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Abstract This paper addresses the H, output tracking problem for a class of non-
linear systems subjected to model uncertainties and with interval time-varying delay.
The stability of the nonlinear time-delay system is analyzed with a novel delay-
interval-dependent Lyapunov—Krasovskii functional. Compared to state-of-the-art
criteria for linear and nonlinear time-delay systems, less conservative stability con-
ditions are derived with the introduction of new delay-interval-dependent terms and
the exploitation of the delay subintervals size. The proposed analysis considers that
the delay derivative is either upper and lower bounded, bounded above only, or un-
bounded, i.e., no restrictions are cast upon the derivative. Numerical examples are
provided to enlighten the importance and advantages of the present criterion which
outperforms previous criteria in time-delay systems literature. Also, an additional ex-
ample is provided to highlight the effectiveness of the proposed H, output tracking
control design technique for complex nonlinear systems with time-varying delay.
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1 Introduction

Time-delay systems belong to a class of infinite-dimensional systems often described
by functional differential equations. The phenomena are encountered in various prac-
tical systems, e.g., biological, chemical systems, networked control systems, etc. [1,
10, 29]. They are usually employed in the description of propagation and transport
phenomena, arising as feedback delays in control loops [19]. Since their existence can
degrade systems performance and even cause instability, time-delay systems model-
ing, stability, and stabilization problems have emerged as a topic of significant inter-
est to the control community, which is highlighted by several surveys and studies on
the subject, see, e.g., [1, 10, 19, 29]. Among recent results, the following should be
mentioned due to their contribution to time-delay systems analysis [5, 7, 8, 24, 37,
39]. Nonetheless, although being a fundamental issue in control theory, tracking per-
formance and control have received little attention in time-delay systems literature,
especially if we regard nonlinear time-delay systems. In this context, we investigate
the Hoo output tracking problem for a class of nonlinear systems subjected to model
uncertainties and with input time-varying delay.

It is well recognized that the tracking problem is more general and challeng-
ing than stability and stabilization problems [8]. The main objective of the track-
ing control is to synthesize feedback controllers to make the output of a given
plant asymptotically tracks a desired reference whereas ensuring disturbances at-
tenuation properties. The importance of tracking is reflected by the extensive cov-
erage with numerous applications in the areas of robot control, flight control, dy-
namic processes in industry, economics, etc.; see, e.g., [2, 16] and the references
therein.

Nonetheless, existing results on time-delay systems rarely focus on tracking con-
trol problems. Indeed, time-delay systems literature contain several works on con-
trol design, e.g., [9, 22, 27, 35]; however, very few regard the tracking problem.
Among these works, the following should be mentioned for their important contri-
butions. In [15], the tracking for switched linear systems with delayed states has
been investigated, but with no regard to the time-delay effects on the feedback-
loop. The authors in [34] were the first to investigate the tracking problem with
constant feedback delays, and their work has been extended to the Hy, tracking
control with time-varying delays in [5, 8]. The tracking control problem for non-
linear time-delay systems has been addressed in [13, 38]; however, the results are
only valid for state-delayed systems, i.e., the time-delay effects on the feedback-loop
were not considered. Since time-delay phenomena often arise as feedback delays in
the control loop [19], the much more general and realistic scenario regarding the
tracking of nonlinear systems with feedback delays still needs to be considered. To
the best of the authors’ knowledge, this scenario has never been considered and re-
mains challenging. In this context, the introduction of less conservative stability tech-
niques with the solution of this open problem are the major motivation of the present
study.

During the last decade, various methods have been taken for deriving stability
conditions for linear time-delay systems using different Lyapunov—Krasovskii func-
tionals (LKFs). Particularly, a recent Lyapunov-based technique must be stressed for
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its significant contributions to delay-dependent stability analysis: the piecewise anal-
ysis method (PAM). The method has similar concepts to the discretized Lyapunov
functionals technique (DLF) [10], although applied to time-varying delays, and has
been successfully employed in recent literature, see, e.g., [6, 7, 24]. Still, we believe
its potential has not been fully exploited, yet. Therefore, with novel less-restricted
delay-interval-dependent LKFs, and by introducing the interval size information to
the analysis, we improve the piecewise analysis method and considerably amend the
stability results for time-delay systems.

In this context, the present paper brings an important contribution to the Hy, out-
put tracking analysis and control design for time-delay systems. The development
of a novel delay-interval-dependent Lyapunov—Krasovskii functional, with the im-
proved PAM, provides the conditions under which the prescribed H, output track-
ing performance for a class of nonlinear uncertain time-delay system is achieved. The
time-varying nonlinearities are assumed to be norm-bounded, satisfying a quadratic
constraint. Moreover, it should be mentioned that the proposed tracking criterion, if
particularized to stability analysis, also yields considerably superior results compared
with state-of-the-art criteria for linear or nonlinear time-delay systems. The analysis
is enriched with numerical examples that illustrates the advantages of our criteria,
which outperform previous criteria in the literature, and with an additional example
that shows the effectiveness of the proposed Hy, output tracking control for nonlinear
time-delay systems.

Notations Throughout the paper, the superscript ‘7T stands for matrix transposition,
R" denotes the n-dimensional Euclidean space, and R"*? defines the set of all n x p
real matrices. The notation diag{- - -} stands for a diagonal matrix, P > 0 means that
P is symmetric and positive definite, and the symmetric term in a matrix is denoted
by *. The notation A[s;_,j stands for the limit of an s-dependent matrix A as s — b.
Matrices, if not explicitly stated, are assumed to have compatible dimensions.

2 Problem Formulation and Preliminaries

Consider a class of continuous-time nonlinear uncertain systems with time-varying
delay:

).Cp(t) = (Ap + AAp)xp(t) + (Bp + ABp)”p(t —d(1))
+ g, xp(1), xp(t —d(1))) + Bpow (1),
Yp(t) = (Cp + Acp)xp(t) + (Dp + ADp)”p(t —d(@)), t>0,
xp() = p(1), t € [~Tmax, 0],

ey

where x,(t) € R, u,(t) € R, y,(t) € R"» denote the plant’s state, control in-
put and output vectors, respectively, w(t) € R"7» denotes the exogenous disturbance
signal which is assumed to belong to L3[0, c0). Ap, By, Bpw, Cp, D) are constant
matrices with appropriate dimensions, p(¢) describes the state’s initial condition, and
glt,xp (1), xp(t —d(®))) : Ry x R'v x R"»* — R"»+ denotes a class of piecewise-
continuous nonlinear functions in ¢, x, (), x, (t —d(t)), which are assumed to satisfy
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the quadratic condition:

gl (1. xp @), xp(t —d(®))g(t, x,p (1), x,(t —d (D))
<a1x] (OH] Hixp(t) +anx] (1 — d(0) H) Hox,(t —d(1)). )

where a1, ay are positive known bounding parameters of g(z, x, (1), x, (t — d(1))),
and H; and H; are known constant matrices. The systems uncertainties are assumed
to be time-varying matrices

[AA, AB,|:=E:A0)[Ea Eg]. [AC, AD,|:=E,A1)[Ec E&p].
3)
where &y, 4, Ep, Ey, Ec, Ep are known matrices with appropriate dimensions,
and A(¢) is an unknown time-varying matrix, which is Lebesgue measurable in ¢ and
satisfies AT (1) A@) < 1.
We consider the reference signal, y, () € R, to be the output of the given linear
system:

() = Arxr(t) + (1), (4a)
(@) = Crxr(2), (4b)

where x,(t), r(t) € R are the reference state vector and the energy bounded refer-
ence input, respectively, A, is a Hurwitz matrix, and C, is a constant matrix with
appropriate dimensions.
Finally, the continuous function d(¢) denotes the time-varying delay which satis-
fies
Tmin < d(t) < Tmax, (5a)
dmin =< d(t) =< dma)u (Sb)

where the constants 0 < Trin < Tmax and dmin < dmax denote the bounding parameters

of d(t) and d (1), respectively. In this paper, we also consider the case when dpjy, is
unknown, and when no restrictions are cast upon the delay derivative, i.e., when it is
assumed to be fast-varying.

Considering (1)—(5b) with a state feedback control law u (1) = K ] @) xf 017,
we obtain the augmented closed-loop nonlinear system with time-varying delay

(1) =(A+AA)x(t) + (B+ AB)Kx(t —d(1))
+g(t,x(0),x(t —d(1))) + Bud(t), (6)
e(t)=(C+ AC)x(t) + (D + AD)Kx(r — d(1)),

where x" (1) :=[x [ (1) xI (D] e R™, &T (1) :=[w" (1) rT ()] e R,

- A 0 — B — B 0
A:=|:1’ i|, B:=|:p:|, B :=|:‘” ],

0 A 0 @ =lo 1 7a)
C:=[C, —C]. D:=D,,
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[AA AB]:=E5,A0[Ex &), &.:=[57 0", Ei:=[Ea 0]

(7b)
[AC AD]:=E.A0)[Ec Ep]. E.:=8,, Ec:=[Ec 0], (o
2(t.x), x(t —d@)):=[1 0] g(t,x,0), x,(t — d())). (7d)

The matrix K is the state-feedback controller, and e(z) := yp(t) — y,(¢) denotes the
output tracking error.

Tracking Problem We desire the plant’s output y, (¢) to asymptotically track a given
reference signal y,(r). Our purpose is therefore to design a robust state-feedback
controller K such that the output tracking performance y is ensured in the Hyo
sense.

Definition 1 For a prescribed scalar y > 0, the nonlinear time-delay system (6)
achieves Hy, output tracking performance, if for any realization of the uncertainties
AA, AB, AC, AD, the following hold:

1. The augmented closed-loop nonlinear system (6) with w(¢) = 0 is asymptotically
stable;

2. Under the assumption of zero initial condition, the disturbance effect on the track-
ing error is attenuated below a prescribed level y, |le(?)|> < y [[w(t)]2, for all
nonzero w € L,[0, 00).

3 Hy Output Tracking Control Design

This section presents the main results of this paper. First, we divide the delay
range [Tmin, Tmax] into two equally spaced subintervals: [t1, 72] and [t7, 73], where
T1 = Tmin»> T3 = Tmax, and 7o = %(rmax ~+ Tmin). Note that one can consider different
partitioning strategies (e.g., in [23], 1> is defined to be anywhere between ty,;, and
Tmax)- Still, choosing equal subintervals, 73 — 7 = 73 — 71, adds more information to
the analysis which is used to obtain less conservative criteria. In this context, we also
define the auxiliary variable

Ty =T — T4, ®)

and the delay-interval-dependent indicator function x[;,4,] : Ry — {0, 1}, which is
assumed to be 1, if d(¢) € [y, 72], and x[7;,1,] = 0, otherwise.

The indicator function enlightens the piecewise analysis method main contribu-
tion: the establishment of different linear matrix inequalities (LMIs) for each subin-
terval, reducing the conservatism which arises from the analysis of the delay range
[Tmin, Tmax]- In this context, it is proposed the following delay-interval-dependent
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LKF candidate

3
vy =) Vi),

i=1

Vi(t) = Xiey, 1x L O PL(A(@0)x (1) + (1 = xpz,o)x T (0) Pa(d(0)x(0),

-7
Va (1) =/ 1 xT(s)Ox(s)ds
t—d(t)

t
e TemBIME e e s
=7
L2

P
+ <rg — %)/ ’ xT(s)Ngx(s) ds

t
+ (1o — 1) / xT(s)N3x(s)ds + / @7 (s)Nag(s) ds,
t—T5

~F -1

2 t
V3(t)=2<%/qk fthT(s)skx(s)dsdﬂ
2

k=1

+ <rg - —k) / / 1T (8)Skqnx(s)ds d,B)
—To t+pB
2 —Tk t
+Z(rgf / )'cT(s)Zk)'c(s)dsdﬂ)
k=0 —Tk—Ts J 1+
0 t
+ / / T (5)(Ry + Ry)i(s)ds dp
—d(1) Ji1+p
—d(t) pt
/ / T (s)(R3 + Ry)x(s)ds dB
— +ﬂ
d(t) t
+ Xiro / / TR~ R0 dsd
- 1+

— X)) f / %T(s)(R3 — Ry)%(s)ds dB,
t+B

©)

where o7 (s) = [xT (s) xT (s — 71) x” (s — 12)], and the function matrices in V; (r) are

defined as follows

d(t P+ P. —d(t
(d(t)) @ —7 P+ 2+Tz ()Pl,
) — T 2 T — T
—~ d(t) — —d(@) P P
Bo(d (1)) = T() TT2P2+rST ,() 1-; 2
3— T2 3— T2
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Note that the aforementioned delay-interval-dependent terms, firstly exploited in [7],
together with the novel terms in V3(¢), are continuously differentiable in ¢, and that
the Lyapunov candidate (9) is positive definite if the following hold:

P >0, P, >0, 0=>0, Zo >0, Z1 >0, Z> >0,

N; >0, Si>0, 1={1,2,3,4}, Ri1+ Ry >0, R3+ R4 >0, (11

Zy > L(Rl —R3) > —Z7;.
To

It is interesting to highlight that the novel delay-dependent, delay-derivative-
dependent, and delay-interval-dependent LKF terms that are introduced in the Lya-
punov candidate (9) lead to less-restricted stability conditions. The novel and en-
hanced stability analysis presented in the next subsection and the improvements il-
lustrated in Sect. 4 stem mostly from this new set of Lyapunov terms.

Remark I Different strategies for the delay range partitioning have been previously
considered, leading to different results. In [23], the dividing parameter 1> is manu-
ally defined at any point within the delay range, whereas in [36], an iterative opti-
mization procedure based on the Nelder—Mead simplex algorithm [21] is proposed
to define the partitioning points. Still, by simply choosing equally spaced subinter-
vals, we add more information to the analysis. Indeed, the exact new partitioning
subinterval size, together with the knowledge of the relationship between the sys-
tem’s states x(t), x(t — 75), x(t — 7;), i = {1, 2, 3}, deem the new auxiliary variable
7, essential for the construction of Lyapunov candidate, as we can switch among
these states solely by adding/subtracting a delay equal to 7, €.g., V2(¢). The amount
of information and the relationship described solely by 7, can only stem from an
equal partitioning technique, and that leads to an improved exploitation of the delayed
states during the design of the Lyapunov candidate (10), e.g., by adding a delay z,
to <pT(t), we obtain <pT(t —7.)=[xT(t = 1) xT(s — 1) xT (s — ©3)]. Furthermore,
since we are adding non-diagonal terms to relate the states x(7), x(t — 75), x(t — 1;),
i ={1,2,3}, we indeed obtain less restrictive LMIs constraints, which in turn leads
to less conservative results.

3.1 Robust Hs, Output Tracking Performance analysis

In this subsection, we derive conditions under which the closed-loop uncertain non-
linear system (6) achieves Hy, output tracking performance y, namely, the aug-
mented closed-loop system is asymptotically stable and satisfies the performance
conditions described in Definition 1. The following result stems from the proposed
Lyapunov candidate (9), and describes a novel robust criterion for the output tracking
in the Hy, sense.

Theorem 1 For a prescribed y > 0, given scalars Tmin, Tmax, dmin, dmax Such that
0 < Tmin < Tmax and dmin < dmax, and given controller gain K, the augmented

closed-loop nonlinear system (6) with time-varying delay satisfying (5a)—(5b), pa-
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rameter uncertainties and nonlinearities described in (7a)-(7d) and (2), respec-
tively, achieves H~o output tracking performance y if there exist positive scalars
€11, €12, €21, €22,1M1, N2, matrices P1, P>, Q, Zo, Z1,Z>2N;, Si, Ri, i = {1,2,3,4},
with appropriate dimensions, satisfying (11) and free-weighting matrices F1, F, €
R8> Yy V) € R¥*2 such that the following inequalities

Qlkld(t)‘)dmax < 0’ 92k|d(l‘)4’dmax < O’ Sk + Ul |d([)‘>dmax > 0’ (123)
0ldt)sdin <0 2Uli st <0 S+ Uiy, >0 (120)
hold for k = {1, 2}, where

1+ Dlyysrn, Wi T

1= * -t A 0 |,
i * * 2]
(13)
I, + lp(2)|d(t)—>‘[(k+1) Wk 1
$or = * —to A 0 |,
L * * b))
with J1 = [0 117, Jo =[I 01" and
A1 =721+ R + Ry, I' = DI —1Is) + J1 (g — 1),
S =D& —diag{y’I; I en I en I €1 €213 e},
A =121 + U, D=0 =) + J1(I; — 1),
Oy =Frl + LFN+vrf + ol + H,
Ay =1tZ2+R3+Rs,  TIe=A"I1+ (BK) I, -1,
ﬁg =nelh (OllHlTHl)I[lT + 7’]@]12(0(2H2TH2)]I§,
Ap=1,Z+Ur+R3—Rl,  Ur=Ri+dORs+(1-d(®n)Ry,
2
Uy =—Ug, ift1#0, or Uy =0, otherwise,
T
Yo =F(Bulf + &5 +10) + (CTI + (DK) )1}
+621(H15’/{ +H2(EBIE)T)1L{ +€zz(]115'cT +H2(EDK)T)Hg,
~ . 1
v =g (d@) — (I — Ir) — A2 (I ~Ip" (14)
o

+L((r3 —d(®)Rs + d(O)R2) TS + 11 Py (d(0)) 15 + T3Py (d ()T,
~ . 1
v =g (d@) - (Is — Iy) — Arp(ls — Ie)" +I3((t3 — d(t)) Ra + d(t) Ro) I},

+ 1 P (d0))IE + I3 Py (d(0))IT
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2 2
~ . T T
w(d(r)) =H3(<31) (S1+ $2) + (Ta - %) S5+ (to — 71)*S4
+12(Zo+Z1+ Z2) + T R3 +r2R1>]I3T +[0 LML L]"

— (L4 TIs] Ny [Ls HS]T-i-[Hl Is I Na[li Is Hé]T
~[Is Is LINs[Is T6 Ir]" — @ —I)Zo(L — )"

— @ = IS+ UDW =17 — [y —Is)(S2 + U As — Is)T
— (Is — 1)S3(Ig — Iy)" — (Ig — Is) Sa(lg — Is)”

dt) P,— P

di
+ 1ag{ o 3

;—(1-d(®)0:0; <To - —)Nz;
(O + (o — T1)N3); 0; 0; —(fa - %)Nz — (15 — TI)NS}-

The matrices 1;,i ={1,2, ..., 8}, are block entry matrices with eight elements, e.g.,

I7 =[00070000].

Remark 2 1t is also interesting to consider two particular cases regarding the delay
and its derivative information: the case when the time-delay derivative lower bound is
unknown, and the case when there exist no information concerning the delay deriva-
tive, i.e., fast-varying delays. Theorem 1 can be easily adapted to deal with both
cases. For the first case, if we take the conditions P, > Pj, R, > R4 instead of (12b),
then Theorem 1 becomes suitable for the analysis when the lower bound, dmin, is
unknown. Note that, if the above conditions and (12a) hold, then (12b) will be satis-
fied regardless of dpi,. An evident consequence is the needlessness of the derivative
lower bound information for the resulting performance conditions. For the latter case,
by assuming P; = P>, and null Q, Ry, R4 matrices, all the time-delay derivative in-
formation is removed from Theorem 1, and the criterion will thus be suitable for
the analysis with fast-varying delays. Moreover, it should be mentioned that Theo-
rem 1 can also be applied for nonlinear/linear time-delay systems if one simply takes
Bw, C, D to be null matrices.

Theorem 1 presents conditions which guarantee the Hy, output tracking per-
formance for nonlinear time-delay systems. The results stem from a novel delay-
dependent Lyapunov—Krasovskii functional that enhances the delay fractioning and
the piecewise analysis. With interval-dependent terms and by further exploiting the
delay partitioning information, we have weakened the positiveness constraints upon
new functional terms and matrices, whereas maintaining (9) positive definite and con-
tinuously differentiable. The proposed method therefore increases the flexibility anal-
ysis upon some matrices and relaxes resulting LMIs conditions, yielding in a consid-
erably reduction of conservatism, even if compared with state-of-the-art results for
linear time-delay systems stability analysis.
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3.2 Robust Hy, Output Tracking Controller Design

For the H, output tracking control, we seek conditions for the design of a state-
feedback gain K which leads the nonlinear time-delay systems output to asymptot-
ically track a desired reference while ensuring disturbance attenuation properties in
the Hy, sense. The next theorem provides a solution for the above-mentioned prob-
lem, which is non-convex due to the existence of the variable K. The main idea
is to transform the non-convex problem into a rank minimization problem which
may be approximated by a sequence of semi-definite problems involving the trace
minimization of certain variables. The Hy, output tracking control problem is then
solved through the use of the cone complementarity linearization algorithm (CCLA)
from [4].

Theorem 2 For a prescribed y > 0, and given Tmin, Tmax> @mins dmax, there ex-
ist a feedback gain K such that the resulting closed-loop nonlinear system (6)
with input time-varying delay satisfying (5a)—(5b), uncertainties and nonlinear-
ities described in (7a)—(7d) and (2), respectively, achieves Hoo output tracking
performance y if there exist positive scalars €11, €12, €21, €22, 11, 2, matrices
P, P2, O, Zy, Z1, Z2N;, Si, Ri, i = {1,2,3,4}, satisfying (11); free-weighting ma-
trices Vi,V € R¥«X2rx ¥ ¢ Rfu>rx; gpd definite positive matrices X,F;, M ;,N; €
R>>"x - j = {1, 2}, such that the global minimum of the optimization problem

min XX 4+ 9T + Mt + 0D + DLy}, (15)
subject to

X I M M 1

Doglzo [T oalze [T od]e ae

X F F X
[* zm,JZO’ [* mk]zo’

and (122)—-(12b), for k = {1, 2}, is equal to Sry, where

i, + YOlon T Vedk T[T, L XH] +L,XH]]

* —ts A 0 [0 0]
Q= s A ;
* * Yo [Ia 0]
* * x diag {—9y; —(ﬁgoze_l)l}
for €,k ={1,2),

My =0T + LI + Vel + RV +T3(X — 4015,
IY =B,I] +én 0L + fell, (17)
S =h@nE)IL —diag{y?I: I; énl: éul; énl; énl: i),

rr = Axi! + BYr} —x1t,
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To =0T + L0+ (MXE] + LY 2L + (LXEL + LY D)L,
I =cxil + pvit,

with oD l]’(z) J1, Ja, A1, Ao, Ao, Ao, Ty, Iy and ;i = (1,2, ..., 8}, defined
in (14). Moreover, if the above conditions are satisfied, the stabilizing ContrOZler gain
is given by K = YX~1.

Proof The proposed stabilization technique is based on the results from Theorem 1
and [4, 20]. The basic idea is to redefine the non-convex problem in a particular man-
ner to obtain nonlinear equalities constraints, e.g., XX =1 , which are proved to be
satisfied if a rank minimization problem involving the matrices trace is solved. To
obtain such results, we first set F; :=[X~! 0 F, 0 ... 0], and pre- and post multiply
(12a)—(12b) by Dy := diag{X;...; X; 0; 0; €¢1; €¢1; €¢2; €02; Ne}, Where gy = E(Zk]
and 7 := n[l, for ¢, k = {1, 2}. Note that all the variables in (11), which exclusively
appear in ¥© and Ay, are pre- and post-multiplied by X. Therefore, they can be
easily redefined in such a manner that ¥© « XW©X and Ag < XAgX. Similar
argument is valid for the slack-matrices Vg, £ = {1, 2}. Thus, we have

O¢ + 140 T Ve Jk ?@
DiRuDy = * —to A O | +0lBe+ploe, fore,k={1,2},
* * /E\g
(18)
with 9 := [(AXI] + BYI}) 0 I'L1, B¢ := [FXI} 00], and

o= I + LI+ v + rvl — 2 (XEXOTE + iy (T (e XHT HiX)TF
+ o (cxXHy HoX)IT).
Now, using Park—Moon’s inequality [20], we have
Of Be+ Bl 0 < (0] — Bl Fy ) FXFe (9 — Fy ' Be)
+ B¢ (FZXFZ)_I/% — 28/ F'Be. (19)

Now, we introduce additional variables 9%, and 91, such that 9, — (F,XF,)~! <0
and 9, — XFyX < 0. Using Schur Lemma in (18)—(19), we have the conditions in
(16)—(17) and, additionally, XX =1, Dﬁgm[ =1, ‘th’ﬁg = I, which are proved to be
satisfied if the minimization problem (15) is solved. O

To solve the nonlinear optimization problem (15), we use a modified CCL algo-
rithm.

The first and every Step 2 of Algorithm 1 are simple LMIs problems. Hence, inte-
rior point based algorithms can solve the set of convex problems in polynomial time.
The predefined constants ki, and ejin, denote the maximum number of iterations and
the threshold for the convergence rate, respectively.

The sequence Oy is monotonically decreasing and, according to [3, 4, 12], the
algorithm shows excellent search performance and converges for a wide set of prob-
lems when properly set. Therefore, we expect (15) to converge to 5r,, when feasible.
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Algorithm 1 H,, output tracking controller design procedure
1. Find a feasible solution for the convex LMIs conditions in Theorem 2 (with-
out the optimization problem). If none are found, exit. Else, set X0 =X, X0 = i,
N0 =9, N =91, MO =, <MY =M, i ={1,2};and k = 1.
2. For k < kjim, find XFt1 = X, X1 = X, otk H — o0, W+ = 1, omi+! = o,
931?“ = 93?, i = {1,2}, that solve the LMIs conditions in Theorem 2 with the
following linear minimization

Oy 1= tr{e ™ (XEX + XEX + ko, + U0, + o, + )}, 7 = (1, 2.

3.1f || O — Ok—1]| < elim, Where ejim > 0 is a predefined parameter, move to Step 4,
else, set k =k + 1 and go to Step 2.

4. Stopping criterion: reconstruct the stabilizing controller K = YX~!. If (12a)-
(12b) is feasible, exit. Otherwise, set k = k + 1, reduce ejjy, and go back to Step 2.

Indeed, numerical experience reported shows that it is extremely efficient and fails to
compute the global optimum in very few cases [3], usually due to a small number of
iterations [12].

Remark 3 The results from Theorem 2 with proper modifications, as stressed in Re-
mark 2, are also valid when the delay derivative lower bound is unknown and for
fast-varying delays.

4 Numerical Examples

This section presents different benchmark examples' that illustrate the effectiveness
of the proposed criteria. First, we investigate the advantages of applying Theorem 1
for the stability analysis of linear time-delay systems, i.e., when w(¢) = 0, and the
reference output (4a)—(4b) is null. In the second, we show the improvements from the
proposed criteria for Hy, performance analysis. Finally, we present a simulation to
illustrate the effectiveness of the proposed H, output tracking control criterion for a
class of nonlinear time-delay systems.

Example 1 Consider the following linear system with time-varying delay

x(1) = [_02 _8_9]x(t) + [j _Ol]x(t —d()).

Assuming Tpyin = 0, the maximum allowable upper bound for ty,x from Theo-
rem 1 and from the literature [7, 14, 25, 36] are listed in Table 1. Particularly, the
results from [36] are only feasible for i, = 0 and full knowledge about the delay

L A1l numerical tests have been performed with an Intel Core i7, CPU 870@2.93 GHz, 8 GB RAM, using
Matlab with SeDuMi [26] and YALMIP [18]. The configuration constants in Algorithm 1 have been set to
Kjim = 300 and ejjp, = 1073,

Birkhauser



Circuits Syst Signal Process (2014) 33:1451-1471 1463

Table 1 Admissible tmax value for 7p,;, = 0 and given dpyi, and dmax (Example 1)

Method Unknown dpin dmin = —dmax
(dmax =0.5) (dmax =0.9) (dmax =0.5) (dmax =0.9)

Park and Ko (2007) [25] 2.337 1.873 - -
Kim (2011) [14] 2.33 1.88 - -
Fridman et al. (2009) [7] Theorem 1 2.410 2.118 2.451 2.175
Theorem 2  2.337 1.872 2.337 1.872
Zhang and Liu (2011) [36]* m =1 2.29 1.48 2.408 1.523
m=2 2.37 1.50 2.590 1.559
Theorem 1 2.410 2.120 2.501 2.188

4The notation ‘m’ stands for the number of delay range ([Tpin, Tmax]) partitions

Table 2 Allowable upper bound value of Tax for fast-varying delays and various tj, (Example 1)

Method Tmin
1 2 3 4 5
Shao (2009) [30] 1.874 2.505 3.259 4.074 -
Tang et al. (2012) [33] 2.045 2.605 3.310 4.088 -
Sun et al. (2010) [32] - 2.567 3.341 4.169 5.028
Qian and Liu (2013) [28] - 2.690 3.410 4.200 5.030
Souza (2013) [31] - - 3.418 4.210 5.044
Liu et al. (2012) [17] 2.092 2.699 3.419 4.210 5.044
Fridman et al. (2009) [7] Theorem 1 2.169 2.646 3.321 4.090 -
Theorem 2 2.120 2.724 3.458 4.257 5.097
Guo et al. (2012) [11] 2.120 2.712 3.457 4.257 5.097
Figueredo et al. (2011) [6] 2.216 2.750 3.462 4.257 5.097
Theorem 1 2.359 2.800 3.482 4.266 5.101
derivative. Hence, the derivative lower bound for [36] is set to dpijn = —3 instead of

regarded to be unknown. From Table 1, it is clear that Theorem 1 provides much less
conservative results for larger (or unknown) delay derivative bounds. The results from
the proposed criterion are only outperformed by [36], and only for very slow-varying
delays and a larger number of delay partitions (rm = 2 partitions compared to 1 from
Theorem 1). Indeed, for all other conditions, Theorem 1 provides considerably su-
perior results than [36], e.g., for |d(1)| < 0.9, the improvement over [36] is higher
than 40 %. This illustrates the importance of the proposed method for the analysis of
linear time-delay systems.

Now, assuming fast-varying delays, the maximum values for 7j,,x which main-
tain the time-delay system stability are listed in Table 2. The results compared to
state-of-the-art criteria in the literature enlighten the advantages of Theorem 1, when
particularized to the stability analysis of linear time-delay systems. Moreover, com-
pared to the results from different authors [7, 11, 17, 28, 30-33], the improvements
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Table 3 Minimum value of y for different values of «; (Example 2)

Methods @?=005  o}=010 @?=015 a}=02  af=025
Orihuela etal. (2011) [24]  0.92 1.20 1.60 2.66 7.70
Theorem 1 0.816 0.906 1.038 1.253 1.706
Improvements (13 %) (33 %) (54 %) (112 %) (351 %)

from the proposed method become even more evident, e.g., for Ty, = 1, the delay
interval size is 16 % larger than the results from [7] (Theorem 1), and 21 % larger
than the results from [11] and [7], Theorem 2.

Example 2 Consider the following nonlinear time-delay systems

. 1o 0 0
xe) = [o 0.99]’“” + [—3.715 —3.514]’“(’ —d®)

+ [8” w(t) +&(t, x(1), x(t — d(1))),
Y0 =[0 1]x@)+[-0.03715 —0.03514]x(r — d(1)),

and with nonlinearity g(t, x(¢), x(t — d(¢))) satisfying (2) with H; = [1 0] and
H, = 0. To allow comparison with existing methods, the reference signal y,(¢) is
considered to be null.

Assuming fast-varying delay and d(¢) € [0, 0.2509], Table 3 presents the values
for the noise to error attenuation, y, for different values of the bounding parameter o .
From Table 3, it can be seen that the results from Theorem 1 are considerably less
conservative than the ones from the state-of-the-art criterion given by [24]. Moreover,
in order to compare with different criteria, we also consider the case when there are
no external disturbances, w(¢#) = 0. In this particular case, the maximal bounding
parameters obtained with [27] and [24] are a12 =0.164 and oz% = 0.276, respectively,
whereas using Theorem 1, we find a maximum bound a% =0.365.

Example 3 Now, consider the example of a satellite system [8] modeled by rigid bod-
ies joined through a link with torque 0.09 N m and yaw angles denoted by 6; and 6;.
Differently from [8], a more realistic scenario is obtained with a nonlinear viscous
damping f =0.04 4+ g(¢,6(¢),0(t — d(¢t))) N s/m. Taking the angular position 6, as
the system’s output y,(¢), the state-space representation is derived as

6:1(1‘) 0 0 1 0 01(1) 0
G| | 0 0 0 1 0> (1) 0
()|~ | —0.09 0.09 —0.04 004 ||6,0) T u(t =d)
6>(1) 0.09 —0.09 0.04 —0.04[]6:0) 0

0 0

0 0

+ 0 w(t) + 0 ,
1 g(t,6,04)
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Table 4 Minimum achievable
value of y for different values of
a1 (Example 3)

a;=1oa;=5 a1 =10 a1 =20 o] =30 o] =40 a1 =50

miny 0.395 0.429 0470 0.575 0.705 0.990 1.921

O =[0 1 0 0][6ir) ) 610 6],

with the nonlinearity g(z, 6, 6,) = sin(61(¢))sgn(h(0))/a1|h(0)|, h(0) = éf(t) +
26, (t)éz(t) + %ézz(t), satisfying the quadratic constraint (2) for H; = [0 00.1 0.1],
H, = 0. The reference model is defined as

% () = —x,(t) +r @), and y,(t) =0.5x.(t).

In this context, we assume a fast-varying delay with tpip = 0.08 s, Tmax = 0.1 s.
Our purpose is to find a stabilizing controller K, which makes the system’s output,
yp(t), asymptotically track the signal y, (¢), while minimizing the upper bound of the
disturbance attenuation, y. From Algorithm 1, the minimal values of y for different
values of the bounding parameter « are listed in Table 4.

Simulation In the first scenario, regard a fast-varying delay with d(¢) € [0.08, 0.1],
and oy = 1. From Theorem 2 and Algorithm 1, we find the stabilizing controller
K = —[18.79 939.80 10.60 688.47 — 213.13], which yields an Hy, performance
with y = 0.395. The disturbances are assumed w () = 0.5sin(0.3¢), for 6 <t <24
ort > 37, and w(t) = 2.75sin(0.7¢), otherwise; and r(¢) = 0.3, for 10 <t <20 or
t > 33, and r(¢) = 2sin(0.9¢), otherwise. The prescribed delay is achieved using
uniform distribution random delay.

The system’s and the reference output are presented in Fig. 1(a). It is clear that
vp(t) successfully tracks the reference signal, despite the nonlinearity, g(z, 6(t), 6 (t —
d(1))), and the time-varying delay. Moreover, considering zero initial conditions and
numerically computing ||w(#)||2 and ||e(¢)]|2, we find the simulated disturbance atten-
uation, ll‘lg)((tt))lllé = 0.314, which is smaller than the minimum upper bound y = 0.395
obtained with Theorem 2, highlighting the effectiveness of the proposed method.

To further enlighten the importance of Theorem 2, we propose a second scenario
with a higher nonlinear influence, i.e., we will increase the value of «; to o; = 50.
From Theorem 2 and Algorithm 1 for o; = 50, we find a stabilizing controller that
yields an output (y?,"“l(t)) with an Hy, performance of y = 1.921. In this scenario,

we also define a linear controller yielding an output (y},in (1)) that satisfies the Hyo
performance of y = 1.921; however, ignoring the existence of the nonlinear term
g(t,0,604). The disturbances are assumed w(t) = 9sin(1.25¢), r(t) = 10sin(0.5¢7).
The results, presented in Fig. 1(b), clearly demonstrate that (y},i“(t)) from the lin-
ear controller (ignoring the existence of nonlinearities) is unable to track the desired
reference, whereas ( y;‘,"“l(r)) from Theorem 2 with oy = 50 successfully tracks the
reference with disturbance attenuation below the prescribed y. The analysis illus-
trates the advantages and effectiveness of explicitly considering nonlinearities in the

synthesis of controllers.
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Fig. 1 The plot (a) shows the 1 T T T . . : :
system’s output tracking the sk = = = Reference’s output - yr(t) ||
reference output, whereas in (b), ) = Output from Thm 2 - y, (¢)
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(b) Nonlinear system with bounding parameter a1 =50

5 Conclusion

In this paper, the Hy, output tracking problem for nonlinear uncertain time-delay sys-
tems was investigated, and novel criteria were derived for the performance analysis
and control design. With a novel Lyapunov—Krasovskii functional based on a delay
partition, we improved the piecewise analysis method and introduced delay-interval-
dependent terms exploiting the delay partitioning subintervals size. The resulting Hy,
output tracking performance and control criteria showed to be considerably less con-
servative than existing methods. The proposed technique, if particularized to the sta-
bility analysis of linear/nonlinear time-delay systems, also yielded superior results
compared to state-of-the-art criteria in the literature. These advantages in terms of
conservatism reduction were further illustrated with numerical examples. Two dif-
ferent simulation scenarios were also provided to demonstrate the effectiveness and
the importance of the proposed H, output tracking control criterion for nonlinear
time-delay systems.
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Appendix: Proof of Theorem 1

This appendix presents the proof of Theorem 1. First, we shall take the time derivative
of (9) with respect to ¢ along the trajectory of x(¢):

. . 1 PR
Vi(t) = d(r);x%)(f’z — P)x(®) + 257 () (Xiry, ) P1 (A (1))

+ (1= Xr ) P2(d (1)) x (1),
Vo) =x"(t —1)Qx(t — 1) — (1 —d(®))x" (t = d()) Ox(t — d (1))

x@o) 17 x(7) x(t— )17 Tx@— 1)
+ |:x(t - ’7')} Ni |:x(t - %)} - |:x(t _ 1:21)} Ni |:x(t _ 121)]

x@) 1° x(7) x(t—1) " x(t —15)
+xTt—t)| M|xT@—1)|=|xTt—m)| Ni|xT(t —1m)
x(t— 1) x(t — 1) x(t —13) x(t —13)

(=) (o3 )efe(=3)
_xT(t - TU)|:<7:U - E)N2:|x(t - T5)

+x7(t — 1) [(te — T)N3]x(t — 1) (20)

—x"(t = 1) [(to = TDON3]x(t — 75),
2
Vi(t) =% (r)(( ) (S1+Sz)+< 21) S3+ (1o — 71)%S4

+ 152(Zo+ Z1 + Z2) + R +d(1)Ry + 1 R3 + (r3— d(t))R4>5€(l)

r——l(k 1)
- Z o / T (s)Sp(s) ds — <r(, - %k)

_Og

t L
x/ s (s)Sk+2x(s)ds—ng/ 7 (5) Zuk (5) ds
[~y

Tk—To

t t—d(t)
- / &7 ($)Upit(s) ds — f 7 () (R3 + R)E() ds — Koy
(—d(t) -3

t—d(1)
x/ 2T (s)(R] — R3)x(s)ds
t—1
1—1
— (= Xir1,1) T ()(R3 — R (s) ds,
t—d(t)
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where Py(d(t)), P»(d(1)) are defined in (10), and Ug in (14). Considering the first
subinterval, x|, ,z,] = 1, suppose we expand the integral terms, taking the fact that
71 <d(t) < 1o. Applying Jensen’s inequality [10], and after some manipulation, we
obtain

V(Olaw<mn < ¢ @) diag{eD; —(d(t) — 11) A1z; — (12 —d () A11; Jer (1), (21)

where ¢ = [xT @) xT@ —d@) T @) xT = ) xTt — ) Tt — ) xT (1 -
73) xT(t_Ta)] §1 . [{x é:ld édz §1a = d(t) 7 t_dr(ll)x(s)ds §ar = W X

d
tl i @ X(s)ds with limy ()¢, 14 =X — 71), and limg (1)1, a2 = X (t — 12).

Now from Leibniz—Newton formula for definite integrals with (6), we introduce
the following null expressions:

20 Fi((A+ AA)x(t) + (B + AB)Kx(t — d(1))

+ Boo(t) + g(t, x(), x(t —d(1))) — #(t)) =0,
2V (N (x(t — 1) —x(t —d(®) + (2 — d (1)) Ea2)

+ L(x(t —d®) —x@ — 1) + (d(t) — 71)&14)) =0,

where Ji, Jp are defined in (14). Moreover, applying the inequality

20T Fig(t, x(0), x(t —d@)))
<n eI AF G+ mg" (G x@),x(t —d))g(t, x @), x(t — d(©))),

which arises from [20], with (2), and adding the expression

—eT(e(t) +y2a" (Da(t) — y?o" )d(t) + ¢l T Teatx =0,

with IT%, :=1;(C + AC) +1,(D + AD)K, we have

VOlawy<n + " e(t) — " o =[¢f o' |@[cl 7], @2
with

o [11/“)+H1+271(AAH1T+ABIEH2T)+FTF
1 =
k

DV1((d(t) — 1) 2 + (ra — d (1)) Jy FiBw] }
— diag{(d(t) — 1) A12; (2 — d (1)) Ary1; 21}

Now, we shall consider the matrices that arise from the analysis of £2; for

d(t) — 71 and d(t) — 1. It is straightforward to conclude that [§1T &7 162 [CIT d)T]T

?2 dr(’)é““(t)f?l lay—= S11(8) + dg:fl tLO21aw - ),

where Cn(t) = [{X de o(t)] and gu(t) = [{x Vld @(t)]. This analysis enlightens
the convex properties of §2| regarding d(¢), which, in turn, implies that the matrix is
negative definite only if the vertices are.

may be written as
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Moreover, using the Schur Lemma with the term FCZ I'cq, and applying Park—
Moon’s inequality, yields

207 AB < eud! O + €' BT B fork ={1,2}

with 91 = [(FIE)" 01, 92 = [(LEL + L(EpK)DT 01, B = [(Bal] +
EgK HzT )T 0], and B =10 Z,]. Then, from Schur’s Lemma, we have the matrices
£211 and £213, described in (13). Therefore, it easy to see that £2| is negative definite
if .{2 11 < 0 and £21; < 0 hold. Also, given (5b), we have that the matrices are convex
in d(t) € [dmin, dmax].

Therefore, if the conditions in Theorem 1 are satisfied, then

V(Ola@)<r, + " (De(t) — y*dT (1)a(t) <0

holds for x[, -, = 1. Furthermore, using exactly the same arguments of the former
case, we may prove that analogous results can be derived for x[;,,,) =0, i.e., 72 <
d(t) < 3. In this context, it is easy to conclude that if the conditions in Theorem 1 are
satisfied, then V(t)|d(f)<f2 < 0and V(t)ld(,)>,2 < 0 must hold for @w(¢) = 0. Since (9)
is continuously differentiable, the nonlinear system is robustly asymptotically stable
for @(t) = 0. Moreover, we also have V(1) + e’ (t)e(t) — y2&T (1)d(t) < 0. Thus,
integrating the inequality, from 0 to oo, yields

V(c0) — V(0) + foo[eT(t)e(t) —y?al(Ha@)]de <o0.
0

Assuming zero initial conditions, and the positiveness of V (¢), t € (0, oo], itis easy to
see that [ [e” (t)e(t) — y*dT (t)@(t)] dt <0, and thus [le(t) |2 < ¥ [|w(?)]|2. There-
fore, the conditions in Definition 1 are satisfied. O
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