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Abstract Bilinear systems are a special class of nonlinear systems. Some systems
can be described by using bilinear models. This paper considers the parameter iden-
tification problems of bilinear stochastic systems. The difficulty of identification is
that the model structure of the bilinear systems includes the products of the states
and inputs. To this point, this paper gives the input–output representation of the bilin-
ear systems through eliminating the state variables in the model and derives a least
squares algorithm and a multi-innovation stochastic gradient algorithm for identify-
ing the parameters of bilinear systems based on the least squares principle and the
multi-innovation identification theory. The simulation results indicate that the pro-
posed algorithms are effective for identifying bilinear systems.

Keywords Parameter estimation · Least squares · Multi-innovation identification ·
Bilinear system

1 Introduction

The parameter identification of linear systems has been mature [31,32], and many
identification methods have been developed, e.g., the recursive identification methods
[25] and the iterative identification methods [34,44]. By comparison, there is a lot
of research space for the parameter identification for bilinear stochastic systems. The
identification of bilinear systems has been studied for a long history, at least more
than four decades. Earlier work on identification for bilinear systems exists: Karanam
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et al. [26] utilized the Walsh functions for bilinear system identification; Fnaiech and
Ljung [19] discussed recursive identification methods for bilinear systems. In respect
of nonlinear system identification, the heuristic optimization techniques seem to be
very helpful and have been used in system identification [3,5], control engineering
[6,12,30], parameter estimation [2,4] and the Lorenz chaotic systems [1]. Bymeans of
the heuristic algorithms, Modares et al. [29] proposed an adaptive particle swarm opti-
mization (PSO) algorithm to estimate the parameters of bilinear systems, increasing
the convergence speed and accuracy compared with the basic PSO algorithm. Gibson
et al. [20] developed a maximum-likelihood parameter estimation algorithm of bilin-
ear systems. Inspired by the fixed point theory, Li et al. [27] presented an iterative
algorithm to recursively identify bilinear models. Lopes dos Santos et al. [28] iden-
tified the Wiener–Hammerstein bilinear system using an iterative bilinear subspace
identification algorithm.

In the field of nonlinear system identification, much work has been performed for
decades [41]. A class of nonlinear systems can be described by a static nonlinearity
followed by a linear subsystem. For such nonlinear systems, a decomposition-based
Newton iterative identification method [14] and a hierarchical parameter estimation
algorithm [33] were developed. Also, Chen et al. [9] presented a hierarchical gradient
parameter estimation algorithm for Hammerstein nonlinear systems using the key
term separation principle. Wang and Zhang [43] derived an improved least squares
identification algorithm for multivariable Hammerstein systems.

The least squares (LS)methods are basic in system identification [18,39]. For exam-
ple, for a class of linear-in-parameter output error moving average systems, Wang and
Tang proposed an auxiliary model-based recursive least squares (RLS) algorithm [42];
Hu [21] developed iterative and recursive LS algorithms to estimate the parameters of
moving average systems; Cao et al. [7] have presented a novel two-dimensional RLS
identification approach with soft constraint for batch processes, which can improve
the identification performance by exploiting information not only from time direction
within a batch but also along batches. Recently, Ding et al. [15] presented an auxil-
iary model-based least squares algorithm for a dual-rate state space system with time
delay using the data filtering and a Kalman state filtering-based least squares itera-
tive parameter estimation algorithm for observer canonical state space systems using
decomposition [17].

Multi-innovation identification is an important branch of system identification [13].
The innovation is the valuable information which can improve parameter or state
estimation accuracy. In this respect, Ding [13] proposed the innovation-based identi-
fication theory and methods, by expanding a scalar innovation to an innovation vector
and then to an innovation matrix. Based on this theory, Hu et al. [22] suggested a
multi-innovation generalized extended stochastic gradient algorithm for output non-
linear autoregressive moving average systems.

This paper focuses on the parameter identification problems of bilinear stochastic
systems. It is organized as follows. Section 2 derives the identification model for
bilinear systems. Sections 3 and 4 propose a RLS identification algorithm and a multi-
innovation stochastic gradient (MISG) identification algorithm. Section 5 provides
two simulation examples to prove the validity of the proposed algorithms. Finally,
some concluding remarks are made in Sect. 6.
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2 The Identification Model for Bilinear Systems

In this section, we describe a bilinear system and derive its identification model for
parameter estimation. Let us define some notation. “A =: X” or “X := A” represents
“A is defined as X ,” and z−1 stands for a unit forward shift operator with the following
properties:

zn f (t) = f (t + n),

zn f (t)g(t) = [zn f (t)]g(t) = f (t + n)g(t),

zn[ f (t)g(t)] = f (t + n)zng(t) = f (t + n)g(t + n).

Assume that the bilinear systems under consideration have the following observ-
ability canonical form [11]:

x(t + 1) = Ax(t) + Bx(t)u(t) + f u(t), (1)

y(t) = hx(t), (2)

where x(t) := [x1(t), x2(t), · · · , xn(t)]T is the n-dimensional state vector, u(t) ∈ R

and y(t) ∈ R are the input and output of the system, respectively, and A ∈ R
n×n ,

B ∈ R
n×n , f ∈ R

n and h ∈ R
1×n are constant matrices and vectors:

A :=

⎡
⎢⎢⎢⎢⎢⎣

0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1
−an −an−1 −an−2 · · · −a1

⎤
⎥⎥⎥⎥⎥⎦

,

B :=

⎡
⎢⎢⎢⎢⎢⎣

0 0 0 · · · 0
0 0 0 · · · 0
...

...
...

...

0 0 0 · · · 0
−bn −bn−1 −bn−2 · · · −b1

⎤
⎥⎥⎥⎥⎥⎦

,

f := [
f1, f2, . . . , fn−1, fn

]T
, h := [

1, 0, . . . , 0, 0
]
.

Define the following polynomials:

A(z) := 1 + a1z
−1 + a2z

−2 + · · · + anz
−n,

B(z) := b1z
−1 + b2z

−2 + · · · + bnz
−n,

C(z) := c1z
−1 + c2z

−2 + · · · + cnz
−n,

D(z) := d2z
−2 + d3z

−3 + · · · + dnz
−n .

The coefficients ci and di can be determined using ai , bi and fi . Referring to the
method in [11], eliminating the state vector x(t) in (1)–(2), we have the following
input–output relation,
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[A(z) + u(t − n)B(z)]y(t) = [C(z) + u(t − n)D(z)]u(t).

Since the practical systems are always interfered with various factors, e.g., stochastic
noise, introducing a noise term v(t) ∈ R, we have

[A(z) + u(t − n)B(z)]y(t) = [C(z) + u(t − n)D(z)]u(t) + v(t). (3)

Define the parameter vector θ and the information vector ϕ(t) as

θ := [aT, bT, cT, dT]T ∈ R
4n−1,

ϕ(t) :=
[
ϕT
y(t), u(t − n)ϕT

y(t),ϕ
T
u(t), u(t − n)ϕT

u(t)
]T ∈ R

4n−1,

where

a := [a1, a2, . . . , an]T ∈ R
n, b := [b1, b2, . . . , bn]T ∈ R

n,

c := [c1, c2, . . . , cn]T ∈ R
n, d := [d2, d3, . . . , dn]T ∈ R

n−1,

ϕy(t) := [−y(t − 1),−y(t − 2), . . . ,−y(t − n)]T ∈ R
n,

ϕu(t) := [u(t − 1), u(t − 2), . . . , u(t − n)]T ∈ R
n,

ϕū(t) := [u(t − 2), u(t − 3), . . . , u(t − n)]T ∈ R
n−1.

Inserting A(z), B(z), C(z) and D(z) into (3) leads to

y(t) = ϕT(t)θ + v(t). (4)

Equation (4) is the identification model of the bilinear system with white noise.
The objective of the paper is to develop new identification methods for estimating

the parameters ai , bi , ci and di or the parameter vectors a, b, c and d, from the
observation data {u(t), y(t) : t = 1, 2, 3, . . .}.

3 The Recursive Least Squares Identification Algorithm

In this part, aiming at the model in (4), we propose the RLS estimation algorithm so
that online identification can be carried out. Using the data with t = 1, 2, . . . , t , we
define

Yt :=

⎡
⎢⎢⎢⎣

y(1)
y(2)

...

y(t)

⎤
⎥⎥⎥⎦ ∈ R

t , Γt :=

⎡
⎢⎢⎢⎣

ϕT(1)
ϕT(2)

...

ϕT(t)

⎤
⎥⎥⎥⎦ ∈ R

t×(4n−1), Vt :=

⎡
⎢⎢⎢⎣

v(1)
v(2)

...

v(t)

⎤
⎥⎥⎥⎦ ∈ R

t .
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According to (4), define a quadratic criterion function

J (θ) := (Yt − Γtθ)T(Yt − Γtθ)

=
t∑

j=1

[
y( j) − ϕT( j)θ

]2

Minimizing the criterion function J (θ) and letting the partial derivative of J (θ) with
regard to θ be zero, we obtain the least squares estimate of θ :

θ̂(t) = (
Γ T
t Γt

)−1
Γ T
t Yt , (5)

where θ̂(t) is the estimate of θ at time t , θ̂(0) is a very small real vector. To derive the
recursive least squares algorithm conveniently, define the covariance matrix P(t) as

P−1(t) := Γ T
t Γt ∈ R

4n−1. (6)

Using the definition of Γt , it follows that

P−1(t) =
t∑

j=1

ϕ( j)ϕT( j) = P−1(t − 1) + ϕ(t)ϕT(t), P(0) = p0 I4n−1 > 0. (7)

To avoid computing the matrix inversion of P(t), applying the matrix inverse lemma
[18]

(A + BC)−1 = A−1 − A−1B(I + CA−1B)−1CA−1

to (7) gives

P(t) = P(t − 1) − P(t − 1)ϕ(t)[1 + ϕT(t)P(t − 1)ϕ(t)]−1ϕT(t)P(t − 1). (8)

Using (6) and from (5), we have

θ̂(t) = P(t)Γ T
t Yt

= P(t)
[
Γ T
t−1,ϕ(t)

] [
Yt−1
y(t)

]

= P(t)
[
Γ T
t−1Yt−1 + ϕ(t)y(t)

]

= P(t)
[
P−1(t − 1)P(t − 1)Γ T

t−1Yt−1 + ϕ(t)y(t)
]

= P(t)
[
P−1(t − 1)θ̂(t − 1) + ϕ(t)y(t)

]

= P(t)
[
P−1(t) − ϕ(t)ϕT(t)

]
θ̂(t − 1) + P(t)ϕ(t)y(t)

= θ̂(t − 1) + P(t)ϕ(t)
[
y(t) − ϕT(t)θ̂(t − 1)

]
. (9)
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Combining (8) and (9), we can obtain the RLS algorithm for estimating the parameter
vector θ in (4):

θ̂(t) = θ̂(t − 1) + P(t)ϕ(t)
[
y(t) − ϕT(t)θ̂(t − 1)

]
, (10)

P(t) = P(t − 1) − P(t − 1)ϕ(t)
[
1 + ϕT(t)P(t − 1)ϕ(t)

]−1
ϕT(t)P(t − 1),

(11)

ϕT(t) =
[
ϕT
y(t), u(t − n)ϕT

y(t),ϕ
T
u(t), u(t − n)ϕT

ū(t)
]
, (12)

ϕT
u(t) = [u(t − 1), u(t − 2), . . . , u(t − n)] , (13)

ϕū(t) = [u(t − 2), u(t − 3), . . . , u(t − n)]T ,

ϕT
y(t) = [−y(t − 1),−y(t − 2), . . . ,−y(t − n)] , (14)

θ̂ =
[
âT(t), b̂T(t), ĉT(t), d̂T(t)

]T

,

â(t) = [
â1(t), â2(t), . . . , ân(t)

]T
, b̂(t) =

[
b̂1(t), b̂2(t), . . . , b̂n(t)

]T

,

ĉ(t) = [
ĉ1(t), ĉ2(t), . . . , ĉn(t)

]T
, d̂(t) =

[
d̂2(t), d̂3(t), . . . , d̂n(t)

]T

. (15)

The computational amount of the RLS algorithm for bilinear systems is given in
Table 1 and its has (64n2 − 8n − 2) flops. The RLS algorithm is simple and can be
implemented online.

4 The Multi-Innovation Stochastic Gradient Identification Algorithm

Based on the identification model in (4), we can acquire the stochastic gradient (SG)
identification algorithm;

θ̂(t) = θ̂(t − 1) + ϕ(t)

r(t)
e(t), (16)

e(t) = y(t) − ϕT(t)θ̂(t − 1), (17)

r(t) = r(t − 1) + ‖ϕ(t)‖2, r(0) = 1, (18)

Table 1 Computation load of the RLS algorithm

Variables Numbers of multiplications Numbers of additions

θ̂(t) = θ̂(t − 1) + L(t)e(t) 4n − 1 4n − 1

e(t) := y(t) − ϕT(t)θ̂(t − 1) 4n − 1 4n − 1

ζ (t) := P(t − 1)ϕ(t) (4n − 1)2 (4n − 1)2 − (4n − 1)

L(t) = ζ (t)/[1 + ϕT(t)ζ (t)] 2(4n − 1) 4n − 1

P(t) = P(t − 1) − L(t)ζ T(t) (4n − 1)2 (4n − 1)2

Sum 32n2 − 2 32n2 − 8n

Total flops N1 := 64n2 − 8n − 2
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where the norm of a matrix X is defined by ‖X‖2 := tr[XXT]. It is well known that the
SG algorithm has slow convergence rates, in order to improve the situation, expanding
the scalar innovation e(t) to an innovation vector [40]:

E(p, t) :=

⎡
⎢⎢⎢⎣

y(t) − ϕT(t)θ̂(t − 1)
y(t − 1) − ϕT(t − 1)θ̂(t − 1)

...

y(t − p + 1) − ϕT(t − p + 1)θ̂(t − 1)

⎤
⎥⎥⎥⎦ ∈ R

p. (19)

Define the information matrix Φ(p, t) and the stacked output vector Y(p, t) as

Φ(p, t) := [ϕ(t),ϕ(t − 1), . . . ,ϕ(t − p + 1)] ∈ R
(4n−1)×p,

Y(p, t) := [y(t), y(t − 1), . . . , y(t − p + 1)]T ∈ R
p.

Then the innovation vector E(p, t) in (19) can be expressed as

E(p, t) = Y(p, t) − ΦT(p, t)θ̂(t − 1).

We can obtain the MISG algorithm for bilinear systems:

θ̂(t) = θ̂(t − 1) + Φ(p, t)

r(t)
E(p, t), θ̂(0) = 14n−1/p0, (20)

E(p, t) = Y(p, t) − ΦT(p, t)θ̂(t − 1), (21)

r(t) = r(t − 1) + ‖Φ(p, t)‖2, r(0) = 1, (22)

Y(p, t) = [y(t), y(t − 1), . . . , y(t − p + 1)]T, (23)

Φ(p, t) = [ϕ(t),ϕ(t − 1), . . . ,ϕ(t − p + 1)], (24)

ϕT(t) =
[
ϕT
y(t), u(t − n)ϕT

y(t),ϕ
T
u(t), u(t − n)ϕT

ū(t)
]
, (25)

ϕT
u(t) = [u(t − 1), u(t − 2), . . . , u(t − n)],

ϕū(t) = [u(t − 2), u(t − 3), . . . , u(t − n)]T, (26)

ϕT
y(t) = [−y(t − 1),−y(t − 2), . . . ,−y(t − n)], (27)

θ̂(t) =
[
âT(t), b̂T(t), ĉT(t), d̂T(t)

]T

. (28)

In this algorithm, E(p, t) ∈ R
p is an innovation vector (i.e., multi-innovation).

When p = 1, the MISG algorithm reduces to the SG algorithm.
The advantage of themulti-innovation identificationmethod is that it makes full use

of the identification innovations and can raise the convergence speed to a certain degree,
and the stationarity of data can improve identification accuracy. The computation
amount of the MISG algorithm for bilinear systems is (24pn − 5p) flops as given in
Table 2.

Equation (22) can be modified as

r(t) = r(t − 1) + ‖ϕ(t)‖2, r(0) = 1. (29)
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Table 2 Computation load of the MISG algorithm

Variables Numbers of multiplications Numbers of additions

θ̂(t) = θ̂(t − 1) + Φ(p,t)
r(t) E(p, t) p(4n − 1) + p p(4n − 1)

E(p, t) = Y(p, t) − ΦT(p, t)θ̂(t − 1) p(4n − 1) p(4n − 1)

r(t) = r(t − 1) + ‖Φ(p, t)‖2 p(4n − 1) p(4n − 1)

Sum 12pn − 2p 12pn − 3p

Total flops N2 := 24pn − 5p

Table 3 RLS parameter estimates and errors

t −a1 −a2 −b1 −b2 c1 c2 d2 δ (%)

100 0.89217 0.49346 −0.79428 −0.30942 0.24393 −0.58939 −0.26156 5.87185

200 0.89513 0.49579 −0.79304 −0.31000 0.26787 −0.60345 −0.23819 4.13730

500 0.89354 0.49763 −0.79764 −0.31021 0.32176 −0.60339 −0.25662 2.71974

1000 0.89228 0.50774 −0.79775 −0.31463 0.32659 −0.62217 −0.25235 1.57060

2000 0.89747 0.51815 −0.79345 −0.31142 0.32088 −0.63723 −0.24934 0.43879

3000 0.90053 0.52128 −0.79461 −0.31199 0.31321 −0.64414 −0.24820 0.53781

True values 0.90000 0.52000 −0.79300 −0.31200 0.31500 −0.63650 −0.24980

Mean values 0.89597 0.51285 −0.79498 −0.31378 0.3101 −0.62406 −0.25146

Standard
deviation

0.024515 0.03157 0.032438 0.059533 0.042088 0.045866 0.044199

0 500 1000 1500 2000 2500 3000
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

    t

δ

Fig. 1 RLS parameter estimation errors δ versus t

In order to track the time-varying parameters, we must introducing a forgetting factor
λ in (22) and get

r(t) = λr(t − 1) + ‖Φ(p, t)‖2, r(0) = 1, (30)
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Table 4 SG parameter estimates and errors

t −a1 −a2 −b1 −b2 c1 c2 d2 δ (%)

100 0.57860 0.34192 −0.67618 −0.26261 −0.17343 −0.21990 −0.01173 40.94876

200 0.61708 0.34365 −0.68975 −0.26434 −0.16846 −0.22591 −0.01799 39.02828

500 0.65672 0.34747 −0.70040 −0.26039 −0.15787 −0.23694 −0.02676 36.89670

1000 0.66891 0.35149 −0.70082 −0.26111 −0.15119 −0.24285 −0.03053 36.07331

2000 0.69398 0.35964 −0.71040 −0.26120 −0.14445 −0.24981 −0.03495 34.66370

3000 0.70161 0.36168 −0.71158 −0.26163 −0.14058 −0.25343 −0.03751 34.16188

True values 0.90000 0.52000 −0.79300 −0.31200 0.31500 −0.63650 −0.24980

Mean values 0.66372 0.26183 −0.59899 −0.07633 −0.12658 −0.30271 0.17034

Standard
deviation

0.042447 0.037624 0.017994 0.034471 0.0085074 0.01019 0.011887

or
r(t) = λr(t − 1) + ‖ϕ(t)‖2, r(0) = 1. (31)

5 Examples

Example 1 Consider the following bilinear system:

[A(z) + u(t − n)B(z)]y(t) = [C(z) + u(t − n)D(z)]u(t) + v(t),

A(z) = 1 + a1z
−1 + a2z

−2 = 1 + 0.90z−1 + 0.52z−2,

B(z) = b1z
−1 + b2z

−2 = −0.793z−1 − 0.312z−2,

C(z) = c1z
−1 + c2z

−2 = 0.315z−1 − 0.6365z−2,

D(z) = d2z
−2 = −0.2498z−2.

The parameter vector to be estimated is given by

θ = [a1, a2, b1, b2, c1, c2, d2]T
= [0.90, 0.52,−0.793,−0.312, 0.315,−0.6365,−0.2498]T.

In simulation, we adopt an independent persistent excitation signal sequence with zero
mean and unit variance as the input {u(t)}, and a white noise sequence with zero mean
and variance σ 2 = 0.502 as {v(t)}. Applying the recursive least squares algorithm
in (10)–(15) to compute the parameters estimates θ̂(t) of the system, the parameter
estimates and the estimation errors are given in Table 3, the estimation errors δ versus
the data length t is shown in Fig. 1. The parameter estimation errors are computed by
δ := ‖θ̂(t) − θ‖/‖θ‖.

From Table 3 and Fig. 1, we can see that the RLS parameter estimation errors
become smaller with the increase of t .



Circuits Syst Signal Process (2017) 36:1052–1065 1061

Ta
bl
e
5

M
IS
G
gr
ad
ie
nt

pa
ra
m
et
er

es
tim

at
es

an
d
er
ro
rs

p
t

−a
1

−a
2

−b
1

−b
2

c 1
c 2

d 2
δ

(%
)

2
10

0
0.
69

64
7

0.
40

70
9

−0
.7
12

96
−0

.3
45

40
−0

.2
87

09
−0

.0
95

65
−0

.2
28

59
39

.4
91

22

20
0

0.
73

77
8

0.
41

10
9

−0
.7
38

18
−0

.3
30

43
−0

.2
74

04
−0

.1
10

74
−0

.2
32

62
37

.4
08

36

50
0

0.
78

06
9

0.
41

71
1

−0
.7
60

13
−0

.3
06

88
−0

.2
47

90
−0

.1
34

91
−0

.2
35

13
34

.9
47

28

10
00

0.
79

15
6

0.
42

63
1

−0
.7
59

82
−0

.3
08

60
−0

.2
31

92
−0

.1
49

14
−0

.2
33

17
33

.7
76

82

20
00

0.
81

29
7

0.
43

95
5

−0
.7
71

88
−0

.3
02

98
−0

.2
15

97
−0

.1
64

08
−0

.2
33

26
32

.3
52

25

30
00

0.
82

04
4

0.
44

23
2

−0
.7
72

36
−0

.3
02

83
−0

.2
07

17
−0

.1
72

27
−0

.2
32

88
31

.7
09

67

T
ru
e
va
lu
es

0.
90

00
0

0.
52

00
0

−0
.7
93

00
−0

.3
12

00
0.
31

50
0

−0
.6
36

50
−0

.2
49

80

M
ea
n
va
lu
es

0.
79

36
4

0.
43

05
2

−0
.7
62

77
−0

.3
08

24
−0

.2
29

31
−0

.1
51

48
−0

.2
33

45

St
an
da
rd

de
vi
at
io
n

0.
03

99
8

0.
01

39
67

0.
01

53
65

0.
01

69
53

0.
02

21
47

0.
02

08
82

0.
00

55
94

5

3
10

0
0.
76

01
5

0.
44

56
6

−0
.7
23

35
−0

.3
35

50
−0

.3
73

12
−0

.1
75

33
−0

.1
62

36
33

.2
09

83

20
0

0.
79

99
3

0.
44

71
8

−0
. 7
50

90
−0

.3
18

19
−0

.3
50

01
−0

.1
94

19
−0

.1
72

09
31

.0
18

59

50
0

0.
83

71
9

0.
45

36
5

−0
.7
72

77
−0

.2
94

43
−0

.3
07

72
−0

.2
24

32
−0

.1
81

34
28

.4
17

51

10
00

0.
84

42
9

0.
46

51
5

−0
.7
68

55
−0

.3
01

04
−0

.2
81

52
−0

.2
41

06
−0

.1
82

67
27

.1
55

97

20
00

0.
85

93
9

0.
47

77
2

−0
.7
79

23
−0

.2
98

84
−0

.2
55

61
−0

.2
58

71
−0

.1
86

80
25

.7
24

76

30
00

0.
86

55
6

0.
47

99
7

−0
.7
78

14
−0

.3
00

07
−0

.2
41

38
−0

.2
68

14
−0

.1
88

57
25

.0
40

32

M
ea
n
va
lu
es

0.
84

42
2

0.
46

85
7

−0
.7
71

32
−0

.3
01

88
−0

.2
77

59
−0

.2
43

65
−0

.1
83

63

St
an
da
rd

de
vi
at
io
n

0.
03

76
7

0.
01

42
11

0.
01

39
58

0.
01

51
13

0.
03

58
61

0.
02

49
27

0.
00

78
44

5
10

0
0.
83

24
3

0.
49

45
3

−0
.7
33

51
−0

.3
08

60
−0

.3
57

80
−0

.2
86

31
−0

.1
84

42
24

.4
25

10

20
0

0.
86

39
7

0.
48

44
3

−0
.7
59

68
−0

.2
99

95
−0

.3
20

07
−0

.3
08

67
−0

.1
96

15
22

.4
06

45

50
0

0.
88

39
6

0.
48

90
4

−0
.7
83

22
−0

.2
83

02
−0

.2
55

31
−0

.3
43

79
−0

.2
06

24
19

.8
63

44

10
00

0.
88

43
3

0.
50

17
2

−0
.7
75

79
− 0

.2
97

76
−0

.2
15

61
−0

.3
62

65
−0

.2
06

93
18

.5
09

00

20
00

0.
89

17
7

0.
50

86
0

−0
.7
87

15
−0

.3
00

04
−0

.1
77

47
−0

.3
82

12
−0

.2
10

89
17

.1
12

73



1062 Circuits Syst Signal Process (2017) 36:1052–1065

Ta
bl
e
5

co
nt
in
ue
d

p
t

−a
1

−a
2

−b
1

−b
2

c 1
c 2

d 2
δ

(%
)

30
00

0.
89

58
6

0.
50

95
0

−0
.7
84

23
−0

.3
02

70
−0

.1
57

08
−0

.3
92

36
−0

.2
12

53
16

.4
15

85

M
ea
n
va
lu
es

0.
88

38
3

0.
50

23
−0

.7
79

16
−0

.2
98

42
−0

.2
10

84
−0

.3
65

13
−0

.2
07

83

St
an
da
rd

de
vi
at
io
n

0.
02

90
63

0.
01

31
7

0.
01

43
83

0.
01

39
53

0.
05

47
03

0.
02

85
37

0.
00

79
79

8

8
10

0
0.
88

40
3

0.
51

40
7

−0
.7
58

05
−0

.2
87

42
0.
02

33
9

−0
.6
81

55
−0

.1
71

52
6.
72

09
3

20
0

0.
89

98
8

0.
49

21
9

−0
.7
79

59
−0

.2
86

46
0.
04

57
0

−0
.6
76

97
−0

.1
93

38
5.
31

59
2

50
0

0.
88

97
6

0.
50

42
8

−0
.7
90

41
−0

.2
87

99
0.
08

68
7

−0
.6
71

31
−0

.2
10

31
4.
03

71
1

10
00

0.
88

70
1

0.
50

96
1

−0
.7
85

20
−0

.2
98

17
0.
11

29
9

−0
.6
66

32
−0

.2
17

06
3.
30

89
0

20
00

0.
89

17
5

0.
51

42
5

−0
.7
91

69
−0

.3
04

73
0.
13

70
2

−0
.6
63

62
−0

.2
21

09
2.
74

64
2

30
00

0.
89

25
4

0.
51

54
6

−0
.7
86

53
−0

.3
07

67
0.
14

90
9

−0
.6
62

02
−0

.2
23

50
2.
55

07
5

M
ea
n
va
lu
es

0.
89

00
4

0.
51

01
9

−0
.7
86

56
−0

.3
00

44
0.
11

55
8

−0
.6
66

96
−0

.2
15

47

St
an
da
rd

de
vi
at
io
n

0.
00

96
67

6
0.
01

63
43

0.
00

94
67

5
0.
01

83
79

0.
03

50
59

0.
00

83
60

4
0.
01

37
77



Circuits Syst Signal Process (2017) 36:1052–1065 1063

0 500 1000 1500 2000 2500 3000
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

SG(MISG, p=1)

MISG, p=2
MISG, p=3

MISG, p=5

MISG, p=8

Fig. 2 Parameter estimation errors δ versus t

Example 2 Consider the system in Example 1 and the same simulation conditions.
Applying theMISG algorithm to estimate the parameters of this system, the parameter
estimates and their errors are shown in Tables 4, 5 and Fig. 2, where Table 4 lists the
parameter estimates and errors given by the MISG algorithm when p = 1, i.e., the
stochastic gradient algorithm.

From Table 5 and Fig. 2, it is observed that the MISG algorithm can identify the
parameters of the bilinear system. Meanwhile, the estimation errors become smaller
as the innovation length increases. These results show that the proposed algorithms
work well for bilinear systems with white noise.

6 Conclusions

This paper derives the identification model of bilinear systems. On the basis of the
obtained model, we present a RLS algorithm and an MISG algorithm for bilinear
stochastic systems and give the state estimation algorithm. The simulation results
indicate that for the multi-innovation identification algorithm, increasing the innova-
tion length can enhance the parameter estimation accuracy, reducing the sensitivity
of the algorithm to noise. The algorithms in this paper can be extended to study the
identification problems of other bilinear systems, linear and nonlinear systems with
colored noise [16,33,35], stochastic multivariable systems [36–38], uncertain chaotic
delayed nonlinear systems [23] and hybrid switching–impulsive dynamical networks
[24], and applied to other fields [8,10].

When the uncertainty in parameters is small, the obtained parameter estimates
are close to their true values. The estimates can be taken as the real parameters for
controller design when the errors are tolerable.
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