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Abstract
In this paper, we consider the parameter estimation problem of dual-frequency sig-
nals disturbed by stochastic noise. The signal model is a highly nonlinear function
with respect to the frequencies and phases, and the gradient method cannot obtain the
accurate parameter estimates. Based on theNewton search, we derive an iterative algo-
rithm for estimating all parameters, including the unknown amplitudes, frequencies,
and phases. Furthermore, by using the parameter decomposition, a hierarchical least
squares and gradient-based iterative algorithm is proposed for improving the com-
putational efficiency. A gradient-based iterative algorithm is given for comparisons.
The numerical examples are provided to demonstrate the validity of the proposed
algorithms.
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1 Introduction

Signal models are often encountered in scientific disciplines and engineering appli-
cations. The parameter estimation of signal models is very important, and then many
estimation approaches have been presented [32,41,42]. As an original way, Fourier
analysis plays a key role in signal processing [48,50]. However, there are certain
limitations because the frequencies of the Fourier transform are just a collection of
the individual frequencies of the periodic signals. Another classical method is the
phase-locked loop technique, which automatically adjusts the frequency by locking
the phase between the reference and the internal sine waves. Additionally, a self-
correlation phase method [4] has been developed to estimate the frequencies. The
parameter estimation methods can be applied to many areas [2,3,5,51].

Many methods can estimate the parameters of the signal models. For example, Sto-
ica et al. [37] used the weighted least squares method to estimate the amplitudes of the
sinusoidal signals. The amplitude and frequency of a sine signal were estimated with
the property of global convergence in [20]. The amplitude and frequency estimation
problem of multiple sine signals was investigated based on the adaptive identifier [21].
Recently, Hou [22] has presented a solution for estimating parameters of a biased mul-
tiple sinusoids using a combination of a frequency identifier and gradient algorithms.
This paper is devoted to identify the parameters for dual-frequency signals, including
the unknown amplitudes, frequencies, and phases.

The iterative methods play an important role not only in finding the solutions of
nonlinear matrix equations, but also in deriving parameter estimation algorithms for
signal models. Combining with some optimization tools, the iterative methods can be
applied to estimate the parameters of the nonlinear systems [9,34]. For example, Xu
[40] derived a Newton iterative algorithm for the parameter estimation of dynamical
systems. Ding et al. [12] studied the iterative parameter identification for pseudo-linear
systems with ARMA noise using the filtering technique.

As a classical optimization tool, the Newton method is a root-finding algorithm
that utilizes the first few terms of the Taylor series of a function in the neighborhood
of a suspected root. For a long time, the Newton method has received a great deal
of attention, and there have been lots of applications in many fields, such as the
minimization andmaximization problems, the transcendental equations, the numerical
verification for the solutions of nonlinear equations [30,35,49].

The previous work in [29,43] considered the Newton iterative (NI) algorithm for
the nonlinear parameter estimation problems. The NI algorithm possesses high param-
eter estimation accuracy, while the computational cost is large for the reason that the
inverse of the Hessian matrix needs to be computed at each iteration, and its com-
ponents are second-order derivatives. In order to reduce the computational cost, this
paper presents a hierarchical least squares and gradient-based iterative (HI) algorithm
using the parameter decomposition. The key is to decompose the parameter vector into
three parts and to estimate the parameters of each part, so the dimension of the param-
eter vector is reduced and the computational efficiency and the parameter estimation
accuracy are improved.

The rest of this paper is organized as follows. Sections 2 and 3 derive two iterative
algorithms based on the gradient search and the Newton search, respectively. Sec-
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tion 4 provides a HI algorithm. Section 5 gives two numerical examples to illustrate
the effectiveness of the proposed algorithms. Finally, some conclusions are drawn in
Sect. 6.

2 The Gradient-Based Iterative Algorithm

The sine and cosine signals are typical periodic signals, whose waveforms are the sine
and cosine curves in mathematics. Many complex signals can be decomposed into
numerous sinusoidal signals with different frequencies and amplitudes by the Fourier
series [1]. The sine signal differs from the cosine signal by π/2 in the initial phase.
This paper derives the parameter estimation algorithms for the dual-frequency cosine
signals, which can be applied to the sine signals.

Consider the following dual-frequency cosine signal model:

y(t) = a cos(ω1t + φ) + b cos(ω2t + ψ) + v(t), (1)

where a > 0 and b > 0 are the amplitudes, ω1 > 0 and ω2 > 0 are the angular
frequencies, φ and ψ are the initial phases, t is a continuous-time variable, y(t) is the
observations, and v(t) is a stochastic disturbance with zero mean and variance σ 2.

The actual signals are always interfered with various stochastic noises. In practical
engineering, we can only get the discrete observed data. Suppose that the sampled
data are y(ti ), i = 1, 2, 3, . . . , L , where ti is the sampled time and L denotes the data
length.

Use the observed data y(ti ) and the model output to construct the criterion function

J1(θ) := 1

2

L∑

i=1

[y(ti ) − a cos(ω1ti + φ) − b cos(ω2ti + ψ)]2 .

The criterion function represents the square sum of the errors between the model
outputs and the observed data. It is desired that this criterion function is as small as
possible, which is equivalent to minimizing J1(θ) and obtaining the estimates of the
parameter vector θ := [a, b, ω1, ω2, φ, ψ]T ∈ R

6.
Letting the partial derivative of J1(θ) with respect to θ gives

grad[J1(θ)] := ∂ J1(θ)

∂θ

=
[
∂ J1(θ)

∂a
,
∂ J1(θ)

∂b
,
∂ J1(θ)

∂ω1
,
∂ J1(θ)

∂ω2
,
∂ J1(θ)

∂φ
,
∂ J1(θ)

∂ψ

]T

∈ R
6.

Define the stacked observed data Y(L) and the stacked information matrix Φ(θ , L)

as

Y(L) := [y(t1), y(t2), . . . , y(tL)]T ∈ R
L ,

Φ(θ , L) := [ϕ(θ , t1),ϕ(θ, t2), . . . ,ϕ(θ , tL)]T ∈ R
L×6.
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Define the information vector

ϕ(θ , ti ) := [− cos(ω1ti + φ),− cos(ω2ti + ψ), ati sin(ω1ti + φ), bti sin(ω2ti + ψ),

a sin(ω1ti + φ), b sin(ω2ti + ψ)]T ∈ R
6.

Let f (ti ) := a cos(ω1ti + φ) + b cos(ω2ti + ψ) ∈ R, and the stacked model output
vector

F(θ , L) :=

⎡

⎢⎢⎢⎣

f (θ, t1)
f (θ, t2)

...

f (θ , tL)

⎤

⎥⎥⎥⎦ ∈ R
L .

Then, the gradient vector can be expressed as

grad[J1(θ)] := ΦT(θ, L)[Y(L) − F(θ, L)].

Let k = 1, 2, 3, . . . be an iterative variable and θ̂k be the estimate of θ at iteration k.
The partial derivatives at θ = θ̂k−1 are given by

∂ J1
(
θ̂k−1

)

∂a
= −

L∑

i=1

cos
(
ω̂1,k−1ti + φ̂k−1

)
w

(
θ̂k−1, ti

)
,

∂ J1
(
θ̂k−1

)

∂b
= −

L∑

i=1

cos
(
ω̂2,k−1ti + ψ̂k−1

)
w

(
θ̂k−1, ti

)
,

∂ J1
(
θ̂k−1

)

∂ω1
=

L∑

i=1

âk−1ti sin
(
ω̂1,k−1ti + φ̂k−1

)
w

(
θ̂k−1, ti

)
,

∂ J1
(
θ̂k−1

)

∂ω2
=

L∑

i=1

b̂k−1ti sin
(
ω̂2,k−1ti + ψ̂k−1

)
w

(
θ̂k−1, ti

)
,

∂ J1
(
θ̂k−1

)

∂φ
=

L∑

i=1

âk−1 sin
(
ω̂1,k−1ti + φ̂k−1

)
w

(
θ̂k−1, ti

)
,

∂ J1
(
θ̂k−1

)

∂ψ
=

L∑

i=1

b̂k−1 sin
(
ω̂2,k−1ti + ψ̂k−1

)
w

(
θ̂k−1, ti

)
,

w
(
θ̂k−1, ti

)
:= y (ti ) − âk−1 cos

(
ω̂1,k−1ti + φ̂k−1

)
− b̂k−1 cos

(
ω̂2,k−1ti + ψ̂k−1

)
.

Minimizing J1(θ) and selecting an iterative step size μk � 0, we can get the gradient-
based iterative (GI) algorithm for dual-frequency signal models:
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θ̂k = θ̂k−1 − μkgrad
[
J1

(
θ̂k−1

)]

= θ̂k−1 − μkΦ
T
(
θ̂k−1, L

) [
Y (L) − F

(
θ̂k−1, L

)]
, (2)

Y (L) = [y (t1) , y (t2) , . . . , y (tL)]T , (3)

Φ
(
θ̂k−1, L

)
=

[
ϕ

(
θ̂k−1, t1

)
,ϕ

(
θ̂k−1, t2

)
, . . . ,ϕ

(
θ̂k−1, tL

)]T

, (4)

F
(
θ̂k−1, L

)
=

[
f
(
θ̂k−1, t1

)
, f

(
θ̂k−1, t2

)
, . . . , f

(
θ̂k−1, tL

)]T

, (5)

ϕ
(
θ̂k−1, ti

)
=

[
− cos

(
ω̂1,k−1ti + φ̂k−1

)
,− cos

(
ω̂2,k−1ti + ψ̂k−1

)
,

âk−1ti sin
(
ω̂1,k−1ti + φ̂k−1

)
,

b̂k−1ti sin
(
ω̂2,k−1ti + ψ̂k−1

)
, âk−1 sin

(
ω̂1,k−1ti + φ̂k−1

)
,

b̂k−1 sin
(
ω̂2,k−1ti + ψ̂k−1

)]T

, (6)

f
(
θ̂k−1, ti

)
= âk−1 cos

(
ω̂1,k−1ti + φ̂k−1

)
+ b̂k−1 cos

(
ω̂2,k−1ti + ψ̂k−1

)
, (7)

μk = argmin J1
(
θ̂k−1 − μgrad

[
J1

(
θ̂k−1

)])
, (8)

θ̂k =
[
âk, b̂k, ω̂1,k, ω̂2,k, φ̂k, ψ̂k

]T

. (9)

μk � λ−1
max[ΦT(θ̂k−1, L)Φ(θ̂k−1, L)], where the λmax[ΦT(θ̂k−1, L)Φ(θ̂k−1, L)]

denotes the maximum eigenvalue of the matrix [ΦT(θ̂k−1, L)Φ(θ̂k−1, L)]. The pro-
cedure of the GI algorithm in (2)–(9) for dual-frequency signals is as follows.

1. Let k = 1, give a small number ε and an integer L , set the initial value θ̂0 = 16/p0,
where p0 is generally taken as a large positive number, for example, p0 = 106.

2. Collect the observed data y(ti ) and u(ti ), i = 1, 2, . . . , L , form Y(L) by (3).
3. Form the information vector ϕ(θ̂k−1, ti ) by (6) and the stacked information matrix

Φ(θ̂k−1, L) by (4).
4. Form f (θ̂k−1, ti ) by (7) and the stacked model output vector F(θ̂k−1, L) by (5).
5. Select a largest μk satisfying (8), and update the estimate θ̂k by (9).
6. Compare θ̂k with θ̂k−1, if ‖θ̂k − θ̂k−1‖ � ε, then increase k by 1 and go to Step

3; otherwise, obtain the iterative time k and the estimate θ̂k and terminate this
procedure.

Remark 1 In fact, the one-dimensional search for finding the best step size μk needs
to solve a complicated nonlinear equation at each iteration, so we cannot obtain the
algebraic solution for computing μk by Eq. (8). To figure out this problem, we can
use the cut-and-try method or the Newton iterative method to acquire the approxi-
mation. In what follows, we derive a Newton iterative algorithm for estimating the
parameters.
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3 The Newton Iterative Algorithm

The gradient method requires the first derivative, but the Newton method is quadrati-
cally convergent. In order to improve the parameter estimation accuracy, calculating
the second partial derivative of the criterion function J1(θ) with respect to θ gives the
Hessian matrix

H(θ) := ∂2 J1(θ)

∂θ∂θ T
= ∂grad[J1(θ)]

∂θ T
=

⎡

⎢⎢⎢⎣

h11(θ) h12(θ) · · · h16(θ)

h21(θ) h22(θ) · · · h26(θ)
...

...
...

h61(θ) h62(θ) · · · h66(θ)

⎤

⎥⎥⎥⎦ ∈ R
6×6,

h11(θ) = ∂2 J1(θ)

∂a2
=

L∑

i=1

cos2(ω1ti + φ),

h12(θ) = ∂2 J1(θ)

∂a∂b
=

L∑

i=1

cos(ω1ti + φ) cos(ω2ti + ψ),

h13(θ) = ∂2 J1(θ)

∂a∂ω1
=

L∑

i=1

ti sin(ω1ti + φ)[y(ti ) − b cos(ω2ti + ψ)]

− ati sin(2ω1ti + 2φ),

h14(θ) = ∂2 J1(θ)

∂a∂ω2
= −

L∑

i=1

bti cos(ω1ti + φ) sin(ω2ti + ψ),

h15(θ) = ∂2 J1(θ)

∂a∂φ
=

L∑

i=1

sin(ω1ti + φ)[y(ti ) − b cos(ω2ti + ψ)] − sin(2ω1ti+2φ),

h16(θ) = ∂2 J1(θ)

∂a∂ψ
= −

L∑

i=1

b cos(ω1ti + φ) sin(ω2ti + ψ).

For the sake of brevity, the derivation results of all hmn , 1 = n < m � 6 are not listed
here, and the rest are presented in (10)–(39). Let θ̂k := [âk, b̂k, ω̂1,k, ω̂2,k, φ̂k, ψ̂k]T be
the estimate of θ at iteration k. Based on the Newton search, we can derive the Newton
iterative (NI) algorithm for dual-frequency signal models:

θ̂k = θ̂k−1 − H−1
(
θ̂k−1

)
grad

[
J1

(
θ̂k−1

)]
, (10)

Y (L) = [y (t1) , y (t2) , . . . , y (tL )]T , (11)

Φ̂k = Φ
(
θ̂k−1, L

)
=

[
ϕ

(
θ̂k−1, t1

)
, ϕ

(
θ̂k−1, t2

)
, . . . , ϕ

(
θ̂k−1, tL

)]T

, (12)

F̂k = F
(
θ̂k−1, L

)
=

[
f
(
θ̂k−1, t1

)
, f

(
θ̂k−1, t2

)
, . . . , f

(
θ̂k−1, tL

)]T

, (13)

ϕ̂k (ti ) = ϕ
(
θ̂k−1, ti

)

=
[
− cos

(
ω̂1,k−1ti + φ̂k−1

)
, − cos

(
ω̂2,k−1ti + ψ̂k−1

)
,
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âk−1ti sin
(
ω̂1,k−1ti + φ̂k−1

)
,

b̂k−1ti sin
(
ω̂2,k−1ti + ψ̂k−1

)
, âk−1 sin

(
ω̂1,k−1ti + φ̂k−1

)
,

b̂k−1 sin
(
ω̂2,k−1ti + ψ̂k−1

)]T

, (14)

f̂k (ti ) = f
(
θ̂k−1, ti

)

= âk−1 cos
(
ω̂1,k−1ti + φ̂k−1

)
+ b̂k−1 cos

(
ω̂2,k−1ti + ψ̂k−1

)
, (15)

H
(
θ̂k−1

)
=

⎡

⎢⎢⎢⎢⎢⎢⎣

h11
(
θ̂k−1

)
h12

(
θ̂k−1

)
· · · h16

(
θ̂k−1

)

h21
(
θ̂k−1

)
h22

(
θ̂k−1

)
· · · h26

(
θ̂k−1

)

...
...

...

h61
(
θ̂k−1

)
h62

(
θ̂k−1

)
· · · h66

(
θ̂k−1

)

⎤

⎥⎥⎥⎥⎥⎥⎦
, (16)

h11
(
θ̂k−1

)
=

L∑

i=1

cos2
(
ω̂1,k−1ti + φ̂k−1

)
, (17)

h12
(
θ̂k−1

)
=

L∑

i=1

cos
(
ω̂1,k−1ti + φ̂k−1

)
cos

(
ω̂2,k−1ti + ψ̂k−1

)
, (18)

h13
(
θ̂k−1

)
=

L∑

i=1

ti sin
(
ω̂1,k−1ti + φ̂k−1

) [
y (ti ) − b̂k−1 cos

(
ω̂2,k−1ti + ψ̂k−1

)]

− âk−1ti sin
(
2ω̂1,k−1ti + 2φ̂k−1

)
, (19)

h14
(
θ̂k−1

)
= −

L∑

i=1

b̂k−1ti cos
(
ω̂1,k−1ti + φ̂k−1

)
sin

(
ω̂2,k−1ti + ψ̂k−1

)
, (20)

h15
(
θ̂k−1

)
=

L∑

i=1

sin
(
ω̂1,k−1ti + φ̂k−1

) [
y (ti ) − b̂k−1 cos

(
ω̂2,k−1ti + ψ̂k−1

)]

− sin
(
2ω̂1,k−1ti + 2φ̂k−1

)
, (21)

h16
(
θ̂k−1

)
= −

L∑

i=1

b̂k−1 cos
(
ω̂1,k−1ti + φ̂k−1

)
sin

(
ω̂2,k−1ti + ψ̂k−1

)
, (22)

h22
(
θ̂k−1

)
=

L∑

i=1

cos2
(
ω̂2,k−1ti + ψ̂k−1

)
, (23)

h23
(
θ̂k−1

)
= −

L∑

i=1

âk−1ti cos
(
ω̂2,k−1ti + ψ̂k−1

)
sin

(
ω̂1,k−1ti + φ̂k−1

)
, (24)

h24
(
θ̂k−1

)
=

L∑

i=1

ti sin
(
ω̂2,k−1ti + ψ̂k−1

) [
y (ti ) − âk−1 cos

(
ω̂1,k−1ti + φ̂k−1

)]

− b̂k−1ti sin
(
2ω̂2,k−1ti + 2ψ̂k−1

)
, (25)



3258 Circuits, Systems, and Signal Processing (2019) 38:3251–3268

h25
(
θ̂k−1

)
= −

L∑

i=1

âk−1 sin
(
ω̂1,k−1ti + φ̂k−1

)
cos

(
ω̂2,k−1ti + ψ̂k−1

)
, (26)

h26
(
θ̂k−1

)
=

L∑

i=1

sin
(
ω̂2,k−1ti + ψ̂k−1

) [
y (ti ) − âk−1 cos

(
ω̂1,k−1ti + φ̂k−1

)]

− sin
(
2ω̂2,k−1ti + 2ψ̂k−1

)
, (27)

h33
(
θ̂k−1

)
=

L∑

i=1

−âk−1b̂k−1t
2
i cos

(
ω̂1,k−1ti + φ̂k−1

)
cos

(
ω̂2,k−1ti + ψ̂k−1

)

+ âk−1t
2
i y (ti ) cos

(
ω̂1,k−1ti + φ̂k−1

)

− â2k−1t
2
i cos

(
2ω̂1,k−1ti + 2φ̂k−1

)
, (28)

h34
(
θ̂k−1

)
=

L∑

i=1

âk−1b̂k−1t
2
i sin

(
ω̂1,k−1ti + φ̂k−1

)
sin

(
ω̂2,k−1ti + ψ̂k−1

)
, (29)

h35
(
θ̂k−1

)
=

L∑

i=1

−âk−1b̂k−1ti cos
(
ω̂1,k−1ti + φ̂k−1

)
cos

(
ω̂2,k−1ti + ψ̂k−1

)

+ âk−1ti cos
(
ω̂1,k−1ti + φ̂k−1

)
y (ti )

− â2k−1ti cos
(
2ω̂1,k−1ti + 2φ̂k−1

)
, (30)

h36
(
θ̂k−1

)
=

L∑

i=1

âk−1b̂k−1ti sin
(
ω̂1,k−1ti + φ̂k−1

)
sin

(
ω̂2,k−1ti + ψ̂k−1

)
, (31)

h44
(
θ̂k−1

)
=

L∑

i=1

−âk−1b̂k−1t
2
i cos

(
ω̂2,k−1ti + ψ̂k−1

)
cos

(
ω̂1,k−1ti + φ̂k−1

)

− b̂2k−1t
2
i cos

(
2ω̂2,k−1ti + 2ψ̂k−1

)

+ b̂k−1t
2
i cos

(
ω̂2,k−1ti + ψ̂k−1

)
y (ti ) , (32)

h45
(
θ̂k−1

)
=

L∑

i=1

âk−1b̂k−1ti sin
(
ω̂2,k−1ti + ψ̂k−1

)
sin

(
ω̂1,k−1ti + φ̂k−1

)
, (33)

h46
(
θ̂k−1

)
=

L∑

i=1

−âk−1b̂k−1ti cos
(
ω̂2,k−1ti + ψ̂k−1

)
cos

(
ω̂1,k−1ti + φ̂k−1

)

+ b̂k−1ti cos
(
ω̂2,k−1ti + ψ̂k−1

)
y (ti )

− b̂2k−1ti cos
(
2ω̂2,k−1ti + 2ψ̂k−1

)
, (34)

h55
(
θ̂k−1

)
=

L∑

i=1

−âk−1b̂k−1 cos
(
ω̂1,k−1ti + φ̂k−1

)
cos

(
ω̂2,k−1ti + ψ̂k−1

)

+ âk−1 cos
(
ω̂1,k−1ti + φ̂k−1

)
y (ti ) − â2k−1 cos

(
2ω̂1,k−1ti + 2φ̂k−1

)
, (35)
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h56
(
θ̂k−1

)
=

L∑

i=1

âk−1b̂k−1 sin
(
ω̂1,k−1ti + φ̂k−1

)
sin

(
ω̂2,k−1ti + ψ̂k−1

)
, (36)

h66
(
θ̂k−1

)
=

L∑

i=1

−âk−1b̂k−1 cos
(
ω̂2,k−1ti + ψ̂k−1

)
cos

(
ω̂1,k−1ti + φ̂k−1

)

+ b̂k−1 cos
(
ω̂2,k−1ti + ψ̂k−1

)
y (ti ) − b̂2k−1 cos

(
2ω̂2,k−1ti + 2ψ̂k−1

)
, (37)

hmn

(
θ̂k−1

)
= hnm

(
θ̂k−1

)
, 1 = n < m � 6, (38)

θ̂k =
[
âk , b̂k , ω̂1,k , ω̂2,k , φ̂k , ψ̂k

]T

. (39)

The steps of the NI algorithm for computing θ̂k are listed as follows.

1. To initialize, let k = 1, θ̂0 = 16/p0, and give a small number ε.
2. Collect the observed data y(ti ) and u(ti ), i = 1, 2, . . . , L , form Y(L) by (11).
3. Form the information vector ϕ̂k(ti ) using (14), the stacked information matrix Φ̂k

using (12).
4. Form f̂k(ti ) using (15) and the stacked model output vector F̂k using (13).
5. Compute hmn(θ̂k−1) by (17)–(38), 1 = n < m � 6, form the Hessian matrix

H(θ̂k−1) by (16).
6. Update the estimate θ̂k by (39).
7. Compare θ̂k with θ̂k−1, if ‖θ̂k − θ̂k−1‖ > ε, then increase k by 1, and go to Step

3; otherwise, obtain the estimate θ̂k and terminate this procedure.

Remark 2 The NI algorithm is an effective parameter estimation algorithm; however,
it must calculate the inverse of the Hessian matrix at each iteration, which requires
much computational cost. The following will derive a hierarchical least squares and
gradient-based iterative algorithm, which not only ameliorates the estimation accuracy
but also improves the computational efficiency.

4 The Hierarchical Iterative Algorithm

Inspired initially by the hierarchical control for large-scale systems based on the
decomposition–coordination principle, we derive a hierarchical identification algo-
rithm for the parameter estimation problem in this paper. According to the parameter
decomposition, the original optimization problem is transformed into a combination
of the nonlinear optimization and the linear optimization. In this way, the computa-
tional complexity is reduced greatly. The hierarchical method can be devoted to signal
processing [44,47], nonlinear systems [26,31,52–54], and other fields [10,11,25].

Define three parameter vectors α := [a, b]T ∈ R
2, ω := [ω1, ω2]T ∈ R

2 and
β := [φ,ψ]T ∈ R

2. The information vector with respect to α can be written as

ϕα(ti ) = [− cos(ω1ti + φ),− cos(ω2ti + ψ)]T ∈ R
2.
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Define the information matrix with respect to α as

Φα(L) := [ϕα(t1),ϕα(t2), . . . ,ϕα(tL)]T ∈ R
2×L .

Define three criterion functions:

J2(α) := 1

2
‖Y(L) − Φα(L)α‖2,

J3(ω) := 1

2

L∑

i=1

e2(ω, ti ),

J4(β) := 1

2

L∑

i=1

e2(β, ti ),

where e(ω, ti )=e(β, ti ):=y(ti ) − a cos(ω1ti + φ) − b cos(ω2ti + ψ). Letting the first-
order derivative of J2(α) with respect to α be zero, we have

∂ J2(α)

∂α
= −ΦT

α(L)[Y(L) − Φα(L)α] = 0.

The least squares (LS) solution is given by

α = [ΦT
α(L)Φα(L)]−1Φα(L)Y(L). (40)

Unfortunately, there are the unknown termsω1,ω2, φ, andψ inΦα(L). The parameter
estimates cannot be obtained.

Taking the first-order derivative of J3(ω) with respect to ω gives

grad[J3(ω)] = ∂ J3(ω)

∂ω
=

[
∂ J3(ω)

∂ω1
,
∂ J3(ω)

∂ω2

]T

∈ R
2.

Taking the first-order derivative of J3(β) with respect to β gives

grad[J4(β)] = ∂ J4(β)

∂β
=

[
∂ J4(β)

∂φ
,
∂ J4(β)

∂ψ

]T

∈ R
2.

Let ω̂k := [ω̂1,k, ω̂2,k]T be the estimate of ω at iteration k and β̂k := [φ̂k, ψ̂k]T ∈ R
2

be the estimate of β at iteration k. The gradient-based iterative (GI) algorithm for
estimating the parameter vector ω is given as follows:

ω̂k = ω̂k−1 − νkgrad[J3(ω̂k−1)],
grad[J3(ω̂k−1)] =

[
∂ J3(ω̂k−1)

∂ω1
,
∂ J3(ω̂k−1)

∂ω2

]T

∈ R
2. (41)
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and the GI parameter estimation algorithm for estimating the parameter vector β is
given as follows:

β̂k = β̂k−1 − λkgrad[J4(β̂k−1)],

grad[J4(β̂k−1)] =
[

∂ J4(β̂k−1)

∂φ
,
∂ J4(β̂k−1)

∂ψ

]T

∈ R
2, (42)

where two step sizes νk and λk can be determined by using the one-dimensional
search. Here, we replace the unknown parameter vectors α, ω, and β in (40), (41),
and (42) with their previous estimates and obtain the hierarchical least squares and
gradient-based iterative (HI) algorithm for the dual-frequency signals:

α̂k =
[
Φ̂

T

α,k−1 (L) Φ̂α,k−1 (L)
]−1

Φ̂α,k−1 (L)Y , (43)

ω̂k = ω̂k−1 − νkgrad[J3
(
ω̂k−1

)], (44)

β̂k = β̂k−1 − λkgrad[J4
(
β̂k−1

)
], (45)

Y (L) = [y (t1) , y (t2) , . . . , y (tL)]T, (46)

Φ̂α,k−1 (L) = [
ϕ̂α,k−1 (t1) , ϕ̂α,k−1 (t2) , . . . , ϕ̂α,k−1 (tL)

]T
, (47)

ϕ̂α,k−1 (ti ) =
[
− cos

(
ω̂1,k−1ti + φ̂k−1

)
,− cos

(
ω̂2,k−1ti + ψ̂k−1

)]T

, (48)

grad
[
J3

(
ω̂k−1

)] =
[

∂ J3
(
ω̂k−1

)

∂ω1
,
∂ J3

(
ω̂k−1

)

∂ω2

]T

, (49)

νk = argmin J3
(
ω̂k−1 − νgrad[J3

(
ω̂k−1

)]) , (50)

grad
[
J4

(
β̂k−1

)]
=

⎡

⎣
∂ J4

(
β̂k−1

)

∂φ
,
∂ J4

(
β̂k−1

)

∂ψ

⎤

⎦
T

, (51)

λk = argmin J4
(
β̂k−1 − λgrad

[
J4

(
β̂k−1

)])
, (52)

θ̂k =
[
α̂

T

k, ω̂
T

k, β̂
T

k

]T

. (53)

The steps of the HI algorithm in (43)–(53) for dual-frequency signals are as follows.

1. To initialize, let k = 1, α̂0 = 12/p0, let ω̂0 and β̂0 be small real number vectors,
give a small number ε.

2. Collect the observed data y(ti ) and u(ti ), i = 1, 2, . . . , L , and form Y(L) by (46).
3. Form the information vector ϕ̂α,k−1(ti ) using (48) and the stacked information

matrix Φ̂α,k−1(L) using (47).

4. Compute ∂ J3(ω̂k−1)
∂ωi

, i = 1, 2, using (49) and form grad[J3(ω̂k−1)].
5. Compute ∂ J4(β̂k−1)

∂φ
, ∂ J4(β̂k−1)

∂ψ
using (51) and form grad[J4(β̂k−1)].

6. Select the step sizes νk by (50) and λk by (52).
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Fig. 1 NI and GI estimation errors δ versus k

7. Update the estimate α̂k by (43), update the estimate ω̂k by (44), and update the
estimate β̂k using (45). Form θ̂k using (53).

8. If ‖θ̂k − θ̂k−1‖ > ε, then increase k by 1, and go to Step 3; otherwise, obtain the
estimate θ̂k and terminate this procedure.

5 Examples

Example 1 Consider the following dual-frequency cosine signal model:

y(t) = 1.48 cos(0.2t + 2π/15) + 2.25 cos(0.55t + π/4) + v(t).

The parameter vector to be estimated is

θ = [a, b, ω1, ω2, φ, ψ]T = [1.48, 2.25, 0.20, 0.55, 2π/15, π/4]T.

In simulation, the white noise signal v(t) with variance σ 2 = 1.002 is added to
the cosine combination signal. Set the sampling period T = 0.01 s, t = nT , n =
1, 2, 3, . . ., let the iterative time k = 500, the data length L = 2000. Apply the GI
algorithm and the NI algorithm to estimate the parameter vector θ . The parameter
estimation errors δ := ‖θ̂k − θ‖/‖θ‖ × 100% versus k are illustrated in Fig. 1, and
the parameter estimates and their estimation errors are exhibited in Table 1.

From the comparison of the GI algorithm and the NI algorithm, we can draw the
following conclusions:

– The parameter estimation errors obtained by theGI algorithm and theNI algorithm
gradually decrease as iteration k increases.
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Table 1 GI and the NI estimates and errors

Algorithms k a b ω1 ω2 φ ψ δ (%)

GI 1 1.92278 3.14706 0.22793 0.72470 0.52167 − 0.98430 35.91961

2 1.92207 3.14427 0.19645 0.69311 0.51999 − 0.98757 35.66197

5 1.92055 3.14007 0.18202 0.58728 0.51977 − 0.99580 35.25432

100 1.88120 3.06929 0.21321 0.56784 0.51635 − 0.98358 32.41767

200 1.84200 2.99814 0.21216 0.56649 0.50975 − 0.96985 29.57100

500 1.73574 2.80346 0.20927 0.56275 0.48835 − 0.93174 21.78905

NI 1 1.98755 2.27276 0.15553 0.61568 1.17722 − 1.36504 37.43558

2 1.04531 2.42861 0.23960 0.57526 0.13061 − 0.95151 19.94760

5 1.40530 2.33337 0.20962 0.57020 0.43107 − 0.94600 6.81644

100 1.46069 2.24935 0.20336 0.55343 0.39295 − 0.82523 1.77920

200 1.46554 2.24529 0.20326 0.55228 0.38788 − 0.81589 1.59634

500 1.46979 2.24272 0.20332 0.55143 0.38299 − 0.80867 1.54416

True values 1.48000 2.25000 0.20000 0.55000 0.41888 0.78540
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Fig. 2 Measured data y(ti ) (σ
2 = 1.002)

– The NI parameter estimates approach their true values only in the dozens of iter-
ations.

– Table 1 and Fig. 1 show that the NI algorithm has more accurate parameter esti-
mates than those of the GI algorithm under the same condition.

Example 2 Consider the signal model in Example 1. In this simulation, the sampling
period is 0.1s and the iterative time k = 100; v(t) is the noise with zero mean and
variances σ 2 = 0.502 and σ 2 = 1.002, respectively. The distribution of the measured
data is shown in Fig. 2.
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Table 2 HI estimates and errors

σ 2 k a b ω1 ω2 φ ψ δ (%)

1.002 1 1.71090 3.17709 0.45289 0.71831 0.22708 0.52635 33.11422

2 1.67880 3.07949 0.44895 0.72404 0.22562 0.52828 29.56938

5 1.62914 2.92850 0.44278 0.73301 0.22333 0.53130 24.09133

10 1.58879 2.80580 0.43770 0.74040 0.22145 0.53379 19.64958

20 1.54753 2.68037 0.43243 0.74806 0.21949 0.53636 15.12653

50 1.49278 2.51392 0.42533 0.75839 0.21686 0.53984 9.19887

100 1.45165 2.38886 0.41991 0.76627 0.21485 0.54249 4.97134

0.502 1 1.70814 3.15935 0.45286 0.71912 0.22712 0.52655 32.49730

2 1.67468 3.05302 0.44891 0.72525 0.22568 0.52858 28.64766

5 1.62290 2.88850 0.44272 0.73486 0.22342 0.53175 22.69714

10 1.58083 2.75481 0.43761 0.74278 0.22156 0.53436 17.87076

20 1.53782 2.61813 0.43232 0.75098 0.21963 0.53707 12.95545

50 1.48075 2.43677 0.42520 0.76204 0.21703 0.54072 6.53725

100 1.43787 2.30050 0.41975 0.77048 0.21504 0.54351 2.39653

True values 1.48000 2.25000 0.20000 0.55000 0.41888 0.78540
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Fig. 3 HI estimation errors δ versus k

Apply the HI algorithm in (43)–(53) to estimate the parameter vectors α, ω, and β

of the dual-frequency signal model. The parameter estimates and errors δ are shown in
Table 2 and Fig. 3. In order to test the effectiveness of the estimated signal, the actual
signal and its estimates are drawn in Fig. 4, where the solid line denotes the actual
signal and the dot line denotes its estimates.
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Fig. 4 Actual signal and its estimates (σ 2 = 1.002)

From Fig. 3, we can see that the parameter estimation errors δ obtained by the
HI algorithm become small with k increasing. As the noise levels decrease, the HI
algorithm can give more accurate parameter estimates; see the parameter estimation
errors in the last column in Table 2 and the error curves in Fig. 3.

6 Conclusions

This paper presents a hierarchical least squares and gradient-based iterative algorithm
to estimate all parameters of dual-frequency signal models from the observed data.
The simulation results indicate that the proposed algorithm can improve the parameter
estimation accuracy and reduce the computational burden. Similarly, the idea can be
extended to estimate the parameters of multi-frequency signals and applied to signal
detection and reconstruction, as well as in signal processing. The proposed algorithms
in this paper can combine other methods such as the neural network methods [8,27]
and the kernel methods [16,24] to study parameter identification of different systems
[6,7,13–15,18,19,23,28,38,45,58] and can be applied to other fields [17,33,36,39,46,
55–57].
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