotes the switched time, fo <] <ft) < -t < tgy] < ---.
According to condition (26), we can obtain

Vo) (x(tr)) = wVo - (x (1))

where #;,— denotes the left limit of #;.
Letk = Ny, ) <t — 1o/ Ty, we have

V) £ eV oy (2 7)) < - < €20 ) (x(10)
< e Cam/ T 00V, ) (x(10)

According to Definition 1, we can obtain

lx ()] < \/ge““‘” IOl (44)
Therefore, the above closed-loop system (21) is exponentially stable. O

Remark 2 Comparing with the existed results, our methods focused on utilizing time-
delay information. In the design of LKF, it takes into account both the lower bound
information and the rate of change of the time delay, aiming to reduce conservatism.
By reducing conservatism, that is, the time-delay upper bound is raised, allowing for
a wider range of time-delay signals.
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Table 1 The A, for different

doax and 1y = 0 dmax 0.1 0.5 0.9
hy in Wang et al. [28] 2.947 1.310 1.209
ho in Liu et al. [10] 3.454 1.919 1.217
h in our method 3.870 2.300 1.990

4 Numerical Simulation

Consider system (1) with the following parameters

0 1 0 1 0 0
Al = , Ay = , B = , By = ,
17.2941 0 0.2396 0 —0.1765 —0.0052

0 0.8 0 0.8
€= [00.21]’ C2= [00.18]’ =0, a=05.

Choose dmax = 0.5 and apply Theorem 2, we can calculate

p. _ [ 0:33590.1852 ~ [0.3359 0.1852
1= 10.18520.8593 | “2 7 | 0.1852 0.8589 |’

uw=06.9178, 7, > 7,* = 3.868, L = 0.00823.
Then, we can obtain

(0] < 1.829¢~0-00823C=10) | ¢ (O

It can be seen from Table 1 that the larger value of dpax is, the larger the upper

bound of the time-delay increases by introducing the triple integral term.

The initial value is xp = [2 -2 ]T. The simulation results are as follows. The
switched signal o (¢) of the system is shown in Fig. 1. The time-delay signal of the

system is shown in Fig.2. Figure 3 shows the system state with dpyax =

0.5, and we

can see that the closed-loop system is stable. Figures4 and 5 show the system state

o(t)

time/s
Fig.1 Switched signal
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3
2 L
=1
1 \/
0 i i
0 10 20
time/s
Fig.2 Time-delay signal
2 : . ;
—x1
R s S x2
= =
\></ Or\.
-4
"
_2 1 1
0 10 20 30 40
time/s
Fig.3 System state with dmax = 0.5 and sy = 2.300
2
—xl1
R S x2
—
Z of\ ,emmmmmmne-
i ’ /
_1 'l \//
-2
0 10 . 20 30 40
time/s
Fig.4 System state with dmax = 0.1 and hp = 3.870
2 T
—x1
N S x2
Q " =~ ~
Ve
]
1\ /
-2 :
0 10 20 30 40

time/s

Fig.5 System state with dmax = 0.9 and /7 = 1.990
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05 —ul
PR e u2
= o
s VT
-0.5
0 10 .20 30 40
time/s

Fig.6 Control input

with dmax = 0.1 and dmax = 0.9, and we can see that the closed-loop system is
stable. Figure 6 represents the control input, and we can see that the control input is
not saturated.

5 Conclusion

In this paper, the stability criterion and controller design for the time-delay switched
systems with input saturation are investigated based on an improved LKF. Based on
constructing LKF with triple integral term and making full use of the delay lower bound
information, the sufficient conditions for the exponential stability of the system are
given. A state feedback controller is designed for the input-saturated switched system.
The symmetric delay rate problem is considered to accurately define the derivative
of LKF, which reduces the conservatism of the system. Finally, the effectiveness of
the method is verified by the numerical examples. In future work, we will study the
stability analysis for switched system with random saturation and actuator failure.
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