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Abstract

In this paper, a new adaptive Kalman filter is proposed for a linear Gaussian state-
space model with inaccurate noise statistics based on the variational Bayesian (VB)
approach. Both the prior joint probability density function (PDF) of the one-step
prediction and corresponding prediction error covariance matrix and the joint PDF
of the mean vector and covariance matrix of measurement noise are selected as
Normal-inverse-Wishart (NIW), from which a new NIW-based hierarchical Gaussian
state-space model is constructed. The state vector, the one-step prediction and cor-
responding prediction error covariance matrix, and the mean vector and covariance
matrix of measurement noise are jointly estimated based on the constructed hierar-
chical Gaussian state-space model using the VB approach. Simulation results show
that the proposed filter has better estimation accuracy than existing state-of-the-art
adaptive Kalman filters.

Keywords Adaptive filtering - Kalman filter - Variational Bayesian -
Normal-inverse-Wishart distribution - Inaccurate noise statistics

This work was supported by the National Natural Science Foundation of China under Grant Nos.
61573117, 61374208 and 61673128, and the Ph.D. Student Research and Innovation Fund of the
Fundamental Research Founds for the Central Universities under Grant No. HEUGIP201706.

b1 Zhemin Wu
myemailabc@163.com

Dingjie Xu

xdj1966 @hit.edu.cn

Yulong Huang

heuedu@163.com

Harbin Institute of Technology, No. 2, Yikuang Street, Nangang District, Harbin 150080,
People’s Republic of China

Harbin Engineering University, No. 145, Nantong Street, Nangang District, Harbin 150001,
People’s Republic of China

Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00034-019-01053-w&domain=pdf
http://orcid.org/0000-0002-0280-2918

Circuits, Systems, and Signal Processing (2019) 38:4380-4404 4381

1 Introduction

Kalman filtering has been extensively applied in many science and engineering disci-
plines, such as target tracking, control, signal processing, communication, navigation
and robotics [16]. The Kalman filter is an optimal state estimator in terms of minimum
mean square error for a linear state-space model with Gaussian state and measurement
noises. A priori knowledge of the noise statistics (mean vectors and covariance matri-
ces of state and measurement noises) are required to implement the Kalman filter. The
performance of the Kalman filter relies heavily on the prior noise statistics, and the
estimation accuracy of the Kalman filter degrades dramatically when the inaccurate
or wrong prior noise statistics are used [13]. However, in a range of practical applica-
tions, the noise statistics may be unknown or even time-varying. For example, in the
strap-down inertial navigation system (SINS)- and global positioning system (GPS)-
based integrated navigation system, the state and measurement noises are, respectively,
induced by the measurement errors of inertial measurement units (IMUs) and GPS,
and the biases and observation accuracy of IMUs and GPS may vary with the change
of the environment, which results in unknown and time-varying mean vectors and
covariance matrices of state and measurement noises [3-5,14,19].

To address the filtering problem of a linear Gaussian state-space model with inac-
curate noise statistics, a large number of adaptive Kalman filters (AKFs) have been
proposed based on different methods. The Sage-Husa AKF (SHAKF) has been pro-
posed based on the covariance matching method, in which the noise statistics are
recursively estimated using the maximum a posterior criterion [2,17]. Although the
SHAKEF can estimate the mean vectors and covariance matrices of state and mea-
surement noises simultaneously, both the convergence to the right noise covariance
matrices and the positive definiteness of the estimated noise covariance matrices are
not guaranteed by the SHAKF [6]. As a result, the SHAKF is often found to halt
its operation due to filtering divergence or numerical instability. The IAKF has been
proposed based on a maximum likelihood rule, and it estimates the noise covariance
matrices using the innovation sequence that is a white process in the Kalman filtering
framework [14]. In general, a large windows of innovations are required by the IAKF
to achieve reliable and accurate estimations of noise covariance matrices so that the
performance of IAKF may degrade for rapidly varying noise covariance matrices [11].
Also, the positive definiteness of the estimated noise covariance matrices is not guar-
anteed by the IAKF, which may result in numerical instability. The multiple-model
AKF (MMAKEF) has been proposed based on the Bayesian rule, in which the state
and measurement noises are modeled by Gaussian distributions with different noise
statistics, and a bank of Kalman filters are operated using different noise statistics, and
the state estimate of the MMAKEF is a weighted sum of the estimates of these Kalman
filters [12]. Unfortunately, in practical applications, a large number of Gaussian dis-
tributions are selected to model the state and measurement noises to guarantee the
performance of the MMAKEF, which leads to substantial computational complexities
[18].

Recently, the expectation-maximization-based AKF (EMAKF) and the variational
Bayesian-based AKF (VBAKF) have been proposed to deal with the filtering prob-
lem of a Gaussian state-space model with inaccurate noise covariance matrices, in
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which the prediction error covariance matrix and measurement noise covariance matrix
instead of the state and measurement noise covariance matrices are jointly estimated
[6,7]. For the EMAKE, the approximate maximum likelihood estimates of the predic-
tion error covariance matrix and measurement noise covariance matrix are obtained
based on the expectation-maximization (EM) algorithm [7]. On the other hand, for
the VBAKEF, the state vector, the prediction error covariance matrix and the measure-
ment noise covariance matrix are jointly inferred using the variational Bayesian (VB)
approach, and the posterior probability density functions (PDFs) of the prediction
error covariance matrix and measurement noise covariance matrix are approximated
by inverse-Wishart (IW) [6]. Although the EMAKF and VBAKF exhibit satisfactory
performance for the case of time-varying and inaccurate noise covariance matrices,
their estimation accuracy degrades for the case of time-varying and inaccurate mean
vectors and covariance matrices of state and measurement noises.

In this paper, a new AKF is proposed for a linear Gaussian state-space model with
inaccurate noise statistics. Both the prior joint PDF of the one-step prediction and
corresponding prediction error covariance matrix and the joint PDF of the mean vector
and covariance matrix of measurement noise are modeled by Normal-inverse-Wishart
(NIW) distributions, from which a new NIW-based hierarchical Gaussian state-space
model is constructed. The state vector, the one-step prediction and corresponding
prediction error covariance matrix, and the mean vector and covariance matrix of
measurement noise are jointly estimated based on the VB approach. The proposed
AKEF and existing state-of-the-art AKFs are applied to a problem of target tracking
with inaccurate noise statistics. Simulation results demonstrate that the proposed AKF
has better estimation accuracy than existing state-of-the-art AKFs.

The remainder of this paper is organized as follows. Section 2 gives the notations
that are used in this paper. Section 3 presents the problem formulation. In Sect. 4,
a new NIW-based hierarchical Gaussian state-space model is constructed, based on
which a new AKF is proposed using the VB approach. In Sect. 5, the proposed AKF
and existing state-of-the-art AKFs are compared by a target tracking example, and
simulation results are given. Concluding remarks are given in Sect. 6.

2 Notations

Throughout this paper, we denote z;.; & {zkli <k < j}; N(u, X) and N(-; p, X)
denote, respectively, the multivariate Gaussian distribution and Gaussian PDF with
mean vector g and covariance matrix X; NiW(-, -; i, y, §, A) denotes the NIW PDF
with mean vector u, priori confidence parameter y, degrees of freedom (dof) parameter
8, and scale matrix A; IW(-; i, X) denotes the IW PDF with dof parameter ©« and
inverse scale matrix X'; E,[-] denotes the expectation operator with respect to the PDF
of random variable x; log denotes the natural logarithm; I,, denotes the n x n identity
matrix; 0,«1 denotes n dimensional zero vector; the superscript “—1” denotes the
inverse operation of a matrix; the superscript “T” denotes the transpose operation of
a vector or matrix; and | - | and tr(-) denote the determinant and trace operations of a
matrix, respectively.
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3 Problem Formulation

Consider the following discrete-time linear stochastic system as shown by the state-
space model [8]

xp = Fro1x—1 + wy_y, (D
Zk = Hyxp + v, (2)

where (1) and (2) are, respectively, the state and measurement equations, k is the
discrete-time index, x; € R” is the state vector, z; € R™ is the measurement vector,
F; € R"*" is the state transition matrix, H; € R"™*" is the observation matrix, and
wy € R" and vy € R™ are, respectively, the state and measurement noise vectors. The
state and measurement noises are assumed to have stationary Gaussian distributions,
ie., wy ~ N(g, Q) and vy ~ N(r, R), where q and Q are, respectively, the mean
vector and covariance matrix of state noise, and r and R are, respectively, the mean
vector and covariance matrix of measurement noise. The initial state vector xg is
assumed to have a Gaussian distribution with mean vector X o|o and covariance matrix
Pjo. Moreover, x¢, wy and v; are assumed to be mutually uncorrelated for any time
samples j and k.

For the linear Gaussian state-space model formulated in (1)—(2), the Kalman fil-
ter is often employed to estimate unknown state vector x; based on the available
measurement information zj.;, model parameters {Fy_;, Hy}, and noise statistics
{g, Q, r, R}. The recursive Kalman filter is composed of time update and measure-
ment update, which is formulated as follows: [16]

Time update

i1 = Fro1Xi—1jk—1 + ¢q. 3)
Pip—1 = Fio Prop—1 Fioy + Q, 4)
Measurement update
_ T T -1
Ky = Py Hy(Hy Prjp—1H + R), (5)
Xk = k1 + Kk (2x — HeXgp—1 — 1), (6)
Py =, — KiHy) Prjj—1, @)

where x klk—1 and Pyx—1 denote, respectively, the one-step prediction and correspond-
ing prediction error covariance matrix, and K denotes the Kalman gain, and X x and
Py are, respectively, the state estimate vector and corresponding estimation error
covariance matrix.

Kalman filter is a minimum mean square error state estimator for a linear Gaussian
state-space model with accurate noise statistics {q, Q, r, R}. The performance of
Kalman filter degrades severely when inaccurate mean vectors and covariance matrices
of state and measurement noises are used. Unfortunately, accurate noise statistics
may be unavailable in some engineering applications, such as target tracking. For
example, the inaccurate noise statistics may be induced by severe maneuvering when
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an agile target is tracked. Therefore, there is a great demand for a new AKF suitable
for operation with inaccurate noise statistics. Next, a new AKF will be proposed based
on NIW distribution using the VB approach.

4 Main Results
4.1 A New NIW-Based Hierarchical Gaussian State-Space Model

By the fact that the measurement noise vector v has a Gaussian distribution with mean
vector r and covariance matrix R and using measurement model (2), the likelihood
PDF is formulated as

pzklxg, r, R) = N(zg; Hyxyp +r, R). (®)

In the Kalman filtering framework, the one-step prediction PDF is updated as Gaus-
sian, i.e.,
Pkl Xpk—15 Prik—1, Z1:k—1) = N(xg; Xge—1, Prig—1)- )

To resist the uncertainties of noise statistics, the state vector x, the one-step pre-
diction X4x—1, the prediction error covariance matrix Py x—1, the mean vector r and
covariance matrix R of measurement noise will be jointly inferred. To this end, the
joint conjugate priori distributions for {fc;dk, 1, Pk|k,1} and {r, R} need to be firstly
selected since the conjugacy can guarantee that the posterior distribution is of the
same functional form as the priori distribution. In Bayesian statistics, a NIW distribu-
tion is usually used as the joint conjugate priori for the mean vector and covariance
matrix of a Gaussian distribution [15]. Since both {£kjk—1. Pje—1} and {r, R} are the
mean vectors and covariance matrices of Gaussian PDFs in (8)—(9), their joint prior
distributions p(Xkxk—1, Pkjk—11z1:k—1) and p(r, R|z;x—1) are chosen as NIW PDFs,
ie.,

PX k=15 Prg—1121:k—1) = NiW (X gje—1, Prjg—1; i, ok, g, X)), (10)
p(r, R|zix—1) = NiW(r, R; Ag, Bk, vk, Ap), (11)

where uy, o, wr and X' are, respectively, the mean vector, priori confidence parame-
ter, dof parameter and scale matrix of p(Xxjx—1, Pkjk—1l21:k—1), and Ak, Bk, vi and Ag
are, respectively, the mean vector, priori confidence parameter, dof parameter and scale
matrix of p(r, R|z1.x—1), and the NIW PDF NiW (a, A; u, y, 8, A) can be written as
(1]

NiW(a, A; p, y,8, A) = N(a; p, A/y)IW(A; 6, A). (12)

Utilizing (12) in (10)—(11) gives

PXkjk—1, Prk—1121:4—1) = N@rp—1; Uk, Prjg—1/ox) X IW(Prg—1; ok, Xi)
(13)
p(r, R|zixk—1) = N(@r; A, R/BIW (R; v, Ag). (14)
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Employing (13)~(14), the joint priori PDFs for {£jk—1. Pijk—1} and {r, R} can
be rewritten as the following hierarchical Gaussian forms

PEkp—11Prik—1, 21:6—-1) = N@pje—15 ks Prje—1/a), (15)
P(Prj—1121:k—1) = IW(Prip—1; @k, Xg), (16)
p(rIR, z1:k—1) = N(r; A, R/Br), (17)
P(R|z1x—1) = IW(R; v, Ap). (18)

To capture the priori information of {Xx—1, Pkjk—1}. the mean values of jx—1
and Pyi—1 are, respectively, set as the nominal one-step prediction X}, _; and the
nominal prediction error covariance matrix P}:l k1> 1-€.s

wp = X35 = FraXrp—1 + 4%, (19)
Xy
— = = P{u = Fior Picip— FL_ + 0, 20
p— Klk—1 k=1 Pr—ip—1 Fr_y + Q (20)
where ¢* and Q* are, respectively, the nominal mean vector and covariance matrix of
state noise. Let
wy=T+n+1. 21

where 7 is a tuning parameter satisfying r > 0.
Substituting (21) in (20) yields

i =P}, (22)

To capture the priori information of {r, R}, the mean value of r is set as the nominal
mean vector r*, and the dof parameter v, and scale matrix Ay are set as previous
estimates, i.e., A

A =r1" ve=D1jk-1, Ak = Ar_1jk—1. (23)

where Dy [k—1 and Ak—] lk—1 denote, respectively, the estimates of the dof parameter
and scale matrix of R at time k — 1, and the initial dof parameter vy and scale matrix
A satisfy o j’li] = R* and vp > m + | with R* denoting the nominal measurement
noise covariance matrix.

Equations (8)—(9) and (15)—(23) constitute a new NIW-based hierarchical Gaussian
state-space model, whose diagram is illustrated in Fig. 1. Next, the state vec-
tor, the one-step prediction and corresponding prediction error covariance matrix,
and the mean vector and covariance matrix of measurement noise, i.e., ¥ =
{xk. Xkjk—1. Pkjk—1, r, R}, will be jointly estimated based on the constructed hier-
archical Gaussian state-space model using the VB approach, from which a new AKF
with inaccurate noise statistics will be proposed.

4.2 Variational Approximations of Posterior PDFs

To infer the state vector, the one-step prediction and corresponding prediction error
covariance matrix, and the mean vector and covariance matrix of measurement noise
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Fig. 1 Diagram of the constructed NIW-based hierarchical Gaussian state-space model

simultaneously, the joint posterior PDF p(¥|z1.x) needs to be calculated since it
provides full description for parameter set ¥ ;. Unfortunately, the optimal solution for
the joint posterior PDF is unavailable based on the constructed hierarchical Gaussian
state-space model because the IW PDF has not a closed form. In the paper, the VB
approach is employed to obtain a freeform factored approximate solution for the joint
posterior PDF p (¥ |z1:4), i.e., [9,10]

PWilz1:0~q (x1)g X k-1 (Prik—1)q(r)q(R), (24)

where g (-) denotes the approximate posterior PDF.

Based on the VB approach, these approximate posterior PDFs are achieved by
minimizing the Kullback—Leibler divergence (KLD) between approximate posterior
PDF and true posterior PDF, i.e., [9,10]

{a(x0), g Rage—1), 4 Prie—1), ¢(r), g(R)} = arg min
KLD (g (x0)q Rrje—1)g Pri—1)g (®)g R p (i |21:1)) ,

(25)
where KLD (g (x)||p(x)) = f q(x)log %dx denotes the KLLD operation between
PDFs g(x) and p(x).

The optimal solution for (25) can be formulated as [9,10]

logq(®) = E -0 llog p(¥k. 2101 + co. (26)

where 6 is an arbitrary element of ¥, and 1111(;0) is the set of all elements in ¥, except
for @, and cg denotes the constant with respect to variable 6.
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However, an analytical solution for (26) is unavailable since the variational param-
eters are mutually coupled. The fixed-point iteration approach is often employed to
obtain an approximate solution for (26). That is to say, the approximate posterior PDF
q(8) of an arbitrary element @ is updated as ¢“ 1 (9) at the i + 1th iteration by using
the approximate posterior PDFs ¢+ (y) and ¢ (III,(C_{O’}'} )) to calculate the expec-
tation in (26), where y is composed of the elements that have been updated at the
i 4 lth iteration. The iterations converge to a local optimum of Eq. (26).

According to the Bayesian theorem and using the conditional independence prop-
erties of the constructed NIW-based hierarchical Gaussian state-space model, the joint
PDF p(¥y, z1:x) can be formulated as

P(Wr,z1k) = pilxk, r, R) p(xil|zik—1, Xkk—1+ Prjk—1) P X k=11 Prjk—1, Z1:k—1)
P(Prik=1121:6-1)p(r R, Z1:4—1) p(R|Z1:6-1) P(Z1:k—1)- 27

Substituting (8)—(9) and (15)—(18) in (27) yields

P(Wi, z1k) = N(zg; Hyxy +r, RN Xgp—1, Prg—)NQ@gx—15 w0k, Prg—1/0%)
IW(Ppji—1; o, ZRN; A, R/BIW (R; v, Ap) p(Z1:k—-1)- (28)

Let@ = %4x—1 and @ = r and using (28) in (26), ¢V (Zx—1) and g+ (r) are
updated as Gaussian PDFs, i.e.,

i - s A(i+1) D
gD Grp—t) = NGup—rz g ™0, 0,7, (29)
; 1 1
q(’+1)(r) N(r: )‘l(cH_ ) Q}({W ))’ 30)
~(i+1 - A (i+1
where the mean vectors u('H) and )»,(:+  and covariance matrices U/ ,(( and .1'2,(:Jr )
are given by
(@) ~0}
NSV Orlk +xkl|k ~G+1) |
Uy 1 U = (3D
o + 1 ar+1°
; Biki + (zk Hz! ) = (i)
~(i+1 klk A (i1 R
)‘]((H- ) _ \ ’ Q(Hr ) Ky (32)
Br +1 Br+1

and the modified prediction error covariance matrix 13,(:‘3(71 and modified measurement

. . o)
noise covariance matrix R, " are formulated as

-1
Pk = {E (Pii 1]} R}’ {E(’) [R ]} : (33)
where the proofs of (29)—(33) are given in “Appendix A”.

Birkhauser



4388 Circuits, Systems, and Signal Processing (2019) 38:4380-4404

'Let 0 = Pii—1 and & = R and exploiting (28) in (26), q("“)(Pk‘k_l) and
gtV (R) are updated as IW PDFs, i.c.,

i AGi+1) - G+D
¢V (Prj—) = IW(Pr—rz 0, E¢0), (34)
. i ~ (i+1
g TRy = IW(R; 50V AT, (35)
A (i A (i . . & (i+1
where the dof parameters w,(clH) and v,ﬁlﬂ) and inverse scale matrices X ,(cl+ ) and
~ (i41) .
A, are given by
O =y 42, (36)
A (i41 . .
E,(:+ ) _ A](Cl+l) + B}({z+1) + 3, 37)
PUtD = o 42, (38)
A (i4-1 . .
A,(:+ ) _ C/({H»l) —l—D/((lJrl) + Ag (39)

and the auxiliary parameters A,({Hl), B,(CHI), C,(jJr]) and D,(:H) are, respectively, given
by

AT Z g0 [(xk — Frpet) (xx — fck|k—1)T] ’ (40)
B+ — g ED [(fckuc—l —up) Fpp—1 — uk)T] , (41)
i+ — g0 [(Zk — Hixp —r) (2 — Hyxy — r)T] ’ (42)
DUtV = gED [(r — ) (r — lk)T] ; “3)

where the proofs of (34)—(43) are given in “Appendix B”.
Let # = x; and using (28) in (26), q(’“)(xk) is updated as a Gaussian PDF, i.e.,

g ) =N@e (Y PETY). (44)

where the mean vector 32,({":1) and covariance matrix P,((llzl) are given by

i+1 ~(i+1) =(i+1) S(i+1),
KD = Po H{(HP H + R (45)
o (i NG i ~i+1 (i
RO = a0 L KD g - 1Y - HalY), (46)
i i 5(i+1)
P]((z‘:—l) _ (In . K]((H—I)Hk) Pk’|k_19 (47)

where K ,((' *D denotes the modified Kalman gain, and the proofs of (44)—(47) are given
in “Appendix C”.

After fixed-point iteration N, the approximate posterior PDFs of the state vector,
the one-step prediction and corresponding prediction error covariance matrix, and the
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mean vector and covariance matrix of measurement noise are, respectively, updated
as

q(xr) ~ N(xg; fkﬁ), Pk|k ) = N Xepes Pre), (48)
qGrk—1) ~ NGgp—r; i Uk ) = N@Eep—15 gk, Ugppo), (49)

G(Pi—1) ~ WPt 0, £ = WP b, E)e (50)
g(r) ~ N &y, 20y = N e, @ugo), 51)
gR) ~TWR: o™, AN) = IW(R: Dure. Ao, (52)

To update the approximate posterior PDFs, we need to calculate the expectations
in (33) and (40)—(43). Using (29)—(30), (34)—(35) and (44), the required expectations
in (33) and (40)—(43) are calculated as follows

1 o (i+1 N?

P]((l‘: )1 _ E]((l+ )/ (Cl)/?+1) —n— 1) ; (53)
~(i+1) ~ (i+1) ~(i+1)

RSV = A7 [ (5 —m—1), (54)
(i+1) 0) A0+D NONPY(ER)) 0 _ pU+D

Ay =P+ U (xklk —uy ) (xklk u, ) , (55)
. n 1 N N T

B,(('H) = oku,((lJr ) + o <u,((’+l) — uk) (u,((Hrl) - uk) , (56)

' ) R <G+ o W
C](:_H) — le + (Zk — Hkxl((l‘;c )\.kl ) (Zk - Hkxl(clﬁc )‘kl )
e 57)

T
DI = gy (B ) (R ) (58)

where the proofs of (55)—(58) are given in “Appendix D”.

The proposed AKF operates recursively by combining the variational approxima-
tions of posterior PDFs in (29)—(32), (34)—(39) and (44)—(52) and the calculations of
expectations in (53)—(58). The implementation pseudo-code for the one-time step of
the proposed AKF is given in Table 1.

4.3 Parameter Selection of the Proposed AKF

To implement the proposed AKF, the nominal mean vectors ¢* and r* and covariance
matrices Q* and R* of state and measurement noises, the priori confidence parameters
oy and By, the tuning parameter t, and the initial dof parameter vy require to be selected
in advance.

Firstly, we derive the specific forms of the modlﬁed one-step prediction u(’+1)

the modified measurement noise mean vector Xk , the modified prediction error

Birkhauser
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Table 1 One-time step of the proposed AKF

Inputs: X5 _1jk—1, Pr—1jk—1, Yk—1k—=1> Ak—1jk—=1, Fk—1. Hi, 2. 4%, Q% 1", T, o, B, N
1. Calculate ’A‘z\kfl’ Pltlk—l , Uk, Xk, A and Ay using (19)—(23).

0) NONE A1k ~(0) (0)
2. Initialization: Pk|k | = Pk\k Ry = W’xklk —xk|k 1P = Pk\k I

fori =0: N—1

3. Update ¢+ (k- 1) and ¢+ (r) using (29)~(32).

4. Caleulate AUV, BIHD €FD and DUTD using (55)-(58).

5. Update ¢V (Pyr—1) and gD (R) using (34)~(39).

6. Caleulate P{}_; and R{ using (53)~(54).

7. Update q(i+1)(xk) using (44)—(47).

end for

8.5k =2, P = PN e =™, Ay = AN
klk > Ik klk > Vklk = Ve Aklk k

Outputs: Xk, Prjk, Dkjk» Akjk-

. . pl+D . . . .
covariance matrix P, _; and the modified measurement noise covariance matrix

RU™" atthe i + Ith iteration. Substituting (19) and (23) in (31)~(32) gives

vy ok (Fro1Zkoik—1 +47) +x1(<l\3<

A , (59)

ap +1
. Brr* + (Zk — Hix) )
R 1 k|k
£+ _ ' (60)
Br + 1

Using (36)—(37) and (53) in (33), the modified prediction error covariance matrix

+
P,(CI — )1 can be rewritten as

i+1 i+1
_ (i41) A]((H_ ) + B]((H_ ) + X

klk—1 = o —n+1 ) 61)
where A,(fﬂ) and B ,({i'H) are, respectively, given by (55)—(56).
Substituting (20)—(22) in (61) yields
s _ T (Fii P FLy + @) + A + B

klk—1 = — . (62)

Exploiting (38)—(39) and (52), we have
Dk = vk + 2, (63)
Ak\k = C(N) D](CN) + Ag. (64)
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Substituting (23) in (63)—(64) results in

Dk = Dr—1jk—1 + 2, (65)
Ak|k = Ak—l\k—l + C,((N) + D,((N). (66)

According to the recursive relation in (65)—(66), Vx—1x—1 and Ak_”k_ 1 can be
calculated as

Dk—tjk—1 = vo +2(k — 1), (67)

k—1
Aot = o —m = DR+ [ + DIV, (68)
j=1

where Dgj0 = vp and AO|O = Ag = (vp —m — 1)R* are used in (67)—(68).
Employing (23) and (67)—(68) in (38)—(39) yields

D = vy 4 2k, (69)
k—1
A+ (i+1) (i+1) (N) (N)
AT = wo—m— DR+ ) 1 D! +Z[Cj + D ] (70)
j=1
—(i+1)

Substituting (69)—(70) in (54), R, can be reformulated as

k—1

-(7 1 . .

R,ﬁ’* ) _ {(vo —m— DR + ¢V 4 phy Z [CE_N) i D;N)] /
Jj=1

[(vo—m —1) +2k]. (71)

Next, we discuss the effects of parameters ¢*, r*, Q*, R*, ar, Br, T and
vo upon the proposed AKF. It is observed from (59)—(60), (62) and (71) that

(i+1)
k

the modified one-step prediction & is a weighted sum of priori information

(Fk—1Xk—1jk—1 +¢*) and innovation fc,(cllgc with weights o and 1, respectively;
. . A+ . . .
the modified measurement noise mean vector A, is a weighted sum of priori

information r* and innovation (zk —H kfc,(:&) with weights B¢ and 1, respec-
. . - . . ogl+D . .
tively; the modified prediction error covariance matrix P,({ll k_)l is a weighted sum of

priori information (Fk—IPk—llk—le_l + Q*) and innovation (A,(CH'I) + B]((H'l))
with weights 7 and 2, respectively; and the modified measurement noise covari-

is a weighted sum of priori information R* and innovation

.ooptl
ance matrix R
{C,({H]) + D,(Ciﬂ) + ZIJ‘;} [CE.N) + DE.N)]} with weights vo —m — 1 and 2k, respec-

tively. Thus, the parameters ¢*, r*, @* and R* dominate the accuracy of priori
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information, and the parameters o, B, T and vy dominate the confidence level to
priori information.

Since the VB approach only guarantees the local convergence of variational
iterations, accurate priori information is necessary. To this end, the nominal param-
eters ¢*, r*, Q* and R* require to be near the true values ¢, r, Q and R,
respectively. In this paper, the nominal mean vectors and covariance matrices of
state and measurement noises are, respectively, suggested to be selected as ¢* =
[q1s s Gis oo gnl s =11, rjy o Tl Y, QF = diag[Q1, ..., Qs ..., Ol
and R* = diag[Ry, ..., R;,..., Ry], where Q; > 0 and R; > 0. The explicit selec-
tions of the parameters ¢;, r;, Q; and R; depend on practical application, and the
approximated values of the parameters are available in many practical application.
The selections of the parameters oy, fi, T and vg rely heavily on the selections of the
nominal parameters ¢g*, r*, @* and R* because they determine the accuracy of priori
information.

Finally, we study the numerical stability of the proposed AKF with the selected
parameters. Since the nominal covariance matrices of state and measurement
noises are, respectively, set as Q* = diag[Q1,...,Qi,...,Qn] and R* =
diag[Ry, ..., R}, ..., Ry] with Q; > 0 and R; > 0, both Q* and R* are positive
matrices, i.e.,

0" >0, R* > 0. (72)

According to (40)—(43), the auxiliary parameters A,((Hl), B,(jH), C,(:H) and D,(ciH)
are all positive semi-definite matrices, i.e.,

A =0 B z0 ¢V z0 D=0y

Utilizing Py_qjy—1 > 0,7 > 0, v9 —m — 1 > 0 and (72)-(73) in (62) and (71)
obtains . il
Pl =0, RV >0 (74)

We can see from (74) that both the modified prediction error covariance matrix

S(i+1) 1)

. . . .. g+ ..
P and the modified measurement noise covariance matrix R,(( are positive

. . o . . . = (i+1
definite, based on which the modified innovation covariance matrix (H P,((ll;:_)l H]

+R§f“’) in (45) is also positive definite. Thus, the proposed AKF has numerical

stability using the selected parameters.

Remark 1 The estimation accuracy and computational complexity of the proposed
filter are determined by the number of iterations N. The more number of iterations
is used, the better estimation accuracy can be obtained but the higher computational
complexity is needed. Normally, the number of iterations is a tradeoff of the estimation
accuracy and computational complexity. In practical engineering applications, the
selection of the number of iterations relies on the users’ requirements. If the users
require good estimation accuracy, then a large N should be selected. Conversely, if
the users require good real-time performance, then an appropriately large N should
be chosen, which implies that the computational complexity can be improved by
sacrificing estimation accuracy.
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5 Simulation Study

The proposed AKF and existing state-of-the-art adaptive Kalman filters are tested
and compared in a maneuvring target tracking example. The target moves with a
constant velocity in a plane, whose positions are observed in clutter. The target is
tracked using a constant velocity model, and the noise corrupted positions are used
for measurement vectors. The cartesian coordinates and corresponding velocities are
selected as a state vector, i.e., Xx = [xr Y& %k Vkl, where xi, yx, Xx and y; denote
the cartesian coordinates and corresponding velocities, respectively. The discrete-time
linear state-space model is given by (1)—(2), and the state transition matrix Fj and
measurement matrix Hy are given by [8]

I, Atl,
Fk=|:0 I } Hy=[I> 0], (75)

where the sampling interval At = Is.

The state and measurement noises are assumed to have stationary Gaussian dis-
tributions, i.e., wy ~ N(g, @) and v; ~ N(r, R), where the true mean vectors and
covariance matrices are given by

g=01 111" 0=3 ATpIZ AT[ZIZ (76)
' Athlz Atl, ’

_ T 10 5
qg=1[11], R—[S 10] (77)

In this simulation, the nominal mean vectors and covariance matrices of state and
measurement noises are, respectively, set as ¢* = 0451, r* = 0251, Q" = I4 and
R* = 1001,. To show the effectiveness and superiority of the proposed AKF, we com-
pare the performance of the Kalman filter with nominal noise statistics (KFNNS), the
Kalman filter with true noise statistics (KFTNS), the existing SHAKF [2], the existing
VBAKEF for estimating Pyx—1 and R (VBAKF-PR) [6], and the proposed AKF with
inaccurate noise statistics. Note that, in this simulation, the existing SHAKF often
diverges, so its simulation results are not given in the following analysis and compar-
ison. The algorithm parameters of the existing VBAKF-PR are selected as: the tuning
parameter T = 3 and the forgetting factor p = 1. The algorithm parameters of the
proposed AKF are set as: the tuning parameter T = 3, the priori confidence parameters
ar = 0.5 and By = 3, and the initial dof parameter vg = 4. Moreover, in the existing
VBAKF-PR, the mean vectors of state and measurement noises are, respectively, set as
¢* and r* due to its inability to estimate unknown mean vectors. The true initial state
vector xo = [100, 100, 10, 10]T, and the initial estimation error covariance matrix
Pojo = 1014, and the initial state estimate Xojo is chosen from N (xo, Po|o) randomly.
The number of measurements is 200, and the number of iteration is setas N = 10, and
1000 independent Monte Carlo runs are performed. All Kalman filtering algorithms
are coded with MATLAB and the used computer has an Intel Core i7-6500U CPU at
2.50 GHz.
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The root mean square errors (RMSEs) and the averaged root mean square errors
(ARMSE?5) of position and velocity are utilized to evaluate the estimation accuracy of
state vector. We define the RMSE and ARMSE of position as follows

™M=

RMSE,os = \/ﬁ ((x,{ — &2+ O - y,ilk)z)

1

/ : (78)

T M . . , .
ARMSE o, = \/ T 2 2 ((x,i — ¥+ Of - ﬁ,{lk)z)
k=1 j=1

where (x,f, y,f ) and ()E,f " f},ﬁ i) denote, respectively, the true position and the filtering
estimate of position at the j-th Monte Carlo run, and 7 = 200 s denotes the simulation
times, and M = 1000 denotes the total number of Monte Carlo runs. Similarly, we
can also formulate the RMSE and ARMSE of velocity by RMSE,.] and ARMSEy|.

The square root of normalized Euclidean norm (SRNEN) and averaged SRNEN
(ASRNEN) are employed to evaluate the estimation accuracy of the one-step prediction
and measurement noise mean vector. We define the SRNEN and ASRNEN of the one-
step prediction as follows

1

7
SRNEN, = (m ' ||xk|k 1= o,kk—l”2)
J:

S

1 (79)
iy

HM»—]

nM

M . .
ASRNEN, £ ( Z ||'££|k71 - fé,k\kfl ”%)

where | - ||2 denotes the Euclidean norm, and f]j(‘ +_ denotes the estimate of one-step

prediction at the j-th Monte Carlo run, and J?(j) klk—1 denotes the accurate one-step
prediction at the j-th Monte Carlo run provided by the KFTNS. Similarly, we can
also formulate the SRNEN and ASRNEN of the measurement noise mean vector by
SRNEN, and ASRNEN,..

The square root of normalized Frobenius norm (SRNFN) and averaged SRNFN
(ASRNFN) are used to evaluate the estimate accuracy of the prediction error and
measurement noise covariance matrices. The SRNFN and ASRNFN of the prediction
error covariance matrix are defined as follows [6]

S
Bl

SRNFNp £ <n21M Zl ”Pk\k 1 Po K|k — 1”F>
Jj= Lo (80)

M=
™=

J 2
n2MT ”Pklk | Po,k|k—1||F

ASRNFN, £ ( 1

k 1

1j

where || - || 7 denotes the Frobenius norm, and IA’,il «—1 denotes the estimate of prediction

error covariance matrix at the j-th Monte Carlo run, and P(j) klk—1 denotes the accurate
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prediction error covariance matrix at the j-th Monte Carlo run provided by the KFTNS.
Similarly, we can also formulate the SRNFN and ASRNFN of the measurement noise
covariance matrix by SRNFNg and ASRNFNg.

Figures 2, 3 and 4 show, respectively, the RMSEs of position and velocity, the
SRNENS of the one-step prediction Xzx—1 and measurement noise mean vector r,
and the SRNFNs of the prediction error covariance matrix Pgjx—; and measurement
noise covariance matrix R, where the black and blue lines coincide in the bottom
subfigure of Fig. 3. It is seen from Fig. 2 that the proposed AKF has smaller RMSEs
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Fig.5 ARMESs of position and velocity for different numbers of iteration N = 1,2, ..., 20

of position and velocity than the existing KFNNS and VBAKF-PR, and the proposed
AKEF can achieve almost the same RMSEs of position as the optimal KFTNS. We can
also see from Figs. 3 and 4 that the proposed AKF has smaller SRNENs and SRNFNs
than the existing KFNNS and VBAKF-PR. Furthermore, the implementation times
of the proposed AKF and existing KFNNS and VBAKF-PR in a single step run are,
respectively, 0.63 ms, 0.02 ms and 0.46 ms. Thus, the proposed AKF can better esti-
mate the statistical parameters {J?k\k,l 1, Prg—1, R} but has higher computational
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complexity as compared with the existing KFNNS and VBAKF-PR, which results in

improved state estimation accuracy.

Figures 5, 6 and 7 show, respectively, the ARMSEs of position and velocity, the
ASRNENSs of £k|k_1 and r, and the ASRNFNSs of Py, and R when different num-
bersofiteration N = 1, 2, ..., 20 are selected, where the black and blue lines coincide
in the bottom subfigure of Fig. 6. It can be observed from Figs. 5, 6 and 7 that the
proposed AKF has smaller ARMSEs, ASRNENs and ASRNFNs than the existing
KFNNS and VBAKF-PR when N > 3, and the proposed AKF has almost the same
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ARMSE:s of position as the optimal KFTNS when N > 5. Thus, the proposed AKF
has better accuracy for jointly estimating position, velocity and statistical parameters
{J?k‘k_l, r, Prpi_i, R} when N > 3. Moreover, we can observe from Figs. 5, 6 and
7 that the ARMSEs, ASRNENs and ASRNFNs of the proposed AKF all converge
when N > 10. Therefore, the number of iteration N = 10 is enough to guarantee the

performance of the proposed AKF.
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Figures 8, 9, 10 and 11 show the RMSEs of position and velocity when different
priori confidence parameters oy = 0.5, 1.0, 1.5,2.0,2.5,3.0and By =2,3,4,5,6,7,
different tuning parameters t = 1,2, 3,4, 5, 6, and different initial dof parameters
vo = 3.1,3.5,4.0,4.5, 5.0, 5.5 are, respectively, selected. It is seen from Fig. 8 that the
proposed AKFs with selected priori confidence parameters oy have better estimation
accuracy than existing KFNNS and VBAKF-PR, and the proposed AKF with o = 0.5
achieves the best estimation accuracy. It can be seen from Figs. 9 and 10 that the
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proposed AKFs with selected priori confidence parameters B; and tuning parameters
T have almost consistent estimation accuracy and achieve better estimation accuracy
than the existing KFNNS and VBAKF-PR. We can see from Fig. 11 that the proposed
AKFs with selected initial dof parameters have almost consistent estimation accuracy
of position and better estimation accuracy as compared with the existing KFNNS and
VBAKF-PR.

6 Conclusion

In this paper, a new AKF was proposed for a linear Gaussian state-space model with
inaccurate noise statistics based on the VB approach. To resist the uncertainties of
noise statistics, the state vector, the one-step prediction and corresponding prediction
error covariance matrix, and the mean vector and covariance matrix of measurement
noise are jointly estimated based on the VB approach. Both the prior joint PDFs
of the one-step prediction and corresponding prediction error covariance matrix and
the joint PDF of the mean vector and covariance matrix of measurement noise are
selected as NIW distributions, based on which the posterior PDFs of these unknown
parameters are, respectively, approximated by Gaussian and IW distributions using
the VB approach. Simulation results of a target tracking example illustrated that the
proposed AKF has better estimation accuracy but higher computational complexity
than existing state-of-the-art AKFs, which is induced by the fact that the proposed
AKEF can better estimate the one-step prediction and corresponding prediction error
covariance matrix and the mean vector and covariance matrix of measurement noise
as compared with existing state-of-the-art AKFs.

Appendices
A. Proofs of (29)-(33)

Substituting = Xgk—1, @ = r and (28) in (26), log ¢“*D (R4k—1) and log gV (r)
are written as

log gtV Fr—1) = —%E(i) [(xk - fck|k—1)T Pk_‘,i_l (xx — fck|k—1)]

_ %ak (Jz'k\kfl — uk)T E® [P1:|llc—1] (J?k\k—l — uk) + Chprs (81)
logg" P (r) = —%E(i) [(Zk —Hixiy—r)" R (2 — Hyxy — r)]

- %,Bk (r — A)TED [R’]] (r — M) +cr. (82)

The first expectations in (81)—(82) are calculated as follows
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E® [(xk - fk|k71)T ij}{_l (xx — iklkfl)]

=t {BO (v = #apn) (v — ep) T EO [ iy ]

=tr HE(i) [( xp— x,(:‘;( +xk|k fck|k,1) ( X — x,((l|2+ x,(d}( ﬁkkl)T:| x
B0 [P ]}

= <‘£'/(ci|}< - i’k\kfl)TE(i) I:Pk_\llc—l] (’?/(ci|}< - ﬁklk—l) + Coprs (83)
E® [(Zk —Hix, —r)T R (zx — Hyxy — r)]

— tr{E®) [(Zk — Hyxo—r) (zx — Hyxy — r)T] E®) [R‘l]}

= tr{ED[(z) — Hkxklk —r— Hp(x; — xklk))(zk — Hkxk‘k r—
H (e — 20 EO [R7])

_ ( — Hi3) - r) E® [R ] (zk ~ H2) - r) tor. (84)

Substituting (83)—(84) in (81)—(82) and using (33) yields

i+1) o Loy . 5 RN
log gV (&p—1) = 5 (x,(fﬁ( - xk\k—l) [Pkl\k 1] (x,(('&( - xk|k—1>
1

N T[ 50 -1,
5% (Rkjk—1 — ux) [P/(;ﬁ(,l] (Ripk—1 — ui) + Cipr? (85)
. 1 ~(
logqg" ™V (r) = ) (Zk - Hkx,({l& - r) [sz)] <Zk - Hkxklk r)
T ( )
A Ul U (86)
Utilizing (85)—(86), we can obtain (29)—(32).

B. Proofs of (34)-(43)

Exploiting § = Px—1,6 = R and (28) in (26), log ¢V (Py—1) and log "V (R)
are calculated as
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(i+1) _ _1
logg" ™ (Pkjk—1) = z(wk +n+3)log | Pyj—1]
| A T -1 o
= 3B [ (k= 1) gl vk — i)
1 T a T n
- EakE(l) [(Xk|k—1 — uy) Pk|]1(_1(xk|k—l - uk)]
1 _
" szPklllc—l} + CPyj-1- &7
. 1
log gV (R) = = (v +m +3) log ||
1 ..
— EE“) [(zk —Hwxr— TR (zx — Hexp — r)]
L m) T poi ! i
—~ SBE [(r TR — xk)] -5t {AkR ] YR, (89)

Substituting (40)—(43) in (87)—(88) gives

log gtV (Prp—1) = —%(a)k +n+3)log | Pii—1]
_ %tr {(A]((i—&-l) 4+ BUD 4 Zk) Pk_|11<—1} + Py (89)
logq "™ (R) =~ +m + 3)log R
—%tr{(C,(jH) + pith +Ak) R—l} +cx. (90)
According to (8§9)—(90), we can obtain (34)—(39).

C. Proofs of (44)-(47)

Using 8 = x; and (28) in (26), log ¢“*V (x}) can be formulated as

A 1 . .
log gV (xy) = —5t {E('H) [(zk — Hixg —r) x (zx — Hiyxp — r)T} x 0D [R_IH

_ %tr {E(i+1) [(xk — fip) (xx — fk\k—l)T} EG+D [P1:|11<—1]} +exys
oD

where the first and third expectations are calculated as
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E(HD [(zk — Hixp —r) (zx — Hixy — ’)T]
. 1) ~G+1 ) G+l T
— EU+D [(Zk —Hox= 57787 =) (- B =R 47 ) }
S (i+1 ~G+1) +1
= (z4— X]((l ) Hkxk) (Zk — X]((l - Hkxk) + .Q,(CI ), 92)

gD [(xk — Eppe—1) (xx — fk|k—1)T:|

; . . . . . T
T o AR LA o
NG NG T G+l
= (xk — u,({’+1)) (xk — u,((H'l)) + U,(: ). 93)

Employing (31) and (92)—(93) in (91) yields

~ 1 ~(i+1) -1 ~(i+1)
log ¢V (xy) = —3 ( w—h - Hkxk) [Rk ] ( w—hy - Hkxk>

1 e\ T e ~1 N
=5 (=) o[BG ] (=) e ©4)

According to (94), we can obtain (44)—(47), where (45)—(47) is given by the mea-
surement update of the Kalman filter.

D. Proofs of (55)-(58)

Exploiting (29)~(30) and (44), the auxiliary parameters AL ™", BYD ¢+ and

D("H) in (40)—(43) can be, respectively, calculated as

i+1 [ A ~ 1 A~ 1 A
AT = O [(xk & a2 At At = k) (xk — %
T
+ 52’(:‘) A(l+1)+u(l+1) ﬁk\k—l) i|
. . . T i
(i 2 AG+DY (2G)  AG+D pr A+
=P \k+( Xk — Uy )(xk\k_uk ) +U, 95)
BUtD = gEG+D I:(xk\k e uk)

T
(s a0 + al D ) ]

~ (i1 N7 N T
= akU,((H— ) + o (ul(:_H) - uk) (u,((H—l) - uk> s (96)
; ; . +1 +1
i = B0 [ (s — i), -4 — e - 300 + 17 - 1)

. A+l +1 T
X (Zk - Hkxl(clﬁc - X/((l ) Hj(x; — xl(<l|;<) +X/(: ) r> ]
; (i+1) . A1) ) G+
= m P T + 2 + (- ) -5 (- B, -4 ) 97)
i ; 1 1 1 1 T
DUHD = gEEHD [( x}({w ) +x,(j+ ) —)vk) ( _)‘;{H ) +)‘]((t+ ) lk) ]

— a2 (A ) (1 ) (98)
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According to (95)—(98), we can obtain (55)—(58).
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