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Abstract This paper investigates the problem of designing a robust fault-detection
for uncertain T-S fuzzy models based on the delta operator approach. By means of the
T-S fuzzy delta operator systems, a fuzzy fault detection filter system is constructed
via the delta operator approach. The worst case fault sensitivity has been formulated
in terms of linear matrix inequalities. The proposed fault-detection filter not only
ensures the H_-gain from a fault signal to a residual signal greater than a prescribed
value, but also guarantees the Hyo-gain from an exogenous input to a residual signal
less than a prescribed value in terms of the solvability of linear matrix inequalities.
The linear matrix inequalities can be solved by an effective algorithm. A numerical
example is provided to illustrate the effectiveness of the proposed design techniques.

Keywords Fault detection - T-S fuzzy system - Delta operator system - Linear
matrix inequality (LMI)

1 Introduction

In control systems, due to the unexpected variations in external surroundings, normal

wear in components, or sudden changes in signals, there may appear different kinds of
malfunction or imperfect behavior in normal operations, and people call them faults
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[35]. The objective of fault detection is to detect the fault signal accurately whenever
it appears. In recent years, fault detection in dynamical systems has attracted consid-
erable attention from many researchers due to the increasing demand for reliability
and safety in industrial processes [12, 32], and [23]. There are also some recently pub-
lished papers on robust H-filtering, for example, [1, 31], and [29], and so on. In [3],
the smallest nonzero singular value of the transfer function from fault to residual was
used to evaluate the worst case fault sensitivity. For the purpose of fault detection, the
H_ index defined as the smallest singular value of a transfer function matrix was pro-
posed in [16]. A linear matrix inequality (LMI) approach to H_/H, fault-detection
observers has been proposed both in [8] and [21]. Although many researchers have
studied the problem of fault detection in linear systems with or without uncertainties
for many years, the problem of fault detection in nonlinear systems remains an open
research area.

One of the main difficulties in designing a fault-detection system for nonlinear
dynamical systems is that a rigorous mathematical model may be very difficult to
obtain, if not impossible. The T-S fuzzy model described by a family of fuzzy IF-
THEN rules was first introduced in [24]. The T-S fuzzy model puts the complex
nonlinear systems into a framework that interpolates some affine local models by a
set of fuzzy membership functions. Based on this framework, a systematic analysis
and design procedure for complex nonlinear systems can be possibly developed in
view of the powerful control theories and techniques in linear systems. Therefore,
many important results on T-S fuzzy systems have been reported, such as in [6, 30,
34], and [33], and the references therein. The T-S fuzzy model has attracted great in-
terest from researchers, and a number of results have been reported in the literature,
including stability analysis [15], Hx-control [9], and state estimation [25]. An adap-
tive fuzzy sliding control method was used for a double-pendulum-and-cart system in
[26]. Adaptive sliding mode control for nonlinear active suspension vehicle systems
using T-S fuzzy approach has been investigated in [14]. Since T-S fuzzy models have
provided a convenient way to study nonlinear systems, a feasible solution of the fault
detection problem for nonlinear systems can be converted to that of fault detection
for T-S fuzzy systems [20]. Two finite-frequency performance indices have been in-
troduced to measure fault sensitivity and disturbance robustness in finite-frequency
ranges in [27]. Reliable fuzzy control problem has been considered for active suspen-
sion systems with actuator delay and fault [13]. However, all the results above are not
related to the case of fast sampling, which means that sampling periods are small in
taking sample for continuous-time systems.

It is well known that discrete systems are suitable for computer realization and
continuous systems are convenient for theoretical analysis. The shorter the sampling
period, the better the system performances for discrete time control systems. Good-
win and Middleton constructed a delta operator instead of the traditional shift oper-
ator for sampling continuous systems at high sampling rate in [7] and [17]. Science
then, the transformations between the delta operator and shift operator transfer func-
tion models have been highlighted [18]. Furthermore, the computational formulation,
properties and applications of the delta operator systems have been illustrated [19].
The relationships between optimal realization sets for the shift operator and delta
operator have been established in [11]. A structure in the shift operator and delta op-
erator has been derived based on a polynomial-operator approach [10]. Especially,
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the book [28] has introduced some new achievements on the delta operator systems.
However, to the best of our knowledge, there have been few papers on fault detection
for T-S fuzzy systems via the delta operator approach, which motivates us to make an
effort in this paper.

The aim of this paper is to design a robust fault-detection for uncertain T-S fuzzy
models based on the delta operator approach. The worst case fault sensitivity has
been formulated in terms of LMIs. The proposed fault-detection filter can ensure the
L>-gain from a fault signal to a residual signal greater than a prescribed value. It can
also guarantees the £,-gain from an exogenous input to a residual signal less than
a prescribed value in terms of the solvability of LMIs. Some simulation results are
provided to demonstrate the effectiveness of the obtained results.

This paper is organized as follows. In Sect. 2, system descriptions and definitions
are presented. Section 3 presents the threshold design. Section 4 gives the main results
for designing a robust fault detection in delta domain for the fuzzy system. Section 5
gives the filter algorithm in detail. In Sect. 6, we present numerical simulation results.
Conclusions are given in Sect. 7.

Notation Throughout this paper, R" denotes the n-dimensional Euclidean space.
The notation X > Y (X > Y) means that the matrix X — Y is positive definite (X — Y
is semi-positive definite, respectively). And P > 0 means that P is symmetric and
positive-define; [ is the identity matrix of appropriate dimension. For any matrix
A, AT denotes the transpose of matrix A, A~1 denotes the inverse of matrix A.
The shorthand diag{M1, M», ..., M,} denotes a block diagonal matrix with diago-
nal blocks being the matrices My, M3, ..., M,.

2 System Description and Definitions

In the section, we consider the following uncertain fuzzy delta operator systems
which are represented by the T-S fuzzy model composed of a set of fuzzy impli-
cations, and each implication is expressed by a linear system model. The ith rule of
this T-S model is of the following form:

Plant Rule i

IF vi () is M;1and ... and vy (f%) is M;y, THEN

Sx(tk) = [Ai + AAilx (1) + [Bi + ABilw(t) + [Gi + AG;]f (1), ey

y(tx) =[Ci + ACilx(tx) + [Di + AD;lw(tx) + [Ji + AJi1f (t) 2)
wherei =1,2,...,r,r is the number of IF-THEN rules, v; (;) are premise variables,
M;;i (j=1,2,...,0) are fuzzy sets, ¥ is the number of premise variables, x(f;) € R"

is the state vector with x(0) =0, w(fx) € R? and f(#) € R? are disturbances and
faults, respectively, that belong to £,[0, co]. Matrices A;, B;, Ci, D;, G;, and J;
are of appropriate dimensions. Matrix functions AA;, AB;, AC;, AD;, AG;, and
AJ; represent the time-varying uncertainties in the system and satisfy the following
assumptions:

AA; = E\iF(x(1), i) Hii, AB; = E3i F(x(tx), tr) Hai, 3)
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AC; = E3 F(x (1), tx) H3;, AD; = E4 F(x(tx), tx) Hai, 4)
AG; = Es; F (x(tx), tr) Hsi, AJ;i = E6i F (x (1), tx) Hei Q)
where H;; and Ej; (j =1, ..., 6) are known matrices that characterize the structure

of the uncertainties. Furthermore, the uncertainty satisfies
| F(x(t). t)| <o (6)

where p is a known positive constant. Let @; (v(#;)) = HZ:I Mik (v (1) and
w; (v(t))

i Y @) 7

ui (x (1)) (Zi—l zzri(v(tk))> v

where M (vi(fx)) is the grade of membership of v(tx) in M. In this paper,
it is assumed that @;(v(tt)) >0 for i = 1,2,...,r and Zle wi(v(ty)) > 0 for
all #. Therefore, u;(v(tx)) >0fori =1,2,...,r and Zle u;i(v(ty)) =1 for all #.
Through, the use of fuzzy blending, the final output of the fuzzy delta operator system
(1)—(2) is inferred as follows:

Sx (1) = [A(u) + AAw) |x (tx) + [ B(w) + ABu) |w(t)

+[Gw) + AGW)] f (1), 3
y(te) = [Cu) + AC W) |x (1) + [D(u) + ADw) Jw(t)
+ [T @)+ AT@)] f () ©)
where
Aw =Y wiAi,  Bw=)Y wB, Cuw=)y uC,
i=1 i=1 i=1
Guwy=Y uiGi, Dw=Y wDj, Jw=)Y ul,
i=1 i=1 i=1
and

AA(u) = E\(u)F (x(t), 1) Hy (w), AB(u) = Ex(u)F (x (1), i) Ha (u),
AC(u) = E3(u)F (x (1), i) H3(u), AD(u) = E4(u)F (x (%), i) Ha(u),
AG (u) = Es(u) F (x (1), tx) Hs (), AJ(u) = Ee(u)F (x(tr), tr) He (1)

with E¢(u) F (x(t), ty) He(u) = Z;:I u; E¢i F(x(tg), tx)Hpj, for £ =1,2,...,6.
In this paper, we seek an nth-order fuzzy fault-detection filter as a residual gener-
ator that is inferred as the weighted average of the local models of the form

8 () = Az (tx) + Bw)y(1y), (10)
$(t) = Ci(n), (11)
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e(te) = y(tr) — () 12)

where x () is the filter’s state vector, e(#) is the residual signal, A(u), é(u), and
C(u) are the matrix functions of appropriate dimensions, y(#) is the estimate of

y()-
The state-space form of the fuzzy system model (8)—(9) with filter (10)—(12) is
given by
8X (1) = A (W)X (1) + By ) w (1) + B g (u) f (1), (13)
e(tr) = Co ()X (tx) + Doy w)w (t) + Jer () f (1) (14)

where

A AA 0
(1) = [x" (@) fT(lk)]T, Ac(u) = [ o + 60 ]

Bw)[Cw)+ ACw)] A®)

B, (u) = |: B(u)+ AB(u) ]:| 7 By (u) = |: Gu)+ AG®u) :| 7

B)[D(u) + AD(u) B)[J () + AJ ()]
Caw)=[Cw)+ACw) —Cw)],  Dq)=[Dw)+ADw],
Jet () = [J ) + AJ w)].

Before ending this section, the following lemma will be used to prove our main re-
sults.

Lemma 1 [22] (The property of the delta operator) For any time functions x(t;) and
y(t), the following holds:

S(x )y () = 8(x (@) y(tr) + x )8 (y (1)) + T8 (x (1)) 8 (y(11))

where T is a sampling period.

3 Threshold Design

The fault detection problem for the delta operator systems can be viewed as find-
ing the appropriate fault detection filter to make the system asymptotically stable,
minimize the effects of disturbances, and enhance the effects of faults.

In order to detect the faults as in [5], the widely adopted approach is to choose
an appropriate threshold J;; and determine the evaluation function J(n), which is
selected as

ko+n

B = |3 el et (15)

k=kg

where k¢ denotes the initial evaluation time instant, n denotes the evaluation time
steps. Based on this, the occurrence of faults can be detected by the following logic
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rule:

Jr(n)>Jy, = Fault = Alarm;
Jy(n) <J;;, = No Fault.

Usually, a threshold function is chosen according to the test. It has been pointed out
in [2] that there are many ways of defining evaluation functions and determining
thresholds. We choose the threshold as discussed in the next section.

4 Robust Fuzzy Fault-Detection Filter Design

A good fault-detection filter should generate a residual signal that is sensitive to faults
and simultaneously insensitive to disturbances and model uncertainties. Under the
assumption that no false alarm is allowed, the threshold should be the maximal value
of the evaluated output in the fault-free operating state.

4.1 Fault-Free Case
When f(#;) =0 (i.e., there are no faults), the fault-detection filter problem becomes

a standard Ho-filter design problem (fault-free case f(fx) = 0), i.e., designing an
H-filter of the form (10)—(12) such that

ko+n ko+n
el wem) <y Y wl @w). (16)
k:ko k:k()

It is evident that ¥ > 0 measures the influence of a fault-detection filter to dis-
turbances under the fault-free case. The smaller the y, the less sensitive the fault-
detection filter to the disturbance. Note that under the assumptions (3)—(5) that w(#)
is bounded, i.e., ZITi 0 wl (t)w ) < M, where M is a known scalar, the threshold

can be chosen as J;;, = %yM.

With f () = 0, the state-space form of the fuzzy system model (8)—(9) with the
filter (10)—(12) is given by

T Aw 0 7. AA@) 07,
8x(t) = [é(u)C(u) A(u)}x(tk) * |:1§(u)AC(u) o}x(tk)
B(u) + AB(u)
[éw){D(u) + AD(u)}} wite), an
e(ty) = y(tx) — y (1) (18)

where X () = [xT () 2T ()17 . Let us reexpress (17)—(18) in a more compact way
as follows:

83X (1) = A W)X (tx) + By ()R~ u(1y) (19)
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where
F(x(t, te) Hy (u)x (1)
F()C([k, lk)H3(M)x(tk)) A(u) 0
V) =R | FOr(o ) Hxww(n)) |, Acl(u)=|:é(u)c(u) A(u)]
F(x(t), ) Ha () w ()
w (k)
Buy(u) = Eq(u) R 0 E>(u) X 0 AB(u)
R () B(u)E3(u) 0 Bu)E4(u) B(u)D(u) |’

and R = diag{al,al,y1,yI, y1}, where o and y are positive constants, yet to be
determined according to the following theorem.

Theorem 1 Consider the uncertain fuzzy delta operator system (19). Suppose there
exist scalars o > 0 and y > 0, matrices X >0,Y >0, A;;, and B;; satisfying

X-Y>0, (20)
Vi i Wi |
x o W s | <0, (21)
* * Wi
Vij Yo Waij Vi Wi Wi |
* Wy s |+ o W4 Wsji | <O (22)
* * Weij * * Ysji |
where
Y Y
‘1’1ij=(T—2)[Y Xi|
o [ Y A; Y A;
T XA +BCi+ (Y —X)A;, XA +BiC; |’
wo | YEW 0 YEy 0 YB;
3ij = _XE]i B,’E3j X Ey; BiE4j X B; +BiDj ’
oo _[YAHATY 4oy B Hy) AT
A x Wi;(2.2) |
. [ YEq; 0 Y Ey; 0 Y B;
= | XE\i BjE3j+RC]E3; XE» BiEsj+RC]Es; ¥si;(2,5) ]
al 0 0 0 0
* ol —RELE;; 0  —RELE; —RELD;
Peij=—| * * ylI 0 0
* * x yI —RE] E4; NE[.D;
* * * * vyl — NDZ,.DM
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with
Wyij(2.2) = Al X + XA; + BiCj + C B} +ap’[H|;H\ + Hj Hsj]
+xclcy,
Ws;;(2,5) = XB; + BiD; +RC] D;

fori=1,2,...,r,Vi<j<r,whereR=1+p*>_, > |HEHy; + HE Hyjl.
Then, (16) is guaranteed. Moreover, the suitable robust filter parameters are given as
follows:

Aij= = X)"M=XA; = BiCj + Aij — ATY —ap®[H Hi; + HE H, ),
B=xy-x7"'8B, C=a.
Proof Let us choose a Lyapunov function as
V(¥(@00) = X7 (00) P (1) (23)
where P is a constant positive definite matrix. By using Lemma 1, we have
SV (X)) = 8T (¥(t0)) PX () + X7 () PS(¥ (1)) + T8 (X (1)) P8 (¥ (1)) (24)
For the positive definite real matrix P, one has
0=—28" (X(1)) P[8(X(10)) — Aa @)X (tr) — B4R v@)]. (25

Taking the delta operator manipulations on V (X(#;)) along the closed-loop fuzzy
system (19), we get

SV (X)) = (T —2)8" (¥(10)) P8 (¥ (1)) + 87 (¥ (1)) P Act ()X (1)

+ 87 (¥(1)) PBa ()R~ w(t) + X7 (1) (At )" P

+ PAq)¥ (1) + X7 (t) A )" P8 (¥ (1))

+ 3T ) PBa )R v(tr) +v" ()R B (w) PX (1)

+ o )R BL ) PS (¥ (10)). (26)

Let us examine the residual term
et e(t) = (y(n) — 5t0)" (y(t0) — $(1))
=iT@[cw -Cw]' [cw —Caw]im

+3T@[Cw) ~Cw] PR v
+o " @R'DT ) [Cw) —Cw)]x)
+ T ()RIDT (W) DW)R™'Du(t) (27)

where D(u) = [0 E3(u) 0 E4(u) D(u)]. Adding and subtracting R (y (#) —jf(tk))T(y(tk) —
y()) to (27) and from (26), it is obtained that
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SV (¥(tx)) = (T —2)87 (¥ (1)) P8 (¥ (1)) + 287 (¥ (1)) P At ()X (1)
+287 (¥(1)) P Ba )R~ v(te) + 5T (1) {2Aq ()" P
+R[Cw) —Cw] [Cw) —Cw]}xw) + R’ @)
x RV BL ) P83 (1) + 257 (1) | PBa(uw) + R[Cw) —Cw)]"
x D)} R~ v(t) + vl ()R™'DT )Dw)yR ™ v (tx)

—N(y@) = 3)" (1) — $ @) (28)

Now let us determine an upper bound for the term v ()R v (n) by using the
triangular inequality as follows:

F(x(t), ) Hy (u)x(ty)
F(x(t), ) Ha (u)x (1)
VR ) = | Faw), i) Howw () | R
F(x (1), t) Ha (u)w (tx)
w(t)

F(x (), ) Hy (u)x ()

F(x(t), te) H3 (u)x (1)

F(x(t), te) Ha (u)w(tr)

Fx(t), i) Ha(u)w (i)
w(tx)

< ap’xT () H ) Hy (u) + HY (u) H3 () } ¥ (1)

+ywl {1+ p? (HY ) Ha(u) + H] (u) Ha)) Jw (1)

Knowing that || + p*(H] (u)Ha(u) + H] (u)Hs(u))|| < N, we have

v )R o) < axT () CL () Cor ()X (1) + Ry wT () w ()

(29)
where
cato=*[ 1 0]
Adding and subtracting v” (r;) R~ v(#;) to (28), we obtain
(T=2)P PAu(u) P B (u)
3V (X)) < X" (1) { * m m } (1)
* * —(R = XD (u)D(u))
—R(y(m) — ﬁ(tk))T(y(tk) — $t) + Ryw’ mw () (30)
where

(X (1))
X(ty) = X () ,
R1v()

M = AL P + PA4w) +R[Cw) —Cw] [Cw) —Cw)]
+aClw)Ceu),

T = PB(u) + ¥[C(u) —é(u)]TD(u).
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Following [4], without loss of generality, we partition P as

X Y-X
P=|:Y—X X—Y:|' @1

Utilizing (31) and letting
[(,’ ! ,} 5 (1)
<) —
x(t) |:(I) _II:|)?(lk)
R~ (1)
we have the following inequality
D1(u) Do(u) P3(u) .
SV(E@m) <x¥ )| *  Patw) Ds@) | X@) —N(y(@) = $w)) (y(@)
* * Do (1)

—3t)) + Ryw’ @w(n) (32)

where

¢1<u)=(T—2>[§ )Y(}

oot — | YA®u) Y A(u)
2(“)__XA(u)+B(u)C(u)+(Y—X)A(u) XA@) +BwC) |’

b3 (1) = [ YE | (u) 0 Y E>(u) 0 Y B(u)
WOZIXEw) BuEs@) XExw) Bu)Es@) XB()+Bu)D) |
duu) = | TAW +AT@Y +ap?[H] @) Hi @) + H3 () Hs@)] - (Aw)'
=L % ®42,2) |’
Be) — | YE1@0) 0 YE>(u) 0 YB(u)

s) = | XE\) @5(2,2) XE (u) ®5(2.4) @5(2,5) ]

®6(u) = —(R — ¥DT (u)D(w))
with
@4(2,2) = ATW)X + XAw) + Bw)Cw) + CT )BT (u) + RCT (u)C(u)
+ap?[H] (u)H () + H] ()H3w)],
®5(2,2) = B(u) E3(u) + RCT () E3,
@5(2,4) = B(u)E4(u) + RCT (w)E4(u),
@5(2,5) = XB(u) + B(u)D(u) + RCT () D(u),
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and
Aw) = XA@W) +Bw)Cw) + (Y — X)A@w) + Aw)"Y
+op?[H{ () Hy (u) + Hy () Hy(w)],
Bw) = —X)Bw), Cwu)=C@).
Note that

P1(u) Pr(u) DP3(u) ror D1ij Daij D3
* D4(u) Ps(u) | = Z Zuiuj x  Dyij Dsjj
* * Dg (1) i=1 j=1 * *  Dgj

Considering (20)—(22), we have that

SV (X)) < —R(y(m) — 9(tk))T(y(tk) = 3@) +Ryw’ @yw@w).  (33)
Integrating both sides of (33) yields

ko+n ko+n

Y sV (Em) = Y {=8@) - 5@) () — $w) + RywT @ow(n)).

k=ko k=ko

or
ko+n
BV (¥(Ta)) — 8V (#(0) < Y {80 — ) (v — $(10))
k=kq
+Ryw’ (w ) ).

Using the fact that X =0 and 8V (X()) > 0 for all # £ 0, we have

ko+n ko+n
N T A
(@) —9w) () = 3w) <y Y wT tw ).
k=ko k=ko
Hence, (16) is guaranteed, which is equal to J,.(n) < Jyj,. Il

4.2 Disturbance-Free Case

Before presenting our main result, we consider the disturbance-free case (w () = 0)
and design a fault-detection H_ filter such that

ko+n ko+n
Yo wew) =Y @) fw) (34)
k=ko k=ko

where B measures the sensitivity of a fault-detection filter to faults under the
disturbance-free case. The larger the 8, the more sensitive the fault-detection filter
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to the faults. The threshold can be chosen as

k0+n

Tn=|=B Y fTa0fa.

k=ko

When the disturbance input is zero, the state-space form of the fuzzy system model
(8)—(9) with the filter (10)—(12) is given by

T Aw . AAw) 07,
8x(ti) = [é(u)C(u) A(u):|x(tk) + [E(M)AC(M) o}x(”
B(u) + AB(u)
[é(u)mu) ~I—AJ(M)}:| F o). (35)
e(ty) = y(tx) — y (1) (36)

where X(t;) = [xT (tx) 2T (t)]" . The closed-loop fuzzy delta operator system (35)—
(36) is reexpressed as follows:

8% (tx) = A ()X (tx) + By R~ v(t) (37)
with
F(x (), ) Hy ) x (15))
5 F(X(tk), lk)H}(M)x(lk)) 5 A(I/t) 0

v(itr) =R | F(x(t), ) Hs () f (1)) |, A (u) = |:I§(M)C(u) A(u)] ,

F(x(tx), te) He () f (1))

()
5o — [ E1@ 0 Es(u) 0 G (u)

=10 BwEsw 0  BwEsw) BwJw)

where R = diag{al,al, B1, BI, BI}, with « and B being positive constants, yet to
be determined according to the following theorem.

Theorem 2 Consider the uncertain fuzzy system (37). Suppose there exist scalars
a >0, >0, matrices X >0,Y >0, A;;, and B;; satisfying

X—-Y >0, (38)
0 ‘1:’2,‘1 k’:’m ]
* Wi Wi | <0, (39)
* * Weii |
;) ‘1:’21‘1' ‘1:’31'1' i ll:fzji ‘1:’3]'1' ]
ko Wi WUsij | H | o« W Wshi | <0 (40)
* * Weij * * Weji
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where
- Y Y
‘1/11‘,'=(T—2)|:Y X]’
| YA; Y A;
T XA +BiCj+ (Y —X)A; XA+BC; |’
Go.—|YEu 0 YEs 0 YG;
3ij = _XE]i Bl'E3j XEs; Bl‘Eﬁj XGi+BiJ;i |’
G [ YA+ ATY +ap?(H Hyj+ HHsjl o AL
A L * Py (2,2) |
Ge. [ YEu 0 YEs; 0 YG; }
7| XEu BiEsj—Cl'Esj XEs; BiEe;—ClEe; ¥sij(2.5)]
al 0 0 0 0
* ol +ELE;; 0 ET Eg; ELJ;
lj/ﬁij:_ k * ﬂ[ 0 _ 0
* * x Bl + ELEg; RELJ;
* * s * JIT = B+ )1
with

Uyij(2,2) = AT X + X A; + BiC; + CI B +ap?[H Hyj + Hj; Hy;] - C] C;.
Us;j(2,5) = XG; + BiJ; — Cl' J;

fori=1,2,...,r,Yi < j<r,where 8 =p> 3y i_, > |H) Hs; + HL Hej|l. Then
(34) is guaranteed. Moreover, the suitable robust filter parameters are given as fol-
lows:

Aij= = X)"=XA; = BiCj + Aij — ATY —ap®[H Hi; + HE H, ),
B=y-x"'8, (=¢.
Proof Let us choose a Lyapunov function
V(%) =" (1) PX (1) (41)
where P is a constant positive definite matrix. By using Lemma 1, we have
SV (¥(10) = 87 (¥ (1)) PX(tx) + X (1) P8 (¥ (1)) + T8 (¥ (1)) P8 (X (1)) (42)
For the positive definite real matrix P, one has
0=—-28" (¥(w)) P[8(X(0)) — A @)k (1) — Ba)R™'0@)].  (43)

Taking the delta operator manipulations on V(X (#;)) along the closed-loop system
(37), we get

8V (1)) = (T = 2)87 (¥(10)) PS(E (1)) + 87 (¥(2)) P Act ()3 (1)
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+8" (¥(1)) PBa )R (t) + X7 (1) (At )" P

+ PAqw)X(m) + X" () Aa ) P8(x (1))

+ X7 () PBa)R™'5(0) + 07 ()R~ BY () P¥ (1)

+ T R BL ) PS(¥(10)). (44)

Let us examine the residual term

et e(t) = (y(1) — 5t0)" (y(t0) — $ (1))
=iTwlcw —Cw]'[cw) —Cawliw
+iTwlcw —Cw] TR 5w
+iT @RI Tw[Cw) —Cw)]En)
+ 3" R T T @R (1) (45)

where J (1) =[0 E3(u) 0 E¢(u) J(u)]. Adding and subtracting (y(#x) —j/(tk))T(y(tk) —
y()) to and from (44), one obtains

SV (¥(t) = (T — 2)87 ((10)) P8 (¥ (1)) + 287 (X (1)) P Act (W)X (1)
+28T (¥(1)) PBy )R 0(t) + 87 ()R~ BL () P83 (1)
+3T 240 P~ [C) —Cw)] [Cw) —Cw)]}Fw)
+257 @) | PBaw) — [Cw) —Cw)]" TR o)
=" @R TT W) IT @R (1)

+ (@) = 5) (v = 3@)). (46)

Now let us determine an upper bound for the term f)T(tk)Qﬁ’lf)(tk), where Q =
diag{/, 1, I, I, 0}. Using the triangular inequality, we have

F(x(t), ) Hy (u)x (tx) r F(x(t), ) Hy (u)x(t)
) F(e(t), ) Hsx(te) || FOe(t), i) H3(w)x (t)
() QR o(t) = | F(x(t), ) Hs) f () | RQ | F(x(t), tx) Hs(u) f (tx)
F(x(ty), te)He(u) f (1) F(x(tr), te) He (1) f (1)

[t f)

< ap® 3T ()| H ) Hi () + HT ) H3(w) }¥ (1)
+ B0 T ) { HY () Hs (u) + HY () Ho() } f (10).
Knowing that || p2(HI () Hs(u) + HI (u) He(u))|| <8, we have

3T () QR o(tr) < axT (1) CL () Cor ()X (1) + RBLT (1) f (1)
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where

_ 2| Hiw) 0O
Calu)y=p [H3(u) 0]'

Adding and subtracting o7 (tx) OR~'3(#) to and from (46), we obtain the following
inequality:

(T—2)P PAu(u) P B(u)
BV (E@) =i w)| = m M |Ew
* * —(JT(w)Tw)R + QR)
+ (y) — 5@0)) (@) — $@) +8BFT (1) f (@) (47)
where

8(X(t))
() =| ¥ ,
R (1)
= AL ()P + PAy(u) + aClLu)Co(u)
—[cw) -Cw]' [cw) -Cw]
M= PBaw) —[Cw) —Cw)]" Tw.

Adding and subtracting S(1 + &) f T (1) f(t) to and from (47), we obtain the in-
equality

(T—2)P PAu(u) P B (u)
SV(E@m) <5 @) | x m m (1)
* x  —(JTWIWR+OR-U)

+ (y@) — @) (y@) — @) — BFT @) f (1)
where U = diag{0, 0,0, 0, (1 +R)/} and

M = AL )P + PAg(u) +«Clw)Coyw) — [Cw) —Cw)] [Cw) —Cw)],

M=PByw)—[Cw) —Cw)] Tw).

Following [4], without loss of generality, we partition P as

X Y-X
Pz[Y—X X—Y] (“48)

Utilizing (48) and letting
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[(} _’,}(Si(tk)
) = |:(I) _II:|)E(tk)
R-15(1)

we have the inequality

Pi(w) Do) P3(u) .
SV(FEm) <3 | x  Pa) Bs@) [ ¥+ (v — () (@)
* * De(u)

—3) = BT (0) f ()

where
@1(u>=<T—2)[§ )ﬂ
S| YA(u) Y Au)
20) = | XA@) +B@)Cw) + (Y — X)A@w) XAu) +B(u)C(u):|’
Gy — | YELG) 0 YEs(u) 0 YG®u)
3=\ XEyw) BaEs@) XEs@) B Eew) XG)+BwJ) |’
Bolu) = [YA@W) + AT W)Y + ap?[HT )Hi () + H3)T H3(w)] ~ (x)7
a=| Adu) $,2.2) |’
é )__YEl(u) 0 Y Es(u) 0 YG(u)
st TLXEiw) @5(2,2) XEsw) @52,4) D52,5) |

B6(u) =—(TT )T ) + QR — U)
with
@4(2,2) = AT W)X + XA@u) + Bu)C ) + CT )BT (u) — CT (u)C(u)
+ap?[H ) Hi () + Hy () H3(w)],
®5(2,2) = Bw)E3(u) — CT (u)Es,
®5(2,4) = Bu)Ee(u) — CT (u)Es(w),
®5(2,5) = XG(u) + Bw)J () — CT () J (u),
and
Aw) = XA@u) +Bu)Cw) + (Y — X)A@w) + Aw)"Y + ap?[H () H (u)
+ H{ () H3(w)],
Bw)= (Y —X)Bu),  Cu)=C®u).

Note that
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Dy (u) q?z(u) ‘1§3(M) ror Dy Qézij q§3ij
* Dy(u) Ds(u) ZZZW“/’ * o Paij Psij |-

* * 436(14) i=1j=1 * * ¢6ij

Considering (38)—(40), we have

BV (¥(10) < (vt = $0)” () — @) — BFT () f (10 (49)
Integrating both sides of (49) yields

ko+n ko+n

ST av(Em) < Y (@ — 5@) (v — $@)) — BFT (1) £ @)},
k=kg k=ko
or
k0+n r
SV(X(T)) — 8V (¥(0) < Y {(v@) — )" (y() — H(1))
k=ko
— BfT ) f @)}
Using the fact that X =0 and 8V (X()) > 0 for all # # 0, we have
ko+n . ko+n
D@ =5@) (v = 3@w) > B Y fT @) f @)
k=ko k=ko
Hence, (34) is guaranteed, which is equal to J,.(n) > Jy,. Il

4.3 Stability Analysis

When the disturbance input and the fault are zero (w(#) =0, f(tx) = 0), the state-
space form of the fuzzy system model (8)—(9) with the filter (10)—(12) is given by

T Aw 0 7. AAw) 07,
Sx(tk)_[é(u)C(u) A(u)}x(t"H[é(u)AC(u) o]x(t") (50)

in which X () = [xT (tx) X7 (#)]17. The closed-loop system (50) can be reexpressed
as

8X(ty) = A ()X (1) + Ba )R~ 0() (51)
where
y [ Aw 0 oo s | F(x(t), ) Hi(w)x (1))
Aa) = [ Bucw A<u)] - =R [F(x(m, tk>H3<u)x(zk)>} ’

5 _[E1w 0
=10 BwEsw) |

and R = diag{al, oI} are positive constants, yet to be determined according to the
following theorem.
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Theorem 3 Consider the uncertain fuzzy delta operator system (51). Suppose there
exist scalars o > 0 and § > 0, matrices X > 0,Y > 0, A;;, and B;; satisfying

X-Y>0, (52)
Py ‘1:/21'1' ‘1:/31'1' ]
* Wi Wsii | <0, (53)
* * Yeii |
Py ‘%21']‘ ‘1:/31‘]' ¥y 4 ‘1:’2ji ‘1?3,'1' ]
€ Wi Wsij |+ ok Wai Wspi | <0 (54
* * Weij * * Weji

where

Y Y
l1/1[,'=(T—2)|:Y X}
L [ YA; YA;
| XAi +B,C; + (Y — X)A; XA;+B;C; ’

. TYE, 0 ;| Ymi, AL
lll31] = _XEU BlE3J:| s l’1/41] - |: * li/4,/(2,2) s

&__’YE],- 0 G| 0
T XEy BiEsj+ClEs; | i7" % al — ELEs;

with
Ui (1, 1) =YA; + ATY +ap?[Hl Hi; + HE H;; ],
Wy (2,2) = AT X + XA; + BiCj + CT BT + ap?[H Hy; + HY H; )+ €] ¢

fori=1,2,...,y,VYi < j <r. Then system (51) is asymptotically stable. Moreover,
the suitable robust filter parameters are given as follows:

Aij= = X)"M=XA; = BiCj + Aij — ATY —ap®[H Hij + HE H, ),
B=-x)"'8, GC=aC.
Proof Let us choose a Lyapunov function
V(X)) = X" (1) PX (1)
where P is a constant positive definite matrix. By using Lemma 1, we have
SV (X)) =87 (¥(t)) PX (1) + X (1) P8 (¥ (1)) + T8” (¥ (1)) P8 (¥ (1)) (55)
For the positive definite real matrix P, one has

0=—28" (X)) P[8(X (1)) — A )X (1) — BaR™'0(w)].  (56)

Birkhauser



Circuits Syst Signal Process (2014) 33:733-759 751

Taking the time derivative on V (¥ (7)) along the closed-loop system (51), we get
SV (¥(t) = (T — 2)8" (X(10)) P8 (¥ (1)) + 87 (X (1)) P Act ()X (1)
+ 8T (¥(t)) B )R~ 0(t) + X7 (1) P By ()R ™0 (1)
+ X" )AL Ps (X)) + X" 1) (AL ) P + P A ()X (1)
+ 0T ()R BLw) Pi () + 0T ()R BLw) P (¥ (). (57)
Let us examine the residual term
et e(r) = (y(@) — 50)" (y(@) — 3()
=iTwlcw —Cw]'[cw —Cawliw
+iTw[cw) —Cw] O0wR @)
+ 3T @ROT W [Cw) —Cw)]xm)
+ 3T ) RTTOT W) OWROW)v (1) (58)

where O(u) = [0 E3(u)]. Adding and subtracting (y(tx) — $(t)T (y(tx) — (1)) to
and from (57), one obtains

SV (X)) = (T —2)87 (¥ (1)) P8 (¥ (1)) + 287 (¥ (1)) P At (u) ¥ (1)
+ 287 (1)) P B )R~ o) + ¥ (1) {24 )T P
+[cw) —Cw]'[cw —Cw]lx@m) + T R BLw)
P8i () + 25T ) {PBaw) + [Cw) —Cw)] 0w\ R
+ 3T () RTOT ()Ow)R ™" b(1)
— (@) — @) (y(t0) — (). (59)

By using the triangular inequality, determine an upper bound for the term T (1)
R10(t) as

F(x(t), ) Hy (u)x () } ’ 7 |:F(X(tk)7 1) Hy (u)x (1) ]
F(x(t), o) Hz (u)x (t) F(x(t), te) H3 (u)x (1)

<ap’x" () {H ) Hy () + Hy () H3 () } ¥ (1)

T (R () = |:

Then, we have
3T (R ) < X7 () CL () Cor () ¥ (1)
where

_ 2| Hi(w) O
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Adding and subtracting 3T ()R 19 (#) to and from (68), we obtain the following
inequality:

(T—2)P PAs) P B (u)
8V (¥(t0) < 5T (1) * g ) X (1)
* % —(R = OT (w)Ou))

— (@) = 3@) (@) — @)

where
S(X (1))
I)=| X)) |,
R 0(1)

M = AL P+ PAw) +[Cw) —Cw)] [Cw) —Cw)]+ Chw)Cuu),
M= PBy(u) +[Cw) —Cw)] Ow).

Following [4], without loss of generality, we partition P as

X Y-X
PZ[Y—X X—Y] (60)

Utilizing (60) and letting

[(,) _’,}Si(tk)
o) = |:(I) _111|)E(tk)
R10(n)

we have the inequality

1) Do) D3
SV(E@) <im0 | x  @aw) Ds@) | Fw)
* * D (1)

— (@) = 3@) (@) — @)

where
@(u):(T—z)[ﬁ )ﬂ
& _ YA(u) YA(u)
200 = X AQu) + Ba)Cw) + (¥ — X)AWw) XA@) +B@)Cw) |

v | YE1(w) 0
P3u) = [XEl(u) B(u)&(u)} ’
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a0 = [ YA +AT@Y + P2LH] 0 Hi W) + Hs@! Hyw) ('
weT A D4(2,2) |’
. [YE ) 0

P50 = [XEl(u) Bu) E3(u) + CT(M)E3(M)] ’

®o(u) = —(R — OT(w)O(u))
with

@4(2,2) = ATW)X + XA@w) + Bw)Cw) + CT )BT (u) + CT (u)C(u)
+ap?[HT ) Hy () + HY ) H3 )],

and
A(u) = XA@w) 4+ Bu)Cu) + (Y — X)A@w) + AT )Y
+ap[H ) Hi () + Hy () H3w)],
Bw) = (Y — X)B), Cu) = C ).
Note that

O1) Erw) B30 s Puj Brj P
x By Bs) | =) D wiuj| x by By

* * De(u) i=1 j=1 * *  Dgjj
Considering (52)—(54), we have that
8V (X)) <0.

Hence, (51) is asymptotically stable. g

5 Filter Algorithm

The value y is very useful for threshold selection in detection decision-making. The
ratio 8/y indicates how good a designed fault detection filter is, and therefore can be
used for evaluation of fault detection filters. As will be shown, the fault detection is
equivalent to a constrained H, estimation problem, the latter can be further reformu-
lated as a standard problem of constrained optimization. Thus, we give the following
algorithm:

Algorithm  Given a scalar §, search for the lowest possible value of y making the
error delta operator dynamic system (13)—(14) asymptotically stable and formulate
the following convex optimization problem:
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min y

@ (20)-(22);
s.t. (i)  (38)—(40);
(i)  (52)-(54)

which can be effectively solved by the existing Matlab LMI toolbox.

6 Numerical Example

In the following, we will provide a numerical example to demonstrate the effective-
ness of the proposed methods in this paper.

Example: Consider the following two-rules T-S fuzzy model.

Rule 1: IF x () is M, THEN

Sx(ty) =[A1+ AAIx () + Bw(tx) + Gf (),
y(tx) = Cx(tx) + Dw(ty) + Jf (1x).

Rule 2: IF x, (1) is M>, THEN
x(tr) =[A2 + AAs]x(tx) + Bw(ty) + Gf (1),
y(t) = Cx(tx) + Dw(tx) + J f (%)

where

A — [ 0134 0.006 4, — [ 0162 0.008
=1 0.007 -0.121|" 271 0.005 —0.148 |

0.1 0 -1 —1
b= [0.1 0] €= [—1 —1}
with D=0.1, G =05, J =03, a = 1.4, T = 0.02, AA| = Ey, F(x(t), ) Hy,
AAy = E1, F(x(t). 1) Hy,. Assume || F(x (), 1) < p = 1 and

0.1 0 0 02
E“:Elz:[m 0] H“:lez[o 0]

and that the membership functions for rules 1 and 2 are

1
1 4 exp(—2x1 (%))’

M (x1(t)) = Ma(x1(1) =1 — My (x1(t))-

To analyze the effects of fault and disturbance on the residual of the detection ob-
server, consider the stuck fault, e.g.,

0.05, k> 100,

0, elsewhere.

ft) =
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Let the disturbance be

1.6 cos(0.02k)e~095%  0.16sin(0.02k) } r

wit) =10- |:1.6cos(0.02k)eo'05k +0.165in(0.02k)

Using the LMI optimization Algorithm 1 and Theorems 1-3, we obtain

v _ [41643 00573 y_ [ 14245 —0.0362]

~ 100573 4.1451 | ~[-0.0362 1.4067 |’
i _[0-289 0.0489 4, [0:2651 0.0570]

"= 0.0503 0.3023 |’ »2710.0587 02712
i, _[02126 0.0320 i, [0.1006 0.2319]

271 0.0304 0.2103 |’ 217102394 0.1212 )
5 _ [ 2:0965  —0.6207 5 _ [07572 0.4597

"7 15345 3.0387 |’ 27 [ 1.0894 0.1570 |
A [-1 -1 A _[-1 -1

C1=|:—1 —1}’ C2:[—1 —1]'

The resulting fuzzy filter is

2 2
82(t) =y Y wiuj[Ayf(n) + Biyw)),

i=1 j=1
2

$) =Y uiCitt)
i=1

where w1 = My (x1(t;)) and up = Mo (x1(t)).

Considering the fact that a real state vector in the fuzzy system can be replaced by
an estimated state vector using the fault detection observer obtained in Theorems 1-3,
we first give the simulation results of the state estimate responses of the fuzzy system
in this example for the initial conditions x1(0) = x,(0) = 0, shown in Fig. 1, where
X1(tx) and X(#;) are denoted by xo;(#x) and xo0,(;), respectively. For the initial
condition y(0) = 0, the simulation result of the estimated output of fuzzy system in
this example is shown in Fig. 2, where y(#;) is denoted by yo(#;). Then, the residual
outputs are shown in Fig. 3 with the initial condition  (0) = 0, from which we can see
that the faults are well discriminated from disturbances. To detect the fault, we choose
the residual evaluation function as stated in (15), and the residual evaluation output
is shown in Fig. 4, where Jr(n) and J;, are denoted by J,, and Jy,, respectively.

7 Conclusion

This paper has presented a new approach to study the problem of fault de-
tection for the T-S fuzzy systems in the delta domain. We have constructed a
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Fig. 1 State estimate response 1
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fuzzy fault detection filter system and dynamics of filtering error generator by
means of the T-S fuzzy model. The worst case fault sensitivity has been formu-
lated in terms of LMIs, which can be effectively solved by an algorithm pro-
posed. The existence of a robust fault detection system that guarantees (i) the H_-
gain from a fault signal to a residual signal greater than a prescribed value and
(ii) the H_-gain from an exogenous input to a residual signal less than a pre-
scribed value is given in terms of the solvability of LMI. A numerical example
has been given to illustrate the effectiveness and potential of the developed tech-
niques.
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Fig. 3 Residual output r (k) 2 :
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