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1 Introduction

The mathematical models are basic for controller design [40,41]. System identifica-
tion is the theory and methods of establishing the mathematical models of systems.
In general, the identification algorithm is derived by defining and minimizing a cost
function [27–29,38,39]. Linear system identification has been mature [5,7], and non-
linear systems have received extensive attention [6,20,24]. Nonlinear phenomena and
nonlinear systems are ubiquitous. Almost all systems in real world are nonlinear to
a certain degree. Recently, a series of estimation algorithms have been reported for
nonlinear systems [22,23,34]. There are various forms of nonlinear systems. Bai [1]
studied Hammerstein–Wiener systems and proposed an optimal two-stage identifi-
cation algorithm. Li et al. [14] proposed an observer-based adaptive sliding mode
control method for nonlinear Markovian jump systems. Bai and Cai [2] designed the
identification scheme for nonlinear parametric Wiener system under Gaussian inputs.
Wang and Ding [25] presented the recursive parameter and state estimation algorithm
for an input nonlinear state space system using the hierarchical identification prin-
ciple. Wang and Ding [26] discussed the recursive parameter estimation algorithms
and convergence for a class of nonlinear systems with colored noise. Wang and Tang
[32] tackled the iterative identification problems for a class of nonlinear systems with
colored noises. Recently, a new fault detection design scheme was proposed for inter-
val type-2 Takagi–Sugeno fuzzy systems [13]. Ding et al. [8] proposed recursive least
squares parameter estimation for a class of output nonlinear systems based on the
model decomposition.

Closed-loop control has received much attention [31]. The closed-loop subspace
identification algorithms have been applied to various fields [21]. Wei et al. [36]
presented a method for sensor fault diagnosis (detection and isolation) applied to
large-scale wind turbine systems. The wind turbine model was built for the wind
dynamics based on the closed-loop identification technique. On-line order estimation
and parameter identification algorithms were presented for linear stochastic feedback
control systems [19].

The multi-innovation identification method is effective for identifying systems
[35,42,43]. In comparison with the previous algorithms, Mao and Ding [17] intro-
duced amulti-innovation stochastic gradient identification algorithm for Hammerstein
controlled autoregressive autoregressive systems based on the filtering technique. The
multi-innovation identification method can combine with other identification methods
to solve complex problems, such as the least squares algorithm [12], the forgetting
gradient algorithm [37].

On the basis of the work in [10], this paper presents a hierarchical stochastic gra-
dient algorithm and a hierarchical multi-innovation stochastic gradient algorithm for
closed-loop nonlinear systems. The basic idea is, by means of the hierarchical iden-
tification principle, to decompose a feedback nonlinear system into two subsystems
and to derive a hierarchical stochastic gradient algorithm. This work differs from the
hierarchical least squares algorithms in [22] and the multistage least squares-based
iterative estimation for feedback nonlinear systems with moving average noises [10].

This paper is organized as follows. Section 2 derives the identification problem
for feedback nonlinear systems. Section 3 describes a hierarchical stochastic gradient
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algorithm. Section 4 presents a hierarchical multi-innovation stochastic gradient algo-
rithm. Two examples are given in Sect. 5 to illustrate the effectiveness of the proposed
algorithms. Finally, concluding remarks are offered in Sect. 6.

2 Problem Description

Let us define some notation. “X := A” or “A =: X” means “A is defined as X”; I
represents an identity matrix of appropriate sizes; the superscript T denotes the matrix
transpose.

Consider the following feedback nonlinear stable system in Fig. 1,

y(t) = −
na∑

i=1

ai y(t − i) +
nb∑

i=1

bi ū(t − i) + v(t), (1)

u(t) = r(t) − y(t), (2)

ū(t) = g(u(t)), (3)

where r(t) ∈ R is the reference input of the system, u(t) ∈ R is the control input
of the system, ū(t) ∈ R is the output of the nonlinear block, y(t) ∈ R is the system
output, v(t) ∈ R is a stochastic white noise with zero mean and variance σ 2 and A(z)
and B(z) are the polynomials in the shift operator z−1:

A(z) := 1 + a1z
−1 + a2z

−2 + · · · + ana z
−na ,

B(z) := b1z
−1 + b2z

−2 + · · · + bnb z
−nb .

Suppose that the nonlinear output ū(t) is a linear combination of a known basis g :=
(g1, g2, . . . , gnγ ) with unknown coefficients (γ1, γ2, . . . , γnγ ) and can be expressed
as

ū(t) = g(u(t)) = γ1g1(u(t)) + γ2g2(u(t)) + · · · + γnγ gnγ (u(t))

= γ1g1(r(t) − y(t))+γ2g2(r(t)−y(t))+· · · + γnγ gnγ (r(t) − y(t))

= g(r(t) − y(t))γ . (4)

� �+ � g(·) � B(z)
A(z)

� �+ �

�

� 1
A(z)

�r(t) u(t) ū(t) x(t)

v(t)

y(t)

−

Fig. 1 The feedback nonlinear closed-loop system
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Define the parameter vectors a and b of the linear subsystems and γ of the nonlinear
part:

a := [a1, a2, . . . , ana ]T ∈ R
na ,

b := [b1, b2, . . . , bnb ]T ∈ R
nb ,

γ := [γ1, γ2, . . . , γnγ ]T ∈ R
nγ ,

ϑ :=
⎡

⎣
a
b
γ

⎤

⎦ ∈ R
na+nb+nγ ,

and the information vector and matrix

ϕy(t) := [−y(t − 1),−y(t − 2), . . . ,−y(t − na)]T ∈ R
na ,

G(t) := [g(r(t − 1) − y(t − 1)), g(r(t − 2) − y(t − 2)), . . . , g(r(t − nb) − y(t − nb))]T

=

⎡

⎢⎢⎢⎢⎣

g1(r(t − 1) − y(t − 1)) g2(r(t − 1) − y(t − 1)) · · · gnγ (r(t − 1) − y(t − 1))
g1(r(t − 2) − y(t − 2)) g2(r(t − 2) − y(t − 2)) · · · gnγ (r(t − 2) − y(t − 2))

.

.

.
.
.
.

.

.

.

g1(r(t − nb) − y(t − nb)) g2(r(t − nb) − y(t − nb)) · · · gnγ (r(t − nb) − y(t − nb))

⎤

⎥⎥⎥⎥⎦
∈ R

nb×nγ .

From (1)–(4), we have

y(t) = −
na∑

i=1

ai y(t − i) +
nb∑

i=1

bi ū(t − i) + v(t)

= −a1y(t − 1) − a2y(t − 2) − · · · − ana (y − na)

+
nb∑

i=1

bi [γ1g1(u(t − i)) + γ2g2(u(t − i)) + · · ·

+ γnγ gnγ (u(t − i))] + v(t)

= ϕT
y(t)a + bTG(t)γ + v(t). (5)

The right-hand side of (5) contains the product of b and γ . In order to get the unique
parameter estimates, we use the standard constraint on γ . In general, assume that the
system is stable and ‖γ ‖ = 1 and the first entry of γ is positive, i.e., γ1 > 0 where
the norm of a matrix X is defined as ‖X‖2 := tr[XXT]. The method proposed in the
paper can be extended to identify the parameters of the system with known controller.

3 The Hierarchical Stochastic Gradient Algorithm

According to the hierarchical identification principle, Eq. (5) can be decomposed into

two subsystems, and they contain the parameter vectors γ and θ :=
[
a
b

]
, respectively.

Define the generalized information vectors φ(γ , t) and ψ(b, t) and the fictitious
output y1(t) as
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φ(γ , t) :=
[

ϕy(t)
G(t)γ

]
∈ R

na+nb ,

ψ(b, t) := GT(t)b ∈ R
nγ ,

y1(t) := y(t) − ϕT
y(t)a. (6)

From (5) and (6), we can obtain two subsystems:

S1 : y1(t) = ψT(b, t)γ + v(t), (7)

S2 : y(t) = φT(γ , t)θ + v(t). (8)

Subsystem (7) contains nγ parameters, and Subsystem (8) contains na + nb parame-
ters. The vectors γ in φ(γ , t) and b in ψ(b, t) are the associate terms between two
subsystems.

Define two criterion functions:

J1(γ ) := 1

2

[
y1(t) − ψT(b, t)γ

]2
,

J2(θ) := 1

2

[
y(t) − φT(γ , t)θ

]2
.

Let γ̂ (t) be the estimate of γ at time t , and θ̂(t) :=
[
â(t)
b̂(t)

]
be the estimate of θ =

[
a
b

]

at time t . Replacing γ with preceding estimate γ̂ (t − 1). The gradients of J1(γ ) and
J2(θ) are given by

grad[J1(γ̂ (t − 1))] = ∂ J1(γ )

∂γ

∣∣∣∣
γ=γ̂ (t−1)

= −ψ(b, t)[y1(t) − ψT(b, t)γ̂ (t − 1)],

grad[J2(θ̂(t − 1))] = ∂ J2(θ)

∂θ

∣∣∣∣
θ=θ̂(t−1)

= −φ(γ , t)[y(t) − φT(γ , t)θ̂(t − 1)].

Using the gradient search and optimizing the criterion functions J1(γ ) and J2(θ), we
can get the following recursive relations:

γ̂ (t) = γ̂ (t − 1) − 1

r1(t)
grad[J1(γ̂ (t − 1))]

= γ̂ (t − 1) + ψ(b, t)
r1(t)

[y(t) − ϕT
y(t)a − ψT(b, t)γ̂ (t − 1)],

θ̂(t) = θ̂(t − 1) − 1

r2(t)
grad[J2(θ̂(t − 1))]

= θ̂(t − 1) + φ(γ̂ (t), t)

r2(t)
[y(t) − φT(γ , t)θ̂(t − 1)].

Furthermore, taking

r1(t) = r1(t − 1) + tr[ψ(b, t)ψT(b, t)] = r1(t − 1) + ‖ψ(b, t)‖2,
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r2(t) = r2(t − 1) + tr[φ(γ , t)φT(γ , t)] = r2(t − 1) + ‖φ(γ , t)‖2,

we can acquire the following stochastic gradient algorithm:

γ̂ (t) = γ̂ (t − 1) + ψ(b, t)
r1(t)

[y(t) − ϕT
y(t)a − ψT(b, t)γ̂ (t − 1)], (9)

r1(t) = r1(t − 1) + ‖ψ(b, t)‖2, r1(0) = 1, (10)

e1(t) = y(t) − ϕT
y(t)a − ψT(b, t)γ̂ (t − 1), (11)

θ̂(t) = θ̂(t − 1) + φ(γ , t)

r2(t)

[
y(t) − φT(γ , t)θ̂(t − 1)

]
, (12)

r2(t) = r2(t − 1) + ‖φ(γ , t)‖2, r2(0) = 1, (13)

e2(t) = y(t) − φT(γ , t)θ̂(t − 1). (14)

sgn[X ] is a sign function that extracts the sign of a real number, and we use
sgn[γ̂1(t)] to stand for the sign of the first element of γ̂ (t) and normalize γ̂ (t) with
the first positive element

γ̂ (t) := sgn[γ̂1(t)] γ̂ (t)

‖γ̂ (t)‖ .

where the first entry of γ is positive, the initial values ‖γ̂ (0)‖ = 1.
Replacing the unknown vectors a and b in (9) and γ in (12) with their preceding

estimates â(t − 1) and b̂(t − 1) and the current estimate γ̂ (t), we can obtain the
following hierarchical stochastic gradient algorithm for the feedback nonlinear system
(the FN-HSG algorithm for short):

γ̂ (t) = γ̂ (t − 1) + ψ(b̂(t − 1), t)

r1(t)
e1(t), (15)

e1(t) = y(t) − ϕT
y(t)â(t − 1) − ψT(b̂(t − 1), t)γ̂ (t − 1), (16)

r1(t) = r1(t − 1) + ‖ψ(b̂(t − 1), t)‖2, r1(0) = 1, (17)

ϕy(t) = [−y(t − 1),−y(t − 2), . . . ,−y(t − na)]T, (18)

ψ(b̂(t − 1), t) = GT(t)b̂(t − 1), (19)

G(t) =

⎡

⎢⎢⎢⎣

g1(r(t − 1) − y(t − 1)) g2(r(t − 1) − y(t − 1)) · · · gnγ (r(t − 1) − y(t − 1))
g1(r(t − 2) − y(t − 2)) g2(r(t − 2) − y(t − 2)) · · · gnγ (r(t − 2) − y(t − 2))

.

.

.
.
.
.

.

.

.

g1(r(t − nb) − y(t − nb) g2(r(t − nb) − y(t − nb)) · · · gnγ (r(t − nb) − y(t − nb))

⎤

⎥⎥⎥⎦ ,

(20)

θ̂(t) = θ̂(t − 1) + φ(γ̂ (t), t)

r2(t)
e2(t), (21)

e2(t) = y(t) − φT(γ̂ (t), t)θ̂(t − 1), (22)
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r2(t) = r2(t − 1) + ‖φ(γ̂ (t), t)‖2, r2(0) = 1, (23)

φ(γ̂ (t), t) =
[
ϕT
y(t), G

T(t)γ̂ T
(t)

]T

, (24)

γ̂ (t) = sgn[γ̂1(t)] γ̂ (t)

‖γ̂ (t)‖ , (25)

θ̂(t) =
[
âT

(t), b̂
T
(t)

]T

. (26)

The procedures of computing the parameter estimation vectors γ̂ (t) and θ̂(t) in (15)–
(26) are listed in the following.

1. Let t = 1, give the data length Le, and set the initial values ‖γ̂ (0)‖ = 1 with

γ̂1(0) > 0, θ̂(0) =
[
â(0)
b̂(0)

]
= 1na+nb/p0, r1(0) = 1, r2(0) = 1.

2. Collect the input–output data r(t) and y(t), and compute r1(t) using (17).
3. Form ϕy(t) using (18), G(t) using (20), and compute ψ(b̂(t − 1), t) using (19).
4. Update the estimate γ̂ (t) using (15), and normalize γ̂ (t) using (25).
5. Compute r2(t) using (22), and form φ(γ̂ (t), t) using (24).
6. Update the estimate θ̂(t) using (21).
7. If t < Le, increase t by 1 and go to Step 2. Otherwise, terminate the procedure

and obtain the parameter estimates.

The flowchart of computing the parameter estimates γ̂ (t) and θ̂(t) is shown in Fig. 2.

4 The Hierarchical Multi-Innovation Stochastic Gradient Algorithm

In order to improve the convergence rate and parameter estimation accuracy of the FN-
HSG algorithm, based on the algorithm in (15)–(26), according to themulti-innovation
identification theory, we expand the scalar innovations e1(t) = y(t)−ϕT

y(t)â(t−1)−
ψT(b̂(t − 1), t)γ̂ (t − 1) in (16) and e2(t) = y(t) − φT(γ̂ (t), t)θ̂(t − 1) in (22) to the
innovation vectors:

E1(p, t) :=

⎡

⎢⎢⎢⎢⎣

y(t) − ϕT
y(t)â(t − 1) − ψT(b̂(t − 1), t)γ̂ (t − 1)

y(t − 1) − ϕT
y(t − 1)â(t − 1) − ψT(b̂(t − 1), t − 1)γ̂ (t − 1)

.

.

.

y(t − p + 1) − ϕT
y(t − p + 1)â(t − 1) − ψT(b̂(t − 1), t − p + 1)γ̂ (t − 1)

⎤

⎥⎥⎥⎥⎦
∈ R

p,

(27)

E2(p, t) :=

⎡

⎢⎢⎢⎣

y(t) − φT(γ̂ (t), t)θ̂(t − 1)
y(t − 1) − φT(γ̂ (t), t − 1)θ̂(t − 1)

...

y(t − p + 1) − φT(γ̂ (t), t − p + 1)θ̂(t − 1)

⎤

⎥⎥⎥⎦ ∈ R
p. (28)

where p denotes the innovation length.
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�
�

�
�Start

�
Initialize t = 1

�
Collect r(t) and y(t),

compute r1(t)

�

�

No

t:=t+1

Form ϕy(t), ψ(b̂(t− 1), t) and G(t)

�
Update γ̂(t) and normalize γ̂(t)

�
Compute r2(t) and form φ(γ̂(t), t)

�
Update θ̂(t) and read â(t) and b̂(t)

�������

������

������

������t = Le?

�Yes

Output â(t), b̂(t) and γ̂(t)

Fig. 2 The flowchart for computing the parameter estimates

Define the stacked output vector Y(p, t) and the information matrices, Ψ̂ (p, t) and
Φ̂(p, t) as

Y(p, t) := [y(t), y(t − 1), . . . , y(t − p + 1)]T ∈ R
p,

Φ y(p, t) := [ϕy(t),ϕy(t − 1), . . . ,ϕy(t − p + 1)] ∈ R
na×p,

Ψ̂ (p, t) := [ψ(b̂(t − 1), t),ψ(b̂(t − 1), t − 1), . . . ,ψ(b̂(t − 1), t − p + 1)]
∈ R

(na+nb)×p,

Φ̂(p, t) := [φ(γ̂ (t), t),φ(γ̂ (t), t − 1), . . . ,φ(γ̂ (t), t − p + 1)] ∈ R
nγ ×p.
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Then, Eqs. (27) and (28) can be expressed as

E1(p, t) = Y(p, t) − ΦT
y(p, t)â(t − 1) − Ψ̂

T
(p, t)γ̂ (t − 1),

E2(p, t) = Y(p, t) − Φ̂
T
(p, t)θ̂(t − 1).

Equations (15) and (21) can be rewritten as

γ̂ (t) = γ̂ (t − 1) + Ψ̂ (p, t)

r1(t)
E1(p, t),

θ̂(t) = θ̂(t − 1) + Φ̂(p, t)

r2(t)
E2(p, t).

We can drive the hierarchical multi-innovation stochastic gradient algorithm for feed-
back nonlinear systems (the FN-HMISG for short) as follows:

γ̂ (t) = γ̂ (t − 1) + Ψ̂ (p, t)

r1(t)
E1(p, t), (29)

r1(t) = r1(t − 1) + ‖ψ(b̂(t − 1), t)‖2, r1(0) = 1, (30)

E1(p, t) = Y(p, t) − ΦT
y(p, t)â(t − 1) − Ψ̂

T
(p, t)γ̂ (t − 1), (31)

θ̂(t) = θ̂(t − 1) + Φ̂(p, t)

r2(t)
E2(p, t), (32)

r2(t) = r2(t − 1) + ‖φ(γ̂ (t), t)‖2, r2(0) = 1, (33)

E2(p, t) = Y(p, t) − Φ̂
T
(p, t)θ̂(t − 1), (34)

ψ(b̂(t − 1), t) = GT(t)b̂(t − 1), (35)

Y(p, t) = [y(t), y(t − 1), . . . , y(t − p + 1)]T, (36)

Φ y(p, t) = [ϕy(t),ϕy(t − 1), . . . ,ϕy(t − p + 1)], (37)

ϕy(t) = [−y(t − 1),−y(t − 2), . . . ,−y(t − na)]T, (38)

Ψ̂ (p, t) = [ψ(b̂(t − 1), t),ψ(b̂(t − 1), t − 1), . . . ,ψ(b̂(t − 1), t − p + 1)],
(39)

G(t) =

⎡

⎢⎢⎢⎣

g1(r(t − 1) − y(t − 1)) g2(r(t − 1) − y(t − 1)) · · · gnγ (r(t − 1) − y(t − 1))
g1(r(t − 2) − y(t − 2)) g2(r(t − 2) − y(t − 2)) · · · gnγ (r(t − 2) − y(t − 2))

.

.

.
.
.
.

.

.

.

g1(r(t − nb) − y(t − nb) g2(r(t − nb) − y(t − nb)) · · · gnγ (r(t − nb) − y(t − nb))

⎤

⎥⎥⎥⎦ ,

(40)

Φ̂(p, t) := [φ(γ̂ (t), t),φ(γ̂ (t), t − 1), . . . ,φ(γ̂ (t), t − p + 1)], (41)

φ(γ̂ (t), t) = [ϕT
y(t), G

T(t)γ̂ T
(t)]T, (42)

θ̂(t) = [âT
(t), b̂

T
(t)]T. (43)
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Table 1 The FN-HMISG parameter estimates and errors with σ 2 = 0.302

p t a1 a2 b1 b2 γ1 γ2 δ (%)

1 100 0.31554 0.33860 1.37106 0.64827 0.51494 0.85722 49.10921

200 0.29826 0.31798 1.33278 0.69437 0.52623 0.85034 46.19901

500 0.29012 0.30886 1.29540 0.73432 0.53690 0.84364 43.54742

1000 0.29298 0.30233 1.26396 0.76460 0.54731 0.83693 41.34252

2000 0.29682 0.30231 1.23250 0.79227 0.55521 0.83171 39.27214

3000 0.30246 0.29701 1.21553 0.80737 0.55993 0.82854 38.08594

4000 0.30407 0.29517 1.20445 0.81811 0.56277 0.82661 37.31223

2 100 0.31809 0.25189 0.95853 0.96821 0.59802 0.80148 25.00722

200 0.34982 0.23405 0.94036 1.02962 0.61520 0.78837 21.45232

500 0.36643 0.23226 0.92893 1.07396 0.60790 0.79402 18.99586

1000 0.38290 0.23367 0.90999 1.11330 0.60639 0.79517 16.64049

2000 0.39945 0.23843 0.89023 1.14721 0.61062 0.79193 14.51833

3000 0.41233 0.23556 0.88307 1.16235 0.60950 0.79279 13.51048

4000 0.41741 0.23642 0.87901 1.17361 0.61015 0.79229 12.85604

5 100 0.29724 0.20798 0.61647 1.07140 0.59661 0.80253 21.71878

200 0.41580 0.20430 0.72925 1.19278 0.64153 0.76710 12.37638

500 0.44237 0.21992 0.81067 1.23689 0.60671 0.79492 8.90357

1000 0.45967 0.22919 0.81063 1.28698 0.59712 0.80215 6.18345

2000 0.47728 0.23634 0.80061 1.32357 0.60561 0.79576 4.10524

3000 0.49570 0.23411 0.80407 1.33188 0.60226 0.79830 3.55167

4000 0.49722 0.23678 0.80760 1.34147 0.60254 0.79809 3.06533

7 100 0.30627 0.18988 0.59168 1.09760 0.59779 0.80165 21.20924

200 0.45145 0.20645 0.73898 1.24343 0.64177 0.76690 9.50272

500 0.46572 0.22122 0.84053 1.28312 0.60932 0.79293 6.67727

1000 0.48048 0.23174 0.82491 1.33047 0.59377 0.80464 3.99013

2000 0.49526 0.23574 0.80534 1.36248 0.60504 0.79620 2.08589

3000 0.51522 0.23393 0.80886 1.36428 0.60135 0.79899 2.17313

4000 0.51404 0.23647 0.81291 1.37133 0.60148 0.79889 1.87287

True values 0.50000 0.25000 0.80000 1.40000 0.60000 0.80000

The procedures of computing the parameter estimation vectors γ̂ (t) and θ̂(t) in (29)–
(43) are listed in the following.

1. Let t = 1, give the data length Le, and set the initial values ‖γ̂ (0)‖ = 1 with

γ̂1(0) > 0, θ̂(0) =
[
â(0)
b̂(0)

]
= 1na+nb/p0, r1(0) = 1, r2(0) = 1.

2. Collect the input–output data r(t) and y(t), and form Y(p, t), ϕy(t) and G(t)
using (36), (38) and (40).

3. Form ψ(b̂(t − 1), t), Φ y(p, t) and Ψ̂ (p, t) using (35), (37) and (39).
4. Compute r1(t) and E1(p, t) using (30) and (31).
5. Update the estimate γ̂ (t) using (29).
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Fig. 3 The FN-HMISG parameter estimation errors σ versus t (σ 2 = 0.302)

6. Form Φ̂(p, t) and φ(γ̂ (t), t) using (41) and (42), and compute r2(t) and E2(p, t)
using (33) and (34).

7. Update the estimate θ̂(t) using (32).
8. If t < Le, increase t by 1 and go to Step 2. Otherwise, terminate the procedure

and obtain the parameter estimates.

Equations (29)–(43) form the FN-HMISG algorithm for the feedback nonlinear
system. Obviously, when p = 1, the FN-HMISG algorithm reduces into the FN-HSG
algorithm.

5 Examples

In this section, two examples are given to test the FN-HMISG algorithm.

Example 1 Consider the following nonlinear system:

y(t) = (1 − A(z))y(t) + B(z)g(r(t) − y(t)) + v(t),

A(z) = 1 + a1z
−1 + a2z

−2 = 1 + 0.50z−1 + 0.25z−2,

B(z) = b1z
−1 + b2z

−2 = 0.80z−1 + 1.40z−2,

g(r(t) − y(t)) = 0.60 sin(r(t) − y(t)) + 0.80 sin((r(t) − y(t))2),

θ = [a1, a2, b1, b2]T = [0.50, 0.25, 0.80, 1.40]T,
γ = [γ1, γ2]T = [0.60, 0.80]T.

In simulation, the input r(t) is taken as uncorrelated stochastic sequence with zero
mean and v(t) as a white noise sequence zero and variance σ 2 = 0.302. Take the data
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Fig. 4 The FN-HMISG parameter estimation errors σ versus t (σ 2 = 0.302)

length Le = 4000 and ‖γ ‖2 = γ 2
1 + γ 2

2 = 1. Applying the FN-HMISG algorithm
to estimate the parameters of this nonlinear system, the parameter estimates and their
errors are shown in Table 1 with p = 1, p = 2, p = 5 and p = 7. The estimation
errors δ := ‖ϑ̂(t) − ϑ‖/‖ϑ‖ versus t are shown in Fig. 3.

Furthermore, using the Monte Carlo simulations with 20 sets of noise realizations,
the parameter estimates and the variances of the FN-HMISG algorithm are shown in
Table 2 with σ 2 = 0.302, p = 7 and Le = 4000. From Table 2, we can see that the
average values of the parameter estimates are very close to the true parameters.

Example 2 Consider the following nonlinear system:

y(t) = (1 − A(z))y(t) + B(z)g(r(t) − y(t)) + v(t),

A(z) = 1 + a1z
−1 + a2z

−2 + a3z
−3 = 1 + 0.30z−1 + 0.48z−2 + 0.45z−3,

B(z) = b1z
−1 + b2z

−2 + b3z
−3 = 0.79z−1 + 0.84z−3,

g(r(t) − y(t)) = 0.48 sin(r(t) − y(t)) + 0.87 sin((r(t) − y(t))2)

+0.096 cos(r(t) − y(t)),

θ = [a1, a2, a3, b1, b2, b3]T = [0.30, 0.48, 0.45, 0.79, 0.00, 0.84]T,
γ = [γ1, γ2, γ3]T = [0.48, 0.87, 0.096]T, ‖γ ‖2 = γ 2

1 + γ 2
2 + γ 2

3 = 1.

The simulation conditions are similar to those in Example 1.We apply the FN-HMISG
algorithm to estimate the parameters of this nonlinear system, the parameter estimates
and their errors are shown in Table 3 with p = 1, p = 2, p = 4 and p = 8, and the
estimation errors δ versus t are shown in Fig. 4.

From Tables 1 and 3 and Figs. 3 and 4, we can draw the following conclusions.
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1. The parameter estimation errors given by the FN-HMISG algorithm are becoming
smaller with the innovation length p increasing.

2. The proposed FN-HMISG algorithm becomes more accurate as the data length t
increases.

3. The parameter estimates of the FN-HMISG algorithm with p > 1 converge faster
to their true values than the parameter estimates of the FN-HSG algorithm.

4. These results confirm that the FN-HMISG algorithm with p > 1 can estimate the
parameters more accurately than the FN-HSG algorithm.

6 Conclusions

This paper proposes a hierarchical stochastic gradient algorithm and a hierarchical
multi-innovation stochastic gradient algorithm for feedback nonlinear systems. The
simulation results indicate that the multi-innovation stochastic gradient algorithm can
improve the parameter estimation accuracy compared with the stochastic gradient
algorithm. The method used in this paper can be extended to study the identification
problems of nonlinear control systemswith colored noise [15,16] and applied to hybrid
switching-impulsive dynamical networks [11] or applied to other fields [3,4,9,18,30,
33].
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