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Abstract State estimation of nonlinear systems over sensor networks is a current
challenge. This work pertains to the study of the target estimation in sensor networks
using impulsive control. We first propose an impulse-based filtering scheme of a class
of nonlinear systems over sensor networks. Based on impulsive control theory and a
comparison theorem, we then present generic criteria for estimation under the designed
impulse-based filter. The performance is illustrated with simulations in a network with
four sensor groups.
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1 Introduction

With the development of integrated micro-sensor technology, sensor networks have
been applied into many control areas [2,16,19,23]. The problem of state estimation
or filtering in dynamical systems has also received increasing attention in the con-
trol areas. In particular, many efforts have been devoted to the study of estimation
and control over sensor networks [1,3,9,10,14,16,18,21,22]. For instance, Based on
the Kalman filtering approach, Olfati-Saber and Jalalkamali presented three novel
distributed Kalman filtering algorithms for sensor networks in [16]. Calafiorea and
Abratea exploited a distributed consensus diffusion scheme that relies only on bidirec-
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tional communication among neighbor nodes in [3]. In [18], Shen et al. addressed a new
distributed Ho, consensus filtering problem over a finite-horizon for sensor networks
with multiple missing measurements and designed two kinds of robust distributed fil-
ters. In [1], Acikmese et al. proposed a decentralized observer with a consensus filter
for discrete-time linear distributed systems and proved the exponential convergence
of the state estimating error of the proposed observer.

Itis worth noting that most existing works in this area are based on the continuously-
measured output of the system under consideration. Such an assumption restrains
the applications of digital sensors where often the outputs of many control systems
are only available at discrete sampled instants [4]. We believe that results depend-
ing on such continuously-measured condition among sensors with limited resources
should lead to extensive communication requirements. To reduce the communica-
tion cost or bandwidth, the impulsive models or impulsive estimation approaches
may be a potential solution [5,11-13,17]. In an impulsive fashion, the measurements
are only sampled at discrete-time instants, which results in impulsive error dynam-
ics. In contrast to continuous-time observers [1,3,10,14,18], such an impulse-based
observers/estimators will save the bandwidth of networks and communication cost
among the measured-information transmissions at discrete-time instants. Therefore,
we believe that impulse-based estimation methods should play a prominent role in
estimation of sensor networks in view of the wide applications of digital sensors and
communication networks. However, general results on impulse-based or hybrid esti-
mator design do not seem to have received much attention so far in the context of
sensor networks, being the main reason the absence of a proper impulsive control tool
for such applications.

By exploiting the impulsive control theory in [20] for such purpose, we are able to
establish the following key contributions for the study of target estimation problem of
nonlinear systems over sensor networks in an impulsive fashion:

— A constructive method is developed to handle the impulse-based estimation prob-
lem of nonlinear systems over sensor networks, through an array of sensing devices
providing time-triggered measurements from the target. We do not assume that the
output of the nonlinear system under consideration is measured continuously.

— In our proposed framework, each sensing device estimates the states of the non-
linear systems and exchanges the estimations within its neighbors.

— A parameter-dependent Lyapunov function is utilized to ensure the asymptotic
convergence of the state estimation error. Based on the Lyapunov function and
comparison principle, a generic criterion is presented, where impulsive interval
can be time-varying and the introduction of a positive function K () makes the
conditions more flexible.

— The proposed results are illustrated through a numerical example and can be
applied to synchronization in complex networks.

The organization of the paper is as follows. In Sect. 2, we present needed notations
and some preliminaries. Section 3 presents some additional definitions and lemmas
in impulsive systems, and proves the stability of the error dynamics of the distributed
filters. In Sect. 4, numerical simulations on a four-sensor network are provided to show
the effectiveness of the proposed results. Section 5 concludes the paper.
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2 System Description and Preliminaries

The notation used in this paper is fairly standard. Specifically, R" denotes the n-
dimensional real space. R is the set of non-negative real numbers. Denote N,, =
{1,2,...,n}. AT and A’ represents the transpose of matrix A and the inverse of
matrix A, respectively. Given matrices A, B with proper dimensions, A ® B defines
the Kronecker product. Given a vector x € R”, x' denotes its transpose. ||x| =
O xl.2)1/ 2 denotes the Euclidean norm.

The plant is described by the following class of nonlinear systems

$(t) = f(,s(1)), ey

where s(t) € R” is the state of the target.
Consider a sensor network of size N and assume that each sensor i can measure
partial states of s(¢) € R", that is,

Yi(1) = Cis(1) @)

where y; () € R is the measurement of sensor i on target s(t) and C; € R™*"
(i € Ny) are known matrices with appropriate dimensions. We assume rank(C;) = m,
i € Ny. Notice that each y; () here measures all signals of partial states of the target
s(t). However, to reduce the communication cost or bandwidth in sensor networks,
the measurements are only sampled at discrete-time instants in our next proposed
framework instead of measured continuously.

Note that there are many sensors that can measure the target s (¢) from observations
vi(t), 1 € Ny. We assume that the full state is observable through these partial mea-
surements of target s (). However, how to carry out the data fusion is still a challenging
problem if there is not a centralized processor capable of collecting all the measure-
ments from the sensors. Therefore, the objective here is to design an impulse-based
distributed filter to track the states of the target s(z).

Assumption 1 [22]. For all x, y € R”, there exists a constant 6 such that

=T (ft.x) = ft.y) <0 -y (x—y), VieR,
In the sensor network, the information available for the filter on sensor node i comes

from not only sensor i but also its neighbors. Motivated by this fact, we can design a
filter of the following structure on sensor node i:

5 = | ft @) +c Y Gl —xi®) |, t#71,

JeN;:
Axi(t) = Biy (Cixi(t) — yi(t)), t=71,,i €Ny (3)
fort > 0,r = 1,2,..., where N; denotes the set of neighbors of sensor node i,

xi(t) € R" is the state estimate of sensor node i, ¢ is the coupling strength, B;,
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is the impulsive control gain with respect to i and r. The time sequence {z,}7°; is

varying and satisfy t,_1 < 7, lim, . 7, = 400, and for a given positive constant
&, r+1—T2r < (12, —7120—1), Vr € {1,2,...}. Denote Ay = sup, {r2,+1—712,}, and
Ay = sup, {12, — T2,—1} where A and A, are positive. Ax; (7)) = x; (rr‘") —x;(7,7)
is the "jump’ of the state x;(f) at time f = 7, in which x;(z,7) = limt\r;r x; (1).
Without loss of generality, we assume that lim, i Xi (t) = x;(t,), which means the
solution x; (¢) is continuous from the left. The initial conditions of (3) are given by
xi (0) = ¢i (0) € R", where ¢; () represent the initial functions. The coupling matrix
G = (G;j)nxn denotes the Laplacian, where G;; = G ; > 0 denotes the coupling
coefficient from vertex j to vertex i, forall i # j, with G;; = — Zivz 1,j#i Gij- Then,
(3) can be written as

N
g (1) = | f6,xi@) +c Y Gijxj@) |, t#7,
j=1
Axi(t) = BiyCi(x;(t) = 5(1)), t=7,,i € Ny. “)

Letting ¢; (t) = x;(t) — s(¢), we can obtain the following system that governs the
filtering error dynamics for the sensor network:

N
&) = | [, xi0) = ft,s@)+c) Gijej(t) |, t#7,
j=1
Ae;(t) = B;Ciei(t), t=r1,,i € Ny. 5)

The impulse-based control is said to solve the estimation problem if the states
between the target and sensors satisfy lim;_, o ||x; (#) — s(¢)|| = 0.

3 Main Results

In this section, we present impulse-based estimation results for system (1) with N
sensors within a given topology. To support our analysis, some additional definitions
and lemmas are needed based on the following impulsive differential equations

x() = f@t,x@), t#1,
Ax(@) = I, (x(@)), =1,
x(ty) =x9, r=1,2,... (6)

where x(¢) € R" is the state variable, f : RT™ x R” — R” is left continuous func-
tion. Ax(t,) = I,(x(x,)) = x(z;5) — x(z,7), in which x(z;7) = lim, ,_+x(1),
o0

1iml~>rf x(t) = x(zy) (r =1,2,...). The instant sequence {7} | satisfy 7, | < 7,

and lim, _, o, T, = +00.

Definition 1 [6] The function V : [f9, 00) x R* — R belongs to class Vy if it
satisfies the following conditions:
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(1) the function V is continuous on each of the sets (t,_1, 7] x R" and for all
t>t1, V(t,0) =0;

(2) V(t,x) is locally Lipschitzian in x € R";

(3) for each r € Z, there exist finite limits

hm V(tv Y) = V(Tr_vx) = V(Trvx)’
(t.9)~> (17 .x)
lim  V(,y) =V, x). @)

(t.y)— (17 %)

Definition 2 [20] Let V € V), fort € (t,_1, 7], we define
1
DTV (1, x(1) = Jim sup [V (@ x(t 4 ) = V(@ x0)]

The following two lemmas are introduced for self-containedness.

Lemma 1 [20] Assume that the following three conditions

(i) VRt xR" = Rt, V eV, then there exists a integer number 8 > 1, such
that:

KDV, xP)+ DTK®)V @, xP) < gt, KOV, xP)), t #1.

where g : RT x Rt — R is continuous and K (t) > m > 0, lim, - K(1) =
K (z,), i.e., K(t) is left continuous at t = t, also: liml_”;r K (t) exists, r =
1,2,..., and DYK (1) = limy,_.o+ sup +[K (t + h) — K(D)];

(i) KEHVEE, &+ L)) < (K (@)Y (5, xP), r =12,

(iii) V(t,0) = 0and o (||x|?) < V(t, xP) on RT x R", where a1 (-) € K (class of
continuous strictly increasing functions o1 : RY — R such that a1(0) = 0)
are satisfied. Then, the global asymptotic stability of the trivial solution w = 0
of the comparison system

o(t) =g, o), t#1,
w(fr-’_) =Y (o(1)), t =1,
a)(ta')za)ozo, (®)

implies global asymptotic stability of the trivial solution of impulsive system (6).

Lemma 2 [20] Let g(f, w) = A(H)w, » € CHRT,RT], ¥, (0) = dyw, d, > O for
allr = 1,2, ....Then, the origin of system (6) is globally asymptotically stable if the
conditions of Lemma 1 and the following conditions hold:
(1) A(?) is nondecreasing, and lim;_,., A(t) = A(t;,), i.e. A(t) is left continuous at
t =1, alsolim,__+ () = M(zT) exists, forallr = 1,2, .. .;
(i) sup, {d, exp(h(t,+1) — A(1;1)} = € < 003
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(iii) there exists an > 1 such that

MT2r43) + M(T2r42) + In(udar 2dor1) < (13 ,) + 4 (t5h4)

holds for all dyy y1dor 42 #0,r = 1,2, ..., orthere exists an u > 1 such that
A(tr41) + In(udyq1dy) < A1) for all k;
(iv) V(t,0) = 0 and there exists an a1 (-) in class K such that o1 (||x|)) < V(t, x).

Remark 1 Lemma 2 indicates that, global asymptotical stability of the impulsive sys-
tem (6) not only depends on dynamical characteristic of the system at ¢ # 1, but also
is heavily determined by the impulsive control gain d,.

Next, we present the main result of this paper.

Theorem 1 Suppose that Assumption 1 holds. The state s(t) of the system (1) can
be asymptotically estimated by the impulse-based filter (3) if there exists a constant
w > 1 and a differentiable at t # t, and nonincreasing function K (t) which satisfies
condition of Lemma 1, such that the following conditions hold:

Cl) I+ B,-,C,-)T(I + BiyC;) < yi(r)I, where y;(r) i e N(1, N),r =1,2,...)
are positive constants;
(C2)

K(tr4+1)
Slrlp {p(r)eXp |:05(Tr+1 —1,)+1In e (T:;) } } < 00,

where o = 20 + 2cApy (G ® 1), p(r) = max; (y;(r));
(C3)

K (t2r+3) K (t2r+2)
a(l48) Ay +1In | —2F3 | L | 2220520
|: (th+2):| |:K (th+1):|
< —In(up2r +2)p(2r + 1)), 9)

or
K(tr4+1)

K(rr‘")

amax{A, A2} +In [ } = —In(up(r + Dp(r)); (10)
(C4

DT K (1) N
K@® ~

Proof For any ¢t > 0, there exists an integer r > 0 such that ¢ € [, 7,41). Define
V() = ZlNzl e;'— (t)ei(t) and W(t) = K(¢)V (¢). By Assumption 1, one can obtain

el () f(t,xi (1) — f(t,5(1) < 6e] (1)e; (t). (11)
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Then, computing the derivative of W (¢) along with the system (5), we have that for
t €[t Try1)

N N
W(t):K(t)Z 2eiT(t) f(t,x,'(t))—f(t,S(t))—f-CZG,'jej(t) + DTKV (1)

i=1 j=1

N N N
S K@ [ Y 20e] Deit)+2¢ Y > Gijel (ej(t) | + DKV (1)
i=1 i=1 j=1
N
< K120 +20am(G ® 1n) Y e (Dei(t) + DTKV (1)

i=1

K (1)
|:a N m} W), (12)

where o = 20 + 2cAy (G ® 1,,).
When ¢ = 7., by means of condition (C1), we have

W () = K () V ()
N
= K (7)Y [e @)U + BirC T U + BirCpre] (5|
i=1
< max(yi (MK (1) V ()

= pW(z), (13)

where p(r) = max; (y; (r)).
Now consider the following comparison system:

w(t) = [a + &] o(t), t#T1,
K(t)
a)(‘L’j) =pPo(t), =1,
w(tf) = wo = 0. (14)

By letting X(t) =a+ % and d, = p(r), system (14) is in accord with (8).
Therefore, condition (ii) in Lemma 2 is guaranteed by condition (C2) in Theorem 1

as a result of

K r
Sl:p {p(r)e"p [O‘(Trﬂ - %) +In %} }

< sup{p(r)}e” max{A;, A2} < oco.
r
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Accordingly, in order to ensure condition (iii) in Lemma 2, we need

/Tzr+3 |: N K(t):| s /T2r+2 |: N f((t):| »
o+ — o+ —
T2r+2 K(t) T2r+1 K(t)
+In(up(2r +2)p(2r +1)) <0,

or

/w oe+m dt +In(up(r + Dp(r)) <0
" X0 o p(r)) <0,

where > 1.
After some arrangements, we have that

a(t2r43 — T2r42) + (12042 — T2r41)

ln K(TZJ:+3) i K(T2J:+2)
K (75, 15) K(ty 1)
+In(upQ2r +2)p2r + 1))

K(Tzr+3):|

<a(A;+ Az) +1n
|:K(T2t+2)

K (7o,
I (7-'2++2)
K(ty,41)

} +In(up@2r +2)p2r + 1))

K (t2743)
<a(l+e)Ar+In| ————
o €) Ay n|:K(rzt+2):|

+ln K(Lj“) T In(up2r +2)p2r +1)) <0 (15)
K (3, 41)

or

(tr41 — 1) +1n ["“’:”] +In(up(r + 1p(r))
K= (16)

< amax(4, Az} +In [%] +In(up(r + Dp(r) <0

which are guaranteed by the condition (C3) in Theorem 1. Therefore, using the con-
dition (C4) in Theorem 1, all conditions in Lemma 2 are satisfied, which means that
the error system (5) is globally asymptotically stable, i.e., all estimating states x; (¢)
globally converge to the target s(¢). This completes the proof. O

Remark 2 Tt is indicated from Theorem 1 that the estimation of the target (1) not
only depends on the dynamical characteristic of each sensor, but also the impulsive
control gain B;, and the impulsive intervals (A, A,). Here, B;, does not require to
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be symmetric, neither does || 4+ B;C;|| < 1. Thus, our result can be used for a wide
class of nonlinear systems. It is also worth noting that impulsive interval here can
be time-varying and the introduction of positive function K (#) makes the conditions
more flexible, which is different from previous studies on impulsive control [15,25].

To be convenient, when the impulsive intervals are set to be constant, i.e., A =
Ay = A, we have the following corollary.

Corollary 1 Suppose that Assumption 1 holds. The state s(t) of the system (1) can
be asymptotically estimated by the impulse-based filter (3) if there exists a constant
u > 1 and a differentiable at t # 1, and nonincreasing function K (t) which satisfies
condition of Lemma 1, such that the following conditions hold:

(Cl') (I 4 BiyC)T(I + BiyC;) < yi(r)1, where y;(r) i € N(1, N),r =1,2,...)
are positive constants;

(C2') sup {p(r)exp [a(rr+1 —17)+1In %]} < 00, wherea = 2042cApy(G®
r r

In), p(r) = max;(y; (r));
(€3) ad+1In [ B8] < —in(up(r + Dp());

(C4) o+ 250 >0,

If K(¢) = 1 and the impulsive intervals are fixed to be constant in Theorem 1, then
we can obtain the following corollary.

Corollary 2 Suppose that Assumption 1 holds. The state s(t) of the system (1) can
be asymptotically estimated by the impulse-based filter (3) if there exists a constant
w > 1 such that the following conditions hold:

(B1) (I + BiyC)"(I + Bi,Ci) < yi(r)1, where y;(r) (i € N(1, N),r =1,2,...)
are positive constants;
(B2) sup {p(r)exp [a(tr+1 — 1)]} < o0, where a =20 +2chiy (G ® 1), p(r) =

max; (y;(r));
B3) A < —In(up(r + 1)p(r)) and « = 0.

Remark 3 The approach used here can be extended to analyze synchronization in com-
plex networks [24] or asymptotic stability of impulsive control systems with impulses
[8]. The method used in [24] can be regarded as a special case of our results if the
time-varying positive function K (¢) is set to be constant one and the impulsive inter-
vals are fixed to be constant. The nonlinear functions in the system considered in [24]
are required to satisfy Lipschitz continuous condition, while the nonlinear function
f here only needs to satisfy Assumption 1. In addition, when N = 1 (that is, the
estimation problem is considered by one sensor node rather than in a network envi-
ronment) and K (¢) is a constant number in Theorem 1, we obtain Theorem 3 of [8]. If
a constant number & > 0 and let K (¢) satisfy (C3), then ln(K(12r+3)/K(12t+2)) <0
and In(K (12,42) / K (rz"; +1)) < Oas K(¢) is nonincreasing function. Hence, condition
(22) in [8] cannot be derived from (9). Thus, Theorem 1 is less conservative than
Theorem 3 of [8].
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Remark 4 The conditions in Theorem 1 are flexible and easy to be verified. Given an
arbitrary nonlinear system satisfying Assumption 1 with some constant 6, impulsive
sequence {f,} and impulsive control gain matrix B; (i € N(1, N),r = 1,2, ...) must
exist. One can construct the impulse-based filter (3) under some network topology
between sensor nodes. Letting the impulsive control gain B;, satisfies condition (C1)
for positive constants y; (r) and define a positive function K (¢) such that (C4) holds.
Finally, determine the impulsive interval bounds A; and A; such that (C2) and (C3)
hold. If the impulsive intervals satisfying (C2) and (C3) are not available, one can
choose other positive constants y;(r), impulsive control gains B;, and the positive
function K (), and redesign the impulsive intervals. In Sect. 4, we provide a way to
choose the positive function K (7). At times, one might be interested in a way without
choosing the positive function K (z). Such case can be handled by Corollary 2 or
Theorem 1 with K (¢) = 1.

4 Simulation

In this section, a numerical example is employed to illustrate our results. Simulation
results show that the proposed impulse-based filtering scheme is valid.

Example 1 The target model is described by the chaotic Lorenz oscillator described
as follows

51 = 10(s2 — 1),
Sy = 2851 — $2 — 5153,
8
S3 = 5152 — §S3. (17)

Since s(t) = [s1, 52, 53]T is a chaotic orbit and locates in a bounded region [7], i.e.,
[s1()], [s2(8)] < My = 28.918, and [s3(¢)|] < M2 = 56.918, for all ¢, by some
arrangements we have (x —s) T (f(x) — f(s)) < 0(x —s) T (x —s), with§ = 51.918.
Consider a sensor network of size N = 4 with the coupling matrix

21 0 1
1 21 0
G=10 1 221
1 1 0 =2

Assume that y;(t) = 0.6s1(¢), y2(t) = 0.4s2(¢) and y3(z) = ya(t) = 0.553(¢),
which implies that each sensor measures different partial states of target. By The-
orem 1, to asymptotically estimate the states of system (17), we further need to
verify conditions (C1)—(C4). For simplicity, we consider the impulsive control gain
Biy = —08alli =1,2,3,4, andr = 1,2, ..., then (I + B;,C))"(I + B;;C;) <
yi(r)I = 0.781 for all i € Ny, and thus p(#) = max;(y;(r)) = 0.78. If we choose
c=3,u=1.1,¢=0.5and
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e +1, t =1,

T4 e (no ), o

K(t):{

forallr =1, 2, ..., then it can be derived that « = 260 + 2cA (G ® I,,) = 103.836.
Hence, when we choose 73, — 72,1 < Ay = — In(up? 2r +2)pf 2r + 1)) /[af(1 +
€)] = 0.0201, and 13,41 — 72y < A1 = 0.5A; =~ 0.01, all conditions of Theorem 1
are satisfied, which means the states of the target (17) can be fully estimated under the
impulse-based filter. To examine the estimation effects, define the estimation error

3 N

E0) =Y |Y xj) —si1)? (19)

i=1\ j=I

which reflects the ensemble of estimation. Each dimension of the target states s(¢) and
the estimated states x; (¢) of all sensors are depicted in Fig. 1a—c, respectively. Figure
la shows the time evolutions between the first dimensional state 51 (¢) of target shown
in blue and the states x;{(¢) of sensori,i = 1, 2, 3, 4. It is found that all states x;(¢)

140 250

—s,(t) —EQ®)

200

150

100

50

-20 0

0 5 10 15 20 25 0 5 10 15 20 25
t t
(©) (d)

Fig.1 The trajectories of the target states s (¢) and the estimated states x; (¢) of all sensors, and the evolutions
of the estimation error E (¢) defined in (19)
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finally converge to each other and the state 51 (¢) is estimated after ten seconds. Itis also
revealed from Fig. 1a that, since only the signal s1(¢) is measured by sensor 1 which is
impulsively and directly acted on the state x1(¢), the state xy1(¢) vibrates frequently
during the initial times while other three states x;{(¢), i = 2, 3, 4 evolve smoothly.
Similarly, Fig. 1b (respectively, Fig. 1c) shows the time evolutions between the state
s2(t) (respectively, s3(2)) of target shown in blue and the states x;,(¢) (respectively,
x;3(t)) of sensor i, i = 1,2, 3, 4. It is shown that the states s»(¢) and s3(¢) has been
estimated. In addition, due to different measurement information of sensors, the state
x22(t) of sensor 2 vibrates frequently during the initial times in Fig. 1b, and the state
x33(t) of sensor 3 the state x43(¢) of sensor 4 vibrate frequently during the initial
times in Fig. lc. The evolution of estimation error defined in (19) is shown in Fig.
1d. Tt is shown that the error asymptotically converges to zero, which implies that the
impulse-based filter does achieve the estimation of the states of the target.

5 Conclusion

In this paper, we have analyzed the impulse-based estimation problem of nonlinear
systems over sensor networks. By constructing a parameter-dependent Lyapunov func-
tion and utilizing the comparison system, we have proved the asymptotic convergence
of the state estimation error based on the designed impulse-based filter, even when the
impulsive controls are imposed in varying intervals. Numerical simulations of coupled
Lorenz oscillator have also been provided to verify the usefulness and practicability
of proposed theoretical results.

Acknowledgements This work is partially supported by National Natural Science Foundation of China
(61473136).
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