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Abstract The stability and stabilisation problems for a series of continuous stochastic
singular systems with multiple time-varying delays are studied in this paper. First, a
useful lemma is proposed and a delay-distribution-dependent Lyapunov functional is
constructed. Then, a novel delay-distribution-dependent condition is given to ensure
the unforced stochastic singular systems to be regular and impulse-free. The mean-
square exponential stability of the whole system is guaranteed under the proposed
lemma. As a result, a suitable feedback controller is designed via strict linear matrix
inequality such that the system’s stabilisation problem is guaranteed. Finally, numeri-
cal examples are illustrated to show the proposed result are less conservative than the
existing ones and the potential of such technology.
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1 Introduction

Singular systems, which are known as descriptor systems, implicit systems, differen-
tial algebraic systems or generalised state-space systems, have extensive applications
in electrical circuits, power systems, economics and other areas [1,5,13]. In recent
decades, many results have been reported on the control of singular systems, for
example, the problem of state feedback Hy, control for discrete singular systems was
investigated in [33] and it is not necessary to assume the system to be regular. Con-
sidering the relationship between slow and fast subsystems of the singular system, a
novel bounded real lemma (BRL) was provided in [10], and robust Hy, performance
was obtained on the basis of BRL. Furthermore, for discrete-time singular Markov
jump systems with actuator saturation, the regularity, causality and bounded state sta-
bility of such systems was investigated in [19], and the H,, controller was designed
with singular value decomposition approach. A necessary and sufficient condition was
proposed in [26] to ensure the sliding mode dynamics to be stochastic admissible. For
nonlinear singular It6 stochastic systems with Markovian switching parameters, the
sliding mode controller designing approach was introduced in [25].

On the other hand, time-delay frequently occurs in various practical systems such
as chemical processes, biological systems and networked control system [3,8,17,38].
The existence of time-delay may induce instability and poor performance. There-
fore, many results have been established for singular systems with time-delay which
can be classified into two types, delay-independent condition and delay-dependent
condition (see [2,6,7,12,14-16,18-20,23,24,27,30,31,34-37,39,40] and the refer-
ences therein). Most of the research results have focused on delay-dependent condi-
tions for the less conservatism. Such as, in [7], a delay-range-dependent condition
for unforced singular systems with multiple time-varying delays was given to ensure
the system to be regular, impulse-free and «-stable, then, a method to estimate the
system’s convergence rate was proposed. For time-delay singular system, a kind of
delay-dependent BRL was established in [34], and the regularity, impulse-freeness and
stability of the singular system with a prescribed H,, performance was guaranteed. A
kind of passivity-based sliding mode control approach was studied in [24] for a class
of uncertain nonlinear singular time-delay systems. Based on the delay partitioning
technique, a delay-dependent stochastic stability condition was derived in [30] for
discrete-time singular Markov jump systems with time-varying delay and piecewise-
constant transition probabilities. Reference [40] has considered the exponential Hy,
filtering problem for discrete-time switched singular systems with time-varying delay.
For stochastic system with multiple delay, [32] has dealt with the problem of robust
exponential stability for a class of uncertain stochastic neural networks with mul-
tiple delays via multiple-difference-dependent Lyapunov—Krasovskii functional and
free-weighting matrices method. Besides, in terms of Linear matrix inequality (LMI),
the stability analysis of stochastic neural networks with multiple time-delays is given
in [9].

To the author’s knowledge, the research on the stochastic singular system with
multiple time-varying delays is rather limited, because the study of singular system
with multiple time-varying delays is much more complicated than the singular system
with single time-delay or without time-delay, it is due to the difficulty of guaranteeing
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the stability of the fast subsystem [11,21,37]. Therefore, the main purpose of this
research is: (1) to propose a useful lemma which is used to guarantee the mean-square
exponential stability of stochastic singular system; (2) to use the statistical distribution
of each time-delays, so that a less conservative delay-distribution-dependent condition
is given, which result in that the stochastic singular system is regular, impulse-free and
mean-square exponential stable; (3) not to use free-weighting matrix to deal with cross-
product term, and hence the produced method includes much fewer matrix variables
than the existing one; (4) that the corresponding controller design approach is given
to ensure the mean-square exponential stability of the closed-loop system. These four
aspects form the novelty of the work given in this paper. Finally, three numerical
examples are given to show the effectiveness of the proposed methods.

Notation: R" and R™*" denote the n-dimensional Euclidean space and the set of
all m x n real matrices, respectively. The notation X > Y (X > Y) means that X and
Y are symmetric matrices and X — Y is positive definition (positive semi-definition). /
and O represent the identical matrix and the zero matrix, respectively. The superscript
“T” represents the transpose, and diag{. . .} means the block-diagonal matrix. For an
arbitrary matrix B and two symmetric matrices A and C

A B

x* C
denotes a symmetric matrix, where * denotes the entries implied by symmetry. ||¢ ||, =
sup_ <o 1@ O]l

2 Problem Formulation

Consider a class of continuous-time linear singular systems with multiple time-varying
delays, which can be described as

ey

Ex(t) = Ax(t) + X0_, Agx(t — di(t)) + Bu(t)
x(1)=¢@), —max(dy) <t <0 ’

where x(r) € R”" is the state vector, u(t) € R™ is the control input, the matrix
E € R™" may be singular and satisfying rank(E) = r < n, A, Ay and B are known
constant matrices, ¢ () € CY is a compatible vector valued continuous function which
denotes the initial condition of x(¢), and di(¢), k = 1,2, ..., p is the time-varying
delay satisfying

0<d, <de(t)<dx, de()<p<l, 2

where pu is a given scalar, d; and dj, are scalars representing the lower and the upper
bound of the time-varying delay d (¢). The unforced system (u(¢) = 0) of (1) can be
written as
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P
E£(D) = Ax() + > Apx(t — de(1). 3)
k=1

There exist scalars 7 satisfying d;, < 7 < dy, and denoting a series of variables
Sk (t) as

11 dk(t) € [dkvtk]
(1) = B A 4
K [o, di(6) € (e ] @
Define a?k (t) = Sx(t)di(t) and Jk (t) = (1 — 8)d(t), the unforced system (3) can
be rewritten as the following stochastic unforced singular system with multiple time-
varying delays:

P
Ei() = Ax() + Y [80 At = de0) + (1 = 5 Awx(t = d))] . )
k=1

Remark 1 In [4,7], the derived stability criteria are dependent on the varying range
of the time-varying delay. However, if some values of the delay are changed largely
whereas the probabilities of the delay in such large range are very small, thus, the
obtained results are much conservative in [4,7] where only the information of delay
variation range is considered. In this study, by employing the information of delay
distributions [22], the corresponding result can be improved.

Throughout the paper, the following definition and lemma are made.
Definition 1 [7,27]

1. System (5) is said to be regular if det(s E — A) is not identically zero.

2. System (5) is said to be impulse-free if deg(det(sE — A)) = rank(E).

3. The stochastic singular system (5) is said to be mean-square exponentially stable, if
there exist scalars @ > 0 and B > 0 such that, for any compatible initial condition
¢, E{lx(0)]*} < Be™|glI2. 1 > 0.

4. System (5) is said to be mean-square exponentially admissible if it is regular,
impulse-free and mean-square exponentially stable.

Lemma 1 [29] For any given symmetric positive definite matrix V. € R"*" and
scalars o > 0, 0 < hy < hy, if there exists a vector function ¢(0) : [—h;, 0] - R”
such that the following integration is well defined, then

—hy
y(t) = —/ et +0)Te* Vet + 0)do
—hs

_ a et —h) ' [ Vv =V (et —hy)
= eaht _eaha | e(t — ho) -V Vv e(t —hy)
Remark 2 Lemma 1 is used to deal with cross-product terms, thus, the number of

decision variables is less than the one with free-weight matrix technology to deal with
cross-product terms.
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3 Main Results

In this section, a useful lemma is first proposed and a novel delay-distribution-
dependent condition to ensure the stochastic singular system (5) to be regular, impulse-
free and mean-square exponentially stable is derived from this lemma.

Lemma 2 Suppose that a series of positive continuous functions fr(t),k =
1,2, ..., p satisfy

p 4
D Ef)} < { _sup fk(s)]
k

k=1 -1 lr—dr <s<t—1¢

p p
+0 ) E [ sup fk(S)] +> e
k=1

= St —dy k=1

where o > 0,0 < 201 < 1,50 > 0,8 > 1,0 < 2o} < 10 < § <
min{c, min(dk_l)lnﬁ}, n > 1,d; > 0, then

78t

P p
ZE{fk(f)}<l3€8tZEl sup fk(S)]-l'z— t>0.

k=1 k=1 | —d<s<0 1= 24,e%%

Proof Similarly as Lemma 2 of [36], for ¢ > 0, we have

p p
D E(f®} < o ZE[ _sup fk(S)]
k=1

k=1 —dp <s<t—

P »
+¢i ZE[ sup fk(S)] + D e
k=1

t—fkgsgl—dk

k=1
P P
< 2;12‘;@{ sup fk(S)} + > e 6)
— t—d <s<t k=1
If the following inequality holds,
P
%ZEH sup fk<s>}+2<:ze g
— t— dk<v<t k=1
<Py EL sup fils)p o+
1; [—Msso 21—2&@’”"

then, Lemma 2 can be obtained, and we will proof it by contradiction approach.
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If the second inequality of Lemma 2 is true, there exists a scalar ¢ > 0

—6[

P P
-8
;E{fk(t)}<ﬂe ’;]E{ sup fk(s)}+zm+£o. ©)

—dk<5<0
Note that
P p p
ZEWO)}@CIZE{ sup fk(o)]"'Zé'z
k=1 k=1 | —dk<s<0 =1

14 P
<B IE[ sup fk(o)}‘f‘ZW‘f‘go (8)

k= —dp <s<0
By using contradiction method, if Eq. (7) is not true, thus, there exists 7 such that
p P p 57
D E{fiD} =ﬁe“”ZJE[ sup fk(S)] +Zl +eo (9
k=1 k=1

3, <5<0 120

and

P P P
—5 -
kEZIIE{fk(t)}<ﬁe IEZ E[ sup fk(s)]+§ 1—zgle5dk +e0, 1 <I.

—d <s<0
(10)

For t € [—dj, 0], we have the following results:

<

p
> E{fi)} <ZE| sup fk(S)]
k=1

—dr <s<0

p —8t
B
< kéz E{ sup fk(s)] Be o + 2 m +&9. (11)

—d; <s<0

Therefore, (10) holds for any ¢ € [ dy, ) However, from (6), (9), and (11), we can
see that

P p i
ZE{fk(f)} 2(12[_ sup fk(S)] + D e

k=1 LIk <<t k=1
p -
—5t
<24 E EY sup fi(s)pBe
k=1 —d;<s<0
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p sd —8t 4
2L1e%% e 57
+ZC—§+2§1€0+Z§26 ot

k=1 1 - zgle&jk k=1
P e
<E{ sup  fils)} pe ¥ +Z—M +e0.  (12)
—d <s<0 k=1 1 —2¢1e%%

Obviously, (12) contradicts (9) and Lemma 2 can be obtained with &g — 0. The proof
is completed. O

Remark 3 Dueto B > 1,0 < 2¢; < 1and0 < 1 —2¢1e? ™} < 1 it is not difficult
to conclude that Eq. (8) always holds.

Remark 4 Equation (11) holds for g > 1, e > 1,60 > 0, e > 0 and
1 — 2% > 0.

Next, we will considering the admissibility of system (5).

Theorem 1 Denoting E{6;(t) = 1} = Sk, given positive scalars dy, d, and Sk,
k=1,....,p,0 < u < 1land o > 0. System (5) is mean-square exponentially
admissible if there exist a nonsingular matrix P, positive definite matrices Qyy,
Ziw, k= 1,...,p,v =1,2,3,4,5 w = 1,2, 3,4 such that the following LMI
holds:

T ¢12 $13 P14 @15
¢ O 0 0
* ¢33 0 0 <0 (13)
* % g O
* * * P55

* K% X ¥

with the constraint
E'P=PTE >0, (14)

where

1T PTA1 PTA2 0 =y &

* U 0 0O 0 O

* * U 0 0 O
1 =

* * * U3 0 &3

* * * x Uy &4

* * * ¥ % Us
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with elements defined as

p

M =A"P+P A+aE" P+ (le + Q2+ Q13 + 8k Qra + (1 = 81) Qi
k=1
_ Y (77 E+LETZ E
— k1 T k2
Av=[har Bay 5,4,
A, = [(1 _5DA, (1=8)Ay ... (1— S,,)Ap]
g=-—2 E"24E ... —— 2% ET7,E
T eed ! 1 — e " ]
- _ o T o T
Ly = ——E leE e = mE szEi|
- T T
E3 = dlag[ E Z13E,. —e"@p s E ZP3E} ,
o T % T
=4 g[ eatl ead| o _oad £ 21k YTy — Otdp E Zp4E]
Uy = diag {~51(1 = e ™" Qua, ..., =5,(1 = ™" Q)
U = dlag{ (1= — e Qys,...,—(1 - 8p)(1 — e st} ,
Us _dlag[ —dig + 7 ——T EYZ3E, ...,

o
— 0, + ad—ETZng]
€

d, _ ooty

7 o o
Uy = diag{—e_“d‘ O+ —_ETZ“E + —ETZME
1 —ev et — ead

_a—ady o« A )
.., —¢€ Qp2+1 dpEZ]E+ ,EZP4E}

edTp _ edp
—at T o T
Us = diag{—e lQm—i——E Z12E+—E VALY
e _e()lfl

o

_ o
EYZIWE, ..., —e " Q3 + WETZPQE

1_
E'Z E+—2  E'7 .E
p3 + 7 p4 }

tad, ety Ty _ oad,
¢1,2=[ AVEZy VL Za ... \/Zvﬁzpl]
¢13=[~/f_1V11212 VoViiZa ... «/f_lelepz]’
[\/ﬁvﬁzm Jo—d,VhZy ... /r,,—gpvfzng],

eaTl — eadl
o
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P15 = [\/&1 —'C1V%ZM \/J2—12V1T3224 ,/C?p—TpVIrgZp4i|,

Vii = [A A~“ A~21 01X3p],1&11 = I:SIAI SZAZ S,,Ap],

Ay =[0-8041 A=5)a ... (1=8,)4,].

Vig = [A A 01x4p] Vi = [A 01xp A1 01x3p],

Ap=[A1 Ay ... 4,],

2 =diag{—Z11, —Zo1, ..., —Zp1}, ¢33 = diag{—Z12, =Zn, ..., = Zp2}
a4 = diag{—Z13, —Z23, ..., —Zp3}, 55 = diag{—Z14, —Z04, ..., —Z p4}

Proof First, the regularity and impulse-freeness of the system (5) is shown as follows.
Since rank(E) = r < n, there exist two nonsingular matrices R and L such that

REL =1 0 , RAL = An Ar R TpL=| P P2 (15)
Ax Axp Py Py

Substitute (15) into (13) and (14), it is straight forward to obtain Agz 1322 + 132T2 Ax» <0
and we can conclude that A, is nonsingular, from Definition 1, it implies that system
(5) is regular and impulse-free. Next, we will show the mean-square exponential
stability of the system (5). Choose the following Lyapunov functionals:

3
V(x(0) = Vilx@)). (16)
i=1
where
Vi(x(0) = xT () ET Px(1)
P t t
V() =3, i / 00T (5) Qrrx(s)ds + / e CTT($) Qi (s)
k=1 t—d,, t—dy

¢ t
n / T () Qpax(s) + 8k (1) [ e®O0xT(5) Qpax(s)
- t1—=di (1)

t
+(1 =8 () [ e“(“—”xT(s)kax(s)ds]
t—d (1)

p 0 t
V3 (x(1)) =Z[ / ] / &0 (Ei ()" Zi (E (5))dsdo
k=1 —dy Jt+0

0 t
+ / / e (Ex () Zka (Ex (s))dsdO
—1 Jt+6
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_dk 3

+ / / e (Ex ()T Zi3(Ex(s))dsdd

—Tk t+60
e

t
+ /| / e““—”(Ex(s))Tzk4(Ex(s))dsd9].
—dy, t+6

Denoting E{6;(t) = 1} = Sk, then, the time-derivative of V (x()) along with the
solution of (5) is given by

3
E{V (x(0))} = D B{Vi(x (1)}, (17)

k=1

where
E{Vi(x(1)} = E2xT (1) PTEx (1)}

p 3
E(Va(x(t)} = > {Z(XT(t)Qkix(f)) — e xT(t — d) Quix(t — dy)
k=1 Li=lI

—e iyt — ) Qrax(t — di) — e~ xT(t — 1) Qr3x(t — )

+ 8T () Quax (1) + (1 — 80T () Qusx (1) — 811 — di(1))e ok

sx T (¢ = de (1)) Quax (t — di (1)) — (1 = ) (1 — di(1))e %D
xx T (t — di (1)) Qsx (t — di (1)) — aVa(x (r))}

p

E(V3(x(1)}) =E {Z [cik<Ex<r>>Tzk1(Ex(r>>

k=1

0
—/_ Y (Ex(t +0)T Zy1 (Ex(t + 0))do
—dy

0
+ T (Ex (1)) Zin(E5 (1)) — / e (Ex(t4+0))" Zio (Ex (1 +6))d6

L
+(tk — d(EX (1) Zi3(Ex (1))
—d
—/ L (Ex(t+0)T Zis(Ex(t + 0))do
o

+(dr — ) (EX(1)" Zra(EX (1))

- /_ e (Bt +0)T Zpa(E#(1 +0))d0 — a V3 (x(t))] ] .
—dy
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According to Lemma 1, we have

0
—/7 Y (Ex(t +0) T Zi1 (Ex(t + 0))do
—dy

o xt)y 1'[ EYZwE —E"ZnE x(t) as)
S _eedi | x(t—dy) | | —ETZWE ETZWE || x(t —dy)

Similarly, the following results can be obtained:

0
- / e (Ei(t +0)T Zia (Ex (1 + 6))d6

,rk
a x(t) 1°[ EYZwmE —ETZwE x(1)
S Zeenw | x(t— ) —EYZwE ETZE || x(t —w)

e T
- / e (Ei(t +0)" Zis (Ex(t +6))d6
.
« x(t—d) ' [ EYZisE —E"ZiE[x(t —d,)

S ewdy et | x(t — 1) —EYZE ETZE || x(t — )

- / __Tk e (Ex(t +0))" Za(EX (1 + 6))do
—dy

_ o |:x(t — ) T [ ETZE —ETZk4E:| |:x(t — )

x(t —dy) —EYZuE EYZuE x(r—c?k)] (19)

etk — ea&k

Denoting

10 =[x"0 of0 0 oio ofo «lo],

where
ol () = :xT(t —d) Tt-d@) ... ¢ —a?,,(t))]
oI =[xTa=di) FTa-d@) .. xT¢-dyn))
ol =[xTt~d) FTa—dy ... xTt-d,]
ol (t) = :xT(t —dy Ta—d) ... X —Jp)]
wi(t) = :xT(t —7) Xt-1w) ... xXT@t- rp)].

Substitute (18), (19) into (17), we have the following result via augmented technology:

E{V(x(0) + aV (x(1))}
<O [1T+ d1262267T5 + 613633615 + $rLaduadls + b1565.50]s | n(0).
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According to Schur complement, (13) can be derived from
E{V(x(1)) +aV(x(1))} <O0.
Next, we will derive the mean-square exponential stability of the system (5), define

é.(t) — L_lx(t) — [é‘l(t):| .

& (1)

Since system (5) is regular, there exist two nonsingular matrices R and L such that

-1
fe[l AT
0 A,

and

I@EL:[I’ 0}, ﬁALz[‘L}“ 0] ﬁAkLz[Akll Aku]’

00 Ay I Ak A2
h— Piy Ppp T Okitr Qki12
RTPL = , LTOuL = , 20
|:P21 P22:| Qu |:Qk521 Oki22 0)

where Ajj = A1l — A1nA3) Aar, Ao = A3} Aai, R and L are defined in Eq. (15),
then, the system (5) can be rewritten as

P
a(n) =Ana@) + ) [Sk(t) (Aknil(t — (1)) + Ariaga(t — 6?k(t)))
k=1

+(1 = 80 (A1 = de) + At = &) |

P
~6() =Ani0) + 2[5 (41610 = de0) + Aot - de0)))

k=1

+(1 = 8 (1) (Ak214“1 (t — di (1) + Axala(t — 5/{(1)))] .
21

From the constructed Lyapunov functional in (16), it is not difficult to conclude that

dmin(PIOELIE (D7) < BT () ET Px (D)} < E{V (x(1)), (22)
where Amin (P11) denotes the minimum eigenvalue of P;;. Considering E{V(x(1)) +
aV(x())} < 0, and there exists a sufficient large k > 0, the following result is

obtained:

E{V(x(1)} <e V(@) < ke ™ ||

Birkhauser



Circuits Syst Signal Process (2015) 34:1187-1210 1199

Combined (22) together, we have

—at

2 ke 2
E{llciI°} < ml|¢cll . (23)

The mean-square exponential stability condition of fast subsystem ¢ (¢) is guaranteed.
Next, in order to get the mean-square exponential stability condition of slow subsystem
£ (1), the following functional is constructed as:

14
1 - A
X = [(g(t)QMzz(z(t) - ZQT(t — di (1)) Qranabo(t — d (1))

k=1

1 ~ -
4+ (1) Qrs28a (1) — Zé“zT(l —di (1)) Q52282 (t — dk(t))] . (24)

Pre-multiplying the second equation of (21) with §2T (t) P>, we have

P
0 =57 () P&a®) + 3 [0 () P22t — di)]
k=1

p
+ 3 [ = 8T O P2 ARG - &)+ T O Pro®,  ©5)
k=1

where
~ p A ~
o) =Aua(t)+ I:Sk(f)AkZICI (t —di () + (1 = 8(1)) Ara1 81 (7 — dk(l))]
k=1
Summing (24) and (25) yields to
P
X)) =& (1) |:P22 +PhH+ D (Quan + kazz)} (1)
k=1

P
+ X [2600F 0 P Aot = dit))
k=1

H2(1 = 8T (1) Pra Axan ot — di (r))]

P
T - Oka22 A
+k§, |:—§2 (1 = di(1) == 02t = dk (1))
Q522

&3 (t — d (1)) .

ot — c?km)} +2¢5 (1) Ppo(t)
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<10 N N I 510
Gt —di (1) Gt —di (1))
<| LG —dy®) | ¥ 00 —dp@)
Gt — di (1)) Lot —di (1))
|t —dy) | | Q@ —d,) |
+62) (N52(1) + 67" (1) Py Pro (1), (26)
where
(W1 81(0) PAr2 ... 8p(8) PraApoa mi(8) PraAra - .. mp(8) PraApna T
* _211Q1422 0 0 0
v = >l< * —‘—I‘Q.p422 O 0
* —%Q1522 0
S * * * —%stzz |

Wi = P+ P+ 20 (Qrana + Qksn), (1) = 1 = 8;(0),i = 1,..., p, 0 is any
positive scalar. From inequality (13), we can conclude that there exists a sufficient
small 7 > 0 and satisfying 7 — 60 > 0 such that

nl 0 ... 0
0 0 ...0

v<—| . .. .| 27)
0 0 ...0

Since  can be chosen arbitrary and ) —6 > 0, thus we can always find a scalar 7j > 1,
such that

p p
z [Qrazz + Qisnl + (1 — O)I > ﬁZ(kaLzz + Oi522). (28)
k=1

k=1

Using (24), (26), (27) and (28), we have the following result:

P
E [EzT(f) [Z (Qran2 + kazz)} Cz(l)]

k=1
~_1 14
<-E {;} (t — de(1)) {Z (Quaz + Qk522)j| & — c?ka))]

k=1
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~_1 P
+UTE |§2T(t — di (1)) [Z (Qra + kazz)} bt — Jk(f))}

k=1
+G0)'E [a)T(t)PzTZPzza)(t)} (29)

which infers to

p p
D E{fin} <! Z[ sup fk(s)]
k=1 k=1 t—dy <s<t—1¢
p
+ﬁfli sup fk(s)}+25e—f",
=T St —dy, =1

where 0 < 8 < min{e, min(d; ) In7j}, fi(t) = & ()(Qrana + Qus22) 02 (). 7y =
L N
L-and & = (710) " "Amax (Py, P22)m||¢c||* and m is sufficient large. Applying to

Lemma 2 to the above inequality yields to

k=1

+P?»,;iln [>F ) (Qkarz + Qism)] e
1 — 2ﬁf1e5 min(d)

p
E{1826)17} < Ay [Z (Quaza + Qk522)i| ppe max (l162()13, )

(30)

Combining (23) and (30) together with Definition 1, the system (5) is mean-square
exponentially stable. The proof is completed. O

Remark 5 Without using free-weight matrix technology, Lemma 1 is used to deal with
the cross-term, thus, the number of variables in our research is less than the one in the
method of [7].

~—1
Remark 6 Notice 1 > 1, 771_1 = "T thus 0 < f]l_l < %andO < 2771_1 < % < 1,
which satisfies the condition of Lemma 1.

However, in Theorem 1, the equality constraints are involved in (6), and some
numerical problems will arisen with it. Using the similar method of [28], choosing
G e R satisfying ETG = 0 and rank(G) = r. Denote P = P{E + GWT, where
Py > 0and W € R™(=7") _then, we have the following corollary.

Corollary 1 Denoting E{8;(t) = 1} = &, given positive scalars dy, d, and Sk
k=1,....,p,0 < u < land o > 0. System (5) is mean-square exponentially
admissible if there exist positive definition matrices P1, Qky, Ziw, kK = 1,..., p,
v=1,2,3,4,5 w = 1,2, 3, 4 such that the following LMI holds:
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b12 913 P14 P15
2 0 0 O
* ¢33 0 0 <0, 31D
* % P44 O
x kx5

* % ¥ ¥

where
1, (E"pr+wGhHA, (E"Pi+WGMHA, 0 &1 &
* Uy 0 0O 0 O
A * U, 0O 0 O
Il =
* * * Us 0 &;
* * * x Us Ey
* * * x  x Us

1, =A"PIE+E"PIA+ ATGW" + WGTA + «ET P E

r
+> (le + Ok + Qs + 8k Qua + (1 — 51) Ous

k=1

+—% E'Z E+
1 — ewdk “ -

ETZkz E)
the rest parameters are the same as those in Theorem 1.

Proof Substitute P = P{E + GW7 in (13) and (31) can be obtained directly.

Next, the stabilisation problem of system (1) will be considered as follows. Similar
to unforced system (3) with §x(¢), the system (1) can be rewritten as

14
Ex(t) = Ax(t) + Z [3k (O Arx(t — di) + (1 = 8(1) Agx (r — c?k)] + Bu(k).

k=1
(32)
Theorem 2 Given positive scalars czk, d andgk, k=1,...,p,0< u<landa > 0.
System (32) is mean-square exponentially admissible lf there exists a nonsingular
matrix X, positive definition matrices ka, ka, k=1,....p,v =1,2,3,4,5
w =1, 2, 3,4 and matrix Y such that the following LMI holds:
¢:>1,2 431,3 431,4 031,5
o 0 0 O
¢35 0 0 | <O (33)

* P44 O
* * * P55

* ¥ ¥ ¥ &
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with the following constraint

XTET=EX >0, (34)
where
K2 N}X LX 0 B & ]
x U 0 0 0 0
wo|* U, 00 0
* * x Uz 0 &;
* * * * Ij4 §4
* * * * * 05 ]

U = XTAT + AX + YTBT + BY + aXTET

P
+Z (le + Or2 + O3 + 8k Qka + (1 — 8k) Ois
k=1
2 ETZ2hE+——
l_ea‘zk K 1 —e2

ETész)

U; = diag{X", ..., X"JU;diag{X, ..., X}, i=1,2,3,4,5
&, = diag{XT, ..., X"} 5, diag{X, ..., X}, i1=1,2,3,4
¢1.j, = diag{X", ..., XT}¢y j diag{X, ..., X}, j1 =2,3,4,5
bjr.jp = diag{XT, ..., XT¢,, pdiag{X,..., X}, j»=2,3,4,5.

Proof Design the feedback controller as u(t) = Kx(t) = YX ~lx(r), where X =
P~1.In (13), A is replaced by A + BK, then, the inequality can be written as

O ¢1o 15 d14 P15
* ¢ O 0 0
* ¢33 0 0 <0, 35)

*
* ok ok ag O
* * * * P55
where
ﬁ] PTA1 PTAz 0 & &
* U 0 0o 0 O
~ * * U o 0 O
I1 =
* * * Us; 0 &3
* * * x Uy Ey
* * * ¥ % Us

O=A"P+PTA+Y"B"PX +X"PTBY +«ETP
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P
+ z (le + Qk2 + O3 + 8k Qs + (1 = 8p) Ois

k=1

o T
dy

ETZsz) .
] —ex

1 —e¥m

Pre- and post-multiplying (35) and (14) by diag{XT, ..., XT} and diag{X, ..., X},
respectively. Define ka = XTQkUX and 2kw = X"ZroX, k = 1, ey DU =
1,2,3,4,5, w =1, 2,3, 4. Then, (33) and (34) are obtained directly. This concludes
the proof. O

In Theorem 2, the corresponding result is not a strict LMI. Similar to Corollary 1,
define X = X, ET + GT WlT , where X is positive definition and E GT = 0. Then, we
have the following corollary.

Corollary 2 Given positive scalars cfk, d, and Sk, k=1,....,p,0 < u < 1and
o > 0. System (32) is mean-square exponentially admissible if there exist positive
definition matrices X1, ka, 2kw, k=1,...,pv=1,2,3,45w=1,2,3,4and
a matrix Y such that the following LMI holds:

(j/ ¢:’1,2 ¢A51,3 (1131,4 ‘13],5

* ¢272 0 0 0

* ¢33 0 0 |<O, (36)
* $aa O

%

k *k k ¢A35’5

where
(v ANXGET+GTWD AXGET+GTWDH 0 &) &
* U 0 0 0 0
o —| * * U, 00 0
* * * Us 0 &3
* * * * 04 é4
* * * ko ok 05

W) =EX{A" + AX E +WiG1AT + AGTW] +Y"'BT + BY + «EX|E"

P
+ Z (le + Ok2 + O3 + 8k Ora + (1 — 8k) Oks
k=1
[07

— TA
+1—e“‘7kE Zak 1 —eow

ETZsz) .

Proof The proof is similar to Corollary 1, and it is omitted here.
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Table 1 Maximum allowable

d for different o Maximum allowable delay d»

[7] [4] Corollary 1
in this paper

0.2 3.30 5.18 14.3

0.3 2.79 4.87 11.05
0.4 2.43 3.81 8.21
0.5 1.84 2.86 6.50
0.6 1.01 2.35 5.36
0.7 0.32 2.03 4.54

4 Numerical Examples

In this section, three numerical examples are provided to show the effectiveness of the
proposed methods.

4.1 Example 1

Consider the following unforced singular time-delay system in [7]:
-1 2 —4.7 04 0.7 —-0.95 1 -0.8
EZ[—z 4}’ Az[—4.9 0.8]’ Al:[l.l —1.75]’ A2=[1.4 —1.3}'

Asin[7],letd; = 0.1, d, = 0.5, dy=02and u = 0..3). Given various «, compared
with [7], using Corollary 2, the maximum allowable d; to ensure the mean-square
exponentially stable of the unforced system are listed in Table 1. For simplicity, we

choose 71 = d ;4‘ 01 =051=1,8= 22752 . From Table 1, it can be found that
£2
our results are less conservative than the results of [4,7].

Remark 7 In our research, the information of statistical distribution of each time-
delays is fully considered. Thus, the main advantage of our method is that it uses the
full information of time-varying delays. That’s the reasons that our research result is
less conservative than the results in [4,7].

Remark 8 Without using free-weight matrix, the number of decision variables in our
paper is 20 and less the those in [7] (the number of decision variables is 24) and [4]
(the number of decision variables is 22).

4.2 Example 2

Consider the singular system (1) with the following parameters as:
10 —-15 —1 -1 0
e=lo o) a=[o" D) w5 %)
03 0 -0.2
Az:[o.z 1}’ :[—1 }
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Fig. 1 State response of the open-loop system (Example 2)

The state response of open-

loop system (u(t) = 0) is shown in Fig. 1, di(t) =

0.3 4+ 0.15sin(2¢), d2(t) = 0.4 + 0.2cos(¢). From Fig. 1, it can be found that the

open-loop system is unstable.

Next, we will consider the state response of closed-loop system, set d

dy =04,d, =02,dy =

0.2,
0.5,

06, u = 03,0 =04, 74 7 = 0.3, §;

8> = 0.2500, and G| = |:8 i i| Using Corollary 2, we have the following results:

26.3315 9.1780
9.1780 7.7079

0|

~ [24889 233117
Qu=123311 138260 |° @27
A [4.0194 25028 ] A
Q12=175008 14.597 | 92 =
A [2.6622 243027 -
Q3=24302 142117 9=
D1 — | 438057 2035957 5
147 129.3595 51.5046 |7 <7
~ [45.3688 31.36837 -
Q15 = 1313683 55.6711 | 957
; 3.3246 0.09137 5
Zn = [0.0913 1.5380:|’ Za = [

Birkhauser

i| , Y =1[71.7662 158.1402],

2.3310 ]
13.8270 |

2.6569 ]
15.3583 |

[2.6694 2.4280 ]|
| 2.4280 14.2120 |°

15.1616 11.1710
11.1710 38.5489

14.9742 13.7472

13.7472 36.9889
3.1185 0.0887
0.0887 1.0583

]

[2.4965
2.3310

[4.0268
| 2.6569

]
]
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1

i[](t)
0.9 - -xg(t) —

08 1
07} ]
0.6 ]
05 ]
04} 1
03 1
02p 1

01F '\ ]

0 -
Time t

Fig. 2 State response of the closed-loop system (Example 2)

5 _[37660 0.09987] - ~_ [3.7945 0.0999
'2710.0998 1.9805 |* 7% T [ 0.0999 1.9806 |’
5 _[19850 0.06827 , _ [1.9846 0.0685
B 7100682 4.0113 ] 7 T [0.0685 4.0125 |
5 _[0.1842 000307 5 _ [0.5002 0.0114
47100030 43874 | “* 7 [0.0114 1.85% |-

Then, K is computed as K = [—7.5659 29.5257]. The state response of the closed-
loop system is as shown in Fig.2, as expected, the system state convergences to the
equilibrium point quickly.

4.3 Example 3

In this example, the system (1) with the following parameters is considered as:

10 -2 0 -1 0.6
E:[oo] A:[o —0.9] Al:[—0.4—1]’

Let d(¢) = 0.3 + O.l_sin(2t), dr(t) = 0.4 4 0.2cos(t). Then, we have d; = 0.2,
dy, =02,d =04,d, = 0.6, u = 0.3. Figure3 shows the state response of the

) Birkhduser
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Fig. 3 State response of the open-loop system (Example 3)

1.2 T

Ty (t)
0

0.8

0.6

0.4

0.2

Time t

Fig. 4 State response of the closed-loop system (Example 3)

open-loop system (1) (u(t) = 0), and the results present that the open-loop system is
unstable. Then, considering the feedback controller, with Corollary 2, and considering
o = 0.3, we have the controller gain as K = [—5.0680 54.3055], and the state
response of closed-loop system is shown as Fig.4, it is clearly that the closed-loop
system is stable.
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5 Conclusion

The problem of delay-distribution-dependent mean-square exponential stability has
been considered for continuous-time stochastic singular systems with multiple time-
varying delays in this paper. Using the statistical information of time-delays, a delay-
distribution-dependent condition is given, which is less conservative than the existing
ones. Without using the free-weighting matrix technology, the number of decision
variables in our research are much fewer than the method in [4,7]. Besides, a useful
lemma is proposed to ensure the mean-square exponential stability of the stochastic
singular systems. Furthermore, a suitable feedback controller is derived from the basis
of such delay-distribution-dependent conditions. Finally, numerical examples have
been provided to illustrate the less conservatism and the effectiveness of the proposed
approach.
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