
Circuits Syst Signal Process (2019) 38:590–610
https://doi.org/10.1007/s00034-018-0871-z

Auxiliary Model-Based Recursive Generalized Least
Squares Algorithm for Multivariate Output-Error
Autoregressive Systems Using the Data Filtering

Qinyao Liu1 · Feng Ding1,2

Received: 18 July 2017 / Revised: 2 June 2018 / Accepted: 4 June 2018 / Published online: 13 June 2018
© Springer Science+Business Media, LLC, part of Springer Nature 2018

Abstract This paper focuses on the parameter estimation problem of multivariate
output-error autoregressive systems. Based on the data filtering technique and the
auxiliary model identification idea, we derive a filtering-based auxiliary model recur-
sive generalized least squares algorithm. The key is to filter the input–output data and
to derive two identification models, one of which includes the system parameters and
the other contains the noise parameters. Compared with the auxiliary model-based
recursive generalized least squares algorithm, the proposed algorithm requires less
computational burden and can generate more accurate parameter estimates. Finally,
an illustrative example is provided to verify the effectiveness of the proposed algo-
rithm.

Keywords Filtering technique · Parameter estimation · Recursive least squares ·
Multivariate system · Auxiliary model

1 Introduction

Parameter estimation and system identification can be used tomany areas [2,16,18,53]
such as signal modeling [41,42]. Modeling is always the first step when one tries to
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design a control system [54], and the model quality directly affects the performance
of the entire control system [9,46]. System identification, which mainly includes the
parameter identification [6,43,44] and the state estimation and filtering [12,17,57], is
themethodology of systemmodeling and has been used in linear systems and nonlinear
systems [5,19,40]. Recently, Greblicki, and Pawlak presented a nearest neighbor algo-
rithm for Hammerstein systems and established the optimal convergence rate which
is independent of the shape of the input density [14]. Li et al. gave the input–output
representation of a bilinear system through eliminating the state variables and derived
an iterative algorithm by using the maximum likelihood principle [21]. Other methods
can be found in [3,10,11,22,24,34,37,55]. It is well known that multivariable sys-
tems, i.e., multi-input multi-output (MIMO) systems, are frequently encountered in
practical engineering. However, multivariable systems have large dimensions, com-
plex strictures and coupled relations between inputs and outputs [39]. Therefore, the
identification for multivariable systems is important and has attracted a lot of attention
[33,56]. For MIMO systems with unknown inner variables, an auxiliary model-based
algorithm was studied by means of the iterative search principle [4]. Multivariable
systems have many categories and multivariate systems are a class of multivariable
systems, which can describe not only linear systems but also nonlinear systems.

The least squares is a conventional method and plays an important role in system
identification [1,45]. The basic idea is to define and minimize a quadratic function and
to get the minimum solution [35]. However, the recursive least squares (RLS) algo-
rithm has a heavy computational burden due to the calculation of the inversion of the
covariance matrix. In this paper, we employ the data filtering technique to improve the
performance of the RLS algorithm [8]. By filtering the input–output data, the original
system is divided into two subsystemswith fewer variables. Then the dimensions of the
involved covariance matrices in each subsystem become smaller than the original sys-
tem [20]. Moreover, the filtering technique can reduce the parameter estimation errors
[38]. For example, a decomposition-based iterative algorithm was developed for mul-
tivariate pseudo-linear autoregressive moving average systems using the data filtering,
and this algorithm had less computational burden and higher estimation accuracy com-
pared with the least squares-based iterative algorithm [7]. In the previous work [31],
we combined the data filtering technique and the multi-innovation theory to improve
the performance of the stochastic gradient algorithm.

This paper studies the parameter estimation methods for multivariate output-error
systems with autoregressive noise (i.e., colored noise). In order to reduce the influence
of the colored noise on the parameter estimation accuracy, we modify the RLS algo-
rithm by employing the data filtering technique and the auxiliary model. In addition,
the data filtering technique can improve the computational efficiency. The main idea
is to use a filter to filter the input–output data; then the system can be transformed into
two models: a multivariate output-error model with white noise and an autoregressive
noise model. To cope with the unknown variables in the identification models, we
establish the auxiliary models and replace the unknown variables in the algorithm
with the outputs of the auxiliary models. The main contributions of this paper are in
the following aspects.
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– A filtering-based auxiliary model recursive generalized least squares (F-AM-
RGLS) algorithm is derived for multivariate output-error autoregressive systems
by using the data filtering and the auxiliary model.

– TheF-AM-RGLSalgorithmhas smaller parameter estimation errors than the auxil-
iarymodel-based recursive generalized least squares (AM-RGLS) algorithmunder
the same noise levels.

– The F-AM-RGLS algorithm has higher computational efficiency than the AM-
RGLS algorithm.

The rest of this paper is organized as follows. In Sect. 2,we give somedefinitions and
the identificationmodel formultivariate output-error autoregressive systems. Section 3
employs the datafiltering technique to derive two identificationmodels andpresents the
F-AM-RGLS algorithm. Section 4 proposes the AM-RGLS algorithm for comparison.
An illustrative example is shown to verify the effectiveness of the proposed algorithms
in Sect. 5. Finally, we offer some concluding remarks in Sect. 6.

2 The System Description

Some symbols are introduced. “A =: X ′′ or “X := A′′ stands for “A is defined as
X ′′; the superscript T stands for the vector/matrix transpose; the symbol In denotes
an identity matrix of size n × n; 1n stands for an n-dimensional column vector whose
elements are 1; 1m×n represents a matrix of size m × n whose elements are 1; the
symbol ⊗ represents the Kronecker product, for example, A := ai j ∈ R

m×n , B :=
bi j ∈ R

p×q , A ⊗ B = [ai j B] ∈ R
(mp)×(nq), in general, A ⊗ B �= B ⊗ A; col[X]

is defined as a vector consisting of all columns of matrix X arranged in order, for
example, X := [x1, x2, . . . , xn] ∈ R

m×n , xi ∈ R
m (i = 1, 2, . . . , n), col[X] :=

[xT
1, x

T
2, . . . , x

T
n] ∈ R

mn ; ϑ̂(t) denotes the estimate of ϑ at time t ; the norm of a
matrix (or a column vector) X is defined by ‖X‖2 := tr[XXT].

Consider the following multivariate output-error system,

y(t) = Φs(t)

A(z)
θ + w(t), (1)

where y(t) := [y1(t), y2(t), . . . , ym(t)]T ∈ R
m is the output vector of the system,

Φs(t) ∈ R
m×n is the information matrix which can be linear or nonlinear function

of the past input–output data u(t − i) and y(t − i), θ ∈ R
n is the parameter vector

to be identified and A(z) is a polynomial in the unit backward shift operator z−1

[z−1y(t) = y(t − 1)], and

A(z) := 1 + a1z
−1 + a2z

−2 + · · · + ana z
−na , ai ∈ R,

w(t) := [w1(t), w2(t), . . . , wm(t)]T ∈ R
m is a disturbance vector. In general, w(t)

includes several special cases, (a) w(t) is a stochastic white noise process with zero
mean; (b) w(t) is an autoregressive (AR) process; (c) w(t) is a moving average (MA)
process; (d) w(t) is an ARMA process. In this paper, w(t) is taken as an AR process
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of the white noise vector v(t) := [v1(t), v2(t), . . . , vm(t)]T ∈ R
m , and there are still

two cases for the description of the AR noise term,
Case 1: w(t) := 1

C(z)v(t), where C(z) is a scalar polynomial and expressed as

C(z) := 1 + c1z
−1 + c2z

−2 + · · · + cnc z
−nc , ci ∈ R.

Case 2: w(t) := C−1(z)v(t), where C(z) is a matrix polynomial and expressed as

C(z) := Im + C1z
−1 + C2z

−2 + · · · + Cnc z
−nc , C i ∈ R

m×m .

Case 2 is chosen to derive the identification models and identification algorithms in
this paper. Assume that the ordersm, n, na , and nc are known and y(t) = 0,Φs(t) = 0
and v(t) = 0 for t � 0.

Define the parameter vectors a and θ s and parameter matrix θc as

a := [a1, a2, . . . , ana ]T ∈ R
na ,

θ s := [θ T, aT]T ∈ R
n+na ,

θc := [C1,C2, . . . ,Cnc ]T ∈ R
(mnc)×m,

and the information matrices φa(t) and Φ(t), and parameter vector φc(t) as

φa(t) := [−x(t − 1),−x(t − 2), . . . ,−x(t − na)] ∈ R
m×na ,

Φ(t) := [Φs(t), φa(t)] ∈ R
m×(n+na),

φc(t) := [−wT(t − 1),−wT(t − 2), . . . ,−wT(t − nc)]T ∈ R
(mnc).

Then w(t) in Case 2 can be expressed as

w(t) = C−1(z)v(t)

= [Im − C(z)]w(t) + v(t) (2)

= −C1w(t − 1) − C2w(t − 2) − · · · − Cncw(t − nc) + v(t)

= θ T
cφc(t) + v(t). (3)

Define an intermediate variable:

x(t) := Φs(t)

A(z)
θ

= [1 − A(z)]x(t) + Φs(t)θ

= −
na∑

j=1

a j x(t − j) + Φs(t)θ

= Φs(t)θ + φa(t)a

= Φ(t)θ s. (4)
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Substituting (2)–(4) into (1), we can obtain

y(t) = x(t) + w(t) (5)

= Φ(t)θ s + C−1(z)v(t) (6)

= Φ(t)θ s + θ T
cφc(t) + v(t). (7)

Equation (7) is the hierarchical identification model for the multivariate output-error
autoregressive (M-OEAR) system in (1). Observing (7), we can see that there is not
only a system parameter vector θ s to be identified, but also a noise model parameter
matrix θc to be identified. The objective of this paper is to derive a new recursive
algorithm for the M-OEAR system by using the auxiliary model and the data filtering.

3 The Filtering-Based Auxiliary Model Recursive Generalized Least
Squares Algorithm

From (5), we can see that the output y(t) contains the colored noise w(t), which leads
to large parameter estimation errors. In this section, we use a filter L(z) = C(z) to
filter the input and output data and derive an F-AM-RGLS algorithm for theM-OEAR
system to improve the parameter estimation accuracy.

For the M-OEAR system in (1), multiplying the both sides of (1) by C(z) gives

C(z) y(t) = C(z)
Φs(t)

A(z)
θ + C(z)w(t)

= C(z)
Φs(t)

A(z)
θ + v(t). (8)

Define the filtered output vector yf(t) and the filtered information matrix Φfs(t) as

yf(t) := C(z) y(t) ∈ R
m,

Φfs(t) := C(z)Φs(t) ∈ R
m×n,

which can be expressed as the following recursive forms:

yf(t) = C(z) y(t)

= y(t) + C1 y(t − 1) + C2 y(t − 2) + · · · + Cnc y(t − nc)

= y(t) + θ T
cφy(t), (9)

Φfs(t) = C(z)Φs(t)

= Φs(t) + C1Φs(t − 1) + C2Φs(t − 2) + · · · + CncΦs(t − nc)

= Φs(t) + θ T
cΨ s(t), (10)
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where

φy(t) :=

⎡

⎢⎢⎢⎣

y(t − 1)
y(t − 2)

...

y(t − nc)

⎤

⎥⎥⎥⎦ ∈ R
(mnc),

Ψ s(t) :=

⎡

⎢⎢⎢⎣

Φs(t − 1)
Φs(t − 2)

...

Φs(t − nc)

⎤

⎥⎥⎥⎦ ∈ R
(mnc)×n .

Then Eq. (8) can be rewritten as

yf(t) = Φfs(t)

A(z)
θ + v(t). (11)

Define an inner variable:

xf(t) := Φfs(t)

A(z)
θ

= [1 − A(z)]xf(t) + Φfs(t)θ

= −
na∑

j=1

a j xf(t − j) + Φfs(t)θ

= Φf(t)θ s ∈ R
m, (12)

where

Φf(t) := [Φfs(t),−xf(t − 1),−xf(t − 2), . . . ,−xf(t − na)] ∈ R
m×(n+na).

Substituting (12) into (11) gives

yf(t) = Φf(t)θ s + v(t). (13)

For the filtered identification model (13) and the noise identification model (3), define
two quadratic functions:

J1(θ s) :=
t∑

j=1

‖ yf( j) − Φf( j)θ s‖2,

J2(θc) :=
t∑

j=1

‖w( j) − θ T
cφc( j)‖2.
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Based on the least squares principle [32], minimizing J1(θ s) and J2(θc) gives

θ̂ s(t) = θ̂ s(t − 1) + L1(t)[ yf(t) − Φf(t)θ̂ s(t − 1)], (14)

L1(t) = P1(t)Φ
T
f(t)

= P1(t − 1)ΦT
f(t)[Im + Φf(t)P1(t − 1)ΦT

f(t)]−1, (15)

P1(t) = [In+na − L1(t)Φf(t)]P1(t − 1), (16)

θ̂c(t) = θ̂c(t − 1) + L2(t)[w(t) − θ̂
T

c(t − 1)φc(t)]T, (17)

L2(t) = P2(t − 1)φc(t)[1 + φT
c(t)P2(t − 1)φc(t)]−1, (18)

P2(t) = [Imnc − L2(t)φ
T
c(t)]P2(t − 1). (19)

As we can see, Eqs. (14)–(19) cannot generate the estimates θ̂ s(t) and θ̂c(t), because
the filter C(z) is unknown, then the filtered output vector yf(t) and the filtered matrix
Φf(t) are unknown. In addition, the information matrix φa(t) and the information
vector φc(t) contain the unknown terms x(t − i) and w(t − i). Here, we establish the
appropriate auxiliary models and use their outputs xa(t − i), ŵ(t − i), and xfa(t − i)
to replace the unknown variables x(t − i), w(t − i), and xf(t − i). Then the estimates
φ̂a(t) and φ̂c(t) of φa(t) and φc(t) can be formed by xa(t − i) and ŵ(t − i) as

φ̂a(t) := [−xa(t − 1),−xa(t − 2), . . . ,−xa(t − na)] ∈ R
m×na ,

φ̂c(t) := [−ŵ
T
(t − 1),−ŵ

T
(t − 2), . . . ,−ŵ

T
(t − nc)]T ∈ R

(mnc).

Similarly, we use xfa(t − i) and the estimate Φ̂fs(t) of Φfs(t) to define

Φ̂f(t) := [Φ̂fs(t),−xfa(t − 1),−xfa(t − 2), . . . ,−xfa(t − na)] ∈ R
m×(n+na).

Then we can get the estimate of Φ(t):

Φ̂(t) := [Φs(t), φ̂a(t)] ∈ R
m×(n+na).

According to (4)–(6), replacingΦ(t) and θ s with their estimates Φ̂(t) and θ̂ s(t) in (4),
the outputs xa(t) and ŵ(t) of the auxiliary models can be computed by

xa(t) = Φ̂(t)θ̂ s(t),

ŵ(t) = y(t) − Φ̂(t)θ̂ s(t)

= y(t) − xa(t).

From (12), we can obtain xfa(t) through

xfa(t) = Φ̂f(t)θ̂ s(t).

Use the parameter estimates θ̂c(t) := [Ĉ1(t), Ĉ2(t), . . . , Ĉnc (t)]T ∈ R
(mnc)×m of the

noise model to construct the estimate of C(z) as

Ĉ(t, z) = Im + Ĉ1(t)z
−1 + Ĉ2(t)z

−2 + · · · + Ĉnc (t)z
−nc .
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Replacing C(z) in (9), (10) with Ĉ(t, z), the estimates of the filtered output vector
yf(t) and the filtered information matrix Φfs(t) can be obtained by

ŷf(t) = Ĉ(t, z) y(t)

= y(t) + θ̂
T

c(t)φy(t),

Φ̂fs(t) = Ĉ(t, z)Φs(t)

= Φs(t) + θ̂
T

c(t)Ψ s(t).

Replace the unknown information matrix Φ(t), the information vector φc(t), the fil-
tered output vector yf(t), and the filtered informationmatrixΦf(t)with their estimates
Φ̂(t), φ̂c(t), ŷf(t), and Φ̂f(t) in (14)–(19), respectively. For convenience, define two
innovation vectors:

e1(t) := ŷf(t) − Φ̂f(t)θ̂ s(t − 1) ∈ R
m,

e2(t) := ŵ(t) − θ̂
T

c(t − 1)φ̂c(t)

= y(t) − Φ̂(t)θ̂ s(t − 1) − θ̂
T

c(t − 1)φ̂c(t) ∈ R
m .

Then, we can obtain the filtering-based auxiliary model recursive generalized least
squares (F-AM-RGLS) algorithm:

θ̂ s(t) = θ̂ s(t − 1) + L1(t)e1(t), (20)

e1(t) = ŷf(t) − Φ̂f(t)θ̂ s(t − 1), (21)

L1(t) = P1(t − 1)Φ̂
T

f(t)[Im + Φ̂f(t)P1(t − 1)Φ̂
T

f(t)]−1, (22)

P1(t) = [In+na − L1(t)Φ̂f(t)]P1(t − 1), (23)

θ̂c(t) = θ̂c(t − 1) + L2(t)eT
2(t), (24)

e2(t) = y(t) − Φ̂(t)θ̂ s(t − 1) − θ̂
T

c(t − 1)φ̂c(t), (25)

L2(t) = P2(t − 1)φ̂c(t)[1 + φ̂T
c(t)P2(t − 1)φ̂c(t)]−1, (26)

P2(t) = [Imnc − L2(t)φ̂
T
c(t)]P2(t − 1), (27)

Φ̂f(t) = [Φ̂fs(t),−xfa(t − 1),−xfa(t − 2), . . . ,−xfa(t − na)], (28)

ŷf(t) = y(t) + θ̂
T

c(t)φy(t), (29)

Φ̂fs(t) = Φs(t) + θ̂
T

c(t)Ψ s(t), (30)

φy(t) = [ yT(t − 1), yT(t − 2), . . . , yT(t − nc)]T, (31)

Ψ s(t) = [ΦT
s(t − 1),ΦT

s(t − 2), . . . ,ΦT
s(t − nc)]T, (32)

Φ̂(t) = [Φs(t), φ̂a(t)], (33)

φ̂a(t) = [−xa(t − 1),−xa(t − 2), . . . ,−xa(t − na)], (34)

φ̂c(t) = [−ŵ
T
(t − 1),−ŵ

T
(t − 2), . . . ,−ŵ

T
(t − nc)]T, (35)

xfa(t) = Φ̂f(t)θ̂ s(t), (36)

xa(t) = Φ̂(t)θ̂ s(t), (37)
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ŵ(t) = y(t) − xa(t), (38)

θ̂ s(t) = [θ̂ T
(t), âT

(t)]T, (39)

θ̂c(t) = [Ĉ1(t), Ĉ2(t), . . . , Ĉnc(t)]T. (40)

The steps involved in the F-AM-RGLS algorithm in (20)–(40) are listed as follows.

1. Set the initial values: let t = 1, θ̂ s(0) = 1n+na/p0, θ̂c(0) = 1(mnc)×m , P1(0) =
p0 In+na , P2(0) = p0 Imnc , xfa(t − i) = 1m/p0, xa(t − i) = 1m/p0, ŵ(t − i) =
1m/p0, i = 1, 2, . . ., max[na, nc], p0 = 106 and set a small positive number ε.

2. Collect the observation data y(t) and Φs(t), and construct the information vectors
and matrices φy(t), Ψ s(t), φ̂a(t), φ̂c(t) and Φ̂(t) using (31), (32), (34), (35), and
(33).

3. Compute L2(t), P2, and e2(t) using (26), (27), and (25).
4. Update the parameter estimation matrix θ̂c(t) using (24).
5. Compute the filtered output vector ŷf(t) by (29) and the filtered informationmatrix

Φ̂fs(t) by (30), and form Φ̂f(t) by (28).
6. Compute L1(t), P1(t), and e1(t) by (22), (23), and (21).
7. Update the parameter estimate θ̂ s(t) by (20).
8. Compute the outputs xfa(t), xa(t), and ŵ(t) by (36)–(38).
9. Compare θ̂ s(t)with θ̂ s(t −1) and compare θ̂c(t)with θ̂c(t −1): if ‖θ̂ s(t)− θ̂ s(t −

1)‖ < ε and ‖θ̂c(t) − θ̂c(t − 1)‖ < ε, terminate recursive calculation procedure
and obtain θ̂ s(t) and θ̂c(t); otherwise, increase t by 1 and go to Step 2.

The flowchart of computing θ̂ s(t) and θ̂c(t) in the F-AM-RGLS algorithm is shown
in Fig. 1.

Remark 1 To obtain the F-AM-RGLS algorithm in (20)–(40), we use the matrix poly-
nomial Ĉ(t, z) to filter the input–output data and derive a filtered model with the
white noise and a noise model. As for the calculation procedure, the F-AM-RGLS
algorithm identifies the noise parameter matrix θ̂c(t) first and constructs the filtered
output vector ŷf(t) and the filtered information matrix Φ̂fs(t) before calculating the
system parameter vector θ̂ s(t).

4 The Auxiliary Model-Based Recursive Generalized Least Squares
Algorithm

As a comparison, this section gives the AM-RGLS algorithm to show the advantages
of the F-AM-RLS algorithm in (20)–(40). For the identification model in (7), combine
the information matrix Φ(t) and the information vector φc(t) into a new information
matrixΨ (t), and the parameter vector θ s and the parameter matrix θc into a parameter
vector ϑ :

Ψ (t) := [Φ(t), Im ⊗ φT
c(t)] ∈ R

m×n1 , n1 := n + na + m2nc,

ϑ :=
[

θ s
col[θc]

]
∈ R

n1 .
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Start: let t = 1 and set ε

Collect y(t) and Φs(t), form φy(t)

Ψ s(t), φ̂a(t), φ̂c(t) and Φ̂(t)

Compute L2(t), P 2(t) and e2(t)

Update the estimation matrix θ̂c(t)

Compute ŷf(t) and Φ̂fs(t), form Φ̂f(t)

Compute L1(t), P 1(t) and e1(t)

Update the estimation vector θ̂s(t)

t := t + 1

Read θ̂(t) and â(t) from θ̂s(t)

Compute xfa(t), xa(t) and ŵ(t)

Noθ̂s(t) − θ̂s(t − 1) < ε and

θ̂c(t) − θ̂c(t − 1) < ε?

Yes

Obtain the estimate θ̂s(t) and θ̂c(t)

End

Fig. 1 The flowchart of computing the F-AM-RGLS parameter estimates θ̂ s(t) and θ̂c(t)

Then, we have the following identification model

y(t) = Ψ (t)ϑ + v(t). (41)
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The parameter vector ϑ contains all parameters to be estimated. Referring to the
derivation of the F-AM-RGLS algorithm in (20)–(40), we can obtain the following
AM-RGLS algorithm:

ϑ̂(t) = ϑ̂(t − 1) + L(t)[ y(t) − Ψ̂ (t)ϑ̂(t − 1)], (42)

L(t) = P(t − 1)Ψ̂
T
(t)[Im + Ψ̂ (t)P(t − 1)Ψ̂

T
(t)]−1, (43)

P(t) = [In1 − L(t)Ψ̂ (t)]P(t − 1), (44)

Ψ̂ (t) = [Φ̂(t), Im ⊗ φ̂T
c(t)], (45)

Φ̂(t) = [Φs(t), φ̂a(t)], (46)

φ̂a(t) = [−xa(t − 1),−xa(t − 2), . . . ,−xa(t − na)], (47)

φ̂c(t) = [−ŵ
T
(t − 1),−ŵ

T
(t − 2), . . . ,−ŵ

T
(t − nc)]T, (48)

xa(t) = Φ̂(t)θ̂ s(t), (49)

ŵ(t) = y(t) − xa(t), (50)

θ̂ s(t) = [θ̂ T
(t), âT

(t)]T, (51)

ϑ̂(t) =
[

θ̂ s(t)
col[θ̂c(t)]

]
. (52)

The procedure for computing the parameter estimation vector ϑ̂(t) in the AM-
RGLS algorithm in (42)–(52) is listed as follows.

1. Set the initial values: let t = 1, ϑ̂(0) = 1n1/p0, P(0) = p0 In1 , xa(t−i) = 1m/p0,
ŵ(t − i) = 1m/p0, i = 1, 2, . . ., max[na, nc], p0 = 106 and set a small positive
number ε.

2. Collect the observation data y(t) and Φs(t), and construct the information matrix
φ̂a(t) and the information vector φ̂c(t) using (47), (48), and form Φ̂(t) and Ψ̂ (t)
using (46) and (45).

3. Compute the gain matrix L(t) using (43) and compute the covariance matrix P(t)
using (44).

4. Update the parameter estimation vector ϑ̂(t) using (42).
5. Read θ̂ s(t) from ϑ̂(t), and compute xa(t) and ŵ(t) using (49), (50).
6. Compare ϑ̂(t) with ϑ̂(t − 1): if ‖ϑ̂(t) − ϑ̂(t − 1)‖ < ε, terminate recursive

calculation procedure and obtain ϑ̂(t); otherwise, increase t by 1 and go to Step
2.

In the F-AM-RGLS algorithm in (20)–(40), the dimensions of the covariancematri-
ces P1(t) and P2(t) are (n + na) × (n + na) and (mnc) × (mnc). In the AM-RGLS
algorithm in (42)–(52), the dimension of the covariance matrix P(t) in Eq. (44) is
n1 × n1 (n1 = n + n1 + m2nc). Here, we give the computational efficiencies of the
two algorithms at each recursive step in Tables 1, 2, where flops represent the floating
point operations. In order to compare the computational burden of the two algorithms,
we do
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Table 1 The computational efficiency of the AM-RGLS algorithm

Expressions Number of multiplications Number of additions

ϑ̂(t) = ϑ̂(t − 1) + L(t)ê(t) ∈ R
n1 mn1 mn1

ê(t) := y(t) − Ψ̂ (t)ϑ̂(t − 1) ∈ R
m mn1 mn1

L(t) = P(t − 1)Ψ̂
T
(t)ξ̂(t)

∈ R
n1×m

mn21 + m2n1 m2n1 + mn21 − 2mn1

ξ̂(t) := [Im + Ψ̂ (t)
P(t − 1)Ψ̂

T
(t)]−1 ∈ R

m×m
mn21 + m2n1 + m3 mn21 − mn1 + m2n1 + m3 − m2

P(t) = [In1 − L(t)Ψ̂ (t)]P(t − 1)
∈ R

n1×n1
mn21 + n31 n31 + mn21 − n21

Sum m3 + n31 + 3mn21 + 2m2n1 m3 + n31 − m2 − n21
+ 2mn1 + 2m2n1 + 3mn21 − mn1

Total flops N1 = 2m3 + 2n31 − m2 − n21
+ 4m2n1 + 6mn21 + mn1

N1 − N2 = 2m3 + 2n31 − m2 − n21 + 4m2n1
+ 6mn21 + mn1 − (2m3 + 2(mnc)

3 + 5(mnc)
2 + 2(n + na)

3

− (n + na)
2 + 12mnna + m2(6nc + 4na + 4n + 2nnc − 1)

+m(6n2 + 6n2a + 5n + 5na + nc − 1)),

where n1 = n + na + m2nc, then

N1 − N2 = 3n2na + 3n2an + 5m4n2cn + 6m4n2cna
+m + 2m3n3c(m

3 − 1) + m4n2c(n − 1) + mnc(m
2 − 1)

+ 4m4nc + m2n2c(6m
3 − 5)

+m2ncn(12m − 4) + m2ncna(12m − 2) + 6m2nc(2nan − 1)

+mn(6mnnc − 1) + mna(6mnanc − 4).

In general, when the orders m, n, na, nc � 1, it is obvious that the computational bur-
den of the F-AM-RGLS algorithm in (20)–(40) is less than the AM-RGLS algorithm
in (42)–(52), that is to say, N1 � N2.

Remark 2 The system considered in this paper is disturbed by an autoregressive noise.
In order to reduce the influence of the colored noise on the system, the F-AM-RGLS
algorithm in (20)–(40) filters the input and output data by using the filter C(z) and
divides the original identification model (7) into a filtered identification model (13)
and a noise identification model (3). Compared with the AM-RGLS algorithm in
(42)–(52), the F-AM-RGLS algorithm gives more accurate estimates. Furthermore,
the F-AM-RGLS algorithm also improves the computational efficiency.

5 Example

Consider the following multivariate output-error autoregressive system:
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)ê
T 2
(t

)
∈R

(m
n c

)×
m

m
2
n c

m
2
n c

e 2
(t

)
=

y(
t)

−
Φ̂

(t
)θ̂

s(
t
−

1)
−

θ̂
T c
(t

−
1)

φ̂
c
(t

)
∈R

m
m

(n
+

n a
+

m
n c

)
m

(n
+

n a
+

m
n c

)

L
2
(t

)
=

P
2
(t

−
1)

φ̂
c
(t

)ξ̂
2
(t

)
∈R

(m
n c

)
(m

n c
)2

+
m
n c

(m
n c

)2
−

m
n c

ξ̂ 2
(t

)
:=

[1
+

φ̂
T c
(t

)
P
2
(t

−
1)

φ̂
c
(t

)]−
1

∈R
(m

n c
)2

+
m
n c

+
1

(m
n c

)2

P
2
(t

)
=

ζ̂
2
(t

)
P
2
(t

−
1)

∈R
(m

n c
)×

(m
n c

)
(m

n c
)3

(m
n c

)3
−

(m
n c

)2

ζ̂
2
(t

)
:=

I m
n c

−
L
2
(t

)φ̂
T c
(t

)
∈R

(m
n c

)×
(m

n c
)

(m
n c

)2
(m

n c
)2
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Table 3 The AM-RGLS estimates and errors (σ 2 = 0.502)

t 100 200 500 1000 2000 3000

θ1 = 0.90000 0.94801 0.94436 0.92341 0.90430 0.90306 0.90235

θ2 = 0.45000 0.43693 0.44590 0.44398 0.44766 0.44835 0.44973

θ3 = 0.48000 0.54609 0.55778 0.50549 0.48795 0.48614 0.48352

θ4 = − 0.49000 − 0.49967 − 0.49361 −0.49049 − 0.48708 − 0.48915 − 0.49080

θ5 = 0.10000 0.31978 0.30383 0.20670 0.16119 0.13942 0.13179

θ6 = − 0.29000 − 0.47302 − 0.47568 −0.41022 − 0.36173 − 0.34564 − 0.33544

θ7 = 0.42000 0.39431 0.41850 0.42316 0.41643 0.40742 0.41456

a1 = 0.37000 0.38717 0.39967 0.37713 0.37358 0.37276 0.37126

a2 = 0.37000 0.30457 0.30748 0.33120 0.35145 0.35970 0.36580

c1 = 0.65000 0.41779 0.46925 0.57493 0.61459 0.64569 0.64383

c2 = 0.63000 0.55591 0.72562 0.75393 0.70433 0.73110 0.73793

c3 = 0.75000 0.22097 0.34047 0.49070 0.55000 0.58127 0.60388

c4 = − 0.59000 − 0.22857 − 0.39492 − 0.49577 − 0.50058 − 0.52125 − 0.56056

δ (%) 35.87239 25.48388 12.90504 8.49105 5.75645 3.60237

Table 4 The F-AM-RGLS estimates and errors (σ 2 = 0.502)

t 100 200 500 1000 2000 3000

θ1 = 0.90000 0.92568 0.90396 0.89504 0.89769 0.89765 0.89938

θ2 = 0.45000 0.43755 0.44397 0.44966 0.44898 0.44834 0.44893

θ3 = 0.48000 0.48459 0.49090 0.48491 0.48272 0.48192 0.48033

θ4 = − 0.49000 − 0.49267 − 0.48771 − 0.48940 − 0.48928 − 0.49039 − 0.49000

θ5 = 0.10000 0.21559 0.15436 0.12365 0.10995 0.09536 0.09341

θ6 = − 0.29000 − 0.41001 − 0.36810 − 0.30635 − 0.29232 − 0.28346 − 0.28075

θ7 = 0.42000 0.31610 0.37929 0.41904 0.40617 0.41067 0.42247

a1 = 0.37000 0.36833 0.38737 0.37482 0.37398 0.37425 0.37153

a2 = 0.37000 0.34255 0.35392 0.37100 0.37140 0.37272 0.37186

c1 = 0.65000 0.31827 0.44600 0.58823 0.61567 0.64289 0.64088

c2 = 0.63000 0.39418 0.56207 0.70036 0.71320 0.73989 0.74920

c3 = 0.75000 0.39214 0.49338 0.59684 0.60988 0.61815 0.62989

c4 = − 0.59000 − 0.39529 − 0.51791 − 0.54334 − 0.54275 − 0.55087 − 0.57582

δ (%) 31.43584 17.28418 5.27574 3.82527 2.31466 1.06650

y(t) = Φs(t)

A(z)
θ + C−1(z)v(t),

Φs(t) =
[− y1(t − 1) y1(t − 2) sin(y2(t − 2)) y2(t − 1) y2(t − 2)u1(t − 2)

− y1(t − 1) y1(t − 2) sin(t/π) y2(t − 1) y1(t − 2)u2(t − 2)

u1(t − 1) u1(t − 2)u2(t − 2) u2(t − 1) cos(t)
u21(t − 1) sin(u2(t − 2)) u1(t − 1) + u2(t − 2)

]
∈ R

2×7,
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Table 5 The AM-RGLS estimates and errors (σ 2 = 0.802)

t 100 200 500 1000 2000 3000

θ1 = 0.90000 0.89608 0.89464 0.90454 0.90396 0.90171 0.90061

θ2 = 0.45000 0.45911 0.45100 0.44844 0.44907 0.44691 0.44774

θ3 = 0.48000 0.49888 0.48122 0.48818 0.48516 0.48211 0.48221

θ4 = − 0.49000 − 0.48341 − 0.48403 − 0.48827 − 0.48904 − 0.48874 − 0.48977

θ5 = 0.10000 0.41087 0.34875 0.22856 0.18183 0.15065 0.14158

θ6 = − 0.29000 − 0.49419 − 0.52687 − 0.41314 − 0.37528 − 0.36075 − 0.34957

θ7 = 0.42000 0.24213 0.28846 0.36285 0.37909 0.38398 0.39963

a1 = 0.37000 0.37798 0.36992 0.37241 0.37126 0.37112 0.37170

a2 = 0.37000 0.34119 0.35971 0.36361 0.36525 0.36690 0.36723

c1 = 0.65000 0.48250 0.50444 0.59216 0.62253 0.65244 0.65007

c2 = 0.63000 0.34695 0.48875 0.66585 0.69111 0.72870 0.74434

c3 = 0.75000 0.59782 0.64974 0.63478 0.62492 0.61880 0.62873

c4 = − 0.59000 − 0.36303 − 0.50338 − 0.54290 − 0.54305 − 0.55273 − 0.57529

δ (%) 33.21098 24.89127 11.27485 7.68048 5.37932 3.98389

Table 6 The F-AM-RGLS estimates and errors (σ 2 = 0.802)

t 100 200 500 1000 2000 3000

θ1 = 0.90000 0.89134 0.89407 0.89143 0.89886 0.89504 0.89735

θ2 = 0.45000 0.46067 0.45106 0.44491 0.44807 0.44599 0.44720

θ3 = 0.48000 0.50899 0.49083 0.49293 0.48923 0.48280 0.48262

θ4 = − 0.49000 − 0.49190 − 0.48933 − 0.49150 − 0.49098 − 0.48951 − 0.49020

θ5 = 0.10000 0.25168 0.17972 0.13023 0.11354 0.09600 0.09233

θ6 = − 0.29000 − 0.26564 − 0.25908 − 0.26081 − 0.26907 − 0.26966 − 0.26963

θ7 = 0.42000 0.34219 0.37101 0.40591 0.39090 0.40086 0.41956

a1 = 0.37000 0.39348 0.38006 0.38600 0.37856 0.37708 0.37447

a2 = 0.37000 0.35978 0.36866 0.37193 0.37108 0.37178 0.37134

c1 = 0.65000 0.47364 0.51876 0.59928 0.62082 0.64291 0.64113

c2 = 0.63000 0.50913 0.63267 0.72128 0.72847 0.75027 0.75613

c3 = 0.75000 0.44483 0.55523 0.61997 0.62054 0.62191 0.63371

c4 = − 0.59000 − 0.23235 − 0.41552 − 0.50149 − 0.51573 − 0.53563 − 0.56626

δ (%) 27.42819 14.31464 6.06590 4.77131 3.25060 1.79544

A(z) = 1 + a1z
−1 + a2z

−2

= 1 + 0.37z−1 + 0.37z−2,

C(z) = I2 + C1z
−1

= I2 +
[
0.65 0.63
0.75 −0.59

]
z−1,
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Fig. 2 The AM-RGLS and F-AM-RGLS estimation errors versus t with σ 2 = 0.502
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Fig. 3 The AM-RGLS estimates θ̂1(t), θ̂5(t), θ̂6(t), â2(t), ĉ4(t) versus t (σ
2 = 0.502)

θ = [0.90, 0.45, 0.48,− 0.49, 0.10,− 0.29, 0.42]T,
a = [a1, a2]T = [0.37, 0.37]T,
θ T
n = C1 =

[
c1 c2
c3 c4

]
=

[
0.65 0.63
0.75 − 0.59

]
,

θ s = [θ T, aT]T,
ϑ =

[
θ s

col[θn].
]
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Fig. 4 The F-AM-RGLS estimates θ̂1(t), θ̂5(t), θ̂6(t), â2(t), ĉ4(t) versus t (σ
2 = 0.502)
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Fig. 5 The AM-RGLS and F-AM-RGLS estimation errors versus t with σ 2 = 0.802

In simulation, the inputs {u1(t)} and {u2(t)} are taken as two independent persistent
excitation signal sequences with zeromean and unit variances, {v1(t)} and {v2(t)} are
taken as two white noise sequences with zero mean and variances σ 2

1 for v1(t) and σ 2
2

for v2(t). Taking σ 2
1 = σ 2

2 = σ 2 = 0.502 and σ 2
1 = σ 2

2 = σ 2 = 0.802, respectively,
we use them to generate the output vector y(t) = [y1(t), y2(t)]T. Applying the F-AM-
RGLS algorithm in (20)–(40) and the AM-RGLS algorithm in (42)–(52) to estimate
the parameters of this system, the parameter estimates and errors are shown in Tables 3,
4, 5, and 6. The parameter estimation errors δ := ‖ϑ̂(t)−ϑ‖/‖ϑ‖ versus t are shown
in Figs. 2 and 5.
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Fig. 6 The AM-RGLS estimates θ̂1(t), θ̂5(t), θ̂6(t), â2(t), ĉ4(t) versus t (σ
2 = 0.802)
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Fig. 7 The F-AM-RGLS estimates θ̂1(t), θ̂5(t), θ̂6(t), â2(t), ĉ4(t) versus t (σ
2 = 0.802)

From Tables 3, 4, 5, and 6 and Figs. 2, 3, 4, 5, 6, and 7, we can draw the following
conclusions.

1. The parameter estimation errors of the AM-RGLS algorithm and the F-AM-RGLS
algorithm become smaller with the data length t increasing—see the estimation
errors of the last columns in Tables 3, 4, 5, and 6.

2. Under the same noise level, the F-AM-RGLS algorithm can give more accurate
parameter estimates than the AM-RGLS algorithm—see Tables 3, 4, 5, and 6 and
Figs. 2 and 5.



608 Circuits Syst Signal Process (2019) 38:590–610

3. A lower noise level results in smaller parameter estimation errors—see Tables 3,
4, 5, and 6 and Figs. 2 and 5.

6 Conclusions

In this paper, we employ the data filtering technique to propose an F-AM-RGLS
algorithm for M-OEAR systems by adopting the auxiliary model identification idea.
Compared with the AM-RGLS algorithm, the F-AM-RGLS algorithm can improve
the parameter estimation accuracy and reduce the computational burden. The proposed
approaches in the paper can combine other mathematical tools [25–30] and statistical
strategies [13,48–52] to study the performances of some parameter estimation algo-
rithms and can be applied to other multivariable systems with different structures and
disturbance noises and other literature [15,23,36,47,58,59].
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