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Abstract This paper is concerned with the problem of H, control for a class of
switched systems. Time delays that appear in both the state and the output are consid-
ered. In addition, the switching of the controllers experiences a time delay with respect
to that of subsystems, which is called “asynchronous switching.” By the utilization
of the piecewise Lyapunov function technique, sufficient conditions that ensure the
exponential stability and a weighted H, performance level for the closed-loop system
under a mode-dependent average dwell time (MDADT) scheme is proposed. MDADT
means that each subsystem has its own average dwell time (ADT), which is more gen-
eral than ADT. Two types of MDADT are gained by dividing all the subsystems
into two parts. Then, the asynchronous H, dynamical output feedback controller
is designed in terms of linear matrix inequalities. Finally, a numerical example is
provided to demonstrate the effectiveness of the proposed method.

Keywords Asynchronous switching - Mode-dependent average dwell time -
Time-varying delay - Hy, control - Switched system

1 Introduction

Switched systems belong to an important class of hybrid systems, represented by a
finite number of subsystems and a switching signal orchestrating the switching among
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them. Due to the significance in theoretical development and practical application, the
investigation of switched systems has been attracting increasing attention. A consid-
erable number of results have been reported [2,7,8, 16]. Since time-delay phenomena
exist widely in many engineering systems, which may lower the system performance
and even lead to system instability, switched delay systems have been extensively
studied [5,13,17,35,38].

Switched systems display complicated dynamical behavior. Switched systems
might be stable or unstable for different switching signal. Switched systems might
be unstable even if each subsystem is stable [9]. Thus, it is necessary to co-design the
switching signal and controller to obtain the performance of the system.

For the switching signal design, an effective method is average dwell time (ADT) [6,
34], which has been widely used to investigate the stability and stabilization problems
of switched systems [10,23,25]. Recently, the authors in [32] put forward mode-
dependent average dwell time (MDADT) in which each subsystem has its own ADT.
It has been proved that MDADT is a more general class of ADT [26,27,33].

For the controller design, the mainly used technique is linear matrix inequalities
(LMIs) [1,4]. Various controllers have been designed in [ 10, 14,15, 18,22-25,30] with-
out asynchronous switching. However, as stated in [36,37], in actual operation, it takes
some time to identify the active subsystem and apply the matched controller, so there
inevitably exists asynchronous switching between the subsystems and controllers.
The results related to the switched systems under asynchronous switching have been
reported. To mention a few, asynchronous Hy, filtering problem has been investi-
gated in [28,29], asynchronous output feedback control problem has been addressed
in [3,20], and asynchronous state feedback control problem has been studied in
[11,12,21,31]. In practice, it is often not possible to obtain full information on the
state variables to use them for feedback control. This makes it necessary to study the
dynamical output feedback (DOF) control problem [20]. To the best of our knowledge,
the asynchronous H., DOF control problem of switched systems with time-varying
delay, especially based on the MDADT approach, has been rarely studied. The pres-
ence of time-varying delay makes the DOF control problem much more complicated.
Meanwhile, its presence adds the difficulty for the design of the DOF controller. How
to choose the piecewise Lyapunov function technique to establish solvable conditions
for the DOF controller is a crucial issue, which has not been resolved. Thus, research
in this area should be of both theoretical and practical importance, which motivates
us to undertake this work.

In this paper, we are interested in investigating the asynchronous Hy, DOF control
for switched time-varying delay systems. By using the MDADT approach combined
with the piecewise Lyapunov function technique, sufficient conditions are proposed to
guarantee the exponential stability with a weighted H, performance for the switched
closed-loop system. By dividing the subsystems into two parts, two types of MDADT
are gained. Moreover, the conditions for solving the DOF controller are given in terms
of LMIs. Finally, the simulation result is provided to illustrate the effectiveness of the
proposed theory. The contribution of this paper is as follows: (1) The DOF controller
under asynchronous switching for switched time-varying delay systems is designed;
(2) the weighted Hy, performance is introduced to study the DOF control problem
of switched time-varying delay systems, which has rarely been addressed before;
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(3) a more general class of switching signal, i.e., the MDADT switching signal, is
considered; (4) two types of smaller MDADT are gained.

The remainder of the article is organized as follows. Preliminaries and problem
formulation are introduced in Sect. 2. Section 3 presents the main results. A numerical
example is provided in Sect. 4. The conclusions are summarized in Sect. 5.

1.1 Notations

R" denotes the n-dimensional Euclidean space. R™*" is the set of all real m x n matri-
ces. P > 0 means that P is a positive definite symmetric matrix. Ay,in (P) (Amax (P))
is the minimum (maximum) eigenvalue of matrix P. AT denotes the transpose of
matrix A. * stands for the symmetric terms in matrices. || - || refers to the Euclidean
vector norm. / and 0 denote the identity matrix and the zero matrix with appropriate
dimension, respectively. diag{- - - } stands for a block diagonal matrix. L>[0, co) is the
space of square-integrable vector functions over [0, co). N represents the set of all
nonnegative integers.

2 Problem Formulation and Preliminaries

Consider a class of switched delay systems

x(t) = As)x(t) + Doyx(t — d(t)) + Boryu(t) + Eg (1),
y(t) = Coryx(t) + Foyx(t —d(@)) + Gy (1),

z2(t) = Lonyx (1) + Ug(nyx(t — d(1)) + Hy (o (1),

x(t) = @(t),t € [—h, 0],

ey

where x (1) € R"* is the state, u(¢) € R" is the control input, y(t) € R"> is the mea-
surement output, z(¢) € R is the controller output, w(t) € R" is the disturbance
input which belongs to L>[0, 00). d(¢) denotes the time-varying delay satisfying 0 <
d(t) < hand d(t) < hg < 1. ¢(t) is a vector-valued initial function on [—h, 0].0 (¢) :
[to, 00) — M = {1, 2, ..., M}, called the switching signal, is a piecewise right contin-
uous function. M is the number of subsystems, and 7y is the initial time. For a switching
sequence of the subsystems X = {(o(¢,), t,), (o (t1), t1), ..., (6 (t%), ), ...|k € N},
whent € [t, tr41), 0(t) = o (tx) = p € 9N, we say that the pth subsystem is active.
Ap,Dp, By, Ep,Cp, Fp,Gp, Ly, Up, and H), are known real constant matrices with
appropriate dimensions.

Due to the asynchronous switching between the controllers and subsystems, we
consider the dynamical output feedback (DOF) controller as follows:

{)'Cc(t) = Aco—apXc(t) + Beo—npy®), Ytelt, tky1),keN ?)
u(t) = Cc,a(t—Ak)» x:(0) =0,

where Ag = 0, and Ay < fx41 — f represents the delayed period.
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Leto(ty) = p € M, o(tx—1) = g € M, p # q. Applying the controller (2) to
system (1), we obtain the following closed-loop system

X(t) = 5520) + _D&)?(t —d()) + E&w(t),
2(t) = Lpx(t) +Upx(t —d(t)) + Hyw(t), Vit € [ty, k1), k€N 3)
x(t) = ¢(t), t € [—h,0],

where
_ {pq 1€ [t tk + Ap)
.t € [tx + Ak, tey 1),
x(t) = [XT(I) xT(t)] H,=[H,]., L,=[L, 0], U,=[U, 0],

B CC V4 , Dp — Dp 0 , E—,p — EP ,
B, ,,C Acp B. ,F, 0 B. ,G)
A, B,C. - D, 0 - E
oo ) e lag) o)
g |: BeqCp Acyg e BegFp 0 e BeqGp
Now, we state the following definitions and lemma for latter development.

Definition 1 [32] For a switching signal o'(¢) and any T > t > 0, let Ny, (¢, T)
be the switching numbers that the pth subsystem is activated over the interval [z, T')
and T, (¢, T) denote the total running time of the pth subsystem over the interval
[t, T), p € 9. We say that o () has a mode-dependent average dwell time (MDADT)
1), if there exist positive numbers Ny, (we call Ny, the mode-dependent chatter
bounds) and 7, such that

Ty, T)
Nop(t,T) < Nop + - “)
p

Definition 2 [17] The equilibrium x = 0 of closed-loop system (3) with w(z) = 0 is
globally uniformly exponentially stable (GUES) under certain switching signal o (¢)
and initial condition X (fp), if there exist constants § > 0 and n > 0 such that the
solution of the system satisfies

[IZ(O]] < 8e™ 1) || % (0)]|1 , VE > 1o, )

where ||% (70)|]¢1 = sup_,<p<o {IX (0 + )|, )

Definition 3 For the given constants &, > 0 and y > 0, system (3) is said to be
GUES with a weighted Hy, performance y, if the following conditions are satisfied:

(1) System (3) is exponentially stable with w(z) = 0;
(2) Under zero initial condition, i.e., ¢(t) = 0, t € [—h, 0], it holds for any nonzero
w(t) € Ly[0, co) that

o0 M o0
/ exp Z a, Ty, 1)] ZT(t)z(t)dt < y2/ wl(Ow(r)dr.  (6)
fo P=1

0]
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Remark 1 The standard H,, performance, which has been commonly adopted for
non-switched systems, cannot be achieved in general for switched systems with an
ADT switching. Thus, weighed Hy, performance with the weighted term e~ is
used in [23,34]. In this paper, since the MDADT switching technique is used, the
weighted term is replaced by exp{— Zg’zl[a pTp(to, t)]}. It can be seen that when
ap = a,Vp € I, Definition 3 is turned into that in [23,34]. Thus, Definition 3 can

be viewed as an extension of that in [23,34].

Lemma 1 [38] Let x(t) € R” be a vector-valued function with first-order continuous-
derivative entries. Then, the following integral inequality holds for any matrices
Ni,No e R gnd X = XT > 0, and a scalar function 0 < d(t) < h:

NI +N =N+ N,
¢(@)

t
_/ () Xx(s)ds < T (@) [
] * —NJ + N>

—d(t)

T
+he (1) [%ﬂ XM N Jew. )

where ¢(t) = [xT () xT(t —d ()"

Lemma 2 [1] (Schur complement) For a given symmetric matrix with the partition

Wi Wiz
W = ,
|:W21 sz]

where W11 and Wyy is a square matrix and WIT2 = Wy, the following three conditions
are equivalent

(1) W<0;
(2) Wii < 0and Wy — WEW,'Wip < 0;
(3) Wy <0and Wy — Wyp W2_21 W1T2 < 0.

3 Main Results
3.1 Stability and H., Performance Analysis

In this section, we focus on the stability and H, performance of the closed-loop system
(3) with asynchronous behaviors. For concise notation, let 7 (0, #) (7}(0, 7)) represent
the total periods that the controllers and the subsystems are matched (unmatched) dur-
ing [0, 7). Let T ,(0, 1) (T}, (0, 1)) denote the total running time of the pth subsystem
controlled by the matched (unmatched) controller during [0, 7).

The following theorem presents a sufficient condition of exponential stability for
the system (3) with w(z) = 0.

Theorem 1 For the switched system (3) with w(t) =0, letap, > 0, Bp, up > 1 and
fp =1, p € M be given constants, if there exist matrices P, > 0, O, > 0, S, > 0,
Ppy >0, Qpg > 0and Spy > 0, such that¥ (p,q) € M xIM, p #q,
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AT T
rfy rf, nA K
x Iy, hD)KT | <0, ®)
* ok —hSl
qu qu hAT KT

s hD]T,qKT <0, 9)
| * * —hS_1
Pp = ppPpg, Qp < Mprqv Sp = MpSpq;
Ppy < Mp » Opg < /prva pqg = I‘Lpst]v (10)

where

Flli =A;PP+PPAP+O[PPP+QP’

Iy = PyDy +e KK,

rf=—-—hgpe " Q, —2e""KTK + he *»"KTS, 'K,
I = Ay Ppg + PogApg — BpPpg + Qpg.

Fll;q = qubpq +K'K,

rp=—0—hg)Qpy—2K"'K +hK"'S, K.

Then, the closed-loop system (3) is GUES for any switching signal o (t) with the
following MDADT

ln(ﬂpﬂpﬂp)
=T, = T,ﬂp+ap <0,
In Anfly) + (a, + A
7, > ‘L’; _ (Uptpitp) + (op + Bp) pM’ lgp ta, > 0, (11)
Ap
where i, = qegtag#p{qu}, Lgp = €*TPr, Apy = max Ty (ty, tes1), Yk € N.

Proof According to the value of «), + B, we divide all the subsystems into two parts:
if )y + B, < 0, the subsystem belongs to set ¥| = {1, ..., [}; otherwise, it belongs
toset¥ ={l+1,..., M}.

For Vt € [, tx+1), k € N, let tp = 0, and define K = [/ 0]. Choose a piecewise
Lyapunov function of the following form:

t
V() = X (1) Psx(t) + / 95T () 05 (s)ds

t—d(t)

0 t
+ / [ 95T (5)KTS; Kx(s)dsdo, (12)
t+6
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where

By, telt, tx+ Ap)
K =
—ap, tE€ [tg+ A, tky1).

Taking the derivation of the Lyapunov function, we have

V() <kV(t) — kX (1) Psx(t) + 2X T (1) P3 X (1)
+ 3T (1) Qsx(1t) + hxT(t)KTS; Kx(r)ds
— (1 — hg)vx"(t —d(1)) QX (t — d(1))

t
—v[ T (s)KTS; Kx(s)ds, (13)
t—d(1)
where
v — 1, t € [tg, tx + Ar)
T et telt + Ak, tierr).

Define £(r) = [T () xT(r —d(¢))]", it follows from Lemma 1 with Ny = 0, N, = I:

t
—v / xT(s)KTS; Kx(s)ds
t—d(t)

T
<v {sTm [2 _’;K'fK} §(0)+hx" (¢ — d()KTS; KE(t - d(r))} -4

From (12)—(14), it yields that

; BpV (1) +ET ()P +dOpySpy O NEW), 1 € 1, 1 + Ag)
V) < T » ™ (15)
—apV(O) +E (OUP +dO,S,0,)8(), €[tk + Ak, tit1),
where
PP pd P4 AT xT AT T
rr— |:F11 F12:| = [F11 I :| LO,= |:‘?p K i| L Opg= [‘L}pq K ]
x I I Dy KT Dy, KT
By Schur complement Lemma, (8) and (9) imply
; BpyV(@), telt,tx+ Ap)
V) < , 16
= {—apva), Le Tt + Ap fiy) (16)
which gives that
Vi < PV (1), 1€ ik, tx + Ax) (a7
= | e TR AOV (4 + Ap), 1€ [k + Ak, k)
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Using (10) and (12), we get

V) < ﬁpﬁpv(l‘k_),
Vit + Ak) = pnpV (Ut + A)7). (18)

For Vt € [tx, ty+1), combining (17) and (18) yields

V(1) = el 107w LDy (1)

A ~ T - T _
< Ma(tk)l’«o(tk)l/va(tk)eﬂ”("‘) F (k1) =0 (1) L(lk,t)V(tk)

= /La(tk—l)Mﬂ(tk)/la(tk):acr(tk)eﬁa(’k)T[([k’t)_%(tk)n(tk’l)

> eﬁo(tk,I)T[(tkfl»lk)—aa(tk,I)TL(tk—le)V(tk_l)
k

l_[ (Mo (1) o (1) o (1) )€
i=k—1
w Pt Tt We—1:10 = o) T (te—1,16) V)

Bo () Tt (e, 1) =0t (1) T (1, 1)

IA

S .
k
= H(Mo(z,)ﬁo(z,-)ﬂa(z,-))eﬂ"“k)Tf(”(”)_"“’“k)m“)
Z IBJ(II 1)T (ti—1,ti)— U (1; _ l)T (ti—1.ti ]V(t())
M M
= exp Z T1p0.1) — oy T) (0. 0] & [ [pitpizp)¥or 00V (20)
: p:]
= 2182,V (10), (19)
where
1 I
£21 = exp Z [ﬁPTfP(O’ 1) —apT)p(0, t)] H(H«pﬂpﬁ«p)Nap(O’t),
p=1 p=1
M M
2r=exp > [BpT1p0.0 —apT1,0.0] ¢ [] (pitpiiy)Voren.
p=Il+1 p=Il+1

For £21 noticing that 8, < —a, together with Definition 1, we get

l I
21 <exp Y [~,T,0.0] ¢ []wpitpitp)Voron
p=1 p=1
l In(upfipity)
<expi Y. [Nop In(uppfiy) + Ty (0, 1) (% _ a,,)} L 20)
p=1 p
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For £2;, noticing that T}, (0, 1) < Appy Ngp(0, 1), together with Definition 1, we have

M M
2 <expy Y. [~apTp(, t>+<ap+ﬂp)ApMng<o,t>]} [T wpitpiip)Noren
p=I+1 p=I+1

M
= exp Z [NOp In(upfipitp) + (op + ,Bp)ApM]}
p=I+1

M A
< exp { Z [(ln(ﬂpﬂpﬂp) +@p+Bp)Apym a,,) 7,0, t)]} . @1

T
p=l+1 P

Define

T = min Amin(Pp), Amin (P ,
1 p,qeim,p;éq{ mm( p) mm( pq)}

2

h
= ,r}é%;(t{)»max(f’p)} +h ;Ié%%%{)\max(Qp)} + Eﬁ%{kmax(sp)}

Set

I
/ 1 N
= Z_?exp EE [NOpln(MpMpMp)]
p=l1

M
+3 Z [Nop (In(upitpity) + (@p + Bp)Apm)] ¢ »
p=Il+1
ln(ﬂpﬂpﬂp) —Olp} ’
Tp
max { In(upfipfip) + (etp + Bp)Apm %” '

1
n = ——max {max {
2 pev

PEY? Tp

Then, from (11) and (19)-(21), we can obtain

[IZ(O]] < 8e™ 170 |3 (20)] |1 - (22)

By Definition 2, we can conclude that the closed-loop system (3) with w(¢) = 0 is
GUES for any switching signal with MDADT (11). This completes the proof. O

Remark 2 To facilitate the latter design of the DOF controller, in Theorem 1, a matrix
K = [ 0] is added into the third term of the piecewise Lyapunov function (12).

Remark 3 A unique feature of the approaches in this paper is the utilization of
MDADT. Different from the ADT approach adopted in [12,18-20], where the param-
eters are mode-independent, and the ADT for all the subsystems are required to be
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larger than a common constant t,, the parameters selected in this paper are mode-
dependent, and we only require the ADT among the intervals associated with the pth
subsystem to be larger than 7,,, where the intervals are not adjacent.

Remark 4 Different form most existing results on asynchronous control problem [3,
11,12,20,28,29,31], in which & and § are positive, in this paper, 8,, p € 9 can be
negative. Based on the value of a, + 8, p € M, we get two types of MDADT (11).
It can be seen that for the same parameters « and p if only 8, < 0, p € 90 exist, the
MDADT (11) is smaller than that in [3,11,12,20,28,29,31].

Now, we are in a position to give the weighted Hy, performance analysis for the
system (3).

Theorem 2 For the switched system (3), lety > 0, > 0, Bp, tp = land i, > 1,
p € M be given constants, if there exist matrices P,>0,0,>08,>0, Py, >0,
Opg > 0and Spy > 0,VY(p,q) € M xM, p # q, such that (10) and the following
inequalities hold

a4 iT p AT T
I'yy Iy, PyE, L, hAK

P
« Iy 0 Uy hDJKT
x % —y2 ﬁ; hE;KT <0, (23)
* * * —1 0
| * * * * —hS;] i
- P4 P4 > 7T AT T
Iy Iy PpgEpg Lp hquK
Pq 7T AT T
S 0 Up thqK
* x =y Hg hE;qKT <0, (24)
* * * —1 0
-1
| * * * * —hSpq i

then the closed-loop system (3) is GUES with a weighted Hoo performance level y
Sfor any switching signal o (t) with MDADT satisfying (11), where y =y /p and p =

GXP{Zé,Zl [NOp ln(,up:&pllp)] + Zg:H_][((ap + ,Bp)ApM + ln(/Lp/lpllp))NOp]}~

Proof (8) and (9) can be concluded from (23) and (24). By Theorem 1, the exponential
stability of the system (3) with w(¢) = 0 is guaranteed.

Next, we will show the weighted Hy, performance of the system.

Constructing the Lyapunov function (12) and using the same method in Theorem
1, it gives

BpV(t) =T (@), te€l,tx+ Ar)

Vo = { —ap V() =7 (), telty+ Ak, triy1) (25)
where (1) = 27 (1)z(t) — y2wT ()w(r).
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Integrating both sides of (25), it holds that

PPV (1) — [ PP (s)ds, 1 € [ik, ik + Ar)
V) < e_ap([—fk—Ak)V(tk + Ap) (26)
- j,iﬂ\k e~ =Y (s)ds, t € [tk + Ak, tks1).

For Vt € [tx, tr+1), it follows from (18) and (26) that
V(1) < pageln o 10w Tty g)

t
_/ e (DT80 000 T 60 (5) s
73

N ~ T — T _
< ,U«o(tk)l/va(tk)ﬂo(zk)eﬂ"(t") H () = (1) L(lk,l‘)V(tk)

'
_/ Pt THED =00 TI0 ()
173
N ~ ) T (D) —atg ) T (trt
< Mo (o) o ) o e 7@ 11D =0 T D
% elga(rk,l)T[(’k—lstk)*an(tk_l)T[(lk—lytk)v(tkil)
'
~ ~ o Ty (s, )=t Ty (s,t)
_MU(Ik)MJ(Tk)MG(Ik)f ePoa-n TS =0 _pTi (st
Tk—1

— T (1.t
Xelga(tk)T[(tk,t) Ao (1) T (M )T(S)ds

t
_/ eﬁd(tk)T[(Sat)_ad(tk)T[(Sat)T(s)dS
173

k

l_[ (Ko (i) o (1) o (1)) €
i=k—1
« eﬂa(tk_l)Tr(tk—lJk)—aa(tkil)T[(fk—l»tk)V(tk—il)

Bo (1) Tt (k1) =g 1) T (8, 1)

IA

'
N - o Ty (s,1k) =0t T\ (s,1)
_MU(Ik)MG(lk)MG(Ik)f ePoa—n TSt =oq_pTi (st

k-1

— T (t,t
x ePr T (.0~ Tk )T(S)ds

t
_ / eﬁrf(tk)T[(Sat)_aa(tk)T[(Sat)T(s)ds
Tk

IA

M M
exp{ Y [BpT1p(0.0) —ap T, 0.0 ¢ [ [(pitpiip) or 00V (10)

<
p=1 p=1
P M
—/ exp [BpTip(s. 1) —apTyp(s. 1)]
1o =1
M
< [ [pipiip)Noren 1 (s)ds.
p=1

) Birkhduser
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Therefore, under the zero initial condition, we have

M M

t
/ exXp Z [BpT1p(s, 1) —apTyp(s, 1)] n(“pﬁpﬂp)N“"(s’t)T(s)ds =0.
fo p=1 p=1
(27)
That is
t l
/ exp [—a,,T,,(s, 1)+ f(s, t)]
t =l
M
+ > [=apTpls. )+ f(s.0] F T(s)ds <0, (28)
p=Il+1

where f(s,1) = (ap 4+ Bp)T1p(s. 1) + Nop(s, 1) In(upfipitp).
Multiplying exp {— M . t)] on both sides of (28) yields

' t
/ exp{®| + ¢2}ZT(S)Z(s)ds < y2/ exp{®@| + d)g}wT(s)w(s)ds, 29)
0]

]

where @1 = 3! _ [, Ty(s. 1) = f(t0. ). @2 = Y0 [=otp Ty (s, 1) — £ (10, 9)].
For @1, from Definition 1 and (11), and noticing that —(«, + 8,) > 0, we get

l ~
D) > {;1 [_apr(Sv 1) — Nap(t()a s) ln(ﬂpﬂpﬂp)]

p
! - In(uptpftp) Tp(to, 5)
> ¥ [—apr(S,t)—NOp In(upfipftp) — —————FF
p=1 Tp
l ~
= 21 [—(Xpr(lo, t) — Nop ln(ﬂpﬂpﬂp)] . (30)
p:

For @;, from Definition 1 and (11), and noticing that T}, (fo, §) < AppNep(to, 5),
we have

S
S}
v

[—Otpr(S, 1) — ((ep + Bp)Apm + ln(Mpﬁpﬁp))Nap(my S)]

<
—

- T, (1, 5)
|:—Ot,,Tp(S, 1) — ((etp + Bp)Apm+In(upfipfiy)) <N0p + T):|

—

v
i ki I
TME M M

v

[—O{[,T[,(to, ) — ((O‘p + ,Bp)ApM + ln(Mpllp/lp))NOp] . 3D

<
—

Birkhauser



Circuits Syst Signal Process (2017) 36:4401-4422 4413

Combining (30) and (31), and noticing that — f (z,, s) < 0, we obtain

l

M -
exp {p)z']l[—ozp Ty(t0,1)] — p£1 [Nop In(pepfipfip)]

M
- %‘_H[((ap + ﬂp)ApM + ln(ﬂpﬁpﬂp))NOP]}
p:

<exp{®1 + P2} <exp { gl[—apr(s, t)]} . (32)
p=

From (29) and (32), it follows that

t
/ exp{ Y [—epTpto. 0] { 2" ($)z(s)ds
to =1
¢ M
Syzp/ exp Z[—apr(s,t)] wT(s)w(s)ds. (33)
to =1
where p = exp{Z)_ [Nop In(upiipiip)] + ZoL, [y + Bp)Apm + In

(/Lp,&p:ap))NOp]}-
Integrating both sides of (33) from ¢ = ¢ to oo yields

o0 M o0
/ exp —Z[a,,T,,(zo,s)] zT(s)z(s)dsffzf wl(Hw(s)ds, (34)
0 p=1 fo

where y = y./p.
This means that system (3) achieves a weighted H, performance level y.
The proof is completed. O

3.2 Controller Design

In this section, based on the proposed weighted Hs, performance condition, we will
give the design method of the DOF controller for the system (1).

Theorem 3 For the switched system (1), let y > 0, o, > 0, Bp, €p > 0, up > 1
and jL, = 1, p € M be given constants, if there exist matrices ¢ p, PBe,p, Ce,p,
Pp>021,>02,>02,>09,>0 Ppy >0, Qpy >0andS,; >0,
such that¥(p,q) € M x M, p #q,
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r2,
i Wlp] > 0, (35)
ek Eliz E{; 0 Eg %FTL; E{J% ep2ip
*  Hy Hyy 0 Eys Lzf hAl} 0
x o« B0 0 u, hD, 0
* * * EL 0 0 0 0 <0, (36)
* * * R | H; hE; 0
* * * * * —1 0 0
* * * * * * —h.9, 0
B * * * * * * —&pl
ST T Py L hALKT
« Ipt 0 Ul hD] KT
I ﬁif hE‘? <0, (37)
* * * —1 0
|k * * * —hS_q1
@p/_ < wpPpy, diaglepl, 2 }<MPQP‘I’][7_1 = 1pSpq
Ppg < 1p@ Iy Qpq < fipdiaglegl, 24}, Spg < Ap Iy (38)

where

&)

ﬁ =Ap21p+ 21pA, + By %,;Jr%T B) +ap2ip+ Lp.
‘-’12 = Ap+ doy +opl +ep2ip. Efy =Dy + e 2,
u” =h2ipA, +hC,B). B = P1,Ep + BepG .

EY = P1pAp+ AL Py + BeyCp + CT@TP +a, Pipepl,
B3 = P1pDp+ Be yFp+e " B = —(1 — hg)e " 2,,,
B = —(1 —hg)e *Me, 1 —2e7"[ 4 he~ ot 7,

Then, the closed-loop system (3) is GUES with a weighted Hs, performance level
y for any switching signal o (t) with MDADT satisfying (11), where y = y . /p and

p = exp( L [(Nop In(upfipfip) 1+ ZM [+ Bp) Apsa+ In(ipfepiiy)) Nopl).
Moreover, the controller gains are given by

cp = gz ["Z{c‘p f@lpApf%flp_'@c,pCpf%flp ylpB %CP] 2p >
ep =P, %’Cp,
Cep =Cerp Xy, -
(39)

) Birkhduser



Circuits Syst Signal Process (2017) 36:4401-4422 4415

Proof Partition P, and its inverse as

_[ 21 P2 - Zip 22p
PP‘[%TP %p] By [% 2 | “0)

where 3, > 0, 23, > 0, and 9%, 2>, are invertible matrices.
Define the following matrices

2, 1] [1 %,,} [al 0}
= LY = ,0,=|"" ) 41)
S [5&”25 0 PTlo 2, P 0 2,
By computation, we can get
ylp%p*‘f@Zp%Tp:I’prp:%- (42)
Multiplying diag {_# I;F , 1,1, 1,1} by pre- and post-(23), we can obtain

W R TR, STET b gTATKT

1

x I) 0 Ut hDIKT

* % —y2I I-_I;L:r thKT <0, (43)
* * * —1 0

* * * * —hS;l

where

11 =7 (ATP + P Ap+0‘pP +0p) Ip
rh= 7 (P,Dp+e "KTK).

Define the following matrices:

Hep = P1pAp2ip + P2pBe pCpZip + 91,,3,76‘6,,,«%3, + BZZPAc,p'%zE’
Be.p = PapBep Cep = Cc,p%}fp = %pgp%gv Zp = S;l- (44)

From (40), we get

Tp i _[Ap2ip + By Ap
S PoAp Iy = A Prphy+ Be yC,
T _ 81)%117«%17 —|—f 8p%p
/pQP/I’__ gpf%'lp gpl
2 1 = D 0
T _ 1p T _ P
il L ! '@117] S P = [321pr+930,pr 0i|’
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2, 0 : E
T T 1 T
/pK K=|: ]p O]’ ijPEPZI:ylpEp-l-p«%c,pGP}’
3 21,LT B} 21,AT + 6T BT
/;L;:[ o ”} /pTA;KTZ[ Trar
P

p

(45)

Substituting (45) into (43) and applying Schur complement Lemma, we can obtain
(36).

Thus, (36) is equivalent to (23). Notice that (37) is equivalent to (24), and (38) is
equivalent to (10). The proof is completed. O

Remark 5 The asynchronous DOF control problem was also studied in [20] for a class
of switched delay systems based on the ADT approach. However, the state delay is
time invariant, and the switching delay only involves in partial controller gain matrices.
The advantages of the result in this paper are that the state delay considered is time
varying, and the switching delay appears in all the controller gain matrices. On the
other hand, not only the stability but also the Hy, performance for the switched system
is studied, especially based on the MDADT approach, which brings more flexibility
to find the feasible controller.

Notice that the inequality conditions in Theorem 3 are mutually dependent, and we
present the following computational algorithm to obtain the DOF controller and the
MDADT.

Algorithm 1

Step 1 Vp € 9N, given constants «), and &,, solve (35) and (36) to obtain
Lo p, Be,p, Ce.ps Pips X1p, Lp, Zp and I,
Step 2 Compute the invertible matrices 23, satisfying £, = 25,2, 3&”2; by the
function fsolve (---) in MATLAB. Then 4%, can be obtained from &1, 27, +
P %E =1.
Step 3 Compute the matrices %), and ¢, by (41).
Step 4 According to (39), the controller matrices A¢. p, Be,p and C¢, ;, can be obtained.
Step 5 Upon substituting the matrices obtained from Step 1-Step 4 to (37) and (38),
they can be transformed into LMIs with respect to Pp,, O pg and Spq.
Step 6 Solve (37) and (38) for the given constants B, i, and fi p.
Step7 Use i, = max {u,p} with i , = e +Pr to obtain /i ,.

qEM,q#p

Step 8 Substitute o, B, fip, and ji, to (11) to obtain T,

Remark 6 1t can be seen that a smaller o, will be favorable to the feasibility of (36)
and a larger B, will be favorable to the feasibility of (37). In view of this, for the
choice of « in Algorithm 1, for the first time, we can choose a larger o, if (36) is
unfeasible, we can decrease «, appropriately. Repeat this until (36) is feasible. For
the choice of B, in Algorithm 1, for the first time, we can choose a 8, < —a,, if (37)
is unfeasible, we can increase 8, appropriately. Repeat this until (37) is feasible.
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4 Example

In this section, we present a numerical example to demonstrate the effectiveness of
the proposed method. Consider system (1) consisting of three subsystems,

Subsystem 1:

—-19 0 1.1 02 0 O 1.1
Al = 0O -09 03|, D =01 0 01|, Bp=1|04],
| 02 0.1 0.3 0 0.1 02 2
0.1
Ei=1]02],
| 0.5

¢ =[223 3], F=[0 01 0], Gi=[08],
Ly=[0 05 05], Uy=[02 0 04], H =[03].

Subsystem 2:
[—-1.8 0 0.1 02 0 0.1 0.2
Ap=1| 01 =24 0 |, Dp=|0.1 0.1 0.1 |, Bp=1]05],
| 0 0.1 0.1 0 0.1 02 2
[0.4
Er,=1] 0 |,
| 0.6

C,=[06 1 2], F,=[01 0.1 1], Go=[03],
Ly=[02 1.3 0], Uy=[0.1 04 0], Hb=[02].

Subsystem 3:

[—22 0 03 02 0 O 0.4

Az = 0 —-19 03|, D3=|01 0 01|, B3=|-04|,
| 0.2 0 04 0 0.1 02 3
[0

E;=10.1],
| 0.6

C3=[12 4 2], F3=[0.1 0.1 0], G3=[0.6],

L3=[0.4 0 O], U3=[0.3 0.1 O], H3=[0.1],

Considering d(t) = 0.9 4+ 0.1sin(¢), we can get that h = 1, hy = 0.1. Taking
o =13, 00 =12, 03 = 14,61 =05, =1,¢e3 = 0.1, and y = 1. Following
Step 1-Step 4 of Algorithm 1, we can obtain the DOF controller gains
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3.5

2.5

System Mode
— — — Controller Mode| |

Fig. 1 Switching signals

2 4 6 8 10 12
Time (s)
[ —4.9484 —7.2571 —16.2287 1.4895
—-9.1137 —-32.8127 —=70.5270 |, B.1=| 7.2964 |,
| —17.2043 —59.1784 —138.7735 14.2323
[0.3397 —1.5057 —4.0909],
[ —1.0910 —0.8166 4.8126 —0.5375
1.5152 —-8.2070 8.7754 , Beo=| —1.1477 |,
| —4.7626 10.8616 —48.9274 4.6752
[0.1740 1.2542 —3.8081],
[ —8.5193  —4.9855 —3.7357 0.3924
—5.0012 —108.5742 —8.8421 |, B.3 = | 6.9366 |,
| —11.8495 —240.5768 —24.4987 15.5646

= [0.1387 —1.9609 —2.4129].

Then, choosing 1 = —1.33, u1 =2, i1 = 6.5, o = —0.7, up = 8.7, i, = 8.5,
Bz = —1.44, uz = 7.5 and j13 = 7, and following Step 5 and Step 6 of Algorithm 1,
we can seek the feasible solutions Py, O p4 and Sy, of (37) and (38). Following Step
7 of Algorithm 1, we can get 1] = 1.0725, i, = 2.0138 and i3 = 0.8694. Assume
that A1y = 0.8, Axpyy = 0.3 and A3y, = 0.2, following Step 8 of Algorithm 1, we

can obtain ;'

=2.0268, 75 = 4.2945 and 77 = 2.7292.

Remark 7 Although the matrix inequalities (35)—(38) are coupled. According to Algo-
rithm 1, we can firstly solve (35) and (36) to gain . , Be p, Ce.p, P1p> Z1ps Lps
2, and .#,, and compute the matrices 23,, 9%, %) and %), by Step 2 and Step
3. Then, we solve (37) and (38) by substituting the matrices obtained into (37) and
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Fig. 2 States of the open-loop system

(38). By adjusting the parameters f3,,, it and /i, appropriately, we seek the feasible
solutions Py, Q4 and Sp, such that (37) and (38) hold.

In the simulation, we choose the initial condition being ¢(t) = [0.2 0.2 0.1]7,
71 = 2.1, o = 4.3 and 73 = 2.8. Figure 1 describes the switching signals of system
and controller. The states of the open-loop system are shown in Fig. 2.

Figure 3 detects the states of the closed-loop system. The states of the DOF con-
troller are given in Fig. 4. It can be seen that the open-loop system is unstable, and
the closed-loop system is exponentially stable, which indicates that the designed con-
troller in (39) under the admissible switching signals is effective despite asynchronous
switching. Let Nop, = 0, p = 1,2, 3, according to Theorem 3, the resulting closed-
loop system is exponentially stable with a weighted Ho, performance y = 1.0779.

Remark 8 The parameters &, B, €p, ip and [i, in this paper are mode dependent.
When we solve (35)—(38), we can adjust any of them to ensure the feasibility. Thus, it
will be more feasible in practice to design a MDADT switching than a ADT switching
[12,18-20].

5 Conclusion

In this paper, the asynchronous Hs, control problem for switched time-varying delay
systems with MDADT has been studied. By adopting MDADT approach and the
piecewise Lyapunov function technique, the exponential stability and weighted H
performance results for switched systems are proposed. Based on the value of o, + 8,
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Fig. 3 States of the closed-loop system
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Fig. 4 States of the controller

p € M, two types of MDADT are obtained. Moreover, the corresponding solvability
conditions for desired DOF controller are established, and the computational algorithm
for the design of the DOF controller and MDADT is presented. Finally, an example is
given to illustrate the effectiveness of the proposed design method. In fact, the main
approaches utilized in this work can be used to deal with the problem of asynchronous
finite-time DOF control of switched systems, which could be our future work.
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