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Abstract

This paper considers the Hy, control problem for Lur’e singular systems with time
delays. By using Lyapunov stability theory, sufficient conditions for the system to
be exponentially stable and satisfy the performance index of H, are obtained; these
conditions are based on the linear matrix inequality method. Then the design of a
state feedback controller is given, by applying a more clever approach for a nonlinear
matrix with a special format to convert it into the sum of several linear matrices, such
that the closed-loop system is also exponentially stable. Finally, numerical examples
illustrate the effectiveness of the proposed method and its advantages over existing
approaches.

Keywords Time-delay systems - Lur’e systems - Singular systems - Exponentially
stable - Lyapunov stability theory - Performance index of Hy

1 Introduction

A singular system is a kind of dynamic systems with a more general form that has more
describe performance characteristics and has a broader form and wider application
background than normal systems [ 10]. The research content regarding singular systems
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is diverse, including stability, dissipation and Hy, control [17]. However, in many
practical control problems, there are multiple time delays in the studied systems,
whose existence may induce instability, oscillation and poor performance. System
stability is a prerequisite for the normal operation of a control system, and H, control
can ensure the stability of the system while suppressing the impact of interference on
the system performance to a certain extent. Therefore, it is necessary to study stability
and H, control problem of a singular time-delay system [1,10].

A Lur’e system is a type of typical, interval, nonlinear system with widely represen-
tative significance. Its nonlinear terms are usually contained in a finite sector interval
or an infinite open plane, that is, the linear parts of the system have a fixed matrix
and one or more uncertain nonlinear parts are utilized to satisfy sector constraints.
Since Lur’e introduced the absolute stability in 1957, many authors have extensively
discussed absolute stability of Lur’e control systems based on the Popov frequency
domain criteria and the Lyapunov function with a Lur’e form [2,3].

Reference [10] conducted an in-depth study on the delay-dependent H, control
problem of Lur’e singular time-delay systems, reference [7] addressed synchroniza-
tion methods for a specific Lur’e system, and references [6,21] studied the absolute
stability problem of Lur’e time-delay control systems, that is, the problem of global
asymptotic stability. Reference [18] studied system stability and the compactness of
the operators describing the solution trajectories. Based on the linear matrix inequality
(LMI) method, Wu proposed delay-range-dependent bounded real lemmas and studied
sufficient conditions for a system to be exponentially stable and the existence of the
linear Hy, filter [22]. Then, Park studied Hy, filtering for a class of Markovian jump
systems and successfully proved that there are necessary and sufficient conditions of
H filtering for singular Markovian jump systems (SMJSs) whose transfer rates are
partially unknown [15]. Based on LMI theory, Kim used a new design method to study
the Hy, control problem for a singular time-delay system and obtained all solutions
including the controller gains [5]. In addition, Long designed a dynamic feedback
controller to ensure that the developed closed-loop system was impulse-free and sta-
ble under the given performance index of Hy, [11]. By constructing an enhanced
Lyapunov-Krasovskii function with triple integral terms, [4] proposed a bounded real
lemma to ensure that a singular state-delay system was stable and designed a static out-
put feedback controller. In addition, based on the bounded real lemma, Yang ensured
that the singular time-delay system was regular, impulse-free and stable under the con-
ditions of the performance index of Hy, [24]. Reference [25] studied the exponential
Hy, control problem for a singular system with time-varying delays, and references
[19,23] also studied the control problem for such systems. Furthermore, there are a
large number of papers that have studied the stability and Hy, control problems of
discrete-time descriptor systems [9,13], uncertain systems [12,26] and SMJSs [8].

This paper mainly studies the Hy, control problem of Lur’e singular time-delay
systems. By using Lyapunov stability theory, a new Lyapunov function is constructed,
which applies not only the upper and lower limits of the time delay, but also the
time-delay interval. Based on LMI method, sufficient conditions for systems to be
exponentially stable and satisfy the performance index of Hy, are given, and a state
feedback controller is designed to make the closed-loop system exponentially stable.
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Notations: R" denotes the n-dimensional Euclidean space, and R"*™ is the set

of all m x n real matrices. || - || stands for the Euclidean norm of a vector and
HfOlla = sup [IfOI. a1\ o2 = max{ay, @2}, and @) A\ oz = min{ay, o).
—d=<t=<0

The superscripts *T” and ’%’ denote the term that is induced by symmetry, respec-
tively.

2 Problem Formulation

Consider a Lur’e singular time-delay system:

Ex(t) = Ax(t) + Agx(t —d(@)) — Fo(y(t)) + Byw(t) + Byu(t) (1)

V() =Cx(t) 4+ Cax(t —d(t)) + Dyw(t) 2)
z(t) =Lx(t)+ Lyx( —d(t)) + Lyw(®) + L,u(t)
x(t) =¢(),t € [—d2, 0] (3)

where x € R” is the state, u € R™ is the control input, w € RP” is the disturbance
input that satisfies f0+°° w! (Hw(t) < 400, and z € RY is the control output of
the system. E, A, A4, By, By, C,Cy, Dy, F, L, Ly, Ly, L, are known real constant
matrices with appropriate dimensions, and Rank(E) = r < n. ¢(t) : R - R"
is a compatible vector-valued initial function, y(r) € R’ and the nonlinear function
¢(y) € Rl — R! is appropriately smooth and satisfy the sector constraint

T Me(y) <o’ My )

where M € R'! is a given positive definite matrix. In addition, d(t) is a time-delay
continuous function that is time-differentiable at all times, thereby satisfying

0<d <d(t) <dy,d(t) <a o)

where d; and d represent the upper and lower limits of the time delay, respectively,
d(t) is the corresponding derivative function, and 0 < o < 1.
Throughout this paper, the following definitions and lemmas will be used.

Definition 1 [20] A system is exponentially stable, if there exist scalars §; > 0 and
B2 > 0 such that

lx(] < Bre P |x(D)lay, t > 0

Definition 2 [11] The system (1)—(3) possesses an Ho, performance of y, that is, under
zero initial conditions, the system satisfies

t
J(t) = / 27 ()z(s) — y*wT (s)w(s)lds < 0
0
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for any nonzero w(t) that satisfies f0+°° w! (Hw(t) < 400, where y > 0 is a prede-
fined scalar.

Lemma 1 [20] (Jensen integral inequality) For any positive definite matrix M =
MT > 0, scalar quantities yy and y> and a vector-valued function v : [y1, y»] — R",
the following inequality holds:

72 T %) 7
</ v(s)ds) M </ v(s)ds) <(y»— yl)/ vT(s)Mv(s)ds
7 7 71

Lemma 2 [11] Given any real matrices Q > 0, W1 and W, of appropriate dimensions
and an umber ). > 0, the following inequality holds:

wIw, +wiw, <awlow, +27'wlo~'w,

Lemma 3 [22] Suppose that the positive continuous function f(t) satisfies f(t) <
c1osup f(s) + Ce ®, wheree > 0,0 < ¢ < 1,0 < 51e®? < 1,45 > 0. For

t—d<s<t

d > 0, the following inequality holds

e se
F@) < e f)lla+ T_ e

3 Main Results

First, we consider the exponential stability of the system (1)—(3) when it satisfies the
H, performance requirement. Then, we have the following result.

Theorem 1 In the system (1)—(3), for given 0 < d| < dp, 0 < «a < 1, if there is a
scalar A > 0, symmetric positive definite matrices Q j, R;, j = 1,2, 3 and a matrix
P such that

ETPp=PT'E>0 (6)
[En+L'L En+LT"Ly ETRE 0 —ATWF+cTmT
* En+LiLi ETR3E En4 —AJ"WF +CcTmT
* * Ei3 0 0
* * * —Q2— 8 0
* * * * —Q—-MNI+FTWF
k k k k k
L * k k k k
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L"L,+ PTB,+ATWB, PTFT]
LIL, +ATWB, 0
0 0
0 0 <0 (7)
—FTWB, + MD,, 0
LTLy + ByWB, — y*I 0
* —A |
where din = dy — d|, W = d12R1 + d12d22R2 + d122R3, En = PTA +

ATP4+33 Qi+ ATWA — ETR\E —dpETRyE, B1p = PTAg+ ATW A, +
dnETRE, By =—-(1—a)03+ A WA; — ET((d12 + d2)Ry + 2R3)E, By =
ET(hRy+R3)E, 533 = —Q1—ET RIE—E"R3E, 844 = —0r—E" (dh Ro+R3)E,
then for any time-delay function d(t) that satisfies (5), the system is exponentially sta-
ble and satisfies the performance index y of Hwo.

Proof First, we prove that the system (1)—(3) is asymptotically stable (w(t) = u(t) =
0). We choose the Lyapunov function candidate as

2 t t
Vix;, 1) =x ()ET Px(t) + Z/ x(@)! Qrx(a)da + / x(@)! Q3x(a)da
k=1 Yi—d) t

—d(t)

0 t
+d, / / T (@)ET R{Ex(a)dad
—dy Jt+pB

0 t
+dirds / / T (@)ET RyEx(o)dad
—dy Jt+p

—d

t
+di> / T (@)ET R3Ex (o)dad B
—dy t+pB

where x; = x(t +0), —2d, < 6 < 0. A denotes the derivative of a function, so from
(5), for the system (1)—(3), we have

.AV(xt, t)
3 2
=2 (OETPi(t)+ ) _x(0) Qpx(t) = Y _x(t —dp)" Qrx(t — dp)
k=1 k=1
—(1=d®)x(t —d) T 03xt —d @) + xT (HVETWEX(1)

t t—d

—d, / T(@)ET R\ Ex(a)da — dy» / 1 T (@)ET R3Ex (a)da
t—d t—dy

t
—dyod> [ T (@)ET RyEx (a)da
t—dy

3 2
<2 OETPi(0)+ ) x(0) Qux(t) = Y x(t —di)" Qux(t — dy)

k=1 k=1
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—(1—a)xt—de) 03xt —d@) + 2T ETWEX ()

t t—d
—d1/ T (@)ET R Ex(a)da — d12/
t—d t—dy

1
T (@)ET R3Ex (a)da

t
—dods / T (@)ET RyEx (a)da
t—dy
Using Lemma 1, the following formula can be obtained:

t t
—d, / T (@)ET R\ Ex(o)da — dlgdzf T (@)ET RyEx()dB
t—d t—dy

t—d
—d» / T (@)ET R3Ex (a)da
t—dy
t t
= —d1/ T (@)ET R{Ex(a)da —dudz/ T (@)ET RyEx()dB
t—d t—d(t)
t—d t—d(t)
—d12/ T (@)ET R3Ex (a)da — d12/ 2T (@)ET (dr Ry + R3)Ex(a)dx
t—d(t) t—dy

t t
<-— (/ )'cT(a)ETda> R, (/ Ex(a)da>
t—d t—d
t t
—dp» (/ )'cT(oz)ETdoz) R> </ Eic(oz)doe)
t—d(t) t—d(t)
t—d t—d
- (f )&T(oe)ETdoz) R3 (/ EX(a)da)
t—d(t) t—d(t)
t—d(t) t—d(t)
- (/ )&T(oc)ETdoz> (d2R> + R3) (f Ex(a)da>
t—dy t—dy

The nonlinear function ¢(y) satisfies inequality (4), and based on Lemma 2, from
(1) and (4), we have

AV(x,, t)
3

< 2T (O PT(Ax(t) + Aax(t — d(1)) — Fo(y(1))) + Y _ x() Qrx (1)
k=1

2
— 3w = d)T Qux(t — di) — (1 — )x(t — d(1) Q3x(t — d(1))

k=1

t t
+xTOETWEX () — (/ )'cT(a)ETda) R (/ E;é(a)da)
t—d; t—d;

t t
—dp» </ xT(a)ETda> R <f Ex(a)da>
t—d(r) t—d(t)
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t—d t—d
— (/ )'cT(a)ETda) R3 (/ Ex(a)da>
t—d(t) t—d(t)
t—d(t) t—d(t)
- (/ )'cT(oz)ETda> (d2R2 + R3) (/ Ex(a)da>
t—dz t—dz

F2p () My @) — p(y() o(y(1))) (8)
En++PTFFTP 5, E'RIE 0 —ATWF+uCTMT
* Ey» ETR3E By —AYWF+ucim?
<&’ * * 533 0 0 §
* * * Eug 0
* * * x —Q—-MNI+FTWF

&)
where £(t) = [xT(t) xT(t—d(@t) xT(t—d) xT(t—dy) goT(t)]T.

Next, the following matrix decomposition is executed. Since Rank(E) = r < n,
there are nonsingular matrices G, H such that

I, 0O
cen =[5 0]

Denoting

GAH = | 4 A2 .G TpH = P P
Ay Ay

we can obtain P, = 0 from (6). We can obtain AT Py + P Ay <0 by pre-multiplying

and post-multiplying Z1; < 0 by H” and H, respectively, so Ay is nonsingular.
Setting

G = I, AA AZ G
Al
we have

I, 0 A | A 0 AT P P
GEH = [0 0:|,GAH—|:A3 I],G PH_[PS P4]

N A oA -1 A A1~
where Aj = A; — A Ay A3, A3 = Ay Aj.
Denoting

A Aar An T On Qun| A Fi P
GAsH =  H H = ,GFH =
¢ |:Ad3 Ad4 Qs N 0))) F3 Fy
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Inequality (6) implies that P, = Oand Py > 0. Wedefinen(t)=[n1(t) n2(t) ]T =
H™'x@), v (@) = [v1@®) ¥ ] = H'e(y(1)). We can obtain

GEHA(t) = GEx(t) = G[Ax(t) + Agx(t — d(1)) — Fo(y(t))]
= GAHn(t) + GAgHn(t —d(t)) — GFHY (y(1))

Then, the system (1)—(3) with w(¢) = 0 is a restricted system that is equivalent to
I, Ol|m@® | _[A O nl(t)]+[Ad1 Ad2:|[n1(t—d(t)):|
0 Of|m@® ]|  [As I[[n@®) Agz Aga | [ m(t —d(1))
_[F] F2]|:W1(Y(f))i|
F3  Fa || Y2(y(®)
In other words, we have that

m@) = A () + Agimi(t — d(2))
+Apm(t —d@) — Fiyi(y(@) — Faya(y(@)) (10)
0=A3n @) +m@) + Axzm (@ —d@)) + Agama(t — d(2))
—F3yn(y(1)) — Fayra(y(1))
n(t)=H'¢@), 1 € [~da,0] (11

Defining a new function W(x;, 1) = eV (x;,1), we can obtain a scalar
o > 0 such that AV (x;,t) < —o||x(t)||2, so W(xs, 1) < Wi(xp,0) +
Jo €% (eV (xy,5) — o||x(s)|*)ds. Due to

TETPx(t)y =n)"HTETGTG T PHn ()
_ L 0[P P2||m(@)
_[’“(”T”Z(’)T][O 0][})3 P4an(t)]
=n®" Pini ()
we can obtain

Amin(POIM@OI1? < xT(OET Px(t) < V(xg, 1) = e W (xy, 1)

t
< e *{W(x0,0) +/ eV (x,, 1) — ollx(s)|*1ds}
0
Because w(t) = u(t) = 0, Lemma 2 implies that we have
0 t
d f / T (@)ET R\ Ex(e)dad
—dy Jt+p
0 ot
—ai [ [ 1ar@) + Axta - d@) - FoO@)" RilAx@
—dy Jt+p
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+Agx(a —d(@)) — Fo(y(a))ldadp
0 t
=d / f xT (@) AT Ry Ax (@) + x7 (@ — d(@) AL Ri Ayx (e — d(@))
—d; Ji+p

+o(y@) FTR Fo(y(a))

+xT (@ AT RiAgx(a — d(@)) + xT (@ — d(a)) AL R Ax(a)
—xT(a —d(@) AT Ri Fo(y(@))

—p( (@) FT R Agx(a — d(@)) — x" (@) AT Ri Fo(y())
—p(y(@)" FT Ry Ax(a)]dadp

0 t
<d; / f xT (@) AT Ry Ax (@) + xT (@ — d(@) AL Ri Ayx (e — d(@))
—dy Jt+pB

+o(y(@)" FTRIFo(y(@))
+xT (@ AT RiAyx(a — d(@)) + xT (@ — d(a)) AL Ry Ax(a)1dadp

0 t
<d; / / xT (@) AT Ry Ax (@) + x7 (@ — d(@) Al Ri Ayx (e — d(@))
—dy Jt+B

Fhmax (FT RIF)@(y(@) o (y(@))
+xT (@ AT R Ax(a) + xT (@ — d(@) AT Agx(a — d(@))]dadf

0 t
<d, / ) ﬁ{[xmameRlA) + Amax (AT RT A |x (@)
—d; Ji+

+max (AT R1AG) + hnax (AT A1 x (@ — d (@) ]]?
+Amax (FTR1F)y(@)T M?y(a)}dadp

0 t
< d / f (Domax (AT R1A) + A (AT RZ A1 (@)
—dy Jt+pB

A hnax (AL Ry Ag) + Amax (AT AT 1x (@ — d ()]
Ahmax (FT Ry F)hnax (M) [Cx (1)
+Cyax(t — d(t))]T[Cx(t) 4+ Cax(t — d(t))]}dadp

0 t
< d / (Domax (AT RLA) + Jomar (AT R2A)
—d; Ji+p

+2hmax (FT RUF) nax (M?) danax (CT O)[1x ()17,
[ max (AJ RiAG) + Amax (A] Ad)

+2hmax (FT RUF) nax (M?)danax (Cff C)]||x (@ — d(@))]]3, }daed B
3
< — S Kilx@Iig,

where K; = Anax (AT Ri A)+hmax (AT REA)+2hmax (FT Ri F) nax (M) hnax (CT C)
+ )\max(AgRiAd) + )Lmax(AgAd) + Z)Lmax(FTRiF))\max(Mz))\max(Cgcd)9 i =
1, 2, 3. By the same way,

. . 2
diady [°y) [ 5 3T (@ ET RyEst(@)dadp < — 928 Ko | [x (@)]13,,
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diy [ [! 5 57 @ ET Ry Ei(@)dadp < — 12 =00 k3 1x()]|2, . Therefore,

Amin (PO @)1

t
< e*”{W(xo,O)—f-/ [e¢”* Kollx ()17,
0

0
+e”sl<f l1x(s + 0)1°d6 — o [|x(s)]|*1ds)
—d»

' t 0
56_8’[W(x0,0)+/ se”KOHX(S)“chzdS‘i‘EKf e“/ llx(s + 0)]1°d6ds]
0 0 —d
(12)

2 2
where Ko = dax (ET P)— 42 Ky — 428" g, W=D gy g = 53 5 (0p),
and we have

t 0 t t
/ e“/ ||x(s+9)||2d9ds=/ e“f [1x(0)|[>dOds
0 —d) 0 t—dy
t

O+do) N\t t
- / / ¢ds | [1x(0)|d6 < / eS| (5)] 2ds
—a> \Jovo —ds

t 0
< dyeth f ¢ ||x(s)|Pds + daet® f 16 (s)12ds (13)
0 —d)

Therefore, from inequalities (12) and (13), if the scalar ¢ is sufficiently small, there
exists a scalar k = W(xo, O)(||¢>(t)||2d2)_1 + Koet® + e Kdr2ef® > 0, such that

Jmin (PO O < ke™™ 1o @174, (14)
Therefore, 11 (¢) is exponentially stable.

Next, defining e(1) = A3ni(t) + Agzn1(t — d(t)), it can be seen from (14) that, if
there exists a scalar m > 0,

lle()1* < me™ || 1)]%,, (15)

We construct the function L(1) = n2(t)T Qaona(t) —na(t —d ()T Qaona(t —d(1)).
We can obtain following formula by pre-multiplying (11) by ()7 P47

0 =T PaTna(t) + m@)T PsT Agama(t — d (@) + m()T PsTe(t)
+m T P [ F3y (y(1)) — Faya(y())] (16)

Then, we can obtain

L(t) = m@®) " (PaT + Py 4+ Q)2 (1)
+202(0) T PaT Agama (t — d (1)) + 2m2(t)T PaT e(r)
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+2m2(0) " PaT[— F3y1 (y(1) — Fava(y(t)] — ma(t — d(1))T Qoama(t — d (1))
n2(t) "TrT+p+ 0n Pl Aw —PTFs —PJFy

- | m@ —d(1)) * —02» 0 0
- Yi(y()) * * 0 0
Yo (y(1)) * * * 0
n2(1)
na(t —d(t))
Yi(y(1))
Yo (y (1))
+eim @ () + 1 e PyPyT e(r) (17)

where €1 is an any positive real number.
From (7), we can obtain

[ En En } <0

* &)

Pre-multiplying and post-multiplying the above formula, respectively, by
H ool [H 0
o H| |0 H

we can derive

Pl + Py+ Qn PalAus -0
* -0

Then,

P+ P+ Qn PTAu —PTF3 —PFy

_ * —0n 0 0
1 = * * 0 0 <0
* * * 0

so there exists a scalar &, > 0 such that

el 0 0 0
¥ 0 0 O

21 < — s % 0 0 (18)
* * % 0

Choosing a sufficiently small €1, such that ¢, — ¢; > 0. Then we can obtain an
&3 > 0 such that

302 < 02 — (61 — &)1 (19)
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It follows from (17), (18) and (19) that
L(t) < —(e2 — ) (@) m(0) + &1 () PaPy" e(t) (20)
From (19) and (20), we have that

m®T Qum (1) < &3 ' 1020 — (61 — e2) 112 (1)
&3 (" Qaama(t) — (1 — e2)ma () n2()]
= &3 m(t —d®)! Quama(t —d (1))
+L(1) — (1 — e2)ma () 2 ()]
e3 [t —d () Qooma(t — d(1)) — (e2 — e () a2 (1)
+e1 te) PaPyTe(t) — (1 — e)ma (D) 02 (1)]
e3 't —d()" Qnma(t —d (1) + (e183) 'e() P4Ps e(t)
e3 'm(t —d )" Qaam(t —d(1))
+(e183) " me | P4l 119 (11124, 1)

IA

IA

Because 0 < 8§ < min(e, d> '1Ines) and 0 < 37! < 1, we can obtain that for

0 <e37le™ < 1,0 = (ere3) ' m|| P4l ()4, > O, where dy > 0.1In addition,
Lemma 3 implies that we have

() Q0m(®) = e hnax QIO + T~

Amin(Q22) M2 (O1* < m2(H)T Q22ma(t), so we can obtain

Amin(Q22) "' ce™®
1 — g3 ledd2

72O < Amin(022) ™ Amax (Q22)e ™ [ (01124, + (22)

so 12 () is exponentially stable.

Because of |[7(1)]12 = ||n1(t)||>+||n2(¢)||? and x (1) = Hn(t), we can obtain from
(14), (22) and Definition 1 that the system is exponentially stable for any time-delay
function d(t) that satisfies (5).

Next, we study the Ho, performance of the system, from (9) we can obtain

t
J(0) = / [T ()z(s) — y*wT (s)w(s)]ds

0
t

< / 27 (9)2(s) — y2wT ($)w(s) + AV (xy, $)1ds
0
Teny " S Tew0

S/o [wm} ”[w(r)] 2

where
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En+1PTFFTP+LTL Ep+LTLy ETRIE 0 —ATWF+cTMT

* En+LYL; ETR3E By —AgWF+CEMT
o - * * E33 0 0
* * * E4q 0

* * x —Q-=0I+FTwF
* * * *

LTLy + PT By + ATWBy,
LILy+ATWBy,
0
0
~FTWBy + MDy,
LY Ly + BLWBy — 21

By the Schur complements, Formula (7) implies that £2 < 0, so J() < 0O for
Vt > 0; therefore, ||z(¢)]]2 < y||lw(@)|]2, Yw(t) € L2[0, +o0]. O

Remark 1 In Theorem 1, a new Lyapunov—Krasovskii functional is constructed, which
not only uses the information of the upper limit d> of the time-delay; but also uses the
information of the lower limit d; of the time-delay and the time-delay interval dj»>. By
using the Jensen Integral inequality and the Schur complements, the system is proven
to be exponentially stable and satisfies the performance index y of Hyo.

We design a controller for the Lur’e singular system. By considering the state
feedback controller u(#) = Kx(t), we obtain the following closed-loop system:

Ex(t) = (A+ B,K)x(t) + Agx(t — d()) — Fo(y(t)) + Byw(t) (24)
y(t) = Cx(t)+ Cyx(t —d(t)) + Dyw(t) (25)
2(t) =(L 4+ L,K)x(t)+ Lgx(t —d(t)) + Lyw(t) (26)
x(t) = @), 1 €[—d, 0]

Corollary 1 In the system (24)—(26), for given 0 < d| < dr,0 < a < 1,_if there
is a positive number A > 0, symmetric positive definite matrices N;j, R;, j =
1,2,3, Vi, Vo and matrices X, Y such that

XET =ExT >0 27)
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i XAT +dyvB,T
d]XAdT
0
0
—d FT
dleT
0
0
“Ry
*

%

E1 AgxT EXT 0
s o)) 0 EXT
* * Vi+ Vo — N 0
* * * Vo — Ny
* * * *
k k k k
* * * *
* k k S
* k k k
* * * *
E] * * *

b XAT + d¥B,T
deAdT
0
0
—dy FT
dszT
0
0
0
_Ry
%

xc™m?T B,
xchm™ 0

0 0

0 0
—2-=M1 MDy,

* —y2[

* *

k *

*k *

* *

* *

dipXAT +djpYB,T ]
dinXAq"

0

0
—dp FT
d12Ba)T

0
0
0
0
R

3

* ¥ ¥ ¥ 0000 O

FxT xLT y+yL,T

xL,T
0
0
0
L,T

<0 (28)

where By = XAT + AXT+Y"3_| Ny+YB,T +B, YT —EX" ~XET+ R, 5, =
—(1—a)N3—EXT —XET 4+ V| 4Ry, then for any time-delay function d (t) that satisfies
(5), the closed-loop system is exponentially stable and satisfies the performance index

Y of Heo.

Proof Setting A=A+ B,K,L =L+ L,K,it can be seen from Theorem 1 that (6)

is established and

LTLy + PTB, + ATWB,
LILy+ATWB,

0
0

—FTWBy, + MDy,
LY Ly + ByWBy, — y21

*
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En+L"L; ETRE 0
En+LILy ETR3E o
* E33 0
* * —02— &
k * k
k * *
k * *
PTFT
0
0
0 <0
0
0
-1

—ATWF+cTmT
—AgTWF +cIm?

0
0

—Q2=MI+FTwF
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where =

PTA+ ATP + Y3, 0 + ATWA — ETR(E — dET R:E,

E1p = PTA;+ ATWAy + diET Ry E. At this time, the closed-loop system (24)—
(26) is stable and satisfies the performance index y of Ho.

Setting
TS Sia ETRE 0 —ATWF +cTmT
xSy 0 dETRyE —AgTWF+Cchm?
x * —Q;—ETRE 0 0
S1 = * * * -0 —dzETRzE 0
 x * * —Q2-MI+FTwF
* * * *
L * * * *
LTLy+ PTBy,+ATWB, PTFT
LEYLy+ATWB, 0
0 0
0 0
—FTWBy, + MDy, 0
Lng + ByW By — VZI 0
* -\
_—dleTRzE d12ETR2E 0 0 0 0 07
* —dpETRyE—2ETRsE  ETR3E  ETRRE 0 0 0
* * —ETR3E 0 0 0 0
$H = * * * —ETR3E 0 0 O
* * * * 0 0 O
* * * * 0 0
L * * * * % 0

where S;j = PTA+ ATP +33_, O« + ATWA — ETRIE + LTL, S5 =
PTAG+ATWA + L Ly, S =—(1—a) Q3+ ATWA; — b ETRyE+ LI Ly, it
is easy to see that S = S; + 5> and $> < 0 are naturally established, so S; < 0 is the

sufficient condition of S < 0.

Pre-multiplying S by H, = diag[P~T, P~T, P~T, P=T 1,1, P~T] and post-
multiplying it by H/, we can obtain S3 = H; S| H]T:

1

1
*
*
S3 = *
*
*
*

S22

*

* ¥ ¥ *

Sin P TETREP!

0

dP~TETRyEP™!

0
Sa4

—PTATWF + P TCTMT
—PTA”WF + P TCIMT
0
0
—-Q2-MI+FTWF
%

Birkhauser



1382 Circuits, Systems, and Signal Processing (2022) 41:1367-1388

PTLTL,+B,+P TATWB, FP1T
PTLYL, + PTATWB, 0
0 0
0 0
—FTWB, + MD, 0
LT Ly + ByWBy, — y21 0

* —A

where §;; = AP~ 4+ PTAT + Y3 _ P Top~' + P TATWAP™! —

PTETRIEP 4P TLTLP 51 = AgP '+ P TATWA P + P T LT Ly P,
Sp=—-(1-a)P T Q3P '+ P TATWA;P'—dh P-TET RyEP™ '+ P TLTL P!,
S3=—P TP '—P TETRIEP '\ Syu = —P TQ,P "= P-TETR,EP!.

It can be seen that for a matrix with the following format, there are positive definite
matrices V; and V5 such that

—pTETRiEP™! 0 P TETREP!

* 0 0
* x —P TETREP™!
PTET 0 o Ep~l 0o —EpP! Ri~' 0 o
<- 0 0 0[—| 0 o0 0 +1 0 vi o0
—PTET o 0 0 0 0 0 0 W
(29)
P~ TETREP™Y 0 P TETREP™!
* 0 0
s % —dyP~ TETRzEP 1
P TET 00 EPI —EP~! (R~ 0 0
<- 0 0 0 + 0 Vi 0
—P- TET 00 0 0 0 Vs
(30)

Substituting W = dle + d12d2 Ry + d » R3, Formulas (29) and (30) into matrix
S3, by the Schur complements, we can obtam matrix Sy:

O AgP! EP™! 0 p~fcmM* B,
* @ 0 Ep~! P TcTmM™ 0
* * Vi+V,—pPTQ P! 0 0 0
* * * Vo) — P*TQQP*1 0 0
* * * * -2—-MI MDD,
Sy = * * * * * —y21
* * * * * *
* * * * * *
* * * * * *
*k * * * * *
L % * * * * *
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FP~t P TLT 4P TAT &P TAT 4P TAT ]
0 P_TLdT le_TAdT dzP_TAdT d]zP_TAdT
0 0 0 0 0
0 0 0 0 0
0 0 —d\ FT —do FT —dp FT
0 LoT d\B," d>B,T d»B,T <0 31

-2l 0 0 0 0
* -1 0 0 0
* —R;~! 0 0
* * —(di2Ry)™! 0
* * * —R3*] A

where O = APV 4 PTAT 453 P TP~ — PTET — EP! 4
Oy =-(1—a)PT Q3P = PTTET —EP7 4 (dhRy) ™' + V1.

We substitute A = A + B, K and L= L + L, K into matrix S4, and set PT =
X, P TKkT =y, P TQ, P~ g = Ne. Ri™' = Ri, (d12R)™" = Ro, Ry~ = R3, 50
that (daRy) ™' = d‘zR d 2"1 R» < R,.From Formula (28), we can obtain Sy < 0,
so S3 < 0, which 1mp11es that S < 0.5 <0,and S = S1 + S < 0 is established;
therefore, the closed-loop system is exponentially stable. O

Remark2 In Corollary 1, we propose a more clever approach to deal with matri-
ces with a special format, where a nonlinear matrix is converted into the sum
of several linear matrices. For example, in Formula (29), the nonlinear matrix

P TETR\EP™" 0 P~ TETRIEP‘
* 0 is converted into the sum of three
* * —P~ TETR EP™!
PTET 0 0 Ep~! 0 —EP!
linear matrices through scaling: — 0 0 0f{,— 0 0 0
-P~TET 0 0 0 0 0
R1_1 0 0
and 0 Vi 0 |.Byapplying the result of Theorem 1 and repeatedly applying
0 0o W

the Schur complements, the closed-loop system is proven to be exponentially stable
and to satisfy the performance index y of Hy

4 Numerical Examples

In this section, several numerical examples are presented to illustrate the effective-
ness of the proposed method, especially regarding the responses of x(¢),y(¢) and
z(t). Through a comparison with existing results,the advantages of new method are
demonstrated.

Example 1 Consider the linear singular time-delay system of Example 1 (shown in
reference [14]), where the coefficient matrices and parameters are

10 —09 02 ~11 02
E:[o 1]/{:[—0.1 —0.9}"45’:[—0.1 —1.1]

Birkhauser



1384 Circuits, Systems, and Signal Processing (2022) 41:1367-1388

Table 1 The maximum allowed time delay d; for the different values of o

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
[16] 1.14 0.89 0.81 0.79 0.78 0.76 0.75 0.75 0.74
[14] 1.71 1.60 1.49 1.39 1.29 1.20 1.10 1.00 0.90

Theorem 1 2.61 2.32 2.08 1.88 1.70 1.55 1.42 1.30 1.22

Table 2 The maximum allowed

d 2.5 3 3.5
time delay d; for the different !
values of dj [22] 3.0621 3.2234 3.6393
Theorem 1 3.0627 3.2260 3.6407
Table 3 The maximum allowed v 1 5 3 4 5

time delay d» for the different
values of y [22] 1.8899  2.3430  2.5403  2.6506  2.7209
Theorem I 1.9697 23971 25806  2.6826  2.7475

02 0.1
F:[—OAS —0.3]‘11:0

By choosing different values for the derivative upper limits « of the delay function,
the maximum allowed time delay d; of the delay function, which ensures the stability
of the system, is obtained. Then, by comparing the obtained results with those of
references [16] and [14], we obtain Table 1.

Remark 3 1tis clear that the structure of the Lyapunov function in our paper is simpler
than that in reference [ 14]. However, as shown in Table 1, when the derivative « of the
delay function takes different values, we derive larger maximum allowed time delays
than those in references [16] and [14], which ensures that the system is stable.

Example 2 Consider the linear singular time-delay system of Example 1 (shown in
reference [22]), where the coefficient matrices and parameters are

9 3 ~13.1 —13.7 ~18.6 —10.4
E:|:6 2}’A:[—15.4 —23.8}’Ad:[—25.2 —16.8}
T
1.9 0.4
Bw:l:l.g:|’L=|:—O.8i| ,0620.2

(1) Suppose that w(t) = 0; by comparing the values of the maximum allowed time
delay d, for the different values of d, we can obtain Table 2.

(2) Suppose that d; (¢) = 0; by comparing the values of the maximum allowed time
delay d» for the different values of y, we can obtain Table 3.
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It can be seen from Tables 2 and 3 that compared with those in reference [22], the
values of the maximum allowed time delay d; that we obtain are larger, which means
that the system is more stable.

Remark 4 In Example 2, we illustrate how we choose the design parameters to affect
the control performance. First, in Table 2, through the LMI method, we obtain different
values of the maximum allowed time delay d> by choosing different values of d; while
w(t) = 0. The values of d, are larger when that of d; is chosen to be larger. Then, in
Table 3, we choose different values of y when d; () = 0 and obtain the corresponding
values of the maximum allowed time delay d5. It is clear that when we choose larger
values of y, we can obtain larger values of d.

Example 3 We design the state feedback controller for the system (1)—(3), and choose
scalars as follows:

1 0 -5 —32.1 236 2 1 1 0
E:[o 0]’¢:[20]’A:[—45 100]’Ad:[0 1]’M:[0 1]

[—25 10 -1 2 —-12 —-10 —24 0.1
B”:_—o.3 0}’3“’:[—0.2 0]F:[ 1 —10]’C:[ 0 —2}
[—0.5 —16 -1 0 -2 25 —01 0
Ca=1 3 O]D’”:[o 0]’L:[0 —1.4]’L“:[ 0 —3}
_ [—1 —2 10 0 _ _ e 'sin(t)
Ly = I 1 _3:| , Ly = |:0 _0‘3] Lo(y() =w(t) = |:e_’c0s(t)

d(t) =0.1sin(t) +0.1,d] =0,dy =0.2,d1p =dp —dj,a =02,y =1,2=0.1

By using Corollary 1 in this paper and the linear matrix inequality (LMI) method,
we can obtain the following results

_10.1433  0.0154 _120.3834  5.0959
7 10.0143 —0.0574 | ~ | 54837 —50.9204

which means the state feedback controller we design is

(= [203834 50050 7
M =1 54887 —50.9204 |*

so that the closed-loop system (24)—(26) is exponentially stable and satisfies the per-
formance index y of Hy.

By applying simulink software, we can obtain the response figures of the state x(¢),
control input y(¢) and control output z(z), as shown in Figs. 1, 2 and 3.

In the figures, we can see that, at first, the values of the state x(¢), control input y(¢)
and control output z(¢) in the chosen numerical system are not equal to zero. However
they rapidly approach zero with the state feedback controller, and after two seconds,
they steadily approach zero, which implies that the numerical system is exponentially
stable and satisfies the performance index y of H. Therefore, this numerical example
illustrates that our method is effective.
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Fig.2 Input responses of y(z) in Example 3

5 Conclusion

This paper mainly studies the Hy, control problem for Lur’e singular time-delay sys-
tems. By using Lyapunov stability theory, a new Lyapunov function is constructed.
Compared with that developed in a previous paper, our function has one more double
integral term d; [ 0 4 ft’+ p T () ET Ry Ex (a)dad B, which makes our obtained result
more conservative. Based on the linear matrix inequality (LMI) method, sufficient
conditions for the designed system to be exponentially stable and to satisfy the perfor-
mance index of Hy, are obtained. During this process, the main difficulty is confirming
the exponential stability of the system. Subsequently, a design method for the state
feedback controller of the system is given, and by applying a more clever approach
for a nonlinear matrix with a special format to convert it into the sum of several
linear matrices, the closed-loop system is also exponentially stable and satisfies the

Ao . .
) Birkhduser
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180 T

160 | z,(t) |4

140 - = =-z,0) |4

120 f 1
100 f 1
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20

the control output of system : z
=T

Fig.3 Output responses of z(¢) in Example 3

H, performance index. Finally, numerical examples illustrate the effectiveness of the
proposed method and its advantages over the existing results and the response figures
clearly reflect the stability of the system.

In the future, we will consider more normal systems, such as Lur’e singular systems

with uncertainties or Markov process, and we will study the problems of stability, Huo
control and finite-time Hy, control for these systems.

Data Availability The data supporting the conclusions of this article is included within the article.
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