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Abstract The analysis of stability and Hs, performance of two-dimensional (2-D)
Roesser-like continuous systems with delayed states is solved here. Firstly, based on
the delay partitioning method, and on the use of an auxiliary function-based integral
inequality, a new delay-dependent sufficient condition for asymptotical stability of
these systems is developed. Then, the obtained result is extended to Ho, performance
analysis, with all conditions formulated as linear matrix inequalities. Finally, some
numerical examples are provided to demonstrate the effectiveness and benefits of the
proposed methodology.
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1 Introduction

Two-dimensional (2-D) systems are an active area of research, with applications in
digital data filtering, image processing [24], thermal power engineering [17], etc.
Thus, a considerable interest is being devoted to stability of 2-D systems, with a
significant number of results already available in the literature. To mention a few, the
stability analysis problem has been considered in [1,9, 14,20] and the stabilization in
[19,25,28].

This paper concentrates on 2-D systems that are affected by delays in the states. This
is prompted by the fact that several multidimensional systems (for example, mechan-
ical systems, communication networks, chemical processes, etc.) are, by nature,
affected by significant delays. These delays are a potential source of instability and
performance degradation. Existing stability results for systems with state delays are
classified into two categories: delay-independent and delay-dependent stability crite-
ria. In the first case, stability criteria do not depend on the magnitude of the delay; this
is clearly restrictive when information on the delays is available, which is frequently
the case. To make use of this information on the delays to reduce conservatism, delay-
dependent stability criteria are developed here. The majority of previous results for 2-D
systems focus on the discrete case [7,22,23,27], except for a few recent papers [2,3,16]
where a Lyapunov approach is applied to continuous Roesser models. For instance, in
[3], the authors dealt with delay-independent stability and stabilization conditions for
2-D continuous systems with delays. In [2], the problem of delay-dependent stability
and stabilization with saturation on the control were studied. Recently, a new delay
decomposition approach to solve the stability and stabilization problems of continuous
2-D delayed systems with saturation has been proposed in [16].

In addition to stability, performance is important for practical problems: This paper
uses an Hy, technique to reduce the impact of external perturbations on the system
states. Hy, performance analysis of 2-D systems has already been studied for the
discrete case [4,18,26], but there are few results on H, disturbance attenuation of 2-
D continuous systems, in particular in the presence of delays, due to the difficulties of
evaluating unidirectional derivatives. We can cite [15], where the delay-independent
robust Hy, filtering for 2-D continuous systems described by Roesser model with
delays has been presented. The robust stability and Hy, control of uncertain 2-D
continuous systems with time-varying delays have been discussed in [12].

Although the conditions in [16] have provided delay-dependent criteria that are less
conservative than the conditions given in [2,3,6], revisiting this problem shows that the
stability condition in [16] still leaves much room for improvement. For example, the
estimates of single integrals in [ 16] are obtained by using Jensen inequality [13], which
is more conservative than that of the auxiliary function-based integral inequality [21].
Thus, by using the augmented Lyapunov functional and the auxiliary function-based
integral inequality, the results are further improved here.

Motivated by the above discussion, this paper focuses on delay-dependent stability
and H, performance analysis of 2-D continuous state-delayed systems. By exploiting
a delay decomposition approach for the horizontal and vertical states combined with
the auxiliary function-based integral inequality, new delay-dependent stability and
H, performance analysis criteria are derived in the LMI framework. Some numerical
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examples are provided to show the validity of the obtained results, and the reduced
conservatism when compared with results in the recent literature.

The remainder of this paper is organized as follows: The problem formulation and
a necessary lemma are given in Sect. 2. In Sect. 3, the main results are developed.
Numerical examples are given to show the effectiveness of the proposed method in
Sect. 4. Finally, some conclusions are provided in Sect. 5.

Notations Throughout the paper, R" denotes the n-dimensional real Euclidean
space and R"*™ denotes the set of n x m matrices. / and O represent identity matrix
and zero matrix, respectively. ||.|| denotes the Euclidean norm. The superscripts 7
and —1 stand for the matrix transpose and inverse, respectively. P > 0 means that
P is real symmetric and positive definite. An asterisk () represents a term induced
by symmetry, and diag{...} denotes a block diagonal matrix. sym (M) is the shorthand
notation for M + MT. The £, norm of a 2-D signal w(t1, t2) is given by

o0 o0
llo(ti, 0|2 = / / ol (11, n)w(t, )dtdt,
0 0

where w (1, 1p) is in £2{[0, 00), [0, 00)} or, for simplicity, in L, if ||w (21, 12)||2 < 00.

2 Problem Formulation and Preliminaries

Consider the following 2-D continuous state-delayed Roesser-like model:

) h
%ﬁm _[An A [ 2", ) 4 | Adir Aan Xt = h, 1)
3)‘"5+‘2) Ay App | [ x¥(t1, 1) Ay Agn || xP(t1, 12 — o)
B
+[Bz]w(tl’t2)’

xM(ty, 1)
xV(t1, 1)

211, ) =[C1 C2] [ } + Do(t1, 1), (1)

where xh(tl,tg) € R™ and xV(t;,tp) € R"™ are the horizontal and vertical
states, respectively; w(f1,t2) € R® is the disturbance input (which belongs to
L>{[0, 00), [0, c0)}); z(t1, t2) € R? is the output; and &y and h; are the delays in
the horizontal and vertical directions, respectively. Finally, A1y, A2, A21, A2, Aqi11,
Ad12, Adg21, Ad22, B1, By, C1, Ca, and D are constant matrices with appropriate
dimensions.

The boundary conditions are given by:

xXM0,0) = foh), —h1 <6 <0, 0<n<T,
x"0,0) =0, —h <0<0, n>T,
xV(t1,0) = gs(t1), —h2<86<0, 0<1n <T,
xV(t1,8) =0, —hy<8<0, 11 >T,

@)

where 71 < oo and 7> < oo are positive constants, fg(#2) and gs(#1) are given vectors.
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A lemma is now recalled that provides a condition for asymptotic stability; for
this, consider a disturbance-free situation, where the state-feedback equation in (1)
becomes

h
M _ | An An x"(t1, ) n Agit Aa2 | [ x"(t1 — i, 1) 3)
M Ay Axp | [ x¥(t1, ) Ay Aan | | XV, —ha) |7

Definition 1 [10] The 2-D continuous system (3) with boundary conditions (2) is said
to be asymptotically stable if

lim  ([lx"(t1, )| + [IxV(t1, 22)]]) = 0. )
(t1+1)—>00

Definition 2 [9] Let V (¢1, 12) = V' (11, 15) + VV(11, 12) be a Lyapunov functional of
the system (3), and then its unidirectional derivative is given by
Vi) | BV (1. 1)

V(t1, 1) = ) 5
u(t1, 1) a1 + P (5)

Lemma 1 [3] The 2-D system (3) is asymptotically stable if its unidirectional deriva-
tive (5) is negative definite.

A performance condition is now provided in the presence of disturbances:

Definition 3 [12] The 2-D continuous state-delayed systems (1) is said to have an H
disturbance attenuation level y if it is asymptotically stable and under zero boundary
conditions satisfies

llz(t1, )2 < yllw(n, 2)]l2. (6)

Lemma 2 (Auxiliary function-based integral inequality [21]) For a positive definite
matrix Z > 0, and a function y(u), differentiable in u € [a, b], the following inequality
holds:

b
[ (a)Zy(a>da>Z 2t lorza, )

where
20 = y(b) — y(a),

2 b
2= 30) + @ - / ¥(@)de
—a ),
6 b 12 borb
25 = y(b) — y(a) + m/ﬂ y(a)do — m/(; /ﬂ y(a)dadp,

12 (b 60 borb
93=)’(b)+)’(61)—m/ )’(Ol)da‘f‘m/ -/ﬁ y(@)dadp

120 b pb pb
__(b_a)3/a /k /ﬁ y(@)dadBda.
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3 Main Results

3.1 Stability Analysis

In this subsection, the problem of stability analysis of system (3) is investigated:

Theorem 1 Given aninteger m > 1, the 2-D delayed continuous system (3) is asymp-
totically stable if there exist matrices P = diag{Ph, P’} >0, Q; = diag{Qf’, 07} >
0,i = {1, ..., 5}, such that the following LMI is feasible

= <0,

where

®)

E =sym(XT PX2) + Y] 01Y1 — Y] Q12+ E] (H2 Q2 + H303 + Hs Q4
+HsQs)E| — EJ Q2E2 — E3 Q2E3 — E] 02Es — EL Q2Es — FT O3 F

~G"04G - LT OsL,

©)

and
[ X1 X7 Yu Y5 Eq
X = Xy = Y = Y, = E| = ,
! _X12:| 2 [Xzz] ! [le} 2 |:Y22:| ! I:E12i|
Er E3 E4 F Gy
E, = E3 = E4 = JF = .G = ,
: _Ezz} . |:E32 ! E4 F G
L
Ly = _Lz} ,
. hy ho . hy 2 ho 2
Hy = diag | (%) 1, (%) 1o, } . Hs = S diag (%)t (2) 1o |
L. 3 3 ] 4 4
H4 = _dlag (}ﬂ) In;“ (12) InU ’ H5 = —dl(lg (lﬂ) Inhv (%) Inv ’
6 m m 24 m n
i T Onh,(m+3)n ] T Onv,(m+3)n ]
Ony,(m+1)n },l,,—lTl Oy ,2n Oy, (m+1)n %Tz Ony,2n
_ 2 _ 2
X1 =1 0, nsom (%) T ER A (@) e
h\> h\°
Ony,.m+3)n (;) Ty Ony, (m+3)n (;) 1>
A1 A12 Ony m—1)n Aa11 Adar12 Oy, 30
Tl Onh,(m—l)n _Tl Onh,3n
le = %Tl Onh,mn _%Tl Onh,Zn ’
7
L %(%) Tl On;,,(m-i—l)n - (%) Tl Onh,n
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A1 A2 Ony m—1)n Aa21 Aa22 O, 30
Y2 Opy,n—1)n — Y2 O, 30
Xn = QTZ Onv,mn _%TZ Onv,Zn ’

1(h éll h 2
2 (ﬁ) 12 Onynt-1on — (;2) Y1 On,.n

Tl Onh,(m+3)n T

TZ Onv,(m+3)n

Onh,n Tl Onh,(m+2)n Onv,n TZ Onv,(m+2)n
Yii = . s Yip = : )
L Onp.im—1)n Y1 Onyan L Ony,m=1yn Y2 Onyan |
B Onh,n Tl On;,,(m+2)n ] B Onv,n TZ Onv,(m+2)n T
Onh,2n Tl Onh,(m-‘rl)n Onv,Zn T2 Onu,(m-',-l)n
Yy = . , Yoo = : ,

Onh,mn Ty Onh,3n L Onv,mn o Onv,3n
Eyn= [All A12 Ony (m=1)n Ad11 Adr2 Onh,3n] ,
Ep = [A21 A2 Opy (m=1yn Aa21 Aa22 On,,,3n],

m m
Ey = ‘/h_ [ Y1 =71 Ony (mi2yn |+ Ez2 = 1/h—2 [ Y2 =2 Ony (mt2n | »
1

3m
E31 = h_ [Tl Tl Onh,(mfl)n _ZTI Onh,Zn]v
1

3m
E3p = h_ [TZ T Onv,(mfl)n =27, Onv,Zn ] s
2
Sm
Eq = E [Tl _Tl Onh,(m—l)n 6T1 _12T1 Onh,n ] s

[Sm
Ep = h_2 [TZ ¥ Onv,(m—l)n 67, —127; O"v’”] ’

Tm
Es = /h— [’Y‘] Y1 Oy, on—1y)n —12701 607 —12OT1],
1

Tm
Esy = e [ Y2 Y2 0py (m—1yn —12702 6072 —12072 ],
2

F] = \/E[Tl Onh,mn _Tl Onh,2n ] 5 F2 = \/E[TZ Onv,mn _T2 Onv,2n ] 5

G = 7 [QTI Onj,,m+1)n =71 O”h’n]’
6h,
62 = (2 (40200 72010

h hy
Ly = V24;1 [%Tl Ony ma2n —Y1 ], L2 = V24; [%Tz Ony (m+2n — Y2,

) Birkhiuser
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T = [Inh Onh,nv ] , 1o = [Onv,nh I, ] , = np 4 ny.

Proof We choose the following Lyapunov—Krasovskii functional candidate for system
(3): V(11 1) = V'(11,12) + V(11, 1), with

and

5
Vi, n) = Z V,-h(tl, ),
=0

V(f'(ll, n) =" (1, )P, ),

1
Vi) = / ) T (@ 2) Q1M (@, n)de,

n—

0 I3
o= [, [ 8T 0le e i
—— Jn+

m

0 0 n
o=, [ [ 1) 4 o ) dadpar,
),

0 0 p0 rn
Vi, ) Zf’”/s A /Hﬂx”(a, 1) Q4" (@, n)dadpdrds,
i 1

0 0 0 0 pn
Vi, 1) = / . / / f / T (@, 1) Q45" (@, n)dadpdrdsde,
—ﬁ & ) A n+p

5
Vi, ) = Z Vii(t, 1),
i=0

Vot ) = ¢'T(h, ) P (11, 1),
15}

VI, n) = f ,, T Q1T (1, ayder,
4]

“m

0 %)
o= [, [ eTa 0oz o adads
—w Yt

m

0 0 prt
v = [, [ [7 070 w0 0. wddpa.
- I

0 0 0 rn
Vi, 1) Z/hzfa /A erﬂth(t],a)QZ)&”(tl,a)dadﬂdkdé,

0 0 pr0 p0 P
VIt 1) = / , / / / / )'chT(tl,a)ngv(tl,a)dadﬁdkdéde,
—2Je Js Jr In+p
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where
i x"(t, 1) i
S, 2 ) der
h
t ,t pr— ,
el f il ftl+,3x (o, n)dadp
f I fx fz x"(a, r)dadpdr
x'(11, 1) 7
f:z 0, X' (11, o)do
=2
U(t1, 1) = "
¢o(t, 1) j'th f;;z_,'_ﬁxv(tl,a)d(xdﬂ ,
f h2 f)\. -/;2—0-/3 v(tlv a)dadﬁd)\,_
_ xh (a,htz) xV(t, a)h
X (Ol——,l‘z) (tl o — )
e n) = - IY(1a) = R
- :
_xh(oe—”’Th],tg) (tl»a——hz)
. a.h A .
and Xh(a’ n) = %ﬁ:’mbl:a, XU, o) = & Egg’IZ) l1y=

Denote

-xh th(t15t2)a xv va(t15t2)a x-}: th(tl -7, t2)5
v v h _ h v .

X, =x"(t1, = 1), xX"(s)=x"(s,02), x"(s) =x"(t1,5).

The unidirectional derivative of the Lyapunov—Krasovskii functional results in the
following equality:

Vu(tr, ) = 28" PPER 420" PYEY + T (1, 1) Q" T (11, 1)

h h
-t (n - ;1 tz) otrh (n — ;1 tz) + IV (11, ) Q' TV (11, 1)

hy h
-7 <t1,tz - —> o'rY (tl,tz - —2>

m m
.t [ h2 h3 h4 - h
(Mot foss Mot o)
o1 ((h2 h3 h3 h3 ,
7 (Rore bt dhore ko)

1 4]
- f A ) 033" (@) den — / , 1T (02) 033 (@) dory
n— b=

0 11
[ [ T @h @ndas,
t

1+81

>

“m

) Birkhduser
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0 n
- f \ / 2T (@2) 034" (a2)dannd B
-2 Jn+ph
0 0 11
o [ a0l @ndadpian
—2LJn Jn+p
0 0 rn
] Tk @dandpadna
=2 Jay S48
0 0 0 rn
[ [ 0k @ndadpianids
-2k Js oy i+
/ , / / f 7 () Q1 () darad Badiad,
—2J8 Jny In+p
which, applying Lemma 2, gives
" hT heh a (21+1)m N
y F @05 @)da 2 ) == ——06] 030, (10)
1= i=
2 vT v : (21+1)m T Hv
(@) Q3% (e)da h—2¢i 0,9, (11)
t —_——
=
where
Oy = XM= Xy s
n 2m (N
O =x +x% _h_l tl_Lx ()da
6m h
©, = x" x,,] —i—h— s h1 zl+ﬁx ()dadp,
12 n 60
O3 :xh+x2’1 R m " (@)dadB,
* hl t]f—] - Ju+p
120
m’ " (@)dadBdr,
1n+p
by =x" — xzz,
2m (2
@] :.)CU—FJC,UZ72 —h—z'/t‘ihix (Ol)dO{
6m [0 12m? (0
Py =x" —xh, + m X m xY(a)dadp,
2 2
m ho tz—}:% h2 —1:72 H+p
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12m Om
h - hy

120m/ /f x"(a)dadBdA.
h2 n+p

Applying the Jensen inequality to the double, triple and quadruple integral terms in
V,(t1, 1) leads to

¢3 _-x +-xhz -

x Y(a)dadp,

0 1 n m n P T
/h / T (o) Qhih (@)dadp = 2 ( x ——/ , Xeyda ) of
—Wl t+p hy tl—Wl

51
X <xh Z t.——x (a)doz)
0 %)
x/ , / T (@) 044V (@)dadp
= Jn+B

v m g ! v
>2 - E tz—— xY(a)da 0}

0
x / 0 / / J’C”T(a)QZx%)dadﬁd,\
—LJx Jn+p
6h1 (1 4 m? 0 noo, tod T
75)6_}72/_’;1/ x"(a)dadp
1
xQ4<x _7'/;]17]/ X (oz)dotdﬂ)
0
X[—’L%/A /[H T (@) Q44 (@) dard Bd
6h 1 T
2 v v
7 (Zx h2 /hz ‘/12+/3 (Ol)dotdﬂ)
XQ4( h2 /—’LZ /zz+ﬁ v(a)dadﬂ)
0
x / h / / / XhT(a)ngh(a)dadﬁdxda
—*1 § JA Ju+p
24h? T
< /; / / x (a)dadﬂdx>
m ] t|+ﬂ
XQg(Ex n fhl[ fl x (“)dadﬂdk)

v

v

I \/
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/ i f / /w T (@) Q¥i¥ (@)dadBdrds
_ 24h] T
> m( h3 /hZ/ /; X (a)dadﬁdk)
><Q5< h3 ‘/;’2/ /t.Jrﬂ ”(a)dadﬁd)\)‘

Define
_ r _
h
xh] — )Ch —_
x}l’z e
m [ xh(a)da h
hy Jy ok Xy
,’1"2 xV(a)do x}'}"
§(r,n) = , I'= Wl (12
hz f hl ftH—ﬂ h(a)dadﬂ .
[0 15, o
hs f I fx fn+ﬂ x" (@) dard pd2 _x‘,;’;% N
& S w7 Ji i ¥ (@)dadBdn

From all the consequent terms above, it can seen that

Va(ti, ) < €711, o) {sym(XT PX2) + YT 01V — Y] O1Ys
+ET(H, 0y + H3Q3 + Hs Qs + HsQs5)E| — E] O1E»
—ETQ2E3— E] 02E4 — EI Q2Es — FT Q3F — GT Q4G
—LTQsL}&(t1, 1). (13)

Hence, it is clear that if (8) is satisfied, then we obtain V, (71, f») < 0. This completes
the proof. O

Remark 1 The Lyapunov function defined in this paper is more general, thanks to
the use of the augmented vectors {h(z‘], 1), ¢V(t, ), rh (t1, ) and I'V(t1, 1p). For
example:
e When P" = diag{ Py, 03,,3,}, the function Voh (t1, t2) in this paper reduces to
Vlh (x) in [2,16], and the first function of Vi (¢1, tp) in [3].

e When P’ = diag{P,, 03,,3,}, the function V{ (¢1, z2) in this paper reduces to
V[ (x) in [2,16], and the first function of V> (#1, ) in [3].

e When Q" = diag{Q1, Q1, - .., O1}, the function V2h (1, ) in this paper reduces
to V3h (x) in [2], and the second function of V| (¢, t») in [3].
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e When QY = diag{Q>, 02, ..., Q2}, the function V; (¢1, f2) in this paper reduces
to V3’ (x) in [2], and the second function of V;(#1, 1) in [3].

In addition, compared with the existing Lyapunov function for 2-D continuous sys-
tems with delays, the one proposed in this paper contains some triple, quadruple and
quintuple integral terms which are very effective in the reduction of conservatism
[8,21]. This is an additional reason to justify that our results are less conservative than
the existing ones.

Remark 2 The number of decision variables in Theorem 1 is N = (m72 + 10)n? +
(7 +Hn.

Remark 3 From Remark 2, it can be seen that the number of decision variables N is
related to the delay partitioning parameter m, and it will increase if m increases. The
examples at the end of the paper show how increasing m makes possible to further
reduce the conservatism, although with the trade-off of increasing the computational
cost.

3.2 H, Performance Analysis

This subsection presents a sufficient condition to guarantee a given Hy, disturbance
attenuation level for system (1).

Theorem 2 Given an integer m > 1, the 2-D delayed continuous system (1) with the
zero boundary condition is asymptotically stable with a H, disturbance attenuation
level bound y ifthere exist matrices P = diag{Ph, P’} >0, 0; = diag{Qf’, 07} >0,
i = {1, ..., 5}, such that the following LMI is feasible

Z+E'E,—y*E’E, <0, (14)
where
E =symXI PX2) + Y[ 011 — Y1 01Ys + E] (H, 02 + H3Q3 + Hi Q4

+Hs5Qs)E| — EQT 02E, — E3T 0,E; — EZ 02E4 — EsT 02Es — FT O3F
~GT04G - LT 0sL

and
5(\ = [Xl O4n nw] [Yl Omn nw],/\2 = [YZ Omn,nw], E2 = [E2 On,nw],
E = [ES Onnm] E4 = [E4 Onnw]v AS = [ES On,nﬂ,]s ]/7\: [F On,nm]»
G=[GO0un].L=[L0un],
Ez = [Cl C2 On ,(m+3)n D] s Ea) = [Onw,(m+4)n Inw] ,
s [ XaBi| & | EuBi | Bi | B
x = [Xzz BJ’EI = [Elz Bz:| b= [03,1,1,%} b= [03]
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X1, Y1, Yo, E11, E1n, Ea, E3, E4, E5, F, G, L, Hy, H3, Hy and Hs share the same
expressions as those in Theorem 1.

Proof By defining

e e} e’}
J = /0 /(; {ZT(IIJZ)Z(II,Q) - VZCUT(H,f2)a)([l,[2)}dl1dt2,

under the zero boundary condition we have

o0 o0
J S/ / { Vi1, ) + 27 (11, 2)z(11, 1) — y?oT (11, n)o(t1, 1) } dhidiy.
0o Jo

That is,

-~

o0 o0
J < / / &T(t1,0) | E+ETE, — y*ELE, } E(t1, n)dndn,
0 0

-~ T
where & (11, 12) = [§7 (11, 12) 0" (11, 12) ] .
The matrix inequality in (14) implies that

2 _ 2 2
llz(r1, )15 < ¥l (1, 12)]13-

The proof is thus completed. O

Remark 4 The reduced conservatism of Theorem 1 and 2 is guaranteed by the con-
struction of the new Lyapunov functional by combining a delay partitioning method
with the auxiliary function-based integral inequality. This constitutes the major dif-
ference from existing results in the literature.

Remark 5 The delay-dependent stability and Hy, performance conditions proposed
in this paper have been derived for the nominal system. Nonetheless, it is pointed out
that it is not difficult to further extend the results to systems with uncertainties, where
the system matrices in (1) contain parameter uncertainties that are norm-bounded or
polytopic, which is left as further work.

4 Numerical Examples

Example 1 Consider the 2-D continuous state-delayed system (3) with the following
system matrices and parameters:

-1 -0.504 0.1 -1 1
Al = 0o -2 2 1, Ap = 0 0 0.1],
i 0O 0 -3 1 1 0
10 0 -0.5-03 0
Ayy=1| 0 00.1 ], Ay = 0o -1 —-0.6],
| 1 11 0 0o =2
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Table 1 Comparisons of maximum allowed & for different /1

Methods hy =2 hy =3 hy =4 hy1 =5
2] 1.91 1.26 1.02 0.90
[16] Theorem 4.1, =2 ny=2 2.88 1.72 1.32 1.12
[16] Theorem 4.1y, =4 Ny=4 3.19 1.86 1.40 1.18
Theorem 1 (m = 1) 3.725 2.041 1.512 1.256
Theorem 1 (m = 2) 3.734 2.046 1.519 1.263
10 T T T T T T T T
\\ —
ot ‘l —e—[15]
\ \ —+— Theorem1 m=2

hy
Fig. 1 LMI feasibility domain for stability
[ —0.5 -0.25 0.2 0.02 -0.2 0.2
Agqi1 = 0 -1 1 ,Agin = 0 0 0.02],
| 0 0 -—-15 02 02 0
[—02 0 0 -0.2-0.12 0
Agl = 0 0 002(, Agn= 0 —-04 —-0.24
| 0.2 0202 0 0 -0.8

The stability of this 2-D system cannot be determined by the delay-independent cri-
terion in [3], but can be treated with the approach here when bounds on the delay are
available (which is frequently the case in practice). For example, for a given &1, the
maximum allowable delay /4, which ensures the asymptotic stability of the system
using the method developed here is given in Table 1. From these results, it is clear that
Theorem 1 is less conservative than results recently reported in [2,16].

The feasibility domain is plotted in Fig. 1: It is clear that the stability domain
obtained using Theorem 1 includes the domains obtained using [2] and [16].

Example 2 Consider the well-known dynamical system (involved in gas absorption
water stream heating and air drying) described by the following Darboux equation
with time delays [5]:
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Table 2 Comparison of

maximum allowed delays /7 Method h2
[6] 2.4601
[2] 3.7416
[16] Theorem 4.1y, =3 N, =2 4.0772
[16] Theorem 4.1y, =3 N,=3 4.0772
Theorem | (m = 1) 4.6815
Theorem 1 (m = 3) 4.6815

3%q(x, 1) dq(x, 1) dq(x, 1)
= a + ar
dxot ot Jat

+apq(x,t) +azq(x,t — hy) + bu(x, t),
(15)

where g (x, t) is unknown function at x(space) € [0, x¢] and t(time) € [0, 00), ao,
ai, az, az and b are real coefficients, A, is the time delay, and u(x, ¢) is the input
function. Let us define

_0q(x,1)

(x, ) = o —axq(x,1), xV(x, 1) = q(x,1).

It is easy to verify that equation (15) can be converted into the model (3) with

An A | _ a1 a0 +aia Adant Az | _ | Oas
Az A 1 a ' Aa21 Aax 00 ]
To carry out a numerical study, the following parameters are also fixed: ¢y = 0.2,
ar=-3,ap=—-1,a3=-04,b=0.
The stability for these parameters cannot be solved by the delay-independent cri-

terion in [3]. On the contrary, using Theorem 1, a feasible solution can be found for
delays bounded as shown in Table 2.

Example 3 Consider the following 2-D continuous state-delayed system borrowed
from [16]

h
%ﬁ:’m -2 0 xM(ty, 1) " -1 0 XMty —hy, 1)
o) | = |0 =09 ] [0 | T [ -1 -1 ][t n—h) |
2

where the maximum delays acceptable for stability are 71 = oo and hy = 6.1725.

A detailed comparison between the maximum delays that ensure stability, which are
obtained using Theorem 1, and the delay-dependent methods proposed in [2,16] is
summarized in Table 3.

In order to analyze H., performance, a disturbance is considered, following (1),
modeled with the following system matrices:
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Table 3 Comparison of

maximum delays Methods m h2
[2] 2.5800 4.4721
[16] Theorem 4.1y, =2 N, =2 [e's] 5.7175
[16] Theorem 4.1y, =3 N,=3 00 5.9677
[16] Theorem 4.1y, —4 N, =4 00 6.0568
Theorem | (m = 1) o0 6.1719
Theorem 1 (m = 2) o0 6.1725
Table 4 Comparison of minimum Hs performance y,,i, for different
Methods h=0.2 h=0.3 h=04 h=0.5 h=0.6
[12] 0.6832 0.7082 0.7709 0.9137 1.0754
Theorem 2 (m = 1) 0.6677 0.6734 0.7354 0.8443 0.9697
Theorem 2 (m = 2) 0.6677 0.6730 0.7346 0.8440 0.9684
Theorem 2 (m = 3) 0.6677 0.6730 0.7344 0.8438 0.9680

2 T T T T T

+ 2]

* Theorem 2 m=3
1.8F el
1.6f * 1
1.4} * .

£

£

= *
1.2F 1
*
1 1
*
0.8 ’ q
+ o

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

h

Fig. 2 Minimum H, performance y,,;, for different 2

Now, we apply Theorem 2 in this paper to calculate the minimum y,,;, for different
values of a constant delay (2 = h| = hy) with the system asymptotically stable and
the H, disturbance level is guaranteed to be at least y;,,i,,. The comparison results are
listed in Table 4.

Figure 2 shows the variation of the achieved performance y;,;, obtained using
Theorem 2 and [12], for different A.
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5 Conclusion

This paper has investigated in detail the problems of delay-dependent stability and
H, performance, for a class of 2-D continuous state-delayed systems. By combining a
delay partitioning method with an auxiliary function-based integral inequality, stability
and H,, performance criteria have been developed, which are less conservative than
the existing results, as demonstrated on several numerical examples. The results can be
easily extended to the uncertain case. Further work can be done to include stabilization,
control and filter design.
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