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Abstract
This paper focuses on iterative parameter estimation methods for a nonlinear closed-
loop system (i.e., a nonlinear feedback system) with an equation-error model for
the open-loop part. By applying negative gradient search, a gradient-based iterative
algorithm is constructed. To reduce the computational costs and improve the parameter
estimation accuracy, the hierarchical identification principle is employed to derive a
hierarchical gradient-based iterative algorithm. A simulation example is provided to
test the effectiveness of the proposed algorithms.
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1 Introduction

System identification is the theory andmethod of establishingmathematical models of
linear stochastic systems and nonlinear stochastic systems [2, 69, 79]. As most natural
systemshavenonlinear behaviors, the identification andmodeling of nonlinear systems
are meaningful [29–33]. Common nonlinear systems include Hammerstein systems,
Wiener systems and Wiener-Hammerstein systems. Over the past several decades, a
dozen studies have been conducted on identificationmethods for nonlinear systems. In
[1], the estimating function approach was introduced, which can construct estimators
that are asymptotically optimal with respect to a specific class of estimators for the
identification of nonlinear stochastic dynamical models. Li et al. proposed a linear
variable weight particle swarm method for Hammerstein-Wiener nonlinear systems
with unknown time delay by utilizing the parallel search ability of the particle swarm
optimization and the iterative identification technique [46].

Nonlinear systems can be constructed from dynamical linear subsystems and static
nonlinear elements in many different ways, including series, parallel and feedback
connections [23, 35, 58]. Here, we focus on a class of nonlinear feedback systems
whose forward channels are dynamical linear subsystems and feedback channels are
static nonlinearities. Recently, many publications have been devoted to studying the
estimation and application of feedback nonlinear systems [20, 21]. For example, Wei
et al. derived an overall recursive least squares algorithm and an overall stochastic gra-
dient algorithm to estimate nonlinear feedback systems disturbed by white noise [93].
Based on filtering technology, a linear filter was constructed to convert the colored
noise into white noise and a filtering-based multi-innovation stochastic gradient algo-
rithm was obtained deduced for Hammerstein equation-error autoregressive systems
[70] by employing the multi-innovation theory [47–51].

In the area of parameter estimation, the iterative technique is an effective tool that
has been widely applied to optimize the parameters of the estimated models [41–43].
In contrast to recursive algorithms, iterative algorithms use batch data at each iteration
andmake full use ofmeasurement data, which can improve parameter estimation accu-
racy [38–40]. By combining different search principles, various iterative algorithms
can be formed, such as the least squares-based iterative algorithm, the gradient-based
iterative algorithm and the Newton iteration algorithm. Several gradient-based itera-
tive algorithms have been studied in previous works [80, 110]. For instance, Fan et al.
presented a two-stage auxiliary model gradient-based iterative algorithm for an input
nonlinear controlled autoregressive system with variable-gain nonlinearity [18]. Iter-
ative identification is a class of offline identification methods. To track time-varying
parameters in real time, Jiang et al. presented a moving data window gradient-based
iterative algorithm for a generalized time-varying system with a measurable distur-
bance vector [36].

To improve the parameter estimation results, hierarchical identification methods
were proposed based on the decomposition-coordination principle of large-scale sys-
tems [37, 68]. The basic idea is to reduce the scales of the estimated models through
decomposition and to perform joint estimation for the models. In [96–100, 102], a
separable multi-innovation Newton iterative signal modeling method was derived and
implemented to estimate sine multi-frequency signals and periodic signals, in which
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the measurements are sampled and used dynamically. Wang et al. proposed a two-
stage gradient-based iterative algorithm by minimizing two criterion functions for a
fractional-order nonlinear system with autoregressive noise [83]. Hu et al. presented
a two-stage recursive least squares algorithm for nonlinear feedback systems based
on the auxiliary model identification idea and the hierarchical identification principle
[27].

The parameter estimation of system models is important for controller design and
filter design [112–116]. Some signal processingfilters are designed based on parameter
estimation algorithms and some self-tuning control andmodel-based predicted control
methods rely onparameter estimationmethods [117–121]. Thepreviousworks in [104]
discussed the multi-innovation gradient-based iterative identification method and the
decomposition multi-innovation gradient-based iterative identification methods for
nonlinear feedback systems by using the decomposition technique. This paper studies
the gradient-based iterative estimation algorithm and the hierarchical gradient-based
iterative estimation algorithm to solve the parameter estimation problems of feedback
nonlinear systems. The main contributions of this paper are as follows.

– To make full use of measurement data to estimate the parameters of the nonlinear
feedback systems, we utilize the gradient search principle as the optimization
strategy and present a gradient-based iterative (GI) algorithm.

– The system to be identified can be decomposed into two subsystems based on the
hierarchical identification principle. Then, a hierarchical gradient-based iterative
(H-GI) algorithm is derived to improve the parameter estimation accuracy.

– The performance of the proposed algorithms is tested by a numerical example,
including the computational costs and the parameter estimation accuracy.

In summary, the rest of this paper is organized as follows. Section2 describes
the identification problem for nonlinear feedback systems. A gradient-based iterative
algorithm is derived in Sect. 3. Section4 presents a hierarchical gradient-based iterative
algorithm and analyzes the computational costs of the algorithms. Section5 provides
a numerical example for testing the effectiveness of the proposed algorithms. Finally,
some concluding remarks are given in Sect. 6.

This paper studies two iterative estimation algorithms to solve parameter estima-
tion problems for nonlinear feedback systems. The proposed iterative identification
algorithms for the nonlinear feedback systems can be combined with other techniques
and strategies to address parameter estimation problems for different systems and can
be applied to other fields, such as information processing and communication.

2 SystemDescription

Let us introduce some symbols used in this paper. The symbol In stands for an identity
matrix of order n; 1n stands for an n-dimensional column vector whose elements are
1; the superscript T stands for vector/matrix transpose; and the norm of a matrix (or a
column vector) X is defined by ‖X‖2 := tr[XXT].
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Fig. 1 The nonlinear feedback CAR system

Consider the nonlinear feedback system shown in Fig. 1, where the forward channel
is described by a controlled autoregressive (CAR) model:

y(t) + a1y(t − 1) + a2y(t − 2) + · · · + ana y(t − na)

= b1u(t − 1) + b2u(t − 2) + · · · + bnbu(t − nb) + v(t), (1)

y(t) is the output of the system, u(t) is the input of the linear part, v(t) is a white noise
sequence with zero mean and variance σ 2, and y(t) = 0 and u(t) = 0 for t ≤ 0. The
feedback channel of the system is amemoryless nonlinear blockwhose output ȳ(t) can
be regarded as a nonlinear function of a knownnonlinear basis h := (h1, h2, · · · , hm):

ȳ(t) = h(y(t))

= q1h1(y(t)) + q2h2(y(t)) + · · · + qmhm(y(t))

= h(y(t))q, (2)

where qi (i = 1, 2, . . . ,m) are the unknown nonlinear coefficients and m is the
nonlinear order. The input u(t) of the linear part, the output ȳ(t) of the nonlinear
feedback part and the input r(t) of the system have the following relation

u(t) := r(t) − ȳ(t). (3)

Define the parameter vectors a and b of the linear part, and q of the nonlinear part
as

a :=

⎡
⎢⎢⎢⎣

a1
a2
...

ana

⎤
⎥⎥⎥⎦ ∈ R

na , b :=

⎡
⎢⎢⎢⎣

b1
b2
...

bnb

⎤
⎥⎥⎥⎦ ∈ R

nb , q :=

⎡
⎢⎢⎢⎣

q1
q2
...

qm

⎤
⎥⎥⎥⎦ ∈ R

m,
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and define the output information vector ϕa(t), the input information vector ϕb(t),
and the feedback information matrix H(t) as

ϕa(t) :=

⎡
⎢⎢⎢⎣

−y(t − 1)
−y(t − 2)

...

−y(t − na)

⎤
⎥⎥⎥⎦ ∈ R

na , ϕb(t) :=

⎡
⎢⎢⎢⎣

r(t − 1)
r(t − 2)

...

r(t − nb)

⎤
⎥⎥⎥⎦ ∈ R

nb ,

H(t) :=

⎡
⎢⎢⎢⎣

−h1(y(t − 1)) −h2(y(t − 1)) · · · −hm(y(t − 1))
−h1(y(t − 2)) −h2(y(t − 2)) · · · −hm(y(t − 2))

...
...

...

−h1(y(t − nb)) −h2(y(t − nb)) · · · −hm(y(t − nb))

⎤
⎥⎥⎥⎦ ∈ R

nb×m .

From Eqs. (1)–(3), we have

y(t) = −a1y(t − 1) − a2y(t − 2) − · · · − ana y(t − na) + b1r(t − 1) + b2r(t − 2) + · · · + bnbr(t − nb)

−b1q1h1(y(t − 1)) − b2q2h2(y(t − 2)) − · · · − bnbqmhm (y(t − nb)) + v(t)

= −
na∑
j=1

a j y(t − j) +
nb∑
j=1

b j r(t − j) −
nb∑
j=1

b j

m∑
i=1

qi hi (y(t − j)) + v(t)

= ϕT
a (t)a + ϕT

b (t)b + bTH(t)q + v(t). (4)

The parameter identification algorithms proposed in this paper are based on iden-
tification model in (4). Many identification methods are derived according to the
identification models of the systems [24–26, 28, 54, 94, 95, 109], and these methods
can be used to estimate the parameters of other linear systems and nonlinear systems
[60–67] and can be applied to engineering areas [44, 45, 92, 101, 103–106] such as
information processing and process control systems.

Remark 1 In Equation (4), there is a cross product between parameter vectors b in the
linear block and q in the nonlinear block, which can be called the bilinear-in-parameter
identification model. To identify the parameters of the linear part and the nonlinear
part, we can decompose the nonlinear feedback system based on the hierarchical
identification principle.

Remark 2 This article considers the feedback nonlinear systems disturbed by white
noise. In future research, we will consider identification problems with colored noise,
i.e., autoregressive noise, moving average noise, autoregressive moving average noise
[19, 34, 111] and so on.

3 The Gradient-Based Iterative Algorithm

Based on negative gradient search, this section derives the GI algorithm for estimating
the parameters of a nonlinear feedback system from the measurement data.



Circuits, Systems, and Signal Processing (2024) 43:124–151 129

Define the information vectors ϕ(t) and ϕm(t) and the parameter vector ϑ as

ϕ(t) := [ϕT
a (t),ϕT

b (t),ϕT
m(t)]T ∈ R

n,

ϕm(t) := HT(t)b ∈ R
m,

ϑ := [aT, bT, qT]T ∈ R
n,

n := na + nb + m.

The identification model for the nonlinear feedback system in (4) is given by

y(t) = ϕT
a (t)a + ϕT

b (t)b + bTH(t)q + v(t)

= [ϕT
a (t),ϕT

b (t),ϕT
m(t)]

⎡
⎣
a
b
q

⎤
⎦ + v(t)

= ϕT(t)ϑ + v(t). (5)

Let L be the data length (L � n) and define the stacked output vector Y(L), the
stacked information matrices Ψ (L), Φa(L), Φb(L) and Φm(L) as

Y(L) := [y(1), y(2), · · · , y(L)]T ∈ R
L ,

Ψ (L) := [ΦT
a (L),ΦT

b (L),ΦT
m(L)]T ∈ R

L×n,

Φa(L) := [ϕa(1),ϕa(2), · · · ,ϕa(L)]T ∈ R
L×na ,

Φb(L) := [ϕb(1),ϕb(2), · · · ,ϕb(L)]T ∈ R
L×nb ,

Φm(L) := [ϕm(1),ϕm(2), · · · ,ϕm(L)]T ∈ R
L×m .

Define the criterion function as

J1(ϑ) := 1

2
‖Y(L) − Ψ (L)ϑ‖2. (6)

We make the following definitions.

(i) k = 1, 2, 3, · · · is the iteration variable.
(ii) ϑ̂k is the estimate of the parameter vector ϑ at iteration k.
(iii) μ1,k is the iteration step-size.

By means of the negative gradient search, and minimizing the criterion function J1(ϑ)

with respect to ϑ , we can obtain the iterative relation:

ϑ̂k = ϑ̂k−1 − μ1,kgrad[J1(ϑ̂k−1)]
= ϑ̂k−1 + μ1,kΨ

T(L)[Y(L) − Ψ (L)ϑ̂k−1], (7)

where the informationmatricesΦm(L) inΨ (L) are unknown.Because the information
vector ϕm(t) inΦm(L) contains the unknown parameter vector b, Eq. (7) cannot yield
the estimate ϑ̂k directly. Our approach is to replace the unknown variable b in ϕm(t)
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with its estimate b̂k−1 at the (k−1)th iteration. The estimate ϕ̂m,k(t) of the information
vector ϕm(t) at iteration k is given by

ϕ̂m,k(t) := HT(t)b̂k−1 ∈ R
m .

Replacing Φm(L) and Ψ k(L) with their estimates Φ̂m,k(L) and Ψ̂ k(L) at k, we have

Φ̂m,k(L) := [ϕ̂m,k(1), ϕ̂m,k(2), · · · , ϕ̂m,k(L)]T ∈ R
L×m,

Ψ̂ k(L) := [ΦT
a (L),ΦT

b (L), Φ̂
T
m,k(L)]T ∈ R

L×n .

Utilizing the estimate Ψ̂ k(L) to replace the information matrixΨ (L) in (7), we obtain

ϑ̂k = ϑ̂k−1 + μ1,kΨ̂
T
k (L)[Y(L) − Ψ̂ k(L)ϑ̂k−1]

= [In − μ1,kΨ̂
T
k (L)Ψ̂ k(L)]ϑ̂k−1 + μ1,kΨ̂

T
k (L)Y(L). (8)

Equation (8) can be seen as a discrete-time system. To ensure the convergence of ϑ̂k ,

all the eigenvalues of matrix [In −μ1,kΨ̂
T
k (L)Ψ̂ k(L)]must be in the unit circle. Thus,

the step-size μ1,k can be conservatively chosen as

0 < μ1,k ≤ 2

λmax[Ψ̂ T
k (L)Ψ̂ k(L)]

= 2λ−1
max[Ψ̂

T
k (L)Ψ̂ k(L)].

From the above derivations, we can summarize the GI algorithm for the nonlinear
feedback system as

ϑ̂k = ϑ̂k−1 + μ1,kΨ̂
T
k (L)[Y(L) − Ψ̂ k(L)ϑ̂k−1], (9)

μ1,k ≤ 2λ−1
max[Ψ̂

T
k (L)Ψ̂ k(L)], (10)

Y(L) = [y(1), y(2), . . . , y(L)]T, (11)

Ψ̂ k(L) = [ΦT
a (L),ΦT

b (L),ΦT
m,k(L)]T, (12)

Φa(L) = [ϕa(1),ϕa(1), . . . ,ϕa(L)]T, (13)

Φb(L) = [ϕb(1),ϕb(2), . . . ,ϕb(L)]T, (14)

Φ̂m,k(L) = [ϕ̂m,k(1), ϕ̂m,k(2), . . . , ϕ̂m,k(L)]T, (15)

ϕa(t) = [−y(t − 1),−y(t − 2), . . . ,−y(t − na)]T, (16)

ϕb(t) = [r(t − 1), r(t − 2), . . . , r(t − nb)]T, (17)

ϕ̂m,k(t) = HT(t)b̂k−1, (18)

ϕ̂k(t) = [ϕa(t),ϕb(t), ϕ̂m,k(t)]T, (19)

H(t) := [−hT(y(t − 1)),−hT(y(t − 2)), . . . ,−hT(y(t − nb))]T, (20)

ϑ̂k = [âTk , b̂
T
k , q̂Tk ]T, (21)
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âk = [â1,k, â2,k, . . . , âna ,k]T, (22)

b̂k = [b̂1,k, b̂2,k, . . . , b̂nb,k]T, (23)

q̂k = [q̂1,k, q̂2,k, . . . , q̂m,k]T. (24)

The steps of computing the parameter estimation vector ϑ̂k by the GI algorithm in
(9)–(24) are listed as follows.

1. To initialize: let k = 1, ϑ̂0 = [â1,0, . . . , âna ,0, b̂1,0, . . . , b̂nb,0, q̂1,0, . . . , q̂m,0]T be
any real vector, r(t− j) = 1/p0 and y(t− j) = 1/p0, j = 1, 2, . . . ,max[na, nb],
t = 1, 2, . . . , L , p0 = 106. Set the data length L (L � n), the parameter estima-
tion precision ε > 0 and the basis function h(·).

2. Collect the input and output data r(t) and y(t), t = 1, 2, . . . , L , and form Y(L)

by (11).
3. Form H(t) by (20), form ϕa(t) and ϕb(t) by (16) and (17), t = 1, 2, . . . , L .
4. Form Φa(L) and Φb(L) by (13) and (14).
5. Compute ϕ̂m,k(t) by (18), form ϕ̂k(t) by (19), t = 1, 2, . . . , l + L .

6. Form Φ̂m,k(L) by (15), form Ψ̂ k(L) by (12).
7. Select a large step-sizeμ1,k according to (10), and update the parameter estimation

vector ϑ̂k by (9).
8. Read out the parameter estimation vectors âk , b̂k and q̂k from ϑ̂k in Eq. (21).
9. Compare ϑ̂k with ϑ̂k−1: if ‖ϑ̂k − ϑ̂k−1‖ > ε, increase k by 1 and go to Step 5;

otherwise, output the parameter estimate ϑ̂k , and terminate this iterative calculation
process.

Remark 3 The parameter estimation methods proposed in this paper can be combined
with other estimation approaches to study parameter estimation problems for linear
stochastic systems and nonlinear stochastic systems, and they can be applied to engi-
neering application systems, such as atomic force microscope cantilever modeling,
heat exchange processes, and the identification by microwave crystal detectors.

4 The Hierarchical Gradient-Based Iterative Algorithm

Inspired by the hierarchical identification principle, we employ the H-GI algorithm
for nonlinear feedback systems to improve parameter estimation accuracy. The feed-
back nonlinear system in (4) is decomposed into two subsystems, which contain the
parameter vectors θ1 := [aT, bT]T ∈ R

na+nb and θm := q ∈ R
m .

Define the system information vectors ϕ1(t) and ϕm(t), and the intermediate vari-
able ym as

ϕ1(t) := [ϕT
a (t),ϕT

b (t) + qTHT(t)]T ∈ R
na+nb ,

ϕm(t) := HT(t)b ∈ R
m,

ym := y(t) − ϕT
a (t)a − ϕT

b (t)b

= ϕT
m(t)θm + v(t). (25)
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Eq. (4) can be equivalently written as

y(t) = ϕT
1 (t)θ1 + v(t). (26)

Let L be the data length (L � n) and define the stacked output vectors Y(L) and
Ym(L), the stacked information matrices Φ1(L), Φm(L), Φa(L) and Φb(L) as

Y(L) := [y(1), y(2), . . . , y(L)]T ∈ R
L ,

Ym(L) := [ym(1), ym(2), . . . , ym(L)]T ∈ R
L ,

Φ1(L) := [ϕ1(1),ϕ1(2), . . . ,ϕ1(L))]T ∈ R
L×(na+nb),

Φm(L) := [ϕm(1),ϕm(2), . . . ,ϕm(L)]T ∈ R
L×m,

Φa(L) := [ϕa(1),ϕa(2), . . . ,ϕa(L)]T ∈ R
L×na ,

Φb(L) := [ϕb(1),ϕb(2), . . . ,ϕb(L)]T ∈ R
L×nb .

Define two criterion functions,

J2(θ1) := 1

2
‖Y(L) − Φ1(L)θ1‖2,

J3(θm) := 1

2
‖Ym(L) − Φm(L)θm‖2.

Using negative gradient search and the definitions ofY (L) andYm(L), andminimizing
the criterion functions J2(θ1) and J3(θm) with respect to θ1 and θm , we can obtain
the iterative relations:

θ̂1,k = θ̂1,k−1 − μ2,kgrad[J2(θ̂1,k−1)]
= θ̂1,k−1 + μ2,kΦ

T
1 (L)[Y(L) − Φ1(L)θ̂1,k−1]

= [Ina+nb − μ2,kΦ
T
1 (L)Φ1(L)]θ̂1,k−1 + μ2,kΦ

T
1 (L)Y (L), (27)

θ̂m,k = θ̂m,k−1 − μ3,kgrad[J3(θ̂m,k−1)]
= θ̂m,k−1 + μ3,kΦ

T
m (L)[Y(L) − Φa(L)a − Φb(L)b − Φm (L)θ̂m,k−1]

= [Im − μ3,kΦ
T
m (L)Φm (L)]θ̂m,k−1 + μ3,kΦ

T
m (L)[Y(L) − Φa(L)a − Φb(L)b], (28)

where μ2,k > 0 and μ3,k > 0 are iterative step-sizes and Eqs. (27)–(28) can be seen
as two discrete-time systems. To ensure the convergences of θ̂1,k and θ̂m,k , all the
eigenvalues of matrices [Ina+nb − μ2,kΦ

T
1 (L)Φ1(L)] and [Im − μ3,kΦ

T
m(L)Φm(L)]

must be in the unit circle, that is to say μ2,k and μ3,k should satisfy −Ina+nb ≤
Ina+nb − μ2,kΦ

T
1 (L)Φ1(L) ≤ Ina+nb and −Im ≤ Im − μ3,kΦ

T
m(L)Φm(L) ≤ Im ,

and the conservative choices of μ2,k and μ3,k are

0 < μ2,k ≤ 2

λmax[ΦT
1 (L)Φ1(L)] = 2λ−1

max[ΦT
1 (L)Φ1(L)],

0 < μ3,k ≤ 2

λmax[ΦT
m(L)Φm(L)] = 2λ−1

max[ΦT
m(L)Φm(L)],
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where λmax[X] denotes the maximum eigenvalue of the square matrix X . The right-
hand sides of (27)–(28) contain the unknown parameter vectors θ1, θm and the
unknown information matrices Φ1(L) and Φm(L), so we cannot directly compute
the estimates θ̂1,k and θ̂m,k . The solution is to replace Φ1(L) in (27) with their esti-
mates Φ̂1,k(L), and to replace Φm(L), a and b in (28) with their estimates Φ̂m,k(L),
âk and b̂k . We can summarize the H-GI algorithm for the nonlinear feedback system
as

θ̂1,k = θ̂1,k−1 + μ2,k Φ̂
T
1,k (L)[Y(L) − Φ̂1,k (L)θ̂1,k−1], (29)

μ2,k ≤ 2λ−1
max[ΦT

1,k (L)Φ1,k (L)], (30)

θ̂m,k = θ̂m,k−1 + μ3,k Φ̂
T
m,k (L)[Y (L) − Φa(L)âk − Φb(L)b̂k − Φ̂m,k (L)θ̂m,k−1], (31)

μ3,k ≤ 2λ−1
max[ΦT

m,k (L)Φm,k (L)], (32)

Y(L) = [y(1), y(2), . . . , y(L)]T, (33)
Φ̂1,k (L) = [ϕ̂1,k (1), ϕ̂1,k (2), . . . , ϕ̂1,k (L)]T, (34)

Φ̂m,k (L) = [ϕ̂m,k (1), ϕ̂m,k (2), . . . , ϕ̂m,k (L)]T, (35)

Φa(L) = [ϕa(1), ϕa(2), . . . , ϕa(L)]T, (36)
Φb(L) = [ϕb(1), ϕb(2), . . . , ϕb(L)]T, (37)
ϕ̂1,k (t) = [ϕT

a (t), ϕT
b (t) + q̂Tk−1H

T(t)]T (38)

ϕ̂m,k (t) = HT(t)b̂k−1, (39)

ϕa(t) = [−y(t − 1), −y(t − 2), . . . , −y(t − na)]T, (40)
ϕb(t) = [u(t − 1), u(t − 2), . . . , u(t − nb)]T, (41)
H(t) := [−hT(y(t − 1)), −hT(y(t − 2)), . . . , −hT(y(t − nb))]T, (42)

θ̂1,k = [âTk , b̂
T
k ]T, (43)

θ̂m,k = q̂k , (44)

âk = [â1,k , â2,k , . . . , âna ,k ]T, (45)

b̂k = [b̂1,k , b̂2,k , . . . , b̂nb,k ]T, (46)

q̂k = [q̂1,k , q̂2,k , . . . , q̂m,k ]T. (47)

The methods proposed in this paper can combine some statistical tools and strategies
[84–87] and identification algorithms [59, 81, 82, 89–91] to study the parameter esti-
mation algorithms of other linear and nonlinear stochastic systems and can be applied
to other fields [13–17, 52–57] such as paper-making and chemical engineering sys-
tems. The steps of computing the parameter estimation vectors θ̂1,k and θ̂m,k by the
H-GI algorithm in (29)–(47) are listed as follows.

1. To initialize: let k = 1, θ̂1,0 = [â1,0, . . . , âna ,0, b̂1,0, . . . , b̂nb,0]T, θ̂m,0 =
[q̂1,0, . . . , q̂m,0]T be any real vector, r(t − j) = 1/p0 and y(t − j) = 1/p0,
j = 1, 2, . . . ,max[na, nb], t = 1, 2, . . . , L , p0 = 106. Set the data length L
(L � n), the parameter estimation precision ε > 0 and the basis function h(·).

2. Collect the input and output data r(t) and y(t), t = 1, 2, . . . , L , and form Y(L) by
(33).

3. Form H(t) by (42), and form ϕa(t) and ϕb(t) by (40) and (41), t = 1, 2, . . . , L .
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4. Compute ϕ̂1,k(t) and ϕ̂m,k(t) by (38) and (39), t = 1, 2, . . . , L .

5. Form Φ̂1,k(L) and Φ̂m,k(L) by (34) and (35).
6. Select the large step-sizes μ2,k and μ3,kaccording to (30) and (32), and update the

parameter estimation vectors θ̂1,k and θ̂m,k by (29) and (31).
7. Read out the parameter estimation vectors âk and b̂k from θ̂1,k in (43), and q̂k from

θ̂m,k in (44).
8. If ‖θ̂1,k − θ̂1,k−1‖ + ‖θ̂m,k − θ̂m,k−1‖ > ε, increase k by 1 and go to step 4;

otherwise, output the parameter estimates θ̂1,k and θ̂m,k , terminate this iterative
calculation process.

Remark 4 Previous works presented an overall recursive least squares algorithm and
an overall stochastic gradient algorithm to estimate the nonlinear feedback systems
disturbed by white noise [93] and proposed a two-stage recursive least squares algo-
rithm for nonlinear feedback systems based on auxiliary model identification [27]. In
contrast to the recursive algorithms proposed in [93] and [27], this paper proposes an
iterative estimation method for nonlinear feedback systems and introduces the hier-
archical principle to reduce the calculation costs and to improve the identification
accuracy.

The computational cost for an identification algorithm can be evaluated by the
number of floating point operation (flops for short). An addition or multiplication
counts as a flop. The computational costs for each iteration of the GI and H-GI algo-
rithms are listed in Tables 1, 2. The total numbers of flops of these two algorithms are
N1 := 2n2L+4nL+2L+2mnb−n2−m and N2 := 4L(na +nb+m)+4L+2(na +
nb)L + 2m2L + 2(na + nb)2L + 2mnb − m2 − (na + nb)2 − m, respectively. The
difference between the computation loads of these two algorithms at each iteration is
N1 − N2 = 2L((na + nb)(2m − 1) − 1) + (na + nb)2 + m2 > 0, thus, the H-GI
algorithm has less computation load than the GI algorithm.

5 The Simulation Example

Consider the following nonlinear feedback system:

A(z)y(t) = B(z)[r(t) − ȳ(t)] + v(t),

A(z) = 1 + a1z
−1 + a2z

−2 = 1 + 0.35z−1 + 0.65z−2,

B(z) = b1z
−1 + b2z

−2 = 1.68z−1 − 0.32z−2,

ȳ(t) = 0.80 sin(y2(t)) + 0.60 sin(y3(t)).

The parameters to be identified are

ϑ = [a1, a2, b1, b2, q1, q2]T = [0.35, 0.65, 1.68,−0.32, 0.80, 0.60]T.

The simulation of the algorithms in this paper is performed in MATLAB. In the
simulation, we set the input and output data and noise as follows.
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Fig. 2 The GI parameter estimation errors δ versus k with different σ 2

Fig. 3 The H-GI parameter estimation errors δ versus k with different σ 2

(1) Set the input signal {r(t)} with a persistent excitation sequence with zero mean
and unit variance.

(2) Set the white noise sequence {v(t)} with zero mean and variances σ 2.
(3) To perform the following identification algorithm simulation, the corresponding

output signals are generated based on the given model parameters.
(4) Set the first Le = 3000 as the data length for parameter estimation and the remain-

ing Lr = 200 as the data length for model validation.
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Fig. 4 The GI estimation errors δi under different σ
2

Fig. 5 The H-GI estimation errors δi under different σ
2

Take the noise variances σ 2 = 1.002, σ 2 = 2.002 and σ 2 = 3.002, respectively, and
apply the GI and H-GI algorithms to estimate the parameters of this example system.
The parameter estimates and the corresponding errors are given in Tables 3, 4, and the
parameter estimation errors δ :=‖ ϑ̂k − ϑ ‖ / ‖ ϑ ‖ versus k are shown in Figs. 2,
3. In addition, to show the estimation results of each parameter under each algorithm
more clearly, define δi := |ϑ̂i,k − ϑi |/|ϑi |. Hence, under different noise variances σ 2,
the estimation errors δi of each parameter at k = 200 as shown in Figs. 4, 5.

Apply the H-GI algorithm with the noise variance σ 2 = 1.002 and the data lengths
L = 1000, L = 2000 and L = 3000 to identify this example system, respectively.
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Fig. 6 The H-GI parameter estimation errors δ versus k with different data length L (σ 2 = 1.002)

Fig. 7 The GI and H-GI estimation errors δ versus k (σ 2 = 1.002)

The parameter estimates and the corresponding errors are shown in Table 5, and the
parameter estimation errors δ versus k are shown in Fig. 6.

Taking the noise variance σ 2 = 1.002, the parameter estimation errors δ versus
k with different algorithms are plotted in Fig. 7. The GI and H-GI estimates of the
parameters a1, a2, b1, b2, q1 and q2 versus k are shown in Figs. 8, 9.

Formodel validation, we use the remaining Lr = 200 observations from t = Le+1
to t = Le + Lr and the models predicted by the GI and H-GI algorithms with σ 2 =
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Fig. 8 The GI parameter estimates versus k (σ 2 = 1.002). Asterisk: the parameter estimates, Circle: the
true values

Fig. 9 The H-GI parameter estimates versus k (σ 2 = 1.002). Asterisk: the parameter estimates, Circle: the
true values

1.002. The predicted outputs ŷi (t) (i = 1, 2), the actual outputs y(t) and their errors
are plotted in Figs. 10, 11.

The predicted outputs are

ŷi (t) = [1 − Â(z)]y(t) + B̂(z)[r(t) − ˆ̄y(t)]. (48)
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Use the GI estimates in Table 3 with the noise variance σ 2 = 1.002 and k = 200 to
construct the GI estimated model:

ŷ1(t) = [1 − Â(z)]y(t) + B̂(z)[r(t) − ˆ̄y(t)],
Â(z) = 1 + 0.35872z−1 + 0.65213z−2,

B̂(z) = 1.68640z−1 − 0.30294z−2,

ˆ̄y(t) = 0.79598 sin(y2(t)) + 0.56727 sin(y3(t)),

ϑ̂ = [â1, â2, b̂1, b̂2, q̂1, q̂2]T
= [0.35872, 0.65213, 1.68640,−0.30294, 0.79598, 0.56727]T.

Use the H-GI estimates in Table 4 with the noise variance σ 2 = 1.002 and k = 200
to construct the H-GI estimated model:

ŷ2(t) = [1 − Â(z)]y(t) + B̂(z)[r(t) − ˆ̄y(t)],
Â(z) = 1 + 0.35576z−1 + 0.65136z−2,

B̂(z) = 1.68515z−1 − 0.31432z−2,

ˆ̄y(t) = 0.79648 sin(y2(t)) + 0.56761 sin(y3(t)),

ϑ̂ = [â1, â2, b̂1, b̂2, q̂1, q̂2]T
= [0.35576, 0.65136, 1.68515,−0.31432, 0.79648, 0.56761]T.

To evaluate the prediction performance, we define and compute the root-mean-square
errors (RMSEs):

Error(ŷ1(t)) :=
⎡
⎣ 1

Lr

Le+Lr∑
t=Le+1

[ŷ1(t) − y(t)]2
⎤
⎦

1
2

= 1.00249,

Error(ŷ2(t)) :=
⎡
⎣ 1

Lr

Le+Lr∑
t=Le+1

[ŷ2(t) − y(t)]2
⎤
⎦

1
2

= 1.00206.

From Tables 3, 4, 5 and Figs. 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, we can draw the following
conclusions.

– Throughout the entire simulation process, shown in Tables 3, 4 and Figs. 2, 3, 4, 5,
wefind that the parameter estimation errors of theGI andH-GI algorithms decrease
as the iteration number k increases, and the estimation accuracy improves as the
noise level reduces. However, the H-GI algorithm yields more exact estimates than
the GI algorithm under the same iteration and noise variance—see Fig. 7.

– For the same noise variance, the parameter estimation errors of the H-GI algorithm
become smaller as the data length L and iteration k increase—see Table 5 and
Fig. 6.
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Fig. 10 The predicted outputs ŷ1(t), the actual outputs y(t) and their errors versus t based on the GI
estimates

Fig. 11 The predicted outputs ŷ2(t), the actual outputs y(t) and their errors versus t based on the H-GI
estimates
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– For sufficiently large data length, the parameter estimates of the GI and H-GI
algorithms gradually approach the true values with the increase of the iteration k,
which verifies the effectiveness of the GI and H-GI algorithms—see Figs. 8, 9.

– The predicted outputs of the GI and H-GI algorithms verge on the true values
and the differences between them are small—see Figs. 10,11. This shows that
the estimated models based on the GI and H-GI algorithms have good prediction
performance and can acquire the dynamics of the feedback nonlinear systemswell.

6 Conclusions

This paper studies the parameter identification problem for nonlinear feedback system.
By negative gradient search, a GI algorithm is derived for estimating the unknown
parameters. Inspired by the hierarchical identification principle, the nonlinear feedback
system is decomposed into two subsystems and an H-GI algorithm is proposed for the
nonlinear feedback system. Compared with the GI algorithm, the H-GI algorithm has
a higher computational efficiency and a comparable parameter estimation accuracy.
The simulation results demonstrate the performance of the proposed algorithms. The
approaches presented in this paper can be extended to investigate the modeling and
optimization of some production and process systems [22, 88, 107, 108] and can be
applied to other control and schedule areas [3–12] such as information processing
systems and transportation communication systems [71–78] and so on.
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