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Abstract

In this paper, we propose a computationally faster yet conceptually simple method-
ology to estimate the parameters of a two-dimensional (2-D) sinusoidal model in
the presence of additive white noise. We develop the large sample properties like
consistency and asymptotic normality of these low-complexity estimators, and they
are observed to be theoretically as efficient as the ordinary least squares estimators.
To assess the numerical performance, we conduct extensive simulation studies. The
results indicate that the proposed estimators can successfully replace the least squares
estimators for sample size as small as 20 x 20 and for signal-to-noise ratio (SNR) as
small as 12 dB.

Keywords Two-dimensional - Sinusoidal model - Additive white noise -
Consistency - Asymptotic normality - Least squares - Simulations

1 Introduction

The problem of estimation of two-dimensional (2-D) sinusoidal signals is of impor-
tance in a wide range of applications such as analysis of geophysical data [5], image
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restoration [2], array processing [9], radio astronomy [23], synthetic aperture radar
imaging [17], nuclear magnetic resonance spectroscopy [16], medical imaging [18],
wireless communications [24], health assessment of living trees [3], source localisation
[1], to name a few.

Due to its extensive applicability, numerous techniques have been proposed for the
parameter estimation of this signal model. Some of the prominent works are by Bansal
et al. [4], Chen et al. [6], Clark and Scharf [7], Cohen and Francos [8], Francos et al.
[10], Hua [12], Kundu and Gupta [13], Kundu and Nandi [14], Prasad et al. [21], Rao
et al. [22], Zhang and Mandrekar [26] and the list does not end here. A more thorough
overview of references in this area can be found in Peng et al. [19].

This paper addresses the problem of parameter estimation of a 2-D model, mathe-
matically expressed as follows:

P
y(m,n) = Z{Ag cos(uim + Adn) + BY sin(uim + 20n)} 0
k=1

+X(m,n); m=1,.... M; n=1,...,N.

Here, y(m, n) is the observed signal characterised by amplitude parameters, Ags and
B,?s, and frequency parameters ,ugs and )»gs. The random error component X (m, n) is
a 2-D sequence of independently and identically distributed random variables (i.i.d.)
with mean 0 and variance o2. The fundamental problem here is to estimate the non-
linear parameters and the frequencies ;1,25 and )\gs from a finite set of observations of
length M x N corrupted with additive noise.

The objective is to introduce an algorithm that is computationally feasible to imple-
ment in practice as well as one that provides statistically optimal estimators. In this
paper, we show that the accuracy of the proposed estimators is as good as that of the
usual least squares estimators (LSEs). This effectiveness of the algorithm is demon-
strated through extensive numerical simulations along with an in-depth theoretical
analysis.

It is important to note that the usual least squares estimator is one of the most
conventional methods of parameter estimation of a postulated model embedded with
noise. For a 2-D sinusoidal model with multiple components as described in Eq. (1)
of the paper, the LSEs are obtained by minimising the error sum of squares:

N M P 2
Z Z <y(m, n) — Z{Ag cos(u%m + Agn) + B,? sin(Mgm + )»2n)}> ,
k=1

n=1m=1

with respect to the unknown parameters. It has been proved that the LSEs of the
parameters of this model are strongly consistent and asymptotically normally dis-
tributed. Moreover, if the errors are assumed to be normally distributed, the LSEs are
asymptotically optimal. For reference, one may look at the paper by Kundu and Gupta
[13].

For the purpose of numerical comparison, in Sect. 4, along with the proposed
efficient estimators and LSEs, we also compute approximate least squares estima-
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tors (ALSEs). The ALSEs are a popular alternative to the LSEs and are obtained by
maximising the following 2-D periodogram function defined as follows:

N M 2
Z Z y(m’ n)e—i(um—HLn)

n=1m=1

1
MN

with respect to the nonlinear parameters p and A. Once the nonlinear parameters are
obtained, one can use simple linear regression to obtain the linear parameter estimates.
Kundu and Nandi [14] show that the performance of the ALSEs is almost identical to
that of the LSEs. Moreover, they provide theoretical proofs of their strong consistency
and asymptotic equivalence to the LSEs.

The rest of the paper is organised as follows. In the next section, we first explain
the proposed methodology for a one-component 2-D sinusoidal model. A sequential
algorithm for a multiple sinusoidal model is provided subsequently. In Sect. 3, we
provide the model assumptions and derive the large sample properties of the proposed
estimators. The numerical results are presented in Sect. 4. The paper is concluded
in Sect. 5, and thereafter the proofs of the asymptotic results are provided in the
appendices.

2 Proposed Methodology

Here, we describe the proposed algorithm for the estimation of frequencies of the
following 2-D sinusoidal model:

y(m, n) = A% cos(u’m + 1) + B® sin(u’m + 1°n) + X (m, n). )

Let us first fix n = 1, then the model Eq. (2) reduces to the following:

y(m, 1) = A% cos(um + 1°) + B sin(u’m + 1% + X (m, 1).
Using elementary trigonometric formulae, the above equation can be rewritten as:

40 0 0 .0
y(m, 1) = A°(1) cos(u”"m) + B (1) sin(u”"m) + X (m, 1),

where A%(1) and BY(1) are functions of A%, B® and A°. It is worth noting that the
reduced model equation is that of a one-dimensional sinusoidal model with amplitudes
A%(1) and B°(1) and frequency parameter u. In general, we fix n = ng, ng €
{1,..., N} and we have the corresponding 1-D model equation:

y(m,no) = A%(no) cos(u’m) + B (no) sin(u’m) + X (m, no).
Thus, for each ng, we have a 1-D sinusoidal model with different amplitudes but
same frequency parameter. We can now estimate this frequency parameter by fitting

N 1-D models to the corresponding columns of the data matrix. In the absence of a
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distributional assumption, the most natural choice of estimation method seems to be
the least squares method. Thus, the estimator of 1 can be obtained by minimising
the following function:

M 2
Qu(A(no), B(no), ) = » (y(m, no) — A(no) cos(um) — B(no) sin(um))
m=1
for each ng € {1, ..., N}. Note that this is a 1-D minimization problem as the linear

parameters A(ng) and B(ng) can first be separated out using linear regression. This
brings down the problem to minimising the reduced functions:

R (e, o) = Qu(A(no), B(no), )

M 2
=y (y(m, no) — A(no) cos(um) — B(no) sin(um)>

m=1

with respect to u. However, this process involves solving N such problems and since
the underlying errors are assumed to independently and identically distributed; instead
of minimising N different objective functions, we propose to minimise the sum of these
objective functions, expressed as follows:

N M 2
1 A - .
Ryn(w) =) { > (y(m, no) — A(no) cos(um) — B(no) Sln(um)> }
no=1 "~ m=1
with respect to 1 and get an estimate [ of 10, A similar estimate of A9, say X, can be
obtained by minimising the following function with respect to A:

M N 2
RO = > {Z <y(m0,n) — A(mg) cos(An) — B(mg) sin(kn)) }
mo=1 " n=1

It is important to note that the optimisation problem is nonlinear and to solve such a
problem an iterative algorithm has to be employed. We use Nelder—-Mead algorithm
to optimise this function for our simulations. The function has the problem of several
local minima. Therefore, for the algorithm to converge to global minimum rather
than a local minimum, we need precise initial values. To find these initial guesses in
practice when the true values are unknown, we minimise this function at the Fourier
frequencies, that is at the points %; j=1,...,M.or ”Wk; k=1,...,N.

The proposed method is not only computationally efficient than the usual least
squares method but is also conceptually simple. This method can be easily extended
to a more general model with multiple sinusoids as described in (1). The idea is based
on modifying the sequential method proposed by Prasad et al. [21] and uses the fact
that any two sinusoidal components present in the model are orthogonal to each other.
We describe the sequential algorithm below.
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Algorithm 1: Sequential algorithm for parameter estimation of multiple compo-
nent 2-D sinusoidal model (1)

N
PN PSP 1
1: Obtain 1 by minimising: Ri,I)I/IN(“) = ZIYIO(I — PZM(;L))Y,,O. Here, Y;lro =
no=
(y(1,ng), ..., y(M,no) " and Py, (1) = Zp (W Zpr ()" Zpg ()1~ Zpg ()T is the pro-
jection matrix on the column space of the matrix Z s (1).

M
LA e 2
2: Obtain A1 by minimising: Ri.l)vIN(}“) = > 1Y;0 I — Pz, ()Y, Here, Y;O =
moy=
(y(mg, 1), ..., y(mo, N))T and PZN (1) is the projection matrix on the column space of the

matrix Zy (1).
3: Estimate the linear parameters using simple linear regression:

A S A S
(Bll) — WG ADWGL AT WT (2, ApY

Here,

~ ~ ~ a a T
cos(fty + A1) ... cos(Mjiy + A1) ... cos(ft + NAp) ... cos(t; +Niy) ... cos(Mfy + N)»]))

W, hpy =000 TS S . A 5 PR 2
(it 2 (sm(erM) coosin(Mjuy +Ap) ...osin(g + NAoy) ...osin(ty + Nay) ... sin(Mji + Nip)

andY =y(1,1),...,y(M, 1),...,y(1,N),...,y(M, N)) is the observed data vector.
4: Eliminate the effect of the estimated first component:

a2 A
Y1=Y7W(M1,M)<Al>.
B

N
. A e 1
5: Obtain fip by minimising: Ré,ng(u) = Z] Yirno @ = Pz, (1)Y1y,. Here, Yy,
no=
=11, n9), ..., y1(M, no))T is the ngth column of matrix Y.
M
.2 S 2
6: Obtain iy by minimising: Ry ) () = 3 1 Yo @ = Py ()Y 1y Here, Ying
moy=
= (y1(mo, 1), ..., y1(mg, N) T is the moth row of matrix Y.

7: Estimate the linear parameters using simple linear regression:
A . a NP " oa
( Bj) = (W' (2, A)W(i2, A)1 7' WT (2, A2) Y.

The matrix W({i2, A7) can be obtained by replacing /i3 by /i1 and Ap by A1 in W(i1, A1) as
defined above.
8: Repeat and continue the process up to p steps till all the component parameters are estimated.

3 Asymptotic Results

In this section, we investigate large-sample properties of the proposed estimators under
the following assumption on the structure of the error component, X (m, n):

Assumption 1 X(m,n) is a double array sequence of i.i.d. random variables with mean
0 and finite variance o> > 0.
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Also, the true parameter vector (AO, BY, MO, AO) satisfies the following assumption:

Assumption 2 The true parameter vector (AO, BY, /,LO, AO) is an interior point of the
parameter space ® = [—K, K] x [-K, K] x [0, 7] x [0, =] and A02 + 302 > 0.
Here K > 0 is any real number.

The results are stated in the following theorems.

Theorem 1 The proposed frequencies’ estimators are strongly consistent if the
assumptions 1 and 2 hold true, that is,

(a) ,&muoasMeoo,
(b) AL A0 as N = oo

Proof See Appendix A. O

Theorem 2 The proposed frequencies’ estimators are asymptotically normally dis-
2

tributed with mean 0 and variance % if the assumptions I and 2 hold true, that

] A074BO

is,

(@) M32N'2 (i — % % A (0, A02+302)

(b) M'2N32(. = 20) & N (0, W)

as min{M, N} — oc.
Proof See Appendix B. O

Itis evident that the proposed method yields frequency estimators with cubic conver-
gence rates which is extremely fast. Also, the accuracy of these estimators is inversely
proportional to the sum of squares of the amplitudes, that is, A0? + BOZ, which is not
very surprising. As a matter of fact, the asymptotic distribution of the proposed esti-
mators coincides with that of the usual LSEs. Moreover, if the errors are assumed to be
normally distributed, the derived asymptotic variances are same as the Cramer—Rao
lower bounds (CRLBS).

We now prove the strong consistency and derive the asymptotic distribution of the
proposed sequential estimators of the frequencies of multiple component sinusoidal
model. These asymptotic properties are derived under Assumption 1 on the error
component and the following assumptions on the parameters of the model:

Assumption 3 The true parameter vector for each component, that is, (AO, B,?, M,?, kg)
is an interior point of the parameter space ® Yk = 1, ..., p. Also the frequencies are
such that ) # p9 and 20 #29Vi # j.i, j=1,...,p.

Assumption 4 The linear parameters Ags and B,?s satisfy the following relationship:
2 2 2 2 2 2
K> > AV +B)" > Ay +BY > ... > A +B)".
The results are stated in the subsequent theorems.
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Theorem 3 Under the assumptions 1, 3 and 4, the frequency estimates [i; and A are
strongly consistent estimators of ,ug and kg, respectively, thatisVk =1,..., p,

(a) [LkgugasMaoo,
(b) ik —a—'S—}AgasN—)oo.

Proof See Appendix C. O

Theorem 4 Under the assumptions 1, 3 and 4, the following results hold true:
Yk=1,...,p

(a) Ak Rl Ag as min{M, N} — oo,
(b) B &% BY as min{M, N} — oo,

Vk>p

(a) Ak &5 0 as min{M, N} — oo,
(b) By L5 0as min{M, N} — oo.

Proof See Appendix C. O

Theorem 5 The proposed sequential estimators of the frequencies are asymptotically
normally distributed if the assumptions 1, 3 and 4 hold true, that is,

(@) M32NYV2 (P — 1) S N, Aoz Boz)

(b) MV2N32( =29 S N (O, A—)

as min{M, N} — oo.

Proof See Appendix D. O

It is evident that like the estimators for the one component model, the sequential
estimators are strongly consistent and asymptotically normally distributed as well. The
algorithm produces estimators of y,g and Ag with convergence rates O, (M —32N-1/2)
and O, (N —3/2M~1/2), respectively, same as those of the usual LSEs. Another inter-
esting property of the proposed algorithm is that depicted in Theorem 4, when the
algorithm is continued beyond p number of components, the corresponding ampli-
tudes converge to zero. This feature can help one to estimate the number of components
in practice. It is important to note that these asymptotic results can be further exploited
to construct confidence intervals as well as to devise testing of hypotheses and prob-
lems of practical significance.

4 Numerical Experiments

In this section, we present the simulation results. These simulation experiments were
designed to assess the performance of the proposed methodology in comparison with
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Fig. 1 MSEs of the efficient estimators along with those of LSEs and ALSEs and the corresponding
theoretical asymptotic variances versus the data size (M = N)

the conventional least squares estimation method. The data matrix is generated using
the following one-component 2-D sinusoidal model:

y(m, n) =2cos(1.5m 4 0.75n) + 3 sin(1.5m + 0.75n)
+X(m,n); m=1,.... M,n=1,...,N.

The error random variables are generated from Gaussian distribution with mean 0 and
variance o 2. For the first set of experiments, we fix the error variance at o> = 0.01
and vary the sample size from 20 to 200. We compute the estimates of 1° and u°
for 1000 independent replications using different error sequences for all cases. Figure
1 illustrates the MSEs of the resulting parameter estimates along with the derived
asymptotic variances.! In the next set of experiments, we fix the sample size. For a
100 x 100 data matrix, we compute the MSEs of the nonlinear parameter estimates
for varying signal-to-noise ratio. The results are shown in Fig. 2. In these experiments,
the initial values are taken as the true values. From the figure, it is apparent that the
MSE:s of the proposed estimates are well-matched with those of LSEs and lower than
that of ALSEs. These almost coincide with the asymptotic variances for all sample
sizes and for SNR above 10 dB. These results validate the theoretical claim that the
accuracy of the efficient estimators is as good as that of LSEs. The results in all the
figures are reported in the log scale.

Next, we evaluate the performance of the proposed sequential estimators for a
multiple component model. We generate the data from a 2-D sinusoidal model with
two components using the following model equation:

1 Note that these asymptotic variances are actually CRLBs as the distribution under consideration is Gaus-
sian.
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10-20
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Fig. 2 MSEs of the efficient estimators along with those of LSEs and ALSEs and the corresponding
theoretical asymptotic variances versus SNR

1072
. 108
MSE(A;) 10-14
—— MSE(A,) using LSE method
10-20 MSE(A,) using ALSE method
Y Avar(Ay)
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1071 & MSE(fh) using efficient method - Hemmmme Hmmmm *
—— MSE({i1) using LSE method
10720 MSE({;) using ALSE method
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20 40 60 80 100 120 140 160 180 200
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Fig. 3 MSEs of the sequential efficient estimators along with those of sequential LSEs and sequential
ALSEs and the corresponding theoretical asymptotic variances versus the data size (M = N)

y(m, n) = 5cos(1.5m 4 0.75n) + 4 sin(1.5m + 0.75n) 4+ 2 cos(1.0m
+ 0.25n) + 3 sin(1.0m + 0.25n)
+Xm,n); m=1,....,.M,n=1,...,N.

The same error structure and simulation set-up as described above for the one compo-
nent model were used. Moreover, the accuracy of the proposed estimators is compared
with that of the sequential LSEs and sequential ALSEs. Figure 3 shows the MSEs of
the proposed estimators, sequential LSEs and sequential ALSEs of the first compo-
nent parameters with respect to varying sample sizes. We also plot the CRLBs to
benchmark the performance of these estimators. The MSEs of the second component
parameter estimates are shown in Fig. 4. In Figs. 5 and 6 these results are investigated
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Fig. 4 MSEs of the sequential efficient estimators along with those of sequential LSEs and sequential
ALSEs and the corresponding theoretical asymptotic variances versus the data size (M = N)
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Fig. 5 MSEs of the sequential efficient estimators along with those of sequential LSEs and sequential
ALSEs and the corresponding theoretical asymptotic variances versus SNR

for varying SNRs. It can be seen that the performance of the proposed sequential esti-
mators is at par with that of sequential LSEs and sequential ALSEs. Moreover, for the
second component parameters, the MSEs of all the three estimators coincide with the
corresponding CRLBs for increasing M (N). For varying SNR, the results of all the
estimators concur with CRLBs for both the component parameters.

In order to exemplify the advantage of the proposed estimators, we compare the
computational complexity of both methods, the proposed and the least squares method.
The complexity is measured in terms of number of function evaluations needed to find
the initial values of the parameter estimates of a one component model.? Figure 7
demonstrates the complexity of both the estimators as the sample size, M = N varies.
It is evident that there is a significant difference between the computational involve-
ment for the two types of estimates under consideration. This implies that calculating

2 Objective function.
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Fig. 6 MSEs of the sequential efficient estimators along with those of sequential LSEs and sequential
ALSEs and the corresponding theoretical asymptotic variances versus SNR

—+— grid size to compute efficient estimators
—— grid size to compute LSEs

10

10°

number of points in the grid -

20 40 60 80 100 120 140 160 180 200
M=N-

Fig. 7 Comparison of computational complexity involved in the proposed efficient method and the least
squares estimation method

the proposed estimators is much faster than calculating the LSEs. Figure 8 corroborates
the faster implementation of the proposed algorithm as compared to the traditional least
squares estimation method. Note that the number of function evaluations needed to
compute ALSEs is same as that required for LSEs and hence the ALSEs are omitted
from this comparison.

5 Conclusion

In this paper, we have proposed a novel method of estimation of the frequencies of a
2-D sinusoidal model. Although the LSEs have optimal statistical properties, due to
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+— time taken to compute efficient estimators
500 {4 time taken to compute LSEs

400

w
o
o

time (in seconds) -
N
o
o

100

20 40 60 80 100 120 140 160 180 200
M=N-

Fig. 8 Comparison of time taken for computation of proposed efficient estimators and the least squares
estimators

considerable computation burden finding them is practically infeasible. The proposed
method reduces this burden of computability to a great extent and provides efficient
estimators with accuracy on an equal footing with that of the LSEs. Statistical analysis
of the proposed estimators shows that they are strongly consistent and asymptotically
equivalent to the corresponding LSEs. Simulation experiments demonstrate the ability
of the approach to estimate the frequencies accurately. These results are presented in
comparison with the LSEs as well as in comparison to the CRLBs and the performance
is at par with both.
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A Proof of Consistency of Proposed Estimators of Model (2)
We need the following lemma to prove Theorem 1 (a):

Lemma 1 Consider the set S, = {ju : | — u®| > ¢}. If for any ¢ > 0,

1
lim inf Huelg M_N|:R’(‘;)N(M) - R](VII)N(MO)} >0a.s.,

then [i is a strongly consistent estimator of 1.

Proof This proof follows along the same lines as that of Lemma 1 of Wu [25].
O
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Proof of Theorem 1 (a). Consider

1 (1 N
li f inf ——|[R R
imin erelL MN|: b (1) — Ry (u©)

N
= liminf inf —[ Z Ry (e, ng) — Z RM(,uO,no)]

S\
® no=1 no=1

1
= liminf inf ——
neS. MN

N N
[ > 0m(AV (o), BV (n0), w) — Y Qu (AN (o), BV (no), MO):|

no=1 no=1

1
> lim inf 1nf M_[ Z 0 (AD(ng), BV (ng), w

no=1

N
— Y Qm(A%(no), B (no), u(’)}

no=1

1
> lim inf inf
(Ato). Blng) e’ MN

N
[ >~ 0u(Ano). B(no). p) — Z Qu(A°(no), B (no), MO)]

no=1 no=1

The set M{"° = {(A(no), B(no), ) : |A(ng) — A%ng)| > c or [B(ng) — B®(ng)| >
cor|pu—pu = c}. Clearly, S, ¢ M!°Vng=1,...,N.

Also,

1
lim inf inf
(o). Blno) e MN

N
[Z Qm(A(n), B(no), 1) — Y Qm(A%(no), Bo(no),uo)]

no=1 no=1

1 < 1
> — Y liminf inf
N = (A(w0). B0y el M

[QM(A(”O)» B(no), w) — Qm(A%(ng), B®(no), u°>}
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Using the following result, which follows from the proof of Theorem 4.1 of Kundu
and Nandi [15]:

Vng=1,..., N
1
lim inf inf i X[QM(A(HO),B(no)sM)*QM(AO(HO),BO(HO),MO)] >0

(A(ng),B(ng),m)eM.

we get:

L [z R (10
li f inf —— 0.
imin erel f N|: v ) — N | >

Therefore, by Lemma 1, /1 a5 MO as M — oo. Following similar pattern, one can
show that & =2 A0 as N — 00, which proves part (b) of the theorem. O

B Proof of Asymptotic Normality of Proposed Estimators of Model (2)

Proof of Theorem 2(a). Let us denote R( (/,L) as the first derivative and R(l) (w)
as the second derivative of the function Rl(l/l v ().

Using Taylor series, we expand R,(V})N/(,&) around the point .° and get:
/A 1 1)
Ripy (1) — RGN (1) = (2 — uO Ry (),

where [t is a point between /[ and u0. Since Rz(w v (1) = 0, the above equation can
be rewritten as:

-1 = =Ry WOLRY, (17",
Multiplying both sides of the above equation by M>/2N1/2 we get:
M3/2N1/2(,& _ MO) M32N— 1/2R(1) (1 0)[M 3N— R(l) (i )]—1’ (3)

We compute the left-hand side of the above equation below. Consider

1 ORy (, ng)
(1) 0y _ M 0
M3/2N1/2RMN W) = M3ZN1/2 Z Fm

no_

N1/2 Z {M3/2 Z (Y(m’"(’)

no=1

— A(no) cos(u’m) — B(ng) sin(uom))
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x <A<no> sin(uom) — B(no) COS(MOm)>}

N
1
=Ni2 Z {Ms/z me(’" no)
no=1 m=1

(Amo) sin(uom) — B(no) COS(MOm)> } +o(1).
The last equality is obtained using the following results:

A(ng) — A%(ng) = o(1),

. . @)
B(ng) — B (no) = o(1),

where o(1) denotes a function f that goes to zero almost surely as M — oo for each
no € {1, ..., N}. These results follow from proof of Theorem 2 of Prasad et al. [20].
Now using central limit theorem (CLT) of the stochastic processes (Fuller [11]),

M
> mX(m. no) (A(no) sin(uom) — B (no) COS(MOm))
1

M3/2
m=
a A%ng)” + BO(ng)”
—>N<0,402( 0 0 ))
6
as M — oo and Vng € {1, ..., N}. This implies that
2 2
d A%+ BY .
WRl(éN ( O) — N(O, 4O'2<T>> as mlH{M, N} — OQ. (5)
Since o hm Rz(w v () = hm RJ(VII N (MO), we next compute the second deriva-

tive:

1 2R\, (mu ) 1 i 1 9%Ry (mu®, no)
- 2

With some routine calculations and the following results:

lim — Zm cos (am)

M—oco M

lim — Zm sin (am)

M—00 M3
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MlgnOO W 2:1 m* sin(am) cos(am) = 0,
m

M

MlgnOQ M3 2:1 m2X(m) cos(am) =0,

lim — Z m>X (m) sin(am) = 0,

M—oo M _

and (4), we get:

2 2
. 1 (1) "o A% 4 BO
1 ——R,, =2 — 6
M NS oo MAN = 6 ©

Using the limits in (5) and (6) in (3), we get the desired result, that is,

6 2
A" 4+ BO

Similarly, part (b) of Theorem 2 can be proved.

C Proof of Consistency of Proposed Estimators of Model (1)

To prove Theorem 3, we need the following lemmas:

Lemma 2 Consider the set S1 {2 | — u?| > c}. If for any ¢ > 0,

L G0 M 0
hmmfﬂu;fsl WV Rl wn 1) — R1 unm) | > 0as.
1

then 1 = ,u(l) as M — oo.
Proof This proof follows along the same lines as that of Lemma 1 of Wu [25].
Lemma 3 If assumptions 1, 3 and 4 are satisfied, then

M (1 —y,(f) 2% 0as M — oo.

/
Proof Let us use the following notations: R(lz)v[N (1) as the ﬁrst derivative and

R( LMN (m) as the second derivative of the objective function RU LM N(m)
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/
We expand the function Rﬁv[ » (ft1) around the point u(l) using Taylor series expansion
as follows:

1) 1) -
Ry ) = Ry ) = (an = u)R{Y, (@),
where f1) is a point between /1 and /L(l).
. A
Since RLMN (1) =0,

RM ToO0N A "o_
— Ry yn (1) = (1 — Ml)Rl un (@)
N 1 1 /. _
= (1 — 1) = =Ry WHIRY), @™
A~ _ _ 1 /
N M3/2N1/2(u1 . M(l)) — _M32N l/zRi,z)vuv (M(l))

- - n .- - - -
x [M 3/2N l/zRi’j)\/[N (/'LI)M 3/2N 1/2] 1

@)
Multiplying both sides by «/#W’ we have:
N 1
M@y — 1) = —M2N RGN RS, (a1 ®)

Now we will compute the limits of both the components of the right-hand side of the
above equation. We have:

R v (D) = D R, no)

no=1
where
M 2
(1 (1 .
Rip(pi.no) =y (y(m, no) — AY" (o) cos(uim) — By )(no)ﬂn(mm))
m=1

Now let us compute the first derivative:

(€9 N
IRy pyy(m1) Z OR1 p (11, no)

oy - oul
no=
Z { Z (y(m,no)—Aﬁ”(no)cos(mm)—éf”(no) sin(mm))
no=1 m=1

X (A(ll)(no) sin(uym)) — l§f”(no) cos(mm)> }
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+BJ (no) sin(ufm) + X (m, no) — A{” (ng) cos(uu1m)

—B{" (no) sin(mm)) x (Aﬁ”(nm sin(uim)) — B (no) cos(mm))}

Z (ZAkmo) cos(pupm)

m=1

Aty =,
1)
ORY) MN(m) i

M

{ 23 " m ((A?(no) — AP (n9)) cos(ufm)

m=1

+(BY(no) — B" (no)) sin(ufm)

)4
+ Z Ag(no) cos(ugm) + B,?(no) sin(ugm) + X(m, no)>
k=2

x (Agl)(no) sin(ufm)) — B{" (no) COS(M?’")) }

Since for o € (0, ),

M
1
Jim_ 5 Y meostam = §
m=1
M
lim — msmz(am)
M—oo M
M
Mlgnoo M2 Z m sin(am) cos(am) = 0,

=1

lim — X =
Mgnoo mX:lm (m) cos(am) =0,

lim — Z mX (m) sin(am) = 0,

M—oo M
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and for @ # B, a, B € (0, ),
1 M

lim w2 Z m cos(am) cos(fm) = 0,
1 M

lim > mcos(am) sin(Bm) = 0,
1 M

lim - > msin(am) sin(Bm) = 0,

andVny=1,...,N

AV (o) L5 A(ng) as M — oo,

ﬁl(l)(no) a5 B?(no) as M — oo,

we have,

im RO ) =0 9
wim Sy Ry () = ®

Now we compute the second derivative

2 () 0 N
"Ry pn (1)) Z 9% Ri p (1. no)
3#% BM%

no=1

N M
= Z {2 Z m? <y(m, ng) — A(ll)(no) cos(u(l)m) — éfl)(no) sin(u?m))

no=1 m=1

x (Aﬁ‘)(no) cos(udm) + B (ng) sin(u?m))

M 2
+2 Z m? <A§1)(n0) sin(u?m) — Bfl)(no) cos(u?m)) }
m=1

Using the model equation:
P
y(m.no) = Y Ax(no) cos(ugm) + Bi(no) sin(um) + X (m. no)
k=1

and the following results: Vo, 8 € (0, 7), 0 # B
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M
Mh_r)nOo m z_: m- cos (am)

lim Zm sin (ozm)

M—o00 M3

lim — Z m~ sin(am) cos(am) = 0,

M—oo M
=1

lim — sz(m) cos(am) =0,
M—o0o M

2
MlgnOo M3 X:l m*~X (m) sin(am) = 0,
m

Mlgnoo W Zl m* cos(am) cos(Bm) = 0,

Mlgnoo M3 zjlm cos(am) sin(Bm) = 0,
m

Mlinoo m Zl m* sin(am) sin(Bm) = 0,
m

andVny=1,...,N

Ail)(no) Rl A(l)(no) as M — oo,

él(l)(no) &5 B?(no) as M — oo,

we get:

1)
T PR 1 Z A% (no) + BY (no)

10
M—o0 M3N au? 3 (10

n()l

Substituting the limits obtained in (9) and (10) in (8), we get the desired result, that is
My — ) &5 0as M — oo.
O
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Proof of Theorem 3 (a) Consider the difference:

1 1
llmmfﬂllréfs W[R( wun ) — 1MN(M1)]

N N
1 0
= liminf inf M_[ Z Rim(r, no) — Z Rl,M(MlvnO):I

]ES no=1 no=1

=1 f inf —— A B
imin ulfés MN|:Z O1.m(A1(ng), B1(np), n1)

no=1

N
— Y Q1.u(Ai(ng), él(nom?)}

no=1

>1i f inf L A B )s
iminf inf - ZQw( 1(n0), Bi(no), 141)

nies! o=

N
= Y Q1.u(AY(no), BY (no), u?)}

no=1
N
. . 1
> lim inf inf 1 MN|: Z 01,m(A1(no), Bi(ng), 1)
(A1(n0), B (no),1)eM, "0 no=1
- Z Q1.m(A}(no), B} (no), m)}
no=1
N
1 .. ) 1
> — > liminf inf | Qr.u(AL(n0). Bi(no). 1)
N o M
no=1 (A1(n0),Bi (n0), )M,

— 01.:m(A}(n0), B} (no). u?)} >0
The last inequality follows from proof of Theorem 1 of Prasad et al. [20]. Now using
Lemma 1, we have /i; <% 1 as M — oc.

Similarly, one can show that ):1 a5 }‘(1) as N — oo. Also, from Theorem 4, we
have:

Al o5 A(l) as min{M, N} — oo

B Rl B? as min{M, N} — oo

Thus, we have the following relationship between the first component of the model 1
and its estimate:
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A] COS(/Tle + i]ﬂ) + B] sin(,&lm + )Anln)

_ (11)
= AV cos(udm + 2%n) + BY sin(u¥m + 29n) 4 0(1),

where a function f iso(1)if f 2% 0as min{M, N} — oo.Now using this relationship
(11) and following the same arguments as for the proof of consistency of (i and A,
one can extend the result for the frequencies’ estimates of the second component and
extend the result further for each k < p. O

Proof of Theorem 4 We first consider the following linear parameter estimators (see
Step 3 of the sequential algorithm):

A . oA .
(Bi) = [W' (@1, AW, AD1'WT (g, DY, (12)
where
W (. AW, o) = wip w2
(1, AW (r, A1) <w21 W
and
M N
wi = ZZCOSZ(ﬁlm-I—/\ln)
m=1n=1
M N
wip = w2l = Z Zcos(ﬂlm + An)sin(fiym + Ain)
m=1n=1
M N
wy = Z ZSiHZ(ﬂlm + An)
m=1n=1
Since

M N
1 o
li —_— E E 2(ym + A = -
Ibm N cos“ (i m 1n)

m=1n=1

1 .
lim —— sin?(fuym + An) = -

M,N—oo MN

M=
M=

—

1n

3
I

cos(fiym 4 Ain) sin(fiym + An) = 0,

M=
M=

Iim ——
M,N—oo MN

I
-
I
-

m n

~ ~ 1
lim W' (iL AW, A1) = =Lhyo,
M’Ibrgoo (1, ADW(Lr, Ap) S22
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where I 7 is an identity matrix of order 2. Using this in (12), we get:

Ay _ 2
<1§1> = MNW (11, ADY + o(1)
M N R
o 2> 32 y(m,m) cos(im + fam) +o(1)
= ; T/ A
ML Z Z y(m, n)sin(itim + rn) 4+ o(1)

Now let us consider, the estimate Al and expand the function cos(ft; + 5»1) around
the point (,u?, )L?), then we have:

M N
N 2 2
A = TN E E y(m,n)cos(fiym + Ain) + o(1)

m=1n=1

N
> "y myfcos(uim + an) — m(fiy — pf) sin(uim + 20n)

1 n=1

— (g — A sin(um + 29n)} + o(1)

M=

2
MN

m

Since for (¢;, Bi) € (0, )

m=1n=1

| MoN
Mll\llrgoom 2:1 X;X(m n)cos(aym + Bin) =0

m=1n=
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1
lim ——
M,N—oco MN

M N
D) cos(aim + in) sin(aam + pan) =0,

m=1n=1

it can be seen that:
Al — A(l) as min{M, N} — oo.

Following a similar pattern, one can prove the strong consistency of By.
Let us consider:

2
@-[7%
By 2

MN

y1(m, n) cos(fiam + Aan) + o(1)

Mx
M=

I
N

1

=

M=

y1(m, n)sin(fiam 4 Aan) + o(1)
1

m=1ln

Now to prove the strong consistency of the amplitudes of the second component,
we use the relationship established between the first component and its estimate in
Eq. (11) and following the same procedure as that for consistency of the first component
amplitudes, it can be seen that

Az — Ag as min{M, N} — oo,

éz — Bg as min{M, N} — oo.

On similar lines, the result can be extended for any integer k < p.

Fork =p+1,
, MW R .
i wv 2 2 Yp(m,n)cos(Aprim + Apyin) +o(1)
APJr] — m=1n=1
(Bp+1> , U N N 2 ’
v 2 2 yplm,n)sin(fLppim + Apiin) +o(1)
m=1n=1
where
p ~ ~ A ~
yp(m,n) = y(m,n) — Z {A, cos(fjm + A jn) + B sin(fijm + Ajn)}
j=1
= X(m,n) + o(1).
Since

0 0 0 0: 0 0
Aj cos(,ujm + )»jn) + Bj sm(ujm + Ajn)
= Aj COS(,Eij + )\.jn) + Bj Sil’l(/:l,jm + Ajn) + o(1),
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we can see that

~

Api 2% 0 as min{M, N} — oo,

ép-i-l 2% 0as min{M, N} — oo,
From here, it is immediate that the result can be extended for any integer k > p + 1.
Hence, the result. O
D Proof of Asymptotic Normality of Proposed Estimators of Model (1)
Proof of Theorem 5 (a) Consider the Taylor series expansion in (7) as follows:
N - 1
M3/2N1/2(,u1 _ M(l)) — _M32N" 1/2R( ) . ( 1)
% [M_3/2N_1/2RS/)V[N (IELI)M—3/2N—1/2]—

Computing the first derivative on the left-hand side of the above equation and similar
to the proof of Theorem 2, it can be shown that:

2, po2
: A AY + BY
M o0 L (A% + B

— 37 Rty () N(o, 4o (T))

Since j11 is a point between ft and u? and /1] 25 ,u(l),

1 ) 1 1)
1]\1,11_1) M3NR1 MN (/“)— m M3NR1 MN ( D

Also, (10) implies that:

2 2
lim — RO 0 =2 AY + By
M.N—oo M3N Rimw 6 '

Thus, on combining the above results, we have:

~ d 602
M3/2N1/2<M1_M(1)>_)N<0’ ﬁ)
AV + B

Hence, the result. O
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