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Abstract This paper is concerned with designing delay feedback controllers of
master—slave synchronization for Lur’e systems. Through dividing the delay inter-
val into two parts and choosing two augmented Lyapunov—Krasovskii functionals,
some delay-dependent synchronization criteria are formulated in terms of linear matrix
inequalities (LMlIs), in which the conservatism can be effectively reduced based on
adjusting some useful parameters. The proposed conditions can be easily checked,
and the controller gains can be achieved by solving the derived LMIs. Finally, two
numerical examples are given to illustrate the presented results.
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1 Introduction

In past decades, synchronization control of various chaotic systems has attracted con-
siderable attention since the pioneering works of Pecora and Carroll were reported
[5,26], which shows that as some conditions are satisfied, a chaotic system (the slave
system) may become synchronized to another identical one (the master system) if
the master system sends some driving signals to the slave one. Presently, it is widely
known that there exist many benefits of having synchronization in various engineer-
ing applications, such as teleoperation, secure communication, image processing, and
harmonic oscillation generation. Moreover, there also exists synchronization in lan-
guage emergence and development, which comes up with a common vocabulary,
while agents’ synchronization in organization management will improve their work
efficiency. Therefore, the problem on chaos synchronization has been widely investi-
gated in recent years [1-4,8,16-19,24,25,29,31,32,38-40,42].

Meanwhile, since Lur’e system can represent many nonlinear models as its spe-
cial cases and exhibit some chaotic behaviors, its synchronization has received much
attention and many elegant results have been proposed either [6,7,9-15,20-22,27,
28,30,33,34,36,37,41,43,44]. In [33], the finite-time master—slave synchronization
has been discussed for uncertain Lur’e systems based on adaptive control. It is worth
pointing out that time-delay is an inherent feature in physical processes, which may
lead to instability or significantly deteriorate system’s performance. Thus, many
works have dealt with the issue on chaotic synchronization of Lur’e systems [6,7,9—
15,20-22,27,28,30,34,36,37,41,43,44]. In recent years, the design of delay feedback
controllers for master—slave synchronization has been deeply studied. Based on several
effective techniques, some elegant delay-dependent criteria have been obtained and
formulated in terms of simple LMIs. In [10-12,14,20,21,28,36,41], through using
free-weighting matrix, integral inequality, and Moon’s inequality, many significant
results have been proposed with both constant and invariable delay included. In par-
ticular, the results in [6] were based on Lyapunov functional with quadratic form of
some augmented vectors, in which the nonlinear functions were expressed as convex
combinations and the derivative of state was also used in the controller. In [15], the
synchronization of Lur’e systems was extended to singular case and the output feed-
back controller was used, in which the controller algorithm has been given in terms
of nonlinear matrix inequalities.

In many practical situations, digital controllers are more preferable than continuous
ones since they allow for synchronization only by using the samples of the states in
both the master system and slave one at discrete time instants. Thus, in [27,30,34,43],
the sampled-data controller was designed to discuss the master—slave synchronization
and the controller gains could be obtained by solving the derived LMIs. Moreover, its
application in secure communication was also involved in [30]. It should be noted that
the synchronization schemes in [27,30,34,43] were based on that there had been a
perfect communication channel between the measurement of the system and the input
of the controller. However, in networked environment, sampled signals are usually
quantized before being transmitted. Thus, the quantizer can be regarded as a coder
which converts the continuous signal into piecewise continuous one taking values in
a finite set. Then quantization effect has been added into the master—slave synchro-
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nization problem [37,44]. Presently, since the delay-partitioning idea was verified to
be more effective in reducing the conservatism, it has been utilized to discuss chaotic
synchronization [9,22] and yet, their complicated results cannot be easily checked.
Furthermore, though the synchronization in [13] has considered the presence of para-
meter mismatches, the concerning time-delay was constant.

Now based on the synchronization results in [7,9,13,22,27,30,34,37,43,44], the
issue on time-varying delay has been involved and many elegant techniques have been
put forward, in which the information on bounds of both delay and its derivative has
been deeply involved. Yet there still exists much room waiting for the improvements,
which can be illustrated in what follows. On the one hand, since the restriction that the
upper bound on derivative of time-varying delay was greater than 1 has been adopted,
its negative effect could be somewhat removed by introducing some free-weighting
matrices. However, in [9,12,14,21,22], as for Lyapunov term frt—r(t) el (s) Q1e(s)ds
with 7(¢) > 1, its derivative could be obtained as

i(/t el ()0 s(s)ds)
dr \Ji—z(n :

=el(1)016(t) — [1 — 1 ()]’ (t — (1)) Q16(t — T(1)) > 0.

It can be easily checked that even the free matrices were used, some conservatism still
could be induced when estimating its upper bound and, thus, it is urgent to propose
some new effective techniques. Though the work [35] has given some preliminary
discussions on this point, there still exists some room for the further improvements.
On the other hand, although the works [9,13] divided delay interval into some uni-
form ones, they could not fully represent the inherent feature when time-delay took
the values in each subinterval during choosing the LKF and estimating its derivative.
Meanwhile, in recent years, the issue on time-delay also has been concerned dur-
ing studying the various Lur’e systems [6,7,9-15,20-22,27-30,34,36,37,41,43,44].
Therefore, it still remains important and urgent to put forward some novel techniques
to achieve the much less conservative results on chaotic synchronization for delay
Lur’e systems, which constitutes the main focus of this work.

In this paper, the master—slave synchronization for Lur’e systems with time-varying
delay will be further studied. Two augmented Lyapunov—Krasovskii functionals will
be chosen based on the introduction of some adjusting parameters. Through employing
combined convex technique, some novel conditions will be proposed owing to that
the derived criteria can be presented in terms of LMIs and their feasibility can be
easily checked by resorting to recently developed algorithms. Finally, the efficiency
and reduced conservatism of the derived criteria will be demonstrated by utilizing two
numerical examples.

Notation R"*™ is the set of all n x m real matrices. For the symmetric matrices
X, Y, X > Y (respectively, X > Y) meansthat X — Y > 0 (X — Y > 0) is a positive-
definite (respectively, positive-semidefinite) matrix; A7 stands for the transpose of
matrix A; I represents the identity matrix of an appropriate dimension; and * in a
symmetric matrix denoting the symmetric term ¥ 7.
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2 Model Descriptions and Preliminaries

Consider the master—slave synchronization scheme of Lur’e systems using delay-state
feedback control

[(t) = Ax(r) + BR(Ex (1)
M: [p(t) — Fx(n) M
[ 20) = Az() + BR(EZ(0)) + u(0)
st {502 F @
C:out) = K [pt) — a1+ LIpGt — 1) —qt — (D], @)

where M is master system, S is slave system, and C is controller; here x(¢), z(f) € R”
are the state vectors and the output vectors p(t), g(t) € R¥, A = [aijluxn, B =
(Bijlnxnis E = leijlnyxn = [E, EY. ..., EL1", F = [ fijlkxn are constant matri-
ces; moreover, h(-) = [h1(:), ha (), ..., hy, ()17 denotes the nonlinear vector-valued
function which satisfies global Lipschitz condition.

The following assumptions will be utilized throughout this paper.

H 1 t(¢) denotes the time-varying delay satisfying
0=<7() <Tm, po=7() = tim, “

and we set 4, = m — KO-

H 2 There exist the constants ol.+, o; (i =1,...,n)such that the nonlinear function
hi(-) in (1)—(2) satisfies

[hi(€) — o, €] [hi(§) — 0, 5] <0, VEER. )
Here, we introduce ¥ = diag(ofr, cee, a;q), ¥ = diag(oy ,...,0,,),and
Y= diag(af‘af, -~-vU;IUn_1)’
+ - + -
o, +o o, + o0,
%) = di L1, )
2 1ag( > 5

Remark 1 In assumption H1, as for both bounds on the derivative of time-varying
delay 7(¢), the value p is always less than 0 and the value u,, is always greater than
0, which can help to guarantee 7 (¢) to be variable and bounded in [0, t;,].

Letting the synchronization error state be () = x(¢) — z(¢), then the error system
can be obtained as

£(t) = (A— KF)e(1) + Bf (Ee(1)) — LFe(r — (1)), (6)

where f(Ee(t)) = h(Ex(t)) — h(Ez(t)) and f;(0) = 0 (i = 1,...,n1). For any
& € R”, it follows from H2 that
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[fi(Ei&) — o Ei&][ fi(Ei§) — 0] Ei§] < 0. (7

The purpose of this paper is to study the master—slave synchronization for the
systems (1)—(2) and design the controller (3), i.e., to find the controller gains K, L
such that the error system (6) is absolutely stable.

In order to obtain the less conservative conditions, two lemmas will be presented.

Lemma 1 [22] For any constant matrix X € R™" X = XT > 0, wo scalars
hy > hy > 0, such that the following integrations are well defined, then

t—hy t—hy T t—h
—(hy, — hy) xT(s)Xx(s)ds < - (/ x(s)ds) X (/ x(s)ds) ,
t—hy t—hy t—hy
t—h
=) [ ATOXiE)ds < — 6t — h2) — x(t — k) X[x( — o)
t—hy

—x(t — hp)].

Lemma 2 [23] For any vectors {1, {», constant matrices R, S, and two real scalars

o >0, 8 > 0 satisfying [{: S ] > 0and a + B = 1, the following inequality can be

R

I g 1 7k 81 "TrRs &1
et - gilta < _[Cz} [*R][Cz]

3 Master—Slave Synchronization Results

true,

In this section, we firstly propose some denotations, which will be essential in the
following proof and theorems.
As for time-varying delay 0 < 7(f) < t and two scalars 0 < §, y < 1, we denote

w=46t, v=(1-8§)t1=17—w, ¢t)=yt@), e=yr, ¢=1—¢; 8
[Onx(i—l)n In 0n><(6—i)n Onxn1 0n><4n ] s 1<i<e6,
e = [0n1><6n Inl Onl><4n] , =T, (9)
[Onxﬁn Onxnl On><(i7176n7n1)n I, 0nx(10n+n|7i)n] , 8 <i=< 11.

Then based on (6)—(8), we will construct the following Lyapunov—Krasovskii func-
tional (LKF):

V(er) = Vi(e) + Valer) + Va(e), (10)

where

nj

Eie(r)
Vilg) = eT(t)Ps(t) + 2Zqi / [ﬁ(s) — U;S] ds
0

i=1
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n Ee(t)

+2Z”i/ [oi+s — f,-(s)] ds
i=1 70

N Ji, e(s)ds "Tp P [, e(s)ds
,t__fwg(s)ds * P3 [t__rwe(s)ds ’

t—g(1)

t
Vo (&r) =/ aT(s)le(s)ds +/ ST(S)st(s)ds
t—o(t) t—t
t—w

t
+ / e’ (s)Q3e(s)ds + / e’ (5) Qae(s)ds,
I—w t

—-T

0 t
V3(8,)=/ /Qa)[éT(s)Rlé(s)+8T(s)R28(s)] dsdo
—w J1+
—w t
+/ / v[éT(s)Rgé(s)+8T(s)R4e(s)]dsd9
—T t+6

0 t —¢ rt
+ / / @el (s)Rsé(s)dsdl + / &7 (s)Reé (s)dsdo
—@ Jt+0 - 0

T 1+

with n x n matrices P > 0,Q; >0(@G =1,2,3,4),R; >0({ =1,2,3,4,5,6),
Py Py
* P3
0, R = diag(ry, ..., ry) > 0.

In what follows, we will give one novel delay-dependent stability criterion for the
error system (6).

2n X 2n matrix [ ] >0, and n1 x n1 diagonal matrices Q = diag(q1, ..., qn,) >

Theorem 1 For any given scalars t > 0, no, dm, 1 > 8§,y > 0, the system (6)
satisfying (4) and (7) has one equilibrium point and is absolutely stable, if there exist
nxnmatrices P >0,P; >0,P,,P3>0,0; >0 =1,2,3,4),R; >0,Z; (i =

1,2,3,4,5), Rs > 0, Ny, Na making [’:} 2] - o,[’fkf' i’] L0 = 1.2.3.4.5),
J

n1 X ny diagonal matrices Q > 0, R > 0, U > 0 such that fori = 1, 2, the matrix
inequalities in (11)—(12) hold
Q2+ [elTZle6 + e6TZ1Te1] + [elT(Rl —Zpex+e; (R — ZlT)el]

+ [l Ry = Zoes + e (Ry = Z])ea)

+ [e3TR366 + e6TR3eg] — [egTZzeg + egTZZTeg]

+ e§ (Z] + 21— 2R)ez — e Roey + [ ] Prey + ] Pres

+ [eﬁT(PZT — P)eg + el (P — Pl)e(,]

— [e3TP2Te9 + e9TP2e3] + yﬁmez Qieq <0, (11)

2+ [elTRl% + egklel] + [ezT(R3 — Z3)es + el (Ry — zg)ez]
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+ [eF (Rs = ZD)es + e (Rs = Za)ea

+ [e3TZ3T(26 + eﬁTZ3e3] — [egTZ4610 + elTOZ4Teg]

+€2T (Z3T + Z3 —2R3)er — egR4eg + [egTPzTel + elTPzeg]
+ [l (P = Poyeo + ef (Py = P])es)

- [egTP369 + 631’363] + yiimes Qies < 0, (12)

wheree; (i = 1,...,9) are defined in (9) and

[ 211 —NITLF 0 214 Zs 0 217 P 0 P 21,11
* 0 0 0 0 0 0 0 0 0 —ULPH'Nn
* * 253 0 0 R 0 —-PI 0 -Ps 0
* * *  S44 S5 0 0 0 0 0 0
* * * * —R;s 0 0 0 0 0

2 = * * * * * 266 0 268 0 $£26.10 0

* * * * * * -U 0 0 0 2711
* * * * * * * —R, O 0 0
* * * * * * * * 0 0 0
* * * * * * * * * —Ry 0

L * * * * * * * * * * 2

with

Q11 =—-R + 01+ Q3+w’Ry+v’Ry—Rs+ N[ (A—KF)+ (A— KF)'N;
—ETUS|E, $£2i4=Rs—Zs,

Q217 =NIB+E"U%, 2111 =P+E"(ER-ZQ)E -~ N/ +(A—KF)"N,,

233 = =02 — 04— R3—Rs, 244 =1—=yum)O1+ (yuo—102
+Zs+ ZL — 2Rs,

$245 = R5s — Zs, 266 = Q04— 03— Ri — R3 — Re,

23 = P] — Pi, $26,10= P3— P,

2711 = QE+ BTNy — RE, 21111 = ©* R +v?R3 + ¢*Rs

+¢*Rg — Nj — N,.

Proof Firstly, for any appropriately dimensional matrices N; (i = 1, 2) and diagonal
one U > 0, it follows from (6) to (7) and methods in [9,22,32] that

0=2 I:ST(t)NlT + éT(t)NzT] [—&(1) + (A — K F)e(t)

+Bf(Ee(t)) — LFe(t —t(1))], (13)
0<— [ST(I)ETUElEs(t) — 2T () ETUS, f(Es(1)) + fT(Ea(t))Uf(Ee(t))] .
(14)
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Now together with the denotations (8) and LKF (10), the derivative of V;(e;) (i =
1, 2, 3) along the system (6) can be directly computed out as

Vite) = 26T (1) Pé(r) +2 [fT(Es(t)) _ sT(t)ETE] QE&(t)

+2 [eT(t)ETi - fT(s(t))] RE&(1)
j;tfw e(s)ds ! P P e(t) — et —w)

" [ Z_:’e<s>ds} R | vt R
Vaer) = eT (1) Q1e(t) — [1 —yi(®)] " (t — (1)) Q16(t — p(1))

+[1—yi®]e" t — p1) Q2e(t — 9(1))

—el(t —1)Q2e(t — 1) + T () Q38(t) —&" (t — ) Q36(t — )

el (t — ) Qse(t —w) — & (t — 1) Quet — 1)

=" ()Q16(t) — &' (t — 1) Q2e(t — T)

+e" (1) Q3e(t) — &' (t — ) (Q3 — Q1)e(t —w) — &' (t — 1) Que(t — T)

+el (1 — o) [(1 = yum) Q1 + (Yo — D Q2] e(t — (1))

+et —9)ylpm —1(0]016( — ¢(1))

+el (t — )y [E(1) — 101026t — p(1)), (16)
Vaten) = [T (OR1E() + 0T (DRo2(1)]

t
_ / ® [éT(s)Rlé(s) —}—eT(s)st(s)] ds
I—w
+ [v2éT(t)R3é(t) + vst(t)R48(t)]

I—w
—/ Y [éT(s)Rgé(s) + sT(s)R48(s)] ds
t

-7

+ [T ORse () + 9% (O Reé (1) ]

t r—
—/ goéT(s)R5é(s)ds—/ (quéT(s)RGé(s)ds. (17)
t—¢ t—1

In what follows, as for (17), we will deal with two cases for delay subintervals, i.e.,
[0, w]U[w, 7] = [0, T]. m]

Case I When 7(¢) € [0, w] = [0, 6], based on (8) and Lemmas 1-2 we can derive
the following inequalities:

t t t—1(t)
—/ wiT (s)R1£(s)ds = —w/ &7 ()R &(s)ds — w/ T (s)R1&(s)ds
t—w t _

—7(1) t—w

A B ey
__r(t).r z—z(r)g s)R1&(s)ds

w t—1(t)
o — r(t)]/ &7 (s)R1£(s)ds
w—1(t) o
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w ro r r
= _% ([—r(t) g(s)ds) Rl (/l—t(t) 5(5)(15)
t—1(t) r t—1(1)
—— _“’r(t) (/,_w é(s)ds) R (/l_w é(s)ds)

_ [ [Rl zl] S ()ds
= tt:{;(l) &(s)ds x R tz:;(z) £(s)ds
= —[e(t) —e(t — TN Ry [e(t) — e(t — T(1))]

—[e(t) —e(t — (NI QZ) [t — T(1) — et — 0)]”

—[e(t — (1) — et —)]" Ry [e(t — T(1)) — e(t — w)],

(13)
t t T t
- / wel (s)Roe(s)ds < — ( / s(s)ds) Ry ( / e(s)ds)
t—w t—1(t) t—t(t)
t T t—1(t)
— (/ s(s)ds) (2Z7) (/ e(s)ds)
t—1(1) t—w

(—(t) r =10
— (/ e(s)ds) Ry (/ 8(s)ds), (19)
t—w t—w

—w
—/ vel (s)R3é(s)ds < —[e(t —w) —e(t — D) R3[e(t —w) —e(t —1)], (20)
t

-7

—w —w T —w
—/ vel (s)Rae(s)ds < — (/ 8(s)ds) R4 (/ s(s)ds), 1)
-t =t 1=t

t
- / @l (s)Rsé(s)ds < —[e(t) — e(t — (N Rs [e(t) — e(t — p(1))]
=g

—[e(t) —e(t — " 2Zs) [e(t — @(1)) — et — )]”
—[e(t — @) — et — )" Rs[e(t — p(1)) — et — @)1,
(22)

t—
—/ w¢éT(S)R6é(S)dS5—[S(t_(ﬂ)—g(f—f)]TRﬁ[E(f_¢)—8(f—f)]~ (23)

Now together with the denotations (8)—(9) and combining with the terms (13)—(23),
we can easily derive

Vie) < ET0EI0ED), (24)

where

510) = 2+ [e{zleﬁ n egz{el] n [elT(Rl — Zes + el (R — z{)el]
+[ef (Ri = Z1yes + el (Ri = 2])ea]

+ [e3TR3e6 + eg R3e3] — [eSTZzeg + egZZTeg]
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+el (ZIT +Zi - 2R1) e2 — el Ryeo

+ [egTPlel + elTPleg] — [e3T P2T€9 + egT P2e3]

+[ef (PF = Poes + e (P2 = Pryes]

+7 [m — (D] €] Qres +y [£(t) — pol ef Qzes,

7)) = [s%) elt—t) e"t—1) "t—0@) et —¢) e'(t—w) fT(Eew)

t T t—1(t) T t—w T
(/ e(s)ds) (/ e(s)ds) (/ e(s)ds) éT(t)]
1= (1) t—w t—1

with §2 defined in (11)—(12). Then based on convex combination technique, the
inequalities (11) can guarantee &(t) < 0 to be true since Z1(¢) | ()=u,< 0 and
E1(t) ¢ ()=, < 0 hold simultaneously.

Case Il When t(¢) € [w, ] = [d7, T], by using Lemmas 1-2 we also can derive
the following inequalities:

t
— / wel ($)R1&(s)ds < —[e(t) — et — )T R [e(t) — e(t — w)], (25)
—w

t t
_( / s(s)ds) R ( / 8(s)ds), (26)
t—w r—w

I—w . —w
_ / beT () R3é(s)ds = —y . LD =@ / &7 (5) Ry (s)ds
t t

—T () —w —(1)
T—1(@) [17T®
T—1(0) Ji—¢

v t—w T t—w
< - (/ é(s)ds) R3 (/ é(s)ds)
() — o \Ji—z) t—1(1)
v (—t() r E—_—
- / £(s)ds | R3 / £(s)ds
w—1(1) ( —1 ) ( -t

_ . T _ .
| Eeds [ R; 23] Ji75, é(o)ds
t—1(t) &(s)ds % R3 t—1(t) £(s)ds

T

IA

t
— / wel (s)Rae(s)ds
—w

&7 (s)R3é(s)ds

<
-1 (s
= —[e(t —w) —e(t — ()] Rsle(t — w)
—e(t — t(1))]
—le(t — ) — et — ()] 2Z3)[e(t — T(1))
—e(t — 1))
—[e(t — T(t)) — e(t — 1" Rale(t — T(1))
—e(t — 1)], 27

A

t—w I—w T -
—/ vel (s)Rue(s)ds < — (/ 8(s)ds) Ry (/ £(s)ds)
-1 t—7(t) 1= (t)
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—w T t—1(1)
— (/ e(s)ds) (2Z4) (/ e(s)ds)
t—t(t) t—t
t—1(1) T t—7(1)
— (/ 8(s)ds) R4 (/ e(s)ds). (28)
-7 -7

Combining the terms (13)—(17), (22), (23) with (25)—(28), we can easily obtain

Ve < ¢T0)Em¢@). (29)
where

Eh(t) = 2 + [€1TR1€6 + €6TR1€1:| + |:€2T (R3 — Z3)e3 + E?(Rg, — Z3T)€2]
+ [el(Rs — ZT)eq + el (Rs — Z3) ez]
+ e3TZ3Te6 + e6TZ3e3] — [e9TZ4€10 + eITOZZeg]

-|—€§w (Z:zw + Z3 — 2R3) e — e9TR469

+ |ed Py er + elTPzeg] + [eﬁT (P3— Py)eg+e§ (P — PQT)%]

— e3T Pseq + egT P3e3]
+ v lim — t()]el Qreq + y[E(1) — wolel Oaey,

g“T(t):[eT(t) el(t—t@) e'(t—1) "t —p@) e'(t—9¢) &'t —w)

t T f—w T
FT(Ee(r)) (/ s(s)ds) (/ s(s)ds)
t—w t—1(t)
t—t(t) r
(/ s(s)ds) éT(t):|
11—t

with £2,¢; (i = 1,...,9) defined in (9) and (11)—(12), respectively. Similar to Case
I, through using convex combination technique, the inequalities (12) can guarantee
Er(t) < 0 to be true since &2(1) |7()=po< 0 and E7(t) |¢()=p,, < 0 hold simul-
taneously. Therefore, together with the Cases I-II, it can be concluded that as the
conditions (11)—(12) hold, the dynamics of Lur’e system (6) is absolutely stable.

Now based on Theorem 1, we are ready to address the issue on controller design
(3). In order to show the design of the controller gain matrices K, L, a simple trans-
formation is made to obtain the following theorem.

Theorem 2 For any given scalars t > 0, o, Um, 1 > 8,y = 0,v > 0, the sys-

tems described by (1)—(3) achieve the master—slave synchronization, if there exist
n x n matrices P > 0, P, > 0,P,P3 > 0,0; > 0(@( = 1,2,3,4),R; >
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0,Z;(j=1,2,3,4,5), Rg > 0, N\ making I:Zl

P
P;

>O,|:

R;
%

Zj .
RJ} -0U=

1,2,3,4,5), n1 x n1 diagonal matrices Q > 0, R > 0,U > 0, and n x k matrices
F; (i = 1,2) such that fori =1, 2, the LMIs in (30)—(31) hold

69

=
=

+ [efzwé + engel] + [e{ (R — Z)es +e) (R — z{)el]

+ (el (R — Z1) e6 + eF (Ry — le)eQ]
+ e3TR3(36 + eﬁTR3e3] — [egTZzeg + egTZzTeg]
+e2T (ZIT +Z — 2R1) e — egTRzeg
+ e9TP161 + elTPleg] — [e3TP2T69 + e9TPze3]
[T, pT T - T
+ |eg (Py — Pr)eg +eq (P2 — Pp) 66] +viimey Qies <0, (30)
g+ [eITRleﬁ v eTRier |+ [ef (Rs — Z3)es + ef (Rs — z§>e2]
+ [el(Rs = ZT)eo + e (Rs — Z3) e2]
+ e3TZ3T66 + e6TZ363 — 69TZ4610 + elTOZZeg]
+ eg (Z; + Z3 — 2R3) e — egR4€9
— [l Pl ey + e Poeo | + [ el (Py — P2y eo + X (P5 — PZT)%]
[T T - T
— |e3 P3eg + e P363] + Vitmey Qieq < 0, (31
wheree; (i = 1,...,9) are defined in (9) and
Ey &2 0 Eu 2Zs 0 &y P 0 P Ein |
x 0 0 0 0 0 0 0 0 0 —vuFTF]
x % &3 0 0 R 0 —PI 0 —-P 0
% * * E44 E45 0 0 0 0 0 0
* * * * Ess 0 0 0 0 0 0
* * * * * Eo6 0 Heg 0 Zs.10 0
* * * * * x =U 0 0 0 E7.11
* * * * * * * —Ry, O 0 0
* * * * * * * * 0 0 0
* * * * * * * * * —Ry 0
* * * * * * * * * * E11,11

with

En=01+0Q3+&Ry+VvVRi—Rs+ N[ A—FF+A"N - F'Ff
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—ETUS|\E—R|, Ep=—-FF,
Elu=Rs—Zs,817=N +ETVS;, E111=P+E(SR-ZQ)E
~ NI +vA"N, —vFTFT,
E33=—02—04—R3—Rs, 844 =—-2Rs+ (1 —yum) 01
+ (o — Q2+ Zs + Z2,
45 = Rs — Zs, Ess = —Rs, E¢ = 04— 03— Ry — R3 — R,
68 = PzT — P, Z610=Ps— Py, 5711 =—RE+ QE +vBT Ny,
Eii = —uN] — UNj + @R + V2R3 + ¢°Rs.

[

]

Moreover, the estimation gains can be derived as K = NfTFl and L = NfTFz.

Proof Based on Theorem 1, replacing N> in (11)—(12) by the term vN; and setting
Fi = NlTK, Fr, = NITL, it is obvious to derive the theorem. The detailed proof is
straightforward and omitted here. O

In many present works, the lower bound ¢ of time-varying delay has not been
involved, i.e., 7(tf) < W, such as [6,10-12,14,15,20,21,27,28,33,34,36,41,43].
Thus, as for this case, we can derive the following corollary.

Corollary 1 For any given scalars T > 0, iy, 1 > 8,y > 0,v > 0, the systems
described by (1)—(3) achieve the master—slave synchronization, if there exist n X n
matrices P > 0, P > 0,P,,P3 >0,0; >0( =1,2,3,4),R; >0,Z; (j =

. P P R; Z; .
1,2,3,4,5), Rg > 0, N\ making |: B P3:| > 0, |: « R >0( =1,2,3,4,5),
n1 x nj diagonal matrices Q > 0, R > 0,U > 0, and n x k matrices F; (i = 1, 2)
such that the LMIs in (32)—(33) hold

g+ [e{zl% + egz{el] + [e]T (R — Z1) ez + el (R — Z]T)el]
+ |eF (R = Zv)es + ef (Ry = Z])ea)
+ [e§R3e(, + egR3e3] — [eSTZzeg + egZZTeg]
+62T (Z]T +7Z — 2R1) ey — 69TR2e9
+ [egTPlel + elTPleg] — [e3TP2Teg + 69TP263]
T, pT T
n [e6 (PT — P)eo + el (P, — Py) e6] <0, 32)

& +[e] Ries + ¢l Rier] + [ed (R3 — Z3)e3 + €5 (R3 — Z1)er]
+led (R — Z1)eo + el (R3 — Z3)ea]
+ [e3TZ3TeG + eﬁTZ363] — [egZ4e1o + elTOZ4Teg]
+ el (ZF 4+ Z3 —2R3)es — el Rye
+1leg Py e1 + e Preol + [ef (Ps — Pa)eg + e§ (P3 — Py )eg]
— [e] Peg + el P3es] < 0, (33)
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where the matrices E,e; (i =1, ...,9) areidentical to the relevant ones in Theorem 2
except for two following terms

Egs=—2Rs— (1 —yum)Q1 +Zs+ ZI', Ess=—0r — Rs.

Moreover, the estimation gains can be derived as K = NfTFl and L = NfTFz.

t

Proof As for the term V> (g;) in (10), through replacing ft

0 eT () Qae(s)ds by
ftt:f el (s) Q»¢(s)ds and using the similar methods to prove Theorem 2, the corollary
can be derived and the detailed proof is omitted. O

In what follows, we will consider the master-slave synchronization for more general
systems as

[ x@) = Ax(r) + Cx(t — T(t)) + BR(Ex(1))
M: [p(t) = Fx(1) 34
[ 2(1) = Az(t) + Cz(t — (1)) + Bh(Ez(1)) + u(t) 35)
q(t) = Fz(t)
C: u@®)=KI[p@t)—q@®)]+L[pt—1@)—q—1@®)]. (36)

Then through setting €(t) = x(¢) — z(t), the synchronization error system can be
derived as

£(t) = (A— KF)e(t) + (C — LF)e(t — t(t)) + Bf (Ee(1)). (37)

Theorem 3 For any given scalars Tt > 0, o, um, 1 > 8,y > 0,v > 0, the systems
described by (34)—(36) achieve the master—slave synchronization, if there exist n X n
matrices P > 0, Py > 0,P,,P3 >0,0; >0(G( =1,2,3,4),R; >0,Z; (j =

1,2,3,4,5), Rg > 0, Ni making Zl 1122 > 0, Iif ii >0 =1,2,3,4,5),
3 j

n1 x ny diagonal matrices Q > 0, R >‘0, U > 0, and n x k matrices F; (i = 1,2)
such that fori = 1,2, the LMIs in (38)—(39) hold

g+ [elTZ1e6 n egleel] T [elT (Ri — Z1) ez + el (R — z{)el]
+ [62T (Ri — Z1) e + el (R — Z]T)ez]
+ [e3TR366 + e6TRge3] — [egTZZeg + egTZzTeg]
+el (le vz - 2R1) er — el Ryeo
+ [egTPlel + elT Pleg] — [e3TP2T® + e9TP293]
T, T T _ T
+[ef (PT = Poes + el (P = Py es| + viimel Qies <0, (38)

g+ [elTRleG + eGTRlel] + [ezT (Ry — Z3) e3 + el (R3 — Z3T)ez]
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+|ef (Rs = ZDes + ef (R — Z3) &2

+ [e3TZ3Te6 + 652363] — [e9TZ4610 + 6{02169]

+ el (z{ 75— 2R3) ez — el Ryeo

- [egTPZTel + elTPQeg] + [eg (Ps— Py)eo + el (P3 — PZT)%]

— [l Pses + e Pres| + yitme] Qses <0, (39)

where the matrices 2, e; (i = 1,...,9) are identical to the relevant ones in Theorem
2 except for the following terms

&}

12=N/C—FF, &1 =vC'N—vFTF].

Moreover, the estimation gains can be derived as K = NI_TFl and L = NI_TFZ.

Proof Based on the proof of Theorem 2 and replacing the term (13) by the following
equation
0=2 [sT(t)NlT + éT(t)NZT] [—&(1) + (A — K F)e(t)
+(C —LF)e(t —t(t)) + Bf(Ee(1))], (40)

this theorem can be straightforwardly derived and its detailed proof is omitted here. O

Remark 2 Though Theorems 2-3 and Corollary 1 in our work are not presented in
terms of standard LMIs, it is still convenient to check their feasibility without tuning
any parameters by resorting to the LMI in MATLAB Toolbox. Furthermore, through
adjusting two useful parameters y, §, we can achieve the maximum allowable delay
upper bound as large as possible.

Remark 3 Many existent works have used the LKF term f;ﬁ o0 8T(S)Q18(S)ds to
derive the results. Yet as u,, > 7(¢) > 1, this term’s derivative can be obtained as

i(/t el (s)0 S(s)ds)
dt \Ji—z@ ]

=l ()01e(t) — [1 —t()]e’ (t — T(1)) Q1e(t — T(1)) > 0,

which unavoidably played a negative role during estimating V (g,) < 0. Thus, in our
paper, the LKF one ff_y 0 eT(s)Q1e(s)ds has been used to get less conservative
results via adjusting the parameter y .

Remark 4 In many cases, the lower bound of time-delay may be greater than 0, i.e.,
it belongs to the interval [7g, 7,,], Which can be expressed as

O<tw=t@®) <tm, Ho=T() =i (41)
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Now as for two scalars 0 < §, y < 1, we can employ the following denotations

fmifm—fo,pﬁﬁm, Qiyfma wﬁTO‘i‘Sfm:TO‘f‘P, (42)
v=_1=8)Tn =t —w, ¢@) =ylt@)— 1]+ 0,
p=tw+rvm=t+t0o ¢=Tn-—o0, (43)

and choose the following Lyapunov—Krasovskii functional as
Vie) = Vile) + Valer) + Va(er), (44)

where

ny

Eie(r)
Vi(e) = sT(t)Pa(t) +2 Zqi / [ﬁ (s) — a;s] ds
i=1 70

ni

Eie(t) t
+2Zr,~/ [o/Fs — fi(9)] ds+/ el (s)018(s)ds
0 =10

i=1

T
ftl_roe(s)ds P, P, P; ftt_m e(s)ds

+ t:joe(s)ds x* Py Ps ::(ZO e(s)ds |,
S22 e(s)ds «x Po ]| [T e(s)ds

t—10 t—o(1)
Vae,) = / 67 () 026(s)ds + / ¢ (5) Q3¢ (s)ds
t

—(1) =Ty

=T I—w
+/ OST(S)Q48(s)ds+/ el (s) Qse(s)ds,
t

- =Ty
0 t
Va(er) =/ / - [éT(s)Rlé(s)+8T(s)R28(s)] dsdo
—10 Jt+6
) t
+/ / 0 [éT(s)R3é(s) +8T(S)R48(s)] dsdo
—w 46
—w t
+/ / v [éT(s)R5é(s)+£T(S)R68(s):| dsdo
—Ty Jt+0
—10 t —@ t
+ / / 0&T (s)R7é(s)dsdd + / &7 (s)Rgé(s)dsdo
—@ t+6 -7 t+6

with n x n matrices P > 0,0; > 0 (G = 1,2,3,4,5,R, >0@G =1,...,8),

P P P
3n x 3n matrices | * P4 Ps | > 0, and n; x n; diagonal matrices Q =
* x Py

diag(q1, ..., qn,) > 0, R =diag(ry, ..., ry,) > 0.

Remark 5 Though some novel techniques have been utilized in this work, the con-
ditions of Theorems 1-3 are still rigorous and limited. Presently, delay-partitioning
idea has been used to further reduce the conservatism [9,22], which also can help to
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achieve less conservative conditions for the synchronization. Thus, in further research
we will use and improve this approach to carry out the discussion. However, these
techniques will add significantly to the complexities of proof procedure and theorems.

4 Numerical Examples
In order to show the effectiveness and less conservatism of the proposed criteria,

we will consider two numerical examples and give the comparing results with some
reported methods.

Example 1 As for u(t) = L[Fx(t —t) — Fy(t — 7)], the following Chua’s circuit

is considered to illustrate the master—slave synchronization criteria, which has been
studied in [7,9,11,12,21,22,34]

X1 =oxp —mixy + h(x))]
X2 =X —x2+x3

X3 = —pBx2

with h(x)) = %(ml —mo)(|x1 + ¢| — |x1 — c|) and parameters

2
mo=—— m1=§, a=9, p=14.286, c=1.

Then the system can be represented in the form of Lur’e model (1) with

Z 00
0 0 0|, E=[1 0 0],
0 00

-8 9 0
-1 1|, B=
0

A= 1
0 —14.286

and f(§) = %(|§ + 1| — |& — 1|) belonging to the sector [0, k] with k = 1. Moreover,
F = [1 0 0].

Since time-delay in u(¢) is constant, one can check o = @, = 0. Then by
resorting to LMI in the MATLAB Toolbox, we can obtain the feasible solutions to
the LMIs in Theorem 2 based on setting v = 0.3 and different 8, y. Therefore, the
corresponding gain matrix L can stabilize the error system (6) with different delay
maximum allowable upper bounds (MAUB) tpax, and the comparisons with some
existent ones are shown in Table 1. Based on this table, one can clearly check that our
criteria produce much less conservatism.

Example 2 Consider the master system (34) of delayed Lur’e model as follows:
x() = Ax(t) + Cx(t — t(t)) + Bh(Ex(1)),
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Circuits Syst Signal Process (2016) 35:2992-3014 3009

Table 1 The corresponding allowable bound tmax for various methods with g = p; = 0and v = 0.3

Utilized methods Tmax Control gain L

Theorem 1 [7] 0.3914 [3.4852 0.6906 —3.2849]"
Corollary 2 [9] 0.1835 [40779 09087 —4.3430]"
Proposition 1 [11] 0.1622 [6.0222 13367 —2.1264]"
Theorem 2 [12] 0.1800 [3.9125 09545 -3.8273]"
Theorem 2 [21] 0.1830 [4.1455 09250 —4.259]"
Theorem 2 [22] 0.1833 [4.0781 09292 —4.1857 ]T
Corollary 1 [34] 0.3981 [2.5691 07731 —1.7428]"
Theorem 2 (8, ¥) = (1, 1) 0.3125 [0.2425 —0.0486 —0.3049]"
Theorem 2 (8, ) = (0.5, 0.5) 0.6120 [0.0320 —0.0054 —0.0452]"
Theorem 2 (8, ¥) = (0.1, 0.1) 0.9736 [0.2439 —0.0452 —0.1696]"
where

~1 04 08 0.6 21 —02
A=|:—0.6 —1] C=|:0.7 0.8] B:[—s 3 }
108 1o
E:[o.s 1] F:[o 1]'

The nonlinear functions can be presented as /;(s) = tanh(s) (i = 1, 2). The corre-
sponding slave system (35) can be given as

z2(t) = Az(t) + Cz(t — 1(¢)) + Bh(Ez(t)) + u(t).

Firstly, as a special case, through choosing time-delay as a constant, i.e., T(f) =t
with 7(#) = 0, we will give some comparisons with two present works [13,44] to
illustrate the reduced conservatism. Through checking the LMIs in Theorem 3, our
derived delay MAUBS 7ih,x can be compared with the ones in [13,44], which is listed
in Table 2.

Furthermore, we consider the issue on time-varying delay. If (8, y, v) = (1, 1, 0.3)
is set, we choose 7(¢) = 1.5 + 0.3sin%(10¢) + 0.2 cos2(20¢) and it is easy to check
Ty = 2, o = —7, m = 7. Then we can verify the feasible solution to the LMIs in
(30)—(31) and obtain the estimation gains K, L as

7. [ 21803 —8.2367 7, 08194 —02111
k=1L Fl_|:—3.9835 165365 | L= R2= 07047 01004 |

Through choosing the initial conditions [x;(0), x2(0)]7 = [-2, — 1]7 and
[z1(0), z2(0)]7 = [1, 2]7, the phase trajectories of master system and slave one
are expressed in Fig. 1 and their state trajectories are, respectively, shown in Fig. 2,

Birkhauser



3010 Circuits Syst Signal Process (2016) 35:2992-3014

Table 2 The corresponding allowable bound tmax for various methods with g = p;, = 0 and v = 0.3

Utilized methods Tmax Control gains K, L
[ 2.4465 —7.24527 [0.6765 —0.2334
Theorem 3 [13] 478425 K=| 30043 170222 |* L= 07455 0.1032 |
[ 22285 —7.6754] [0.7796 —0.2202 ]
Theorem 2 [44] 433544 K =1 3775 163655 |° L= 07243 0.1052 |
[ 2.5462 —7.8776 ] [0.7466 —0.2012 ]
Theorem 3 (8,y) = (0.5,0.5) 524475 K = | 33425 17.0212 | L= | 0.7435  0.1087 |
[ 22302  —7.4665 ] [0.8002 —0.2437 ]
Theorem 3 (8, ¥) = (0.1,0.1)  66.6490 K = | —33552 16.6574 | L= | 0.7005  0.1108 |

o N A O

x2

4|

7 6 -5 -4 3 2 -1 0 1 2 3 4 7 -6 -5 -4 -3 2 -1 0 1 2 3 4
x1 y1

Fig. 1 Phase trajectories of the master system and slave system

4 6
2 4
—

';— 0 CN— 2

- Qq
X 2 x 0
4 -2
-6 -4

-20 0 20 40 60 80 100 -20 0 20 40 60 80 100
t t

Fig. 2 State trajectories of the master system and slave system

which helps illustrate the desired synchronization. In particular, in Fig. 3, the state
trajectories of the error system also support the above results.

In what follows, we choose time-varying delay as 7(f) = « + 0.3 sin2(20t) +
0.2 cos? (70¢), in which « is an alterable scalar and o = —20, @, = 20 can be easily
checked. Now together with the LMIs in Theorem 3, we set v = 0.3 and change the
scalars 4, y to obtain the corresponding MAUBS a5, Which can obtain the control
gains K, L and guarantee the addressed synchronization.

In particular, as for (4, y, v) = (0.1, 0.1, 0.3), when time-delay is chosen as 7 (¢) =
3040.3 sin%(207)40.2 cos?(70¢), itis easy to check that 7,, = 30.5, uo = —20, i
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4 4
3.5 35
3 3
2.5 25
2 2
© 15 Q¥ 15
1 1
0.5 0.5
0 0
-05 -0.5 f
-1 -1
-20 0 20 40 60 80 100 -20 0 20 40 60 80 100
t t
Fig. 3 State trajectories of the synchronization error system
Table 3 The maximum allowable bound t,x for various 8, y, and pug = —20, w;,; = 20
6, y) (1,1 (0.5,0.5) (0.3,0.3) 0.2,0.2) (0.1,0.1)
Maximum allowable Tmax 11.50 16.50 20.55 24.70 30.50
8
6
4
X
2
0
-2
8 7 6543210 1 2 8 7 6 543210 1 2

x1 y1

Fig. 4 Phase trajectories of the master system and slave system

20, which means that the delay satisfies Table 3. Then we can solve the LMIs in (30)—
(31) and obtain the estimation gains K, L as
T, _ | 14563  —8.0323 -7 _ |0.7999 —0.2000
K=L"hh= [—0.5763 15.7886 |’ L=L"Fh= 0.6998  0.1001

Furthermore, if we choose the similar initial conditions in Figs. 1, 2 and 3, the phase
trajectories of master system and slave one and their state trajectories are, respectively,

shown in Figs. 4 and 5. In particular, based on the state trajectories of error system in
Fig. 6, the desired synchronization can be achieved.

5 Conclusions

In the paper, the problem on designing delay feedback controllers of master—slave
synchronization has been considered for Lur’e systems and some novel criteria have
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4 6

2 4

N 0 C'tl‘_ 2
- Qq

X _o < 0

-4 -2

-6 -4

-20 0 20 40 60 80 100 -20 0 20 40 60 80 100
t t

Fig. 5 State trajectories of the master system and slave system

4 4
35 35
3 3
25 25
2 2
15 15
1 1
05 05
0 0
05 05
-1 -1
20 0 20 40 60 80 100 20 0 20 40 60 80 100
t t

Fig. 6 State trajectories of the synchronization error system

been obtained. In order to reduce the conservatism, we have chosen two augmented
LKFs and introducing some adjusting parameters, which were used to derive delay-
dependent results. Together with stability criteria for synchronization error system, we
have obtained several sufficient conditions on the existence of feedback controller and
the controller gains can be computed out by solving a set of LMIs. Finally, two numeri-
cal examples have demonstrated that our results produced much less conservative than
some reported ones.
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