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Abstract

This paper is concerned with the problem of Hy, control for a class of uncertain
switched singular systems with time-varying state delays under asynchronous switch-
ing. The asynchronous phenomenon is caused by the choice of controller lagging
behind the corresponding subsystem in practice. First, sufficient conditions by find-
ing a novel piecewise Lyapunov—Krasovskii function combining with average dwell
time technique are given to guarantee the exponential admissibility of the system.
The algebraic equations and differential equations of the original system are proved
to be exponentially stable. Then, a condition guaranteeing the H,, performance of
the original system is derived based on the above analysis. Furthermore, strict LMI
formulas for solving the state feedback controller are given. Finally, the effectiveness
of the proposed methods is illustrated by numerical examples.

Keywords Switched singular systems - Asynchronous switching - Time-varying
delay - Average dwell time - Linear matrix inequality

1 Introduction

Inrecent years, the research on switched singular systems has attracted much attention
from many scholars [7,13,33]. This is mainly due to the fact that this form of the
model is widely applied to many practical engineering problems, see [24-26] and
the references therein. Compared with the switched nonsingular system, one of the
biggest differences is that solutions of a singular system may contain instantaneous
state jumping phenomena. Therefore, the conclusion about singular systems is not a
simple generalization of the conclusion of conventional linear systems. Meanwhile,
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due to the delay in system information transmission and the insensitivity and aging of
measuring devices, the system has time delay inevitably. The appearance of time delay
usually changes the normal response of the control system, even makes it difficult to
ensure the stability of the system, resulting in the decline of the system performance
indicators [14,37]. System control problems with time delay have special difficulties
in solving mathematical and engineering problems [3,12,41].

Not only the state time delay but also the presence of time delay in the controller is
extremely important in the whole stabilization stability analysis. In practical engineer-
ing applications, accompanied by the occurrence of time delay and it takes time for
the system to identify the controller that matches the current subsystem. Therefore,
the research of asynchronous control has attracted the attention of many scholars
[5,7,29,38]. Without emphasizing the existence of asynchronism, [37]’s research
groups have analyzed the exponential H, filtering problem for a class of discrete-
time switched singular systems. The object studied by the authors in [4] is a class of
switched neutral systems. However, the focus of our work is on asynchronous non-
weighted Hy, control of the uncertain switched singular systems. This requires us to
consider the stability problem of algebraic subsystems under the control of the asyn-
chronous controller. Besides, uncertainty is another reason for the instability of the
system. This uncertainty mainly comes from the measurement error of parameters and
the change in environment and operating conditions [19]. Because of the widespread
existence of uncertainty, the stability of systems with uncertainties is studied in a large
number of references [17,21,22]. In reference [38], the stability problem of a class of
discrete-time switched singular systems with time delay was investigated. Finite-time
control and asynchronous control for discrete-time switched singular systems with
time delays were studied in references [1,7,15,20].

Previous studies are concerned about work taking account of some of the factors
mentioned above [34,42,43]. The impulse-free property of the original system is not
required in [11] and the global stability of the original system is controlled by limiting
the upper and lower bounds of dwell time. In [8], a class of uncertain switched singular
systems with time-varying delay by using the average dwell time approach was inves-
tigated. Asynchronous control and system performance analysis for switched singular
systems become more complex and challenging when delay and uncertainty are both
taken into account. Comparing with [28], not only the singular matrix E but also the
disturbance variable and control output variable are adding to the model studied in
our paper. Therefore, we need to consider the regularity and impulsivity of the system
compared with the system in [28]. Second, the state variable x(¢) of singular sys-
tems can be divided into the slow subsystem variable and the fast subsystem variable.
Uncertain switching singular systems with a time delay can be applied to describe the
model of oil catalytic cracking and the typical DC chopper circuit in practical engi-
neering. See the numerical examples in [27,30,39]. Now still less study has been made
on asynchronous non-weighted H, control of uncertain switching singular systems
with time delay.

In this paper, the stabilization and non-weighted Ho, performance for a class of
uncertain switched singular systems are investigated via a new insight. It is remark-
able that though state feedback controller has been widely used in switched singular
systems; see [2,23,29], we use it to study the problem of asynchronous control for
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uncertain switched singular systems with time-varying delays. The main contribu-
tions are stated as follows.

(i) By constructing a more flexible Lyapunov function, a sufficient condition for
the original system to be stable is obtained. The system instability caused by
asynchrony is offset by a limit on the average dwell time of each subsystem. In
the process of derivation, the time node has been reconstructed to facilitate the
analysis and this is also the major contribution of our work.

(i) The problem of asynchronous controller design for uncertain switched singular
time-delay system is solved in this paper. By adding some free weight matrices,
less conservation conditions are presented. A non-weighted H,, disturbance
attenuation level for the considered system is obtained. The result has less
conservation compared with [5,36,38].

(ii1) In solving the controller gains, sufficient conditions in terms of strict linear
matrix inequality (LMI) have been obtained by removing non-strict inequality
constraints. Thus, the results are less conservative than those obtained by the
approximate solution method.

The remaining parts of the paper are organized as follows. In Sect. 2, the system form
to be studied and some useful lemmas are given. Section 3 embraces the main results.
Taking the asynchronous situation into account, a state feedback controller is designed
in this section such that the considered switched singular system is stabilization and
the state solutions of the system have H,, performance. Specific examples along with
numerical and simulation results are provided in Sect. 4. Section 5 is the conclusion
of the work of this paper.

2 Problem Statement and Preliminaries

Consider a class of switched singular systems with time-varying delay described by
the following equation

Ex(t) = (Ao + AA)x(t) + (Boy + AB)x(t — d(t)) + Gonu(t) + Egpno(t)
2(t) = Cox(t) + Doy x (t —d(1)) + Fory (1)

x(t) =¢(t),t € [—h,0]

(D
where x (1) € R”, u(r) € R™ and z(r) € R/ are the state vector, control input and
channel output, respectively. (r) € R" belonging to the space of square integrable
denotes the disturbance. ¢ () is initial vector valued continuous function, and the
switching signal o (¢) : [0, 00) — Z = {1, 2, ..., N} is a piecewise constant function
of time ¢ where N is the number of subsystems. d(¢) is a time delay that satisfies

di =d(®) <dp,d(t) < pa < 1. ©)
AA and AB are the uncertainties of the system and have the following form
[AA AB]= MF (t)[N Ngl, 3)
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where M, N, N, are known constant matrices with appropriate dimensions and F (¢)
satisfies F(1)TF(r) < I,t > 0 (the identity matrix of appropriate dimension). The
forms of time-varying delays and uncertainties introduced in this paper exist widely
in the previous literature on engineering system control. This just shows that this form
of time delay and uncertainty is commonly used in practical application. The matrix
E € R™ may be singular and it is assumed that rank £ = r < n. Since rankE =
r < n, there exist nonsingular matrices P, Q € R"*" such that PEQ = |:3 8i|,
I, 0

00]

The delay between the matched controller and corresponding subsystems is taken
into account in this paper based on practical engineering application background. In
other words, the switching sequence of the subsystems and the practical switching
signal of the controllers can be described by

then, without lose of generality, let £ =

o :{(0,00), (1,0 @)),.... (M0 0 @W),...},
0 :{(0,0(0), (11 +A0@), ..., Ik + Ak, 0 @), ...},

respectively. Therefore, the form of the asynchronous controller is
u(t) = Kog—apnx (),

where Ay is time-varying delay and conforms to 0 < Ay < Apax < fr+1 — -
The parametric equation after the decomposition of equation (1) has been founded.

~ A 1A 2 P 1 P 2
AU([) — (A(r(l‘) + Ga(t)K&(t) —+ AA) = |:AZ3 AZ4:| ) P(T(l) = I:PZ:; PZ4 )

~ Bs1 B
Boty = (By(ry + AB) = [ ol ”2} .

BU’3 Ba4

When w(t) = 0, the following closed-loop system can be obtained by adding the
above asynchronous controller to the original system (1).

X1(1) = A1 x1 (1) + Agor1x1(t — d (1)) + Agerx2(t — d(1))
x2(t) = Ag3xi (1) + Agosxi (t — d (1)) + Agoaxa(t — d(t))
2(t) = Coyx(t) + Do(x(t — d(1)) + Foy (1)
x(t) =¢(),t € [—h,0]

“

where A_UIZA_(TI - AO’ZA;iAO’?M—A_dGl = Bs;1 — IéO’ZA;iBO’:ﬂvA_dO’Z = By —
Ao2As4Boa, Aoy = —A_  Ag3, Ados = —A, Bo3, Ados = —A_} Bos.

Therefore, the stability problem of system (1) is equivalent to the stability problem
of system (4).
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D11 @
Lemma 1 (Schur Complement) For a given symmetric matrix @ = |: ¢1T1 q§12i|, the
12 ¥22

following conditions are equivalent:

i) @ <0
(i) @11 <0, 0p— Lo, P <0
(i) @2 <0, P — p®Y,' @], <0.

Some relative definitions and lemmas are listed as follows.

Definition 1 For the switching signal o (¢), and any delay satisfying (2), the system
(1) with w(z) = 0 is said to be

(1) regularif det(sE — A;) is not identically zero for each o (t) = p, p € Z;
(i) impulse free if deg(det(sE — A;)) = rankE foreach o (t) = p, p € Z;
(iii) exponentially stable under the switching signal o (¢) if the solution x(¢) of the
system satisfies [|x (£)]| < ce =0 ||x (t0) ||, V1 > to;
(iv) exponentially admissible if it is regular, impulse free and exponentially stable
under the switching signal o (¢).

Definition 2 For the switching signal o (¢) of system (1) and any 7> > T; > 0, let
N, (T, T7) denotes the number of switching of subsystem p over (71, 1>), the total time
for synchronization of the controller and subsystem p is represented by 7, (11, 13), if

T,(T, T7)

N,(Ty, T2) < No + (5)

Tp

holds for 7, > 0, Ng > 0, then 7, is called average dwell time of subsystem p and Ny
is called a chatter bound.

Definition 3 (i) For given « > 0,y > 0, system (1) with AA = AB = 0 is said
to be uniformly asymptotically stable with y-disturbance attenuation if (1) with
w(t) = 0 is exponentially admissible and for a given scalar y > 0, for any
disturbance w(t) € L;[0, 0co) and for the initial condition ¢ (¢) = 0, € [—h, 0],
the following H, performance is satisfied:

/OO e 7T (s)z (s)ds < 2 foo ol () (s)ds.
0]

fo

(ii) System (1) is said to be uniformly robust asymptotically stable with y-disturbance
attenuation if it is uniformly asymptotically stable with y-disturbance attenuation
for all uncertainties satisfying (3).

Besides, if « = 0, the switched system will be said to have a non-weighted
(normal) L, gain. The condition (i) of non-weighted L, gain can be rewritten as
ftso ZT(s)z(s)ds < y? ftjo T (s)w (s) ds. Relatively speaking, as discussed in
[6,16], the non-weighted L, gain is less conservative than the weighted one.
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Lemma 2 [31] For matrices M, N and @ of appropriate dimensions and with ®
symmetric, then
@+ MF({)N+MF@)N)T <0

for all F (o) satisfying F ()Y F (o) < I, if and only if there exists a scalar ¢ > 0
such that
®+e'MMT+eNTN <.

Lemma 3 [10] For a vector function x(t) with first-order continuous-derivative
entries, a scalar d > 0, and any matrices E and R = RT > 0. Then, the follow-
ing descriptor integral inequality holds,

t t t
/ (Ex (0)"REX (t)ds > 1 f (Ex 1))V dsR / Ex (1) ds.
t—d d t—d f—

d

3 Main Results

Theorem 1 Consider system (4) for prescribed scalars di > 0,d» > 0, Apax >
0, uqg < Lap > 0,apy >0, [ > 1, and assume that there exist matrices Py, Qp >
0,Ry, >0, Pyy, Qpg >0, Rpy > 0, such that

E"Pyy = P}, E =0, (6)
(@1 PIB,+¢ 'NTNy HI (A, + G ,K)) 0
* D H!B, 0
* * D33 0 <0, 0
—ad R
i ES * * —e % Zdel)
(W11 Py By +e 'NTNs HI (A, + G ,K,) 0 )
* Iz HIB, 0
<0, (8
*k k l1/33 0
_ di _Rpq
% * * e¥radl =)
Pp = /:Lqu» Qp = :&qus Rp = ﬂqua
N " N €
Ppg < 0Py, Qpg < 1Qq, Rpg < ARy,
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where
@11 = P} (Ap+ GpKp) + (Ap+ GpKp) Py +apETPy+ 0, +6 ' NTN
e (P;MMTP,, + HlTMMTHl) ,
Oy =—(1—p)e 20, +eH MM H, +¢7'NJ Ny,
®33=(dy —d\)R, — H| — HY + &7 (NTN + N}Nd) ,
T _
Y = P;q (Ap+GpKy) + (Ap+ GpKy) Py —apgE Py + Qpg +8~'N'N
+6 (Py, MM Py + HI MM Hy )
W =— (1 — pag) e Q,, +SHIMM H) + 57 'NIN,,
Wa3 = (dy — dy)Rpg — Hy — HY + 57" (NTN + N}Nd) .

Then, the controller can guarantee that system is exponential admissibility for any
switching signal with average dwell time satisfying

>T

_In(um®) + (apg + @p) Amax

T =T = (10)

ap

where jim = max e(@tep)dz,
p.qeT

Proof Firstly, the proof of the stability of the partial differential equations in the origi-

nal system is given. The following piecewise Lyapunov function candidate for system
(1) is designed. O

t
V(t, x(t)) = xT()ET Py x (1) + / " =9xT(5) 0y (ryx (s)ds
t—d(t)
—d,

t
+ f "5 T () ET Ry (1) Ex (5)dsd6,
—dy 146

where v is

b lapgit e [, tet-ak0) .
—ap, 1 € [tk aks tks1)

Then, when t € [tk + Ag, tr+1), along the trajectories of system, we have
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Vit x(t) = 2xT (1) P EX () + x" (1) Qo) x (1)

— (1 —=d®))e"DxT(t —d(1)) Qo x(t — d(1))

t
+v / e"IxT(5) Qg ryx(s)ds + (dy — d)XT (1) ET Ry (1) EX (1)
t—d(t)

—di
—/ e 5Tt + 0)ETR, () EX (1 + 0)d6

—d>
—d t
+v / / "% T($)ET Ry (1) Ex (s)dsdd
—dy t+6

=V (1, x(1) — vx " (VE" Poyx(t) + 2x" () P ) Ex (1)

+xT(1) Qo yx () — (1 — d(0)e"DxT(t — d(1)) Qo yx(t — d (1))
+ (dr — d)A (O ET Ry () EX (1)

—di
—/ e i (t + 0)ET Ry () EX (1 + 6)d6.

_d2

(11)
By considering ¢ € [tk + A, te+1), according to Jensen’s inequality in Lemma 3, the
following inequalities can be obtained,

—d;

—/ 3Tt + 0)ETR,Ex (1 + 0)d0
—d>

T

ot ([T L. R, e
= —¢ (/dz Ex(t+9)d9) m(/dz Ex(t+9)d9),

— (1 —d@)e™ " DxT(t —d (1) Qpx(t — d (1))
< — (1 —pa) e *r2xT(t —d1)Qpx(t — d(1)).

12)

13)

Thus, Eq. (11) can be transformed into

V(t, x(0) +a,V(t, x(t))
< apx T ETPpx(t) + 2T (1) PT (A,,x(t) + Byx(t — d(t)))

+xT (0 Qpx (@) + (dy — d)iT (1) ET R, Ex (1) (14)
T

wpds ( Ry e)de) Ry < - Ei( 0)d9>
—e W t —r 1
¢ /dz et (dr —dy) /dz HEr

— (1 — pa) e r2xT(t — d(1)) Qpx(t — d(1))
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= apx'(ETP,x (1) + 2xT(t)PpT ((Ap + GpKp+ AA) x(1))

+(Bp+ AB)x(t —d(1)) + x" (1) Qpx(t)

—d, T

+ (dy — d)i" () ETR Ei (1) — e~ ( /

—ds
R, —dr
X —(dz —dn (/—dz Ex(t + 9)d0>

— (1= pa)e”r2xT(t —d ()0 px(t — d(1)).

By noting free matrices, for any matrices H; with appropriate dimensions such that

Ef(t + 9)d9>

0=2(Ex ()" HT [—Ex )+ Apx (1) + Byx (1 —d (z))] (15)
and also taking (12) into consideration, inequality (14) can be rewritten as

V() +a,V () <ET ok, (16)

with £T = [xT () xT (¢t —d()) (Ex ()T (f_‘d‘il Ex(t + 9)d9>T ] We denote

@1 PIB HI (A, +G,K)) 0
y_| * 2 H'B 0
* * D33 0 ’
* * * —e~wpd2_R
dr—d;

where
= T
Q1 = P;;F (Ap + GPKP) + (Ap + GPKP) Py +0‘pETPp + Ops
By =— (1 — pa) e 7" Q,,
4533 = (d» _dl)Rp — H| — HlT
And
T T
PPOM H]OM HgM NN; 0O
Y| = 0 0 10 ,Yo=10 0 N O],
0 0 N;gO
0 0 0

Y3 = diag{F (o), F(0), F(o)}. By Lemma 2, the inequality =Y+ Y VY +
04 Y3Y2)T < 0 is established if and only if there exists a scalar ¢ > 0 such that
@ =Y +er Y] + e 'Y Y, < 0. From condition (7), we have §T(1)®&(t) < 0
which implies éTcﬁé < 0, then V(t) < —a,V(@). As for t € [tg, tx + Ag), it is
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similar to the result of the above deduction, then we have

y o V(t)vt € [tk’tk_l_Ak)
V(i) <vV(x)=4 P4 17
1= vV {—apvu),ze[rkwk,rkﬂ). (a7

From condition (9), we can get
t
Vit + Ar) = xTOETP,x (1) + / e = xT ()0 px(s)ds
t—d(1)
t
1
+ / e_“”(t_s)xT(s)Rl,x(s)ds (18)
t—d
<AVt + A7),
t
V(te) = xT () ETPpyx(r) + / et xT ()0 pgx(s)ds
t—d(t)
t
+ / eal’q(t_s)xT(s)qux(s)ds (19)
t

—d,
< ﬁe(ﬂ‘q +otpg)dayy )

where yu, = max e("‘q"‘“pq)dZ.
p.q€L

We note T), (s, t) as the total time for synchronization of the controller and subsys-
tems in [s, ¢]. For simplicity of notation, let T}, (s, t) stand for total time of mismatch
between controller and subsystem. Considering ¢ € [#, #x + Ax) and combining (18)

with (19), we have
V(1) < el DY (1)
< ,um,&e“""T"‘f () 7 (tk_)
< pmfae®re D= T OLOY (g + Ag1)

< umfre®raTrate=epTpli-1.0y (k=1 + Ax=1)7)
< ...

n2 A
In pm 1“4+ (o pg +o max
('[pyq ]7) aP)([ ’())

< eNO(lnMmﬁ2+(apq+ap)Alnax) X e< \% (t()) i

Similarly, we can also get when ¢ € [tk + Ak, ter1),

(20)
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V() < e rTrtHADY (g 4 Ay

< 'ae_"‘pr(fk-&-AkJ)V ((tk + Ak)_)
< 'aeaqupq(tk,fk+Ak)*0lpr(fk+Ak»f)V (tk)

< Mm/':LZeapqT,,q(tk,tk+Ak)—otpr(tk+Ak,t) 1% (tk_) (21)

2
In um A~ + (e pg +ap) Amax
(rppq L —ap |(1=1)

< eNo(n i 2 +(@pq+tp) Amax) 5 e< V (tp) .

= =

Let
M= mi_n)»min(P&n),
LJ

Az—max{xmax<Pa<,>)}+dz max {Amax(Qo )} + L5 max {Ama (Ro ()}

~ ~2
and set § — /%e%m(lnumu2+(apq+ap)Amax)’ N = %{% _ Inpmit +(apq+ap)Amax}
1 Tp :
Thus, we can get

MO <V (@), V(1) < 2 x5 -

Thatis ||[x; ()| < Sefn(tftO) llx(t0) |l . Here, we have proved the stability of the differ-
ential equations contained in the original system.

Secondly, the proof of the stability of the algebraic equations in the original system
is given. Considering the case of ¢ € [t;, t; + A;), inspired by the literature [35], some
new variables are used to characterize the effects of time delay in x;(¢). Define

ko=t ki =t—d@)=ko—d ko), kp =k —dky),....ki =ki_1—d ki_1).
It is known from the deformed system (4) that

x2(ko) = pq3X1 (ko) + Aapgsxi (k1) + Agpgaxa(ky),

x2 (k1) = Apgaxi (k1) + Agpgaxi (k) + Aapgaxa(ka),
2
x2(ko) = Azpq4X2(k3) + Z AZ"M4 [Apg3x1 (km) + Adpg3xi (kms)]-
m=0

There exists an integer N; ;-1 such that ky,,_ |, € [ti_l +Ai—1,t) kn ;1 €
[t,t; + A;). By iteration, we have

Nii—1—1

xatko) = Apitnatkn, )+ Y Aly [Apgaxt (k) + Adpgaxt (i),
m=0
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Then, following a similar procedure as above, there exists integer N;_; ;—; such that
kN1, € [fiflytifl + A1) kN_y;-1 € [fifl + A1, ).

By iteration, we have

Nz 1,i—2
x2(kN” 1+Ni—1,i— )= dpq4 x2(kNi,i—l+Ni—1.i—l+Ni—l,i—2)
Nt 1,i—2— 1
AMi—1 [ A 1
+ Z Adpq4 [qu3xl (kmi—l) + Adpg3xi (kmi—l-‘rl)]'
m;_1=0

There exists an integer ky; ;_,+~;_; ;_++No € [—d2, 0) such that

1 AN
x2(ko) = l_[Ad;,:]4 d;,4 ' -x2(kNi_i71+Ni71,,;1+'~+N0)
No—1
Nii—1 yNi-1.i-1 TN1Lo A0 T A
+Adpq4 Adp4 "'Adpq4 Z Adp4[AP3‘x1(kNi,i—l+Ni—l,i—l+“'+N1.1+N1,0+n0)
no=0
+Adp3X 1 (KN, 14N, 1 i1 ++N1 14N g+no+1)]
+...
N, Nl Li—1— 1
. - _
FAgd Y AT A KN )+ Adpsxi kN yng+1)]
nj—1=0
Nii—1—1
s _ _
+ > A [Apgsxi (k) + Aapgsxt (ki) ]
m;=0

Let qu3 = max ”A ,Adpq3 = max ”Adpq3 H Inequality (7) implies that
p,q€el p,q€el

P;,rn + Py + Op22 P;22A-dp4 <0
* (I —we 2y |~

Then, from [8], there exist constants 7; > 1 and £; > 0 such that

IiN

lotpdz n N —
€292 Aypy < hje

) Birkhduser
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Therefore,

02
1 In(am =)
2 (“r

k N - = >(t*lo)
|uzmwns[1%me“N~'}e ’ llx (t0)
1=

. Ay €l —%(“p—il"(“mﬂﬂ(t—to)
+ hiApgs )\-_]eli__le v llx (o)

Il 1 In(uma?)
1 ~ el —5|ap— (t—tp)
~a,d 2 ( P T )
+ hje2% 2Adpq3_eli_1 e r llx (o)

k .
A2 Y h o heliNi- A I IO [
+ Apy3 )»_1 i jI—Yi j€ ' o e llx (o)l
i=1 -

n2
,%(ap In(um %)
€

= (t—1t0)
”> llx (o)l -
Then, we have
A Ly
lx2 ()1 = llxa (ko) |l < ée™2*7) || x(z9)]|,

which confirms exponential stability of the algebraic subsystems.

Finally, we show that the switched singular system is regular and impulse free.
Equation (6) implies that P, = 0. From inequalities (7) and (8), @11 = P(;r(t)AU(,) +
AL Poy +VET Poty + Qo) < 0. Thus, PT Aoy + Ay Poy + VE Poy <0,
PGT4A04 + A34 Py4 < 0, which implies that A4 is nonsingular. By [32], closed-loop
system (4) is regular and impulse free. Therefore, there exists a continuous solution
of the original system. This completes the proof.

Remark 1 When the controller selection lags behind the switching of subsystems, that
is, the asynchronous control problem is considered in the above theorem. On the
contrary, if we take Apax = 0, the theorem in this paper can be applied to general
switched singular system under synchronous control.

Remark2 When we construct the Lyapunov function, the parameters o, and o,
are model-dependent. So the dwell time that we get is also model-dependent. It is
more flexible than the average dwell time obtained in [18], which is to be met by all
subsystems. The multi-parameter selection is also beneficial to the feasibility solution
of linear matrix inequality. In the matching period time between the subsystem and
controller, the energy of the Lyapunov function corresponding to subsystem decreases.
During the mismatching period between the subsystem and controller, the energy
of corresponding the Lyapunov function is allowed to increase. By constraining the
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average dwell time, the energy of the Lyapunov function is reduced as a whole, thus
ensuring the stability of the differential equations.

Theorem 2 For the switched singular system (1), let y > 0,d; > 0,dy > 0, Apax >
0, g < Lap > 0,0, > 0,4 > 1, if there exist matrices P,, @, > 0, R, >
0, Ppg, Opg > 0,Rpy > 0,6 > 0,8 > 0, such that (6), (9) and the following
inequalities hold

[©11 ©12 HI (A, + G ,K)) 0 O1s
* On H'B, 0 D%Fp
k k @33 0 Hl Ep < 0, (22)
—a,d R,
* %k * —e aﬁz(dz_’dl) 0
| * % * * —y21+F;F,,
_211 21 HIT(AP + Gqu) 0 215
* I H'B, 0 D%Fp
* % 233 0 H E, <0, (23)
— o pgd RP‘I
* 0k * e112(d2_d1) 0
* % * * —y2I + F;FP

where
O = Pl (Ap+GpKp) + (Ap + GpKp) Py +apETP,+ Qp +e 'NTN
s (P;MMTP,, n HlTMMTHl) +cTc,.
O =P B,+& 'N'Ny+C)D, O15=CF,+ P Ep,
On=—(1—pa)e 20, +eH MM H| + & 'NjNg+ D} D,,
O3 = (dy —d))R, — H — H] +&7! (NTN + N}Nd) ,
T _
1= Pog (Ap+GpKy) + (Ap + GpKy) Ppg = opgE" Ppg + Qpg + 87 NTN
+6 (Pr, MM Py + HIMMHy) + CHC,,
S =Pl B, +e 'N"Ny+CID,. 515 = CIF, + P E,.
S === pa) e Qpy + SHI MM Hy + 5 'NJ Ny + D} D),
S35 = (dy —d))Rpg — Hy — HY + 57 (NTN n N}Nd) .

Then, the looped system is exponential admissibility with H, performance level
y under the switching signal with average dwell time satisfying (10), where y =

Ve (@pgtep) Amax V.

Proof Inequality constraints (7) and (8) can be obtained from (22) and (23). Thus, by
Theorem 1, switched singular system (1) is exponentially admissible with w () = 0.
Then, the analysis of the Hy, performance of the system (1) is given.
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When t € [tk+ Aks tk+1), constructing the Lyapunov function as above and using
the same method in Theorem 1, we have

V(t, x(1) < —apV (t,x(1) — ' (1) + 0" An,
where
T T
n= [xT ) xT (t —d)) (Ex (1)T (jjd‘il Ex(t +9)d9) a)T(t):| :
ro=:mz0-y" Oo®.
From the condition (22), we have nTAn < 0, then
Vi, x(1)) < —apV (t,x(0) = T (). 1 € [tkgak: trs1) - (24)
Similarly, we also have
Vi, x(1)) < opgV (1, x(1)) = T (1) .1 € [k, ey ar) - (25)

Integrating both sides of (24) and (25), it holds that

t
V(1) < e DY () — / e =9 (5) ds,
T+ Ak
Tk+ Ak (26)

V (tyar) < eV (1) — / e ek [ (5) ds.
Tk

After many iterations, we have

T+ Ak

V() < e~ =Tkt AL) [eaquk V(%) — / e%pq tk+ak=5) 0 (s) ds]
173

t
- / e~ = (5)ds
Tk Ak

< e—ap(t—lk)+(0¢p+°‘pq)Ak,umﬁ,V (tk_)

#
_ [ frak e—Olp(l—S)+(Olp+¢¥pq)(fk+Ak—S)F (s)ds
179

t
—/ e” = (5)ds
T+ Ak

<...
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< ik 12 Tr 0Dy Ty 0D (101
t
_/ e"’pqqu(S,t)—‘Xpr(HH-Na(S,l)lnﬂmﬂzp(s) ds
10
< Ml}cn/l2keapqqu(O,t)—apr(O,t)V (tO)

t
_ / e(apq+0(p)Na(Sst)Amax*ap(t*s)+Na(Svt) In Mmllzl" (S) ds. (27)
1o

Under the zero initial condition,

N
t Z [(apq+ap)NU(svt)Amax_ap(t_s)J"No (s,0) In Mm/jbz]
/ er=! I (s)ds <0. (28)
fo

N
Y- [=(etpg +0p) No (0.1) Amax—No (0.1) In pim f1°]
Then, multiplying both sides by e?=!

>

er=! I' (s)ds <0.

N
/t > [—(pg+ap) Ny (0,5) Amax —atp (t—5)—Ni (0,5) In i fi%]
0]

Combining (5) and (10) leads to

N N

t Y [—api—(@pg+ap) Amax—No In pm %] T LG .
/ep:l z (s)z(s)dsf/ e r=l y o (s)w(s)ds.
0]

]

Integrating both sides of it from ¢ = #( to oo yields

0o prt — % apt 0o prt — % ap(t—s)
/ / e =1 T (s)z(s)dsdr < p? / / e r=! o' (5) w (s) dsdz,
) 1) fo )
N

00 — Y aps o0
/ e i ”zT(s)z(s)dss;ﬂf o' (5)w(s)ds,
fo

fo

N
R %[ Z (D(pq+0‘p)Amax+N0 ln(ﬂml:ﬂ)]
where y = e 77! y. This means that system (4) achieves
H performance level. The proof is completed. O

Corollary 1 Given the same conditions as Theorem 2, then the looped system (1)
is exponential admissibility with non-weighted Hoo performance level y under the
switching signal with average dwell time satisfying (10), where

N
al > [(apg~+ap) Amax+In Mm/lz]No
7= e y2. 29)
p=1
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Proof From (28), we have

N
1Y [@pgtap)No (s,t) Amax—tp (t—5)+Nog (5,1) In pm 2%
/ er=! 2T (s)z (s)ds
0]

N
t Z [(Olpq“‘ap)Na (5,t) Amax —0tp (t—5)+Ng (s,2) In Mmllz]
< / er=! yza)T (s) w (s)ds.
1

0
Integrating the left side from #y to co, we can obtain

N
/oo ft Z[(otpq—i-otp)Ng(s,t)Amax—ap(t—s)—Q—NU(s,t)lnumﬁz]
ep:l

0 fo
N
00 pt Y —ap(t—s)
> / / er=! 2T (s) z (s) dsdr
4] fo

N

00 oo Y —ap(1—s)
/‘f®w>/eﬂ ar | ds
o s

> Nl /OOZT(s)z(s)ds.
Yoa, "

p=1

21 (5) z (5) dsdt

v

At the same time, the integral result of the right term is

N

o0 DY [(O‘pq‘I’Olp)Na(S»t)Amax*(Xp([*S)‘HVJ(SJ)lnl‘«mﬁvz]
/ / ep=1 Y20l (s)w (s)dsdt
N
o [ [ X [@pgtep) AnactHnum A2 (No+ T —ap(=s)
< / / er=! w' (5)w(s)dsdr

A 1i
Z[(OtqurOtp) n;’aerlleM —ap)(t—s)

N
Z [(O‘pq +ap)Amax+lﬂ l»’«ml‘:’v2 1No
ep=1 / / erl= 1

o (s) w (s)dsdr

IA

N
3 [(@pg+p) Amax+In fm 22 1No

<er-! ﬁfcfmmn
to
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N n2
(¢ pg+ap)Amax+In pom [t
o E [ rq I —

— aplt—s)
/ er=! dr | ds
N
N
> [(apq+ap)Amax+1anll2]N0 0o
< er=! y2 / o' (s)w (s)ds.
]

Accordingly, we can get ftso 2T (s)z(s)ds < p? ftooo T (s) w (s) ds, which implies
that the system (1) has a non-weighted L, gain as (29). Then, this corollary is proved.
]

Theorem 3 For the switched singular system (1), let y > 0,d; > 0,dy > 0, ug <
Lap > 0,ap; > 0, > 1, if there exist matrices I5p > 0, Qp > 0, Iép >
0, Wy, 2y, Ppy > 0,0p5 > 0,Rpy > 0,2,, and e, > 0,¢,, > 0, such that
(9) and the following inequalities hold

12 Ei3 0 E,Q(P,, 2,) 2(P,, 2,)TCT

ST =17
% B Q2(P,, 2,)B) 0 0 SZ(P,,,Q,,)TDE Ey7
* ok E33 0 E,(P,, 2,) 0 537
* ok * 44 0 0 0 <0 (30)
* % * * —21 .Q(f_’p, Q,,)TFE 0
* ok * * * -1 0

o o« % * * * —epl |

[Ty o M3 0 EpR(Ppg, 2pg) 2(Ppg, 2pg)'Cp M7 |
* [lpn Ih; 0O 0 I Iy
*  x [Tz 0 E,2(Ppg, 2pg) 0 1137
ok ok Ty 0 0 0 <0 3D
* ok % ok —y2] Q(qu, qu)TF; 0
* k% % * —1I 0

I T * * —epl |

where

B =8Py, 2,)" A}, + ApR(Py. 2,) + W, G + G,W,
+a, ETQ2(P,, 2,) + 0,
B = ByR(Pp, 2p), Bi3 = ApQR(Pp, 2p) + G W), B = — (1 — ) e 720,
Ry
d2 — d1 ’
17 =[R2(Py, 2,)TNT02M 0], Ex7 = [R2(P,, 2,)"N] 00 M],
E37 =[Py, 2,)TNT 2(P,, 2,)"N] 00].

833 =(dy—d) Ry — 2(Pp, 2,)" — 2(Pp, 2,), Bgg = —e %"
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My = 2(Ppg. 2p) (Ap + GpK) " + (Ap + GpK)R2(Ppy. 2py)

—apg ETR2(Ppy, 2pg)

+ qu, Iy = BP‘Q(PIW’ Ppg). Iz = Ap.Q(qu, Zpg) + GpWp,
My = — (1= pa) €1 Q. Ih3 = 2(Ppy. 2pg) B}y e = 2(Ppq. 2p)" D}
33 = (do — dv) Rpg — 2(Ppg, 2pg)" — 2(Ppg, Ppg), Mas = “M"Z%,
M7 = [2(Ppg, 2p)TNT 02M 0], a7 = [ 2(Ppy, 2,0)"NT 00 M ],
37 = [ 2(Ppg. 2pg)"NT 2(Ppq. 2p9)"N] 00].

Then, the looped system (4) is exponential admissibility with Hs performance level
y under the switching signal with average dwell time satisfying (10), where y =

Ve(@pqtep) Amax y. And the feedback controller can be chosen as
u(t) = Wp2(Py, 2,) " x(0). (32)

Here, Q(Pp, 2,) = PpET+ S2,, Pp > 0, § € R"™" is any matrix with full column
rank and satisfies ES = 0.

Proof In the process of proving Theorem 1, Hj is an arbitrary matrix with suitable
dimensions. So Theorem 1 is still established when we select H; = Pp. Pre-multiply
and post-multiply the matrix (22) by dlag{PT, PT PT PT P; } and it’s transposi-
tion, and denote P,, = P 1 Qp = P 0pPy. R, = P;R,,P , and using Schur
complement the following 1nequahty can be obtained

[Z11 E12 (Ap +GpKp) Py 0 E P, P)C) 7]
* = BpPp 0 0 P,TD}; Eh7
% % Ex 0 E,P, 0 &y
* %k * —e %2 (dzR a0 0 ) 0 0 <0, (33)
* ok * * yzl P;F; 0
* ok * * * —1I 0
BE * * * *  —el |

—_ T —_ —_ —_ ’:
_Pg (Ap +GpKp) + (Ap+GpKp) Py +apE Py + 0p, Ein = B, Py,
— (1= pa)e 7 Q, By = (dy —d\)R, — P, — P
pT AT ~ pT AT
_[PPN OZMO],Q27=[PdeOOM],
7=[PINT PINJ0O].

G On
|

)
]
Il

3
|

G G
W

It is noted that in Theorem 2, conditions (6) and (33) are non-strict LMI due to the
existence of equality (6). By following [32], replacing P in (33) with .Q(Pp, 2p),
here 2(P,, 2,) = P,ET + §2,,P, > 0,and S € R"™" is any matrix with
full column rank and satlsﬁes ES =0.Let W, = K,82(P,, 2,) and using Schur
complement, it can be easily found that condition (30) is equivalent to (33), inequality
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(30) is equivalent to combination of (6) and (22). Similarly, formula (31) is equivalent
to formula (23). The proof is completed. O

Remark 3 The singular system is more extensive than the general system because it
contains algebraic constraints. In the problem statement section, we give the condition
that rank £ = r < n. When r = n, the switched singular system naturally degenerates
into a switched general system and the proof of Theorems 2 and 3 is also tenable.

Remark 4 With the restrictive condition (6), instead of the exact solution, an approxi-
mate solution is obtained. In order to solve the controller more conveniently, sufficient
conditions for solving the controller are transformed into strict linear matrix inequal-
ities in this paper.

4 Numerical Example

In this section, two numerical examples are given to illustrate the correctness and
validity of the theorems in this paper.

Example 1 Consider the uncertain switched singular system (1), where the parameter
matrices of each subsystem are: Subsystem 1:

10 ~1 02 —0.9 0 04 0.1
k= [o 0} A= [0.7 —1.2}’ Bi= [ 0.2 —0.3] C1= [0.3 —0.6]

11 1.2 0.05 0 ~0.1 0 ~1.2
Dr= [—0.40.1] E1 Z[ 0 0.02]’ Fi= [—0.60.5] 1= [ 0.1 }
Subsystem 2:

(1402 C—1 06 0.8 0.1
A2=1 09 —1] B=1y —0.1]’ CZZ[O.2—0.6]

[ 04 09 [0.08 0 0.4 0 11
D2 = _—0.70.2] 2=1 o 0.03]’ Fz—[ 0 0.3] Gz—[ 0.4 }

[0.02 0 [—0.04 0 —0.05 0
M=1"0 0.04] M=1 o —0.03] Nd:[ 0 0.02]'

o

Let d(r) = 0.3 + 0.2sin(¢), ;1 = 0.6,p = 0.3,y = 0.5, 5 = [0;0.6], then
d_1 = 0.1,d; = 0.5, ug = 0.2. According to Theorem 1, we can obtain matrices
Py, W1, 2y, Py, Wa, 25 by solving linear matrix inequality (30).

T T
. [0.6184 0 ]’ W :[ 1.1886 :| L9 = |:O.5627i| ’

0 1.1885 ~0.0105 1.8514
T T

= 0929 0 3.4468 17973
& —[ 0 2.3771] W= [—0.9077] » 2= [3.4963] '
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Fig. 1 State response of the closed-loop system with 71 = 1, 79 = 2, Apax = 0.1

Then, the controllers corresponding to each subsystem can be calculated by (32), the
results are
K| = [1.9270 —0.0095] , Ky = [4.2125 —0.4327] , (34)

respectively. By selecting parameters ajp = 0.4, 021 = 0.2, Apax = 0.1, 4 = 9.7,
then we can calculate 1, = 1.4918, 7" = 8.41619, 15 = 16.6657 through condition
(10). First, we do not follow the result of Theorem 1 and choose t; = 1, 7, = 2. Pulse
phenomenon of state response is discovered at switching time in Fig. 1. The result of
Fig. 1 shows that a smaller dwell time may be impracticable for asynchronous switch-
ing. Then, use the result of Theorem 1, select initial state x (0) = [—2, —1 ST, F@) =
diag{sint,cost}, 71 = 8.5, 0 = 16.7,w(t) = [sin(?), cos(¢)]T. Then, the state
response of the closed-loop system can be simulated as shown in Fig. 2. In order
to illustrate the proposed results, the comparison between synchronous switching sig-
nal and asynchronous switching signal is given. Let Apax = 0, we generate the dwell
time 7" = 3.6, rj = 7.2, this means that the switching of controller and subsystem
is synchronous. The corresponding state responses of the linear switched singular
systems are shown in Fig. 3. Obviously, the state of the system is not asymptotically
stable under the control of synchronous switching signal. The result indicates that the
switched singular system exhibits stability when the switching sequences are selected
appropriately. At the same time, the performance index of the system is y = 1.08.

Example 2 Delay-dependent switching system can be applied to the problem of river
pollution control [9,28,40]. We consider a set of numerical simulations according to
the practical significance of coefficient matrices, where £ = [ and the parameter
matrices of each subsystem are:

~15 0 0512 20
A= [—2.7 —3.4]’ Bl—[o 0.5]’ Gl_[m]’
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1 T T T
X

0.5F

States

25 L L L L L
0 4 6 8 10 12
Time

Fig. 2 State response of the closed-loop system with 71 = 8.5, 72 = 16.7, Amax = 0.1 and controller

gains (34)

States

6 8 10 12 14
Time

Fig.3 State response of the closed-loop system with 71 = 3.6, 1) = 7.2, Apax =0

-2 0 0.7 0 0.90
A2_[—3.2—1.6]’ Bz_[o 0.7]’ Gz_[ 0 1]

Letd(t) = 0.1 +0.1sint,d; = 0,d> = 0.2, Apax = 0.5,01 = a2 = 0.8, 12 =
[1.6 — 0.9]T. Then, we can obtain controller gains by

o] = 1.5,,& = 3,)(0 =
employing Theorem 0.3,

c _ [ 00963 —0.7819  _ [0.4307 ~0.0000
U= 28122 1.9542 |° ™27~ {3.2000 —0.0123 |
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Fig.4 Switching signals of subsystems and controllers
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Fig.5 State response of the closed-loop system with 71 = 1) = 4.8, Ayax = 0.5

The lower bound of residence time of each subsystem t* = 4.7683 can be obtained
by substituting known values into formula (10). We choose 71 = 1, = 4.8, then two
lines in Fig. 4 describe the switching signals of the subsystems and the controllers,
respectively. As seen in Fig. 5, under the action of the switching signal designed by
us, the exponentially stable state trajectory of the system is depicted. This shows that
the results of this paper can be applied to simplified engineering models.
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5 Conclusions

In this paper, we have investigated the asynchronous H,, performance of uncertain
switched singular systems with interval time-varying delays, which is a more general
class of switched systems. By constructing a new piecewise Lyapunov—Krasovskii
functional, delay-dependent stability conditions have been derived for the closed-loop
system to be regular, impulse free and exponentially stable in the presence of asyn-
chronous switching. Furthermore, with the help of the average dwell time approach,
a class of switching signals has been found under which the system has non-weighted
H, performance and strict LMIs are given to solve controllers. By limiting the res-
idence time of each subsystem, the increased energy caused by the asynchronous
phenomenon of the system is offset. Two numerical examples are given to illustrate
the feasibility and effectiveness of the theorem.
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available from the corresponding author on reasonable request.
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