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Abstract This paper investigates the problems of state/fault estimation and active
fault-tolerant control (AFTC) design for time-delay descriptor fuzzy systems sub-
ject to external disturbances and actuator faults. Using Takagi—Sugeno fuzzy models,
an adaptive fuzzy observer is proposed to achieve system state and actuator fault
estimation simultaneously. According to Lyapunov functional method, design and
analysis conditions of the resulting closed-loop delayed descriptor system are formu-
lated in terms of linear matrices inequalities (LMIs). Observer and controller gains
are computed by solving a set of LMIs in only one step and then used to both esti-
mate the unmeasured states and actuator faults in AFTC context. Numerical examples
are provided to show the merit and the conservativeness of the proposed approach in
comparison with the existing methods by considering various types of actuator faults.
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1 Introduction

Actuator, sensor or plant failures may totally modify the system behavior by generating
the instability and performance degradation of the control systems. Therefore, many
researches on fault detection and isolation (FDI) have been extensively conducted dur-
ing the last decades [16]. To ameliorate system performance efficiency and reliability,
the issue of fault-tolerant control (FTC) has been more and more considered.

According to Blanke in [2] and [20], the objective of FTC is to preserve current
performance and maintain stability conditions in the event of system component mal-
functions. In the literature such as [7,24], there are two classes of FTC: active and
passive or reliable ones. The passive FTC (PFTC) tolerates only limited predetermined
faults throughout the whole control process. The major drawback of this approach is
that the fault tolerance capability could be very limited. In contrast to PFTC, the active
FTC (AFTC) is generally constructed to treat the occurrence of system faults in real
time. It is characterized by the use of an online FDI unit to preserve the stability and
performance of the global system.

Generally speaking, the FTC allows to maintain a certain level of reliability, pro-
ductivity and safety in most industrial systems and also to guarantee satisfactory
performance not only during the normal operation but also in the presence of both
sensor and actuator faults (see [22,23,29] and references therein).

Furthermore, it is well known that time delay can be a cause of instability for
dynamical systems and performance degradation for control systems. So, this topic
has received a substantial attention in the past years, and different design approaches
have been proposed (see [11,26] and references therein).

Recently, the TS fuzzy model-based control of descriptor fuzzy systems with time
delay has been investigated for their interests in several engineering applications, such
as constrained robot systems, circuit systems and chemical processes [8,17].

Similar to the standard fuzzy systems with time delay, the results on stability analy-
sis and stabilization of descriptor delayed systems can be classified into two categories:
delay-independent criteria, which are applicable to delay of an arbitrary size [3,25],
and delay-dependent ones which include information about the size of delay [26]. It
is known that the latter one results are usually less conservative than the former ones,
especially when the size of delay is small [8,30].

More recently, the active actuator FTC design problem of descriptor fuzzy systems
has been investigated in [10] and [12]. However, the observer and controller design
conditions are given in bilinear matrix inequality (BMI) form and then solved using
a two-step algorithm. The present work improves the previous results in terms of
conservatism reduction and computational complexity by formulating observer and
fault-tolerant control design conditions in a set of linear matrices inequalities (LMIs)
which can be solved on only one step using LMI Toolbox or Yalmip of MATLAB soft-
ware [6]. Moreover, no tuning matrices are needed to solve the LMIs as required in [12].

By choosing an appropriate Lyapunov—Krasovskii functional, delay-dependent sta-
bility and stabilization conditions are developed to estimate time-varying faults, and an
adaptive fuzzy observer is proposed to estimate both states system and actuator faults.

The purpose of this work is to develop a state/fault fuzzy observer-based FTC
strategy of descriptor nonlinear delayed systems described by the T-S fuzzy models.
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Thus, using obtained fault information given by an adaptive fuzzy observer, a fault-
tolerant controller is designed to compensate the effect of actuator faults [13,21].

The rest of the paper is organized as follows. The second section introduces the
structure of the T-S fuzzy descriptor system with state delay under actuator faults
and the problem formulation. Section 3 holds the main result and gives LMI-based
design conditions for the adaptive fuzzy observer-based fault-tolerant controller. A
simulation examples are presented in Sect. 4 to compare and to show the validity of
the suggested approach. Finally, Sect. 5 concludes this contribution.

Notations In this paper, a real symmetric positive definite matrix (respectively, nega-
tive definite matrix) is represented by A > 0 (respectively, A < 0). The notation (x)
corresponds to matrix block incited by symmetry, sym(A) signifies A + AT, and AT
represents the generalized inverse of A. Amax (A) stands for the maximum eigenvalues
of A. As well, || - || corresponds to the standard norm symbol, and V denotes “for all.”

2 Problem Formulation

Consider a T=S fuzzy descriptor system with state delay described by a set of if-then
rules, and each rule is a local linear representation of the nonlinear system. The ith
rule of the system is given as follows.

Plantrulei(i = 1,2,...,r):1f 01 is ;1 and, ---, and 0, is w;p, then

Ex(t) = Aix(t) + Apix(t — h) + Biju(t) + Dd(t) + F; f.(¢)
y(t) =Cx(1)
x(t) = ®@), Vte[—h,0] (D

where 60;(x(t)) are the premise variables which are assumed measurable, w;; (i =

1,...,r,j=1,..., p) are the fuzzy sets which are characterized by the membership
functions, r and p are the total number of if-then rules and the premise variables,
respectively.

x(t) € R" is the state vector, u(t) € R™ is the control input, y(r) € R? is the
measured output, d(t) € RY is the external disturbance, f,(t) € R™ represents the
actuator fault which can be constant or time-varying function, h is a constant delay
satisfying 0 < h < h and @ (¢) is an initial condition.

Matrix E € R™*" is assumed to be singular, and we suppose thatrank(E) = g < n.

A;i, Api, Bi, F; and C are known real constant matrices of appropriate dimensions.
It is supposed that matrices F; and C; are of full column rank and of full row rank,
respectively.

By fuzzy blending, the overall fuzzy system is given as follows:

Ex(1) = Z hi (@ (x())[Aix(t) + Apix(t —h) + Biu(t) + Dd(t) + Fi fu(1)]

i=1

y(t) = Cx(1) ()
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in which
O(x(1) = [O1(x(1). ... 0p(x(1))]
i (0 L
hi0o) = 20Dy = [ ] i @i x0)))
PIRUICIEION) 7=

i=1
where 1;;(0; (x(2)) is the grade of the membership of 6; (x(¢)) in w;;.
r

It is evident that 0 < h; (6(x(¢))) < 1 and Zhi(é(x(t))) =1.
i=1
Then, for briefness we get h; to stand for £; (0 (x(t))).
Before giving the design of the adaptive observer, six assumptions are assumed:

Assumption 1 [1]

E
rank |:C] =n 3)
Assumption 2 [15] Triple matrix (E, A;, C) is R-detectable,
rank[SEEA’}zn, Vs € C,Re(s) >0, Vi=T[l,...,r] )

Assumption 3 [14]
rank EDI_ n + rank(D) (5)
cCo |

Assumption 4 Fault f,(¢) satisfies || Ja@OIl = o, and the derivative of f,(f) with
respect to time is norm-bounded, i.e., || fz (*)|| < fimax and 0 < &1, fimax < 00.

Assumption 5
Bi=---=B,=B (6)

Assumption 6
rank(BF;) =rank(B), Viell,...,r] @)

Remark 1 Referring to Assumption 6, there exists a nonzero matrix F; € R"™*™ such
that F; = BF;, Vie[l,...,r].

(I, — BBNYF, = (I, - BBYBF, =0, Viell,...,r] ®)

Two lemmas which are used in the proof are given as follows:

Lemma 1 [7] Given a symmetric positive definite matrix Q and a scalar i € RT, we
have the following inequality
1 -1
2Ty = —xTOx + uyTQ 'y ©)
m

x,y e R
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Lemma 2 [8] Given a matrix R of appropriate dimension such that RTTIR < 0,
consider a negative definite matrix I1 < 0, then 3 & > 0 such that

R'TIR < —A(R + RT) — 22117 (10)

3 Main Results
3.1 Design of Adaptive Fuzzy Observer-Based Fault-Tolerant Controller

So as to estimate the state and the faults of system (2), we propose the following
adaptive fuzzy observer design

) = X WTHIARQ) + H AR — b+ HiBu() + Ly — 50)
i=1 R
+Loi (y(t — h) = ¥(t — h)) + Hi F; fa(1)]
() = w)+ Hay()
ey() = y(t) ~50)
Y0 =Cx0)

fa(l) =T Z hiNi(éy(t) + oey(t))

(In

and the active fault-tolerant control is:

w(ty ==Y hiKR) = B Y hiF; fa(t) (12)

i=1 i=1

where w(t) € R" and X(¢) € R" are the observer state and the estimated state vector,
respectively. V() € R? and y(r — h) € RP” are the estimated output vectors at the
sampling time 7 and 1 — h, respectively. e, (1) € R? is the output estimation error,
fa () € R™ is the estimated of actuator fault f,(¢), and H, Hy, Ly;, Ly;, N; and K;
are gain matrices with appropriate dimensions to be determined.
Under Assumption 1, there exist nonsingular matrices H; € R**" and H, € R"*"
such that in [5,21]:
H\E+ H,C =1, (13)

The state and the fault estimation errors are given as follows :
ex(t) =x(1) =R, ey = fu®) = Ja®)

By taking into account (2), (11) and by using relation (13), state estimation error
dynamic e, (t) and output estimation error ey, (f) are given by:
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ex(t) = Zhi[(HlAi — L1;C)ex(t) + (H1Api — L2i C)ex (t — h)

i=1

+H Fiep(t) + Hi Dd(1)] (14)
ey(t) = Cex(1) (15)

Using the same idea proposed in [4] and [19] concerning the disturbance—decoupling
techniques, matrix Hj is selected such that

H\D =0 (16)

Then, estimation error dynamic (14) can be simplified as:

ex(t) = Zhi[(HlAi —L1iC)ex () + (Hi1Api — L2i C)ex (t —h) + Hi Fiey (1)] (17)

i=1

To find simultaneously matrices H; and H> from Egs. (13) and (16), one can define
the following augmented matrix:

[ Hy Hz][glg]:[lno] (18)

Under Assumption 3, H; and H can be expressed by the following system:

[, Hz]z[z,,o][gf’(ﬂT 19)

In contrast to the constant fault giving in [28] and [27], here time-varying faults
are considered. Then, it follows that f(¢) # 0. Consequently, the dynamic of fault
estimation error is given by the following expression:

5 (1) = fult) = Falt) (20)
Then,

er(t) = fat) =T Y hiNi(éy(t) + oey (1) 1)

i=1

Under Assumption 5 and Remark 1, the closed loop of the T-S Descriptor System
without external disturbances becomes

Ex(1) = Zhi[AiX(t) — BKiX(t) + Apix(t — h) + F; fa(t)
i=1

+ (I, — BBYF; fu(t) — Fi fa(1)]
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Ex(1) = Zhi[(Ai — BK)x(t) + Apix(t — h) + BKiex(1) + Fiep(1)] (22)

i=1

3.2 Stability and Stabilization Analysis

Theorem 1 Considering system (22), under Assumptions 1, 2, 3 and 5, if there exist
symmetric positive definite matrices Q1, Z1, P>, Q2, Z3 and a positive definite matri-

ces Py as well as N;, K; and M such that Vi € [1,...,r], the following conditions
hold:
E'P=P'E=>0 (23)
(HiF)"Py = N;C (24)
¢i <0, i=1,2,...,r (25)

then the adaptive fuzzy observer proposed in (11) and the FTC designed in (12) can
realize that the state vector of overall system (22), the state estimation error and the
fault estimation error are uniformly bounded.

where
o}t @ P!BK; 0 PI'F;, 0 ol ]
* —(Q1+E'ZIE) 0 0 0 0 AT Py
* * ¢ ot e”  ¢® KBTR
¢i=| * * *  —(Q+2Z) ¢f ¢ 0
* * * * 901‘55 FZ.THIT P2T FiT Py
* * * * * % 0
L * * * * * * o]
(26)
in which

ol =sym(P'A; — PIBK) + Q1 — E'Z|E
¢l* = P A + EYZ\E

¢i” = (Ai — BK)' Py

@3 = sym(PyH A; — PL1;C) + Q2 — 7>
ot = Py(TAp — L2iC) + 27,

1
o = —;(AiTH;er —-C'YHHF
9% = (H1Ai — L1;O)" P

1
o = —;(A,T”»HITPZ — CTYHH Fi

%46 = (HiApi — L2iC)'Py
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55 1 T 1
¢;° =——H1F) b(H F)+—M
o on

0% = =P (W2 Py o7 = —P{(WPZD)7' P

Proof See “Appendix A”.

Our objective now is to transform conditions in Theorem 1 in set of LMIs.

Theorem 2 Considering system (22), under Assumptions 1, 2, 3 and 5, if there exist
symmetric positive definite matrices @ W Z1, Xa, 0>, Z» and a positive definite matri-
ces X1 as well as Nj, Y1i, Y2i, M and W; such that Vi € [1,...,r] the following
conditions hold:

EX| =X[ET >0 (27)

Minimize n > 0 subject to [6]

T _ N
M (WED"Xo = NiC | o =12, (28)
* niy
E <0, i=1,2,...,r 29)
where
E.ll E~12 E~13 0
. 52 523 5.
- * ESSES A3
s=| L " an (30)
* * * "71.44

then the adaptive fuzzy observer proposed in (11) and the FTC designed in (12) can
realize that the state vector of overall system (22), the state estimation error and the
fault estimation error are uniformly bounded.

In this case, the gains of the adaptive fuzzy observer and controller are, respectively,
given by Li; = X5 'Yi;, Lo = X5 ' Yo and K; = Wi X[ .

~11 _ [sym(AiXy — BW) + 01 — EZ\E" Ay Xi + EZ\E"
P * ~(01+EZET)
sz _[BWiOF 0] i3 _ [(AiX1i—BW)'
STl o o000 T (Awx)T
(BW)T
Z2 _ [+ X)) 0 22 _ 0
P * =231 |7 7 FT
0

EP =[-nXi+ XD + 221027, ]
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sym(XoHy A; = Y1;O)+ Q02— Zy XoHyApi—Y2iC+Zy —L(ALHIP,—CTYH|F;  (XoH A =Y1;0)T

o * —(02+ 22) —LALHT P, - CTYDHIF; (X2 HiApi — Y2iO)T
' * * — S (H F)T Py (L F) + G M (X2 H Fy)T
* * * =21 X2 +)»%h222

Proof see “Appendix B”.

Remark 2 The actuator fault estimation for this class of systems is not fully inves-
tigated, and the problem is still open. In [12], the proposed result presents three
drawbacks: The first one is that the result is delay independent. The second one is
that the proposed LMI conditions require to choose some tuning matrices which need
to be fixed beforehand. The third one is that the controller and observer design are the
BMIs which are solved using a two-step algorithm.

4 Numerical Example

In this section, two examples are given to demonstrate the effectiveness of the proposed
methods.

Example 1 As stated in Remark 2, to show the conservativeness of our approach a
comparison with the result in [12] will be stated.

Consider the following T-S fuzzy descriptor system with time delay proposed in
[8] and [18]

3
Ex(t) = hi[A;ix(t) + Apix(t —h) + Bju(t) + Dd(¢t
(1) ;l[,o nix(t — h) + Biu(r) )] an
y(t) = Cx(1)
where
100 010 010 010
E=(010]; Ai=|1001]; Ay=1001 i A3=1001
_000 1-60 10 -6 100
000 0 1 011
Api=] 000|; Bi=|0]|; D=|0/[; C:|:100i|, i=1,2,3
0800 1 1

Applying Theorem 2, we get a feasible solution and we obtain the controller and
observer gains as follows:

Ky =[3.2145 0.0920 3.4882], K, =[3.7327 5.6808 —1.0278 ], K3 = [2.9409 4.3092 2.7649 |
0.5832  0.8709 0.5997 0.8400 0.0911 0.7414

Lip=| 10490 05885 |, Lip=|0.6547 —0.2518 |, Li3=| 0.7329 —0.0949
—0.3761 —0.3645 0.0338 0.5042 —0.2118 —0.1369
0.6209 0.4146 0.6258 0.3519 0.1234 0.2435

Ly = | 0.0905 —0.3693 |, L= | 0.5347 0.0940 |, L3= | 04701 0.0217

0.5872 0.1145 0.1344 —0.3350 0.4433 —0.0174
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Then, we apply Theorems 1 and 2 in [12], where delay-independent conditions have
been developed, and we find an infeasible problem.

Example 2 1In this section, we consider a truck—trailer system in [12,28].
Considering the following dynamic model of the truck—trailer system,

. vt vt vt
x1(t) = _aL_toxl(t) -1 - a)L_tox](t —h)+ %M(t)
. vt vt

xX2(t) = HL—IOXI(I‘) + - a)L_toxl(t —h)

. B vt . vt | vt : -
x3(t) = Esm [xz(f)+aix1(t)+( —a)le(t— )i| (32)

Model parameters are: a = 0.7, = 2.8, L = 5.5,v = —1,1f = 2,190 = 0.5 and
h =0.5.

To have the T-S descriptor representation, the following state variable is introduced:
0 = 020 - a2y ) — (1~ ) 2x 0 — ) (33)
x4(t) = x2 aLlel a Lt()xl

The following fuzzy rules can be employed:
Rule 1: If 6(7) = x2(¢) + a7, xl(t) + (1 — a) xl(t — h) is about 0, then

Ex(t) = A1x(t) + Apix(t — h) + Biu(t) + Dd(t)
y(t) =Cx (1)

Rule 2: If 0(¢) = x2(¢) + aLtOxl(t) + (1 — a) xl(t — h) is about 7w or —, then

:Eﬂ0=MM0+MNU—m+Bw®+Dﬂ0

y() = Cx(1)
where
_1000 _aZ_tt() 00 O —(l—a)mOOO
£ 0100 |, A= a% 000 oA (l—a)Lt0 000
Tloot1o0 | T _ v v o Akl = _ ’
az~ 00 (1 a)th 000
0000 i 1
L —aty 1 0-1 —(l—a)—tOOOO
r vt
Tty
B = 0
0
| 0
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'—aL”—;; 000 —(1—a)LL;000
all 000 d—a)X 000
Ay = s i ;o Am = ", ;
—a‘g”Lt_tO 2ro 0 (1—61)%’;2,([l 000
v v
| —al 10-1 ~(1=a)2£ 000
i 0
It
0 0
B = i C=1y D=
0 I
L0 0

we set ¢ = 120 and d(1) = sin(0(1)) — 6(1)
Consider now actuator faults, it is supposed that /1 = By and F> = B;.
The membership functions for rules 1 and 2 are designed as follows:

1
hi(0(1) = (1 T exp(=3(0(r) + 0.571)))

I
(1 B 1+exp(—3(9(t)—0.5n))>’ mPE) =1-m0E) 69

By solving (19), H; and H> can be given as follows

050 00 050 00
0 0500 0 0500
=19 000'™=|0 010
0 000 0 001

By choosing the tuning parameter values as follows: A; = 2, A, = 3,13 = 3,0 =
2,u=0.2,T =0.5and n = 0.01.

Within MATLAB LMI Toolbox, we can solve the optimization problem of Theo-
rem 2 and we obtain the following feasible solution:

63.5299 9.2108 —24.9982 0
9.2108 8.5007 17.5163 0

X1=1 _54.9982 17.5163 203.4188 0 ’
27.2301 10.4030 —8.4407 106.0576
257.8177 —0.1618 0.1288  0.0202

¥ —0.1618 169.4268 0.1317  0.0452
2 =

0.1288 0.1317 170.0010 —0.0025
0.0202  0.0452 —0.0025 170.0363
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Fig. 1 State x| (r) and its estimated X7 () with a time-varying fault f,;

2 T T T T T T T T T

System state X,

= = = Estimate state x,,

T, (t) and its estimate

o
(9]

'
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System state
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1 1 1 1 1

'
N

Time(sec)
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g.2 State xp(7) and its estimated X» (¢) with a time-varying fault f,|

0.4 T T T T T T T T T
03k
0.2
0.1

0
-0.1
-0.2
-0.3
-0.4
-0.5

0.6 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20

Time(sec)

System state x 5

= = = Estimate state X [

System state z3(t) and its estimate

Fig. 3 State x3(r) and its estimated X3 (¢) with a time-varying fault f,;

Let consider the first time-varying fault as follows:

0 t <45
1.5 45 <t <7
fa1@®) =30 7<t=<10 (35)
0.540.3sin(7r) 10 <t <14
0 t>14
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2

System state x4(t) and its estimate

Fig. 4

T T T T T T T T T

System state x 4

= = = Estimate state x,,

Il Il Il Il Il Il Il Il Il
0 2 4 6 8 10 12 14 16 18 20
Time(sec)
State x4(¢) and its estimated X4 (7) with a time-varying fault f,{

o N A O

LN B e k™ e St o
’
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-——- f

Il Il Il Il Il Il Il Il Il
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Actuaor fault f,;(¢) and its estimate f,(t)

5

=
a9

0.4
0.2

-0.2
-0.4
-0.6
-0.8

System state z; (t) and its estimate

-1.2

Fig. 6

2 4 6 8 10 12 14 16 18 20
Time(sec)

Actuator fault f,1(¢) and its estimated f;l )

T T T T T T T T T
System state x 4
- ’,—-\\ ---Estimates,tatex1 7
= S RN == S —
v
- ’ -
.
’

L A

1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20

Time(sec)

State x1 (¢) and its estimated X (¢) with a time-varying fault f,»

Simulation results of this example are illustrated in Figs. 1, 2, 3,4, 5, 6, 7 and 8. It is
quite clear to see that the adaptive observer proposed in this work can estimate system
state and actuator faults (Fig. 9).

Consider now the second time-varying fault as follows:

0 t<7
far) =103 —-3) T<t<l1l (36)
0 t > 11

) Birkhduser
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T
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204 g
Z
g 151 4
z
2 1 1 1 1 1 1 1 1 1
@ 0 2 4 6 8 10 12 14 16 18 20
Time(sec)
Fig. 7 State x(¢) and its estimated X7 () with a time-varying fault £,
© T T T T T T T T T
3 041 System state x,
‘% 0.2 = = = Estimate state X ||
2
= 0
=1
<
= -02 —
5
e 04 .
;’g
w
g 06} =
L
Z 08 L L L L L L L L L
n 2 4 6 8 10 12 14 16 18 20
Time(sec)
Fig. 8 State x3(¢) and its estimated X3 (¢) with a time-varying fault f,»
Q
*g 2 T T T T T T T T T
= 15 System state X,
3 = = = Estimate state X,
2 1 4
2 o5 -
2 o —
o
& -0.5 —
[0} 1
s ap .
[z
S 150 =
'/>). 2 1 1 1 1 1 1 1 1 1
a 0 2 4 6 8 10 12 14 16 18 20
Time(sec)

Fig. 9 State x4 () and its estimated X4 (¢) with a time-varying fault f,;»

By referring to simulation results, it can be deduced that the use of the adaptive
fuzzy observer-based fault-tolerant controller can rapidly recover the performance
and the stability of the closed-loop system in the presence of time-varying fault which
gives us a good estimation of the states and the actuator faults. As shown in Figs. 5
and 10, the two faults which are considered in this paper are rapidly and accurately

estimated.
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Fig. 10 Actuator fault f,7(r) and its estimated ﬁ,z (1)

For the two examples of actuator faults, by choosing I' = 0.5 in the simulation
example, the derivative of f,;1(¢) and f,2(¢) over time are norm-bounded by f|1max =
2.1 and fiomax = 0.3, respectively. §; = £ f2 = Amax(T~'M~'T71) = 0.0273 and
8 = Ll rmax(T7IM™IT ™Y = 5.5773.107 reduce the radius of the ball in
which the estimation errors converge.

5 Conclusion

In this article, an adaptive fuzzy observer-based actuator fault-tolerant controller
design for Takagi—Sugeno fuzzy descriptor system with time delay and external distur-
bances has been investigated. The proposed strategy allows to estimate simultaneously
the system states and time-varying actuator faults. The delay-dependent stabilization
conditions are presented in terms of LMIs which can be easily solved using MATLAB
LMI Toolbox. A simulation results are given to show the effectiveness of the design
method.

Appendix A: Proof of Theorem 1

Consider the following Lyapunov—Krasovskii functional:

t
V() = (Ex(t)T Pix (1) +/ xT()Q1x(s) ds + el (1) Paex (7)
t—h

t
+ / el (s)Qrex(s)ds
t—h
0 t

+le}(t)1“_lef(t) +h/ (Ex(s)TZ1(Ex(s))ds do
o —h Jt+6

0 t
+h / / ¢X(5)Zaé, (s) ds do (37)
—h Jt+46
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The time derivative of V (¢) is given by:

V() = (Ex(0))TPix(t) + (Ex(@)TPii(0) + xT (1) Q1x(1)
—xT(t = h)Qix(t — h) 4 2é) (1) Paex (1)

2
ey (0Q2ex(t) = ey (t =) Qaex(t = h) + —ef (T~ é (1)
+ WP (Ex(1)" Z1(Ex(5))]

t
—h / (Ex ()T Z1(Ex(s))ds + h*[eL(s5)Zaéx ()]
t—h
t
—h / ¢X(5)Zpé, (s) ds (38)
t—h

By using Lemma 1, we have:

2o fun <

— T Mep )+ E T OT ' MT )
on o
EeT(t)r—lf' (1 < LeT(t)Me
T L (6) < —eT(OMey (1) + 8 (39)
o oun
where
5= L 1 man (T M T (40)
o

By using (23) and substituting (22), (17) and (39) into Eq. (38), one can obtain:

V() < x(0)'[P (Ai — BK;) + (A] — K] BY)Pi + Q11x(1)
+2x() T Pl Apix(t — 1) + 2x ()T PIBKiex (1) + 2x(0)T Pl Fie s (1)
—x"(t =) Q1x(t — h) + e, (N[ Po(T A; — L1;C)
(T A; — Li;C) Py + Qalex(t) + 2¢X (1) Po(T Api — Lo C)ex (t — h)

1

—el (1 —h)Qrex(t —h) + —ef()Mey(t) + 8

ou
t
+h(Ex(t) " Z) (Ex()] — h / (E(s)" Z1(Ex(s)) ds
t—h
t
+ 26T () Zaér (5)] — h/ ¢Y(5)Zpé,(s) ds (41)
t—h

Applying Jessen’s inequality [9] to deal with the cross product items, we obtain

Lo . Ex(ty 1'[-z1 z Ex (1)
—h /tlh(Ex(s)) Z1(Ex(s))ds < |:Ex(t—h):| [ . _Zl:| [Ex(t—h):|

(42)
x(t) 1'[-ETZ,E E"Z,E x(7)
S[x(t—h):| [ * —ETZIE:||:x(t—h)i| “3)
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t T
.T . ex(t) —7Zr 7> e (1)
—h /t_h e, (8)Z2éx(s)ds < |:ex(t—h)i| [ N —Z2:| |:ex(t—h):| (44)

Noting the extended state vector as follows:

E(t) = [xT(t) xT(t —h) el (t) el (t — h) e}(t)]T (45)
Then, we can write :

V() < ETpMe) + WP (Ex ()T Z1(Ex ()] + B2 [6) () Zaéx ()] +8  (46)

where 11 12 T T
0! ¢! PIBK; 0 PIF;
x —(Q1+EYZ/E) 0 0 0
gil=| * * ¢ ot e 47)
* * * (024722 ¢f
% *k *k k gofs
Denote
¢! ) .
1 l 1
¢i=| * —(h>Py'ZopPH! 0 (48)
< < —2pP 'tz P!
where

@HT =[00 Py(TA; — L1;C) Po(T Api — L2iC) Py(TF,)]
@' = [ Pl(A; — BK;) Pl Ay PTBK; 0 PIF;]

By using Schur complement, inequality (25) is equivalent to 5T¢>i1 Ye()+h2[(Ex ()T
Zi(Ex(s)] 4 h*[é}(s)Z2éx(5)] < 0.
If condition (25) holds, it follows from (41) that

V() < —¢lEDI* + 8 (49)

where ¢ = Amin(—¢)

It follows that V (r) < 0 for ZIEMDN? > 8, and according to Lyapunov stability
theory, &(r) will converge to a small set W = {£(1)/||E()||> < ?} ; thus, £(¢) is
uniformly bounded.

The proof is completed.
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Appendix B: Proof of Theorem 2

We can write inequality (26) in this form

11 412 413
A A A

A= = A2 A2 | <0 (50)
* % A?3

where

Al _ [sym(PlTA,- — PI'BK;)+ Q1 — ETZ\E Pl A + ETzlE]
=

* —(01+ E"Z,E)
PTBK; 0 PTF; 0 (A; — BK)TP
A]Z — 1 i 1 i A~13 — i i 1
! 0O 0 o0 of ¢ Azi P
sym(PyHi Aj = P2L1iC)+ Qa2 — Zo Pa(H1Api—LaiC)+ 22 —L(AL HT Py—CTY)H\Fi  (H1Ai—L1;C)T Py
e * —(02+ Z2) — 1AL HT Py = CTYJ)H\ F; (HiApi — Ly O)T Py
L * * ~LHF)T P F) + M (H )Ty

* * * —Py(h’Zy)7' Py

AP =[-Plnz)~'pP]

Consider the following symmetric matrix:

Zin 0 0
Z=| 0 Zx»n 0
0 0 Zas

where Z1; = diag(Pl_T, PI_T), T = diag(Pl_T, 1,1,1)and Z33 = PI_T
We can transform inequality (50) by pre- and post-multiplying it by Z, and we
obtain this form:

11T 12T 1375T
leAi Ly, leAi Ly Z“Ai Z33

* I APLY, 7, APZY | <0 (51)
* * Z33A?3Z§3

By using Lemma 2, we obtain the following inequalities:

— Py(2Z2)" Py < =201 Py + 23022, (52)
L3 AP = —PT W Z) T P < —ha (P + P+ Z) (53)
I APTY, < —A3(Zoy + Z3y) — A5(A7) ™! 54
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By applying Schur complement, we obtain the following inequality:

InAPZY, ZnAPZY,  ZnAPXE 0

* —\3(Zoy + Zgz) ZzzAiBZ;% %yi

3T <0 (55)
* * Z33Ai Z33 0
* * * Al.22

By posing X| = P X2 = Po,Z) = P ZiPy T 00 = PrT O P Y =
PyLy;, Y2 = PoL; and W; = K Pl_l, we obtain inequality (30).

The proof is completed.
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