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Abstract This paper is concerned with the problem of delay-dependent stability
analysis for a class of two-dimensional (2D) discrete switched systems described
by the Roesser model with state delays. First, the concept of average dwell time is
extended to 2D switched systems with state delays. Then, based on the average dwell
time approach, a delay-dependent sufficient condition for the exponential stability of
the addressed systems is derived. All the results are formulated in terms of linear
matrix inequalities (LMIs), which can be solved efficiently. A numerical example is
given to illustrate the effectiveness of the proposed method.

Keywords 2D systems - Switched systems - State delays - Exponential stability -
Average dwell time - Linear matrix inequality (LMI)

1 Introduction

Two-dimensional (2D) systems are gaining momentum because of their broad appli-
cations in many areas such as multidimensional digital filtering, linear image pro-
cessing, signal processing, and process control [8, 14, 18]. The stability analysis of
2D systems has attracted a great deal of interest, and some significant results have
been obtained in [1, 10, 19, 36].

It is known that time delays frequently occur in practical systems and are often
the source of instability, so it is of significance to study time-delay systems. Re-
cently, many useful results on such systems have appeared. The resulting criteria
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can be classified into two categories: delay-independent and delay-dependent. Since
delay-dependent criteria make use of information on the length of delays, they are
less conservative than delay-independent ones. Recently, the free-weighting matrix
approach [11] was employed to investigate the output feedback control of a linear
discrete-time system with an interval time-varying delay. A new model transforma-
tion was analyzed and applied for the stability analysis of uncertain discrete-time
systems with a time-varying delay in the state in [16]. In [24], a new delay-interval
stability condition was established for systems with time delay varying in an interval.
The stability problems of neural networks with time delays were investigated in [17,
38]. For 2D systems, some delay-independent stability results have appeared in [21,
32-34]. The issues of stability analysis, Hx, control, and filtering for 2D discrete sys-
tems with constant delays have been investigated in [20, 22, 35]. Some results on the
delay-dependent stability and stabilization of 2D discrete systems with time-varying
delays have also been reported in the literature [6, 7, 9, 37].

On the other hand, switched systems have received considerable attention over
the past several decades due to their extensive applications in, e.g., mechanical sys-
tems, the automotive industry, aircraft and air traffic control, and switched power
converters. A switched system is a hybrid system consisting of a finite number of
continuous-time or discrete-time subsystems and a switching signal specifying the
switch between these subsystems. Several methods have been developed to study
switched systems, such as the common Lyapunov function approach, the single Lya-
punov function method, the average dwell time (ADT) scheme, and the multiple Lya-
punov function method. In particular, the ADT method has been proven to be a more
powerful and effective tool for stability analysis and stabilization of switched sys-
tems; see, for example, [5, 12, 13, 15, 25-29, 31, 39] and references cited therein.

Recently, there are a few reports on 2D discrete switched systems. Benzaouia et
al. [2] first considered 2D switched systems with arbitrary switched sequences, and
the stabilization problem of 2D discrete switched systems was investigated in [3];
a sufficient condition for the asymptotic stability of such systems was proposed and
a stabilizing controller was developed in terms of linear matrix inequalities (LMIs).
It should be noted that these papers focus on studying the asymptotic stability of the
2D switched systems, and the obtained results are based on common and multiple
Lyapunov function approaches. In [30], the authors extended the concept of ADT in
switched systems to 2D delay-free switched systems, and then designed a switching
rule to guarantee the exponential stability of delay-free 2D switched systems. How-
ever, to the best of our knowledge, the problem of stability for 2D switched systems
with state delays has not been investigated to date, especially for the exponential
stability problem of 2D switched systems with state delays. Moreover, the method
proposed in [30] cannot be directly applied to 2D switched systems with state delays.
This motivates us to shorten this gap in the present investigation.

In this paper, we are interested in investigating the stability of 2D discrete switched
systems represented by the Roesser model with state delays. The ADT approach is
utilized for the stability analysis. The main contributions of this paper can be sum-
marized as follows: (i) the concept of ADT is further extended to 2D switched sys-
tems with state delays, and a new Lyapunov—Krasovskii functional is constructed to
investigate the stability of the system under consideration and a delay-dependent sta-
bility criterion is obtained; (ii) the exponential stability, which guarantees a decay
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rate where asymptotic stability does not, is first established for 2D switched systems
with state delays, and the corresponding stability result is different from the asymp-
totical stability results presented in [7, 9]; (iii) all the results are formulated in terms
of LMIs, which can be solved efficiently.

This paper is organized as follows. In Sect. 2, the problem formulation and some
necessary lemmas are given. In Sect. 3, based on the ADT approach, the exponential
stability problem of 2D discrete switched systems with state delays is addressed, and
a delay-dependent sufficient condition for the existence of the exponential stability is
derived in terms of a set of LMIs. A numerical example is provided to illustrate the
effectiveness of the proposed approach in Sect. 4. The concluding remarks are given
in Sect. 5.

Notation Throughout this paper, the superscript “T” denotes the transpose, and the
notation X > Y (X > Y) means that matrix X — Y is positive semidefinite (positive
definite, respectively). || - | denotes the Euclidean norm. I represents the identity
matrix with an appropriate dimension. [, is the identity matrix with n; dimension
and 7, is the identity matrix with n, dimension. The asterisk * in a matrix is used to
denote the term that is induced by symmetry. The set of all nonnegative integers is
represented by Z .

2 Problem Formulation and Preliminaries

Consider the following 2D discrete linear switched systems with state delays:

X+ 1, j)] ol [xha, j)} ) [xha — di (i), j)}
[xv(i,j+1> =AT T G | AT G, g —do()) M

where x" (i, Jj) is the horizontal state in R"!, xV(i, j) is the vertical state in R"2, and
x(i, j) is the whole state in R" with n =n + ny. o (i, j) is a switching rule which
takes its values in the finite set N := {1, ..., N}, N is the number of subsystems, and
i and j are integers in Z. o (i, j) = k € N means that the kth subsystem is active.
The matrices

k k k k
k| A An k| Aaun Adn
A" = , AL = , keN 2)
Ak oAk 4 Ak, Ak =
21 22 d21 d22
where matrices All‘1 € R™Mixn Alfz € RMxn2, Alz‘l € R™mxnt, Agz € R"Xn2, A’[}“ IS
Rmxm Ak e Rmxmapk, e Rmaxmi gk e R"2XM2 are constant matrices. dj, (i)
and d,(j) are delays along the horizontal and vertical directions, respectively. We
assume that dj, (i) and d,, (j) satisfy

dpp <dp(i) <dpp, dyr < dy(j) <dvy 3)
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where dpr, dpy, dyr, and d, g denote the lower and upper delay bounds along the
horizontal and vertical directions, respectively. The boundary conditions are given by

X", jy=hij, YO<j<zi, —dpy <i <0,
X", j)=0, Vj>zi, —dyy <i <0, @
xU(i, j)=vij, YO0<i<z, —dyg <j =<0,

xv(i’j) =07 Vi > 22, _dUH SjSOs

where z1 < 00 and z2 < 00 are positive integers, and #;; and v;; are given vectors.
In the paper, it is assumed that the switch occurs only at each sampling point of i
or j, and the switch sequence can be described as

((l07]0)30(l0»]0))a ((i17j1)96(i17j1))7 ety ((ivaK)va(ikst))a-" (5)
where (i, ji) denotes the «th switching instant. It should be noted that the value of

o (i, j) is only dependent on the value of i 4+ j (see [3, 30]).

Remark 1 If there is only one subsystem in system (1), it will degenerate to the
following 2D discrete systems with state delays:

xh<i+1,j>}_ [xha,j)} [xha—dh(i),j)]
[xv(i,j+1> = A e | T xvGj—doG) |

Definition 1 System (1) is said to be exponentially stable under o (i, j) if for a given
z > 0, there exist positive constants ¢ and &, such that

3 x| <60 3 a7 (6)
i+j=D i+j=z

holds for all D > z, where

Y xaple2 s 3G =0 DI+ 06 -6
e Shzhze =

|8 G —6n. )|+ 8°G. j — 0]},
8"(i — O, ) =x"(i — Oy + 1, j) — X" (i — 6h, J),
8V, j—0y)=x"(,j — 0y +1)—x"(i, j — 6y)

Remark 2 From Definition 1, it is easy to see that when z is given, Ziﬂ-:z lx (@, j) ||2C

will be bounded and ) ; +j=D llx (i, j)|I* will tend to be zero exponentially as D goes
to infinity, which also means ||x (i, j)| tends to be zero.

Definition 2 [30] For any i + j = D > z =iy + j;, let Ny, j)(z, D) denote the
switching number of ¢ (i, j) on an interval [z, D). If

D—z
Ny, j)(z, D) < No +

(N

Ta
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holds for given Ng > 0 and 7, > 0, then the constant 7, is called the average dwell
time and Ny is the chatter bound.

. . S S )
Lemma 1 [4] For a given matrix S = [ SITI S; ], where S11 and S»; are square matri-
12
ces, the following conditions are equivalent:
i) S<0;

(i) S11 <0, 82 — ST, 12 <0;
(iii) S22 <0, Si1 — 1255, ST, <0.

Lemma 2 [23] For any vector ¢ (t) € R", two positive integers w| and wy, and matrix
0 < G € R™", the following inequality holds:

(05} w) )
—(@m—wo1+1) Y ¢ (1GH1) < —[Z ¢T(r>}G[Z ¢>(r>}.

=w I=w I=w|

3 Main Results

In this subsection, we focus on the problem of stability analysis for 2D discrete
switched system (1). The following theorem presents a delay-dependent sufficient
condition for system (1) to be exponentially stable.

Theorem 1 Consider system (1), for given positive scalars dpr., dpy, dyr, dyy and
o < 1, if there exist positive definite symmetric matrices

Pk 0 ok o wk 0
Pk:[ h :|7 Qk:|: h , Wk: h ,
0 P} 0 o 0wy
k Rk Rk Rk Rk
R"=['f)’l ,?k} R,’i=[ o ih] and R{;:[ v M
v th R3h sz R3v

with appropriate dimensions, k € N, such that

[ @)1 A3REAL ArRE —AxRE AKT(PK 4 0Ky (AFT — 1)RE]
x  —Ay0F 0 0 ART(pk 4 oK) ARTRE
* —Ax (RS + WKy ARk 0 0 “o

* —AyRY 0 0
* * —pk_ gk 0

| * * * * * —A3_1R]3‘

(3)
where

Ay =diag{(dhr — dn) In, (dom — dy) 1y},
Ay = diag{al+thIh, o tdvr ]U}, A3 = diag{adﬁHIh, Oldl%HIv},
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@11 = A3Rf — Ao RS + (= PF + Wh + A, 0%)

+ AsRE(A* — 1) + (AF — 1,) RET a5,

Rf =diag{RY,, RY,}, Ry =diag{R},, Ry}, R =diag{Rs,, K3, },
holds. Then system (1) is exponentially stable for any switching signal with ADT
satisfying
In x

*
= 9
Ta>Tg = €))
where x > 1 satisfies
Pi<xpP!, 0'<x0, WrsyW!, = R'syR', VkieN. (10)
Proof See the Appendix for the detailed proof. |

Remark 3 In Theorem 1, we propose a delay-dependent sufficient condition for the
existence of the exponential stability for 2D discrete switched system (1). Note that
this condition is obtained by using the ADT approach, and the parameter « plays a
key role in obtaining 7.

Remark 4 Ttis easy to see that a larger o will be favorable for the feasibility of matrix
inequality (8), while a smaller o is more expected to decrease 7. Thus we can first
choose a smaller «; then by increasing the parameter « appropriately, we can find the
feasible solution of P, Qk, Wk, and R¥such that (8) holds, and 7 can be obtained
from (9) and (10).

Remark 5 Note that when x = 1 in (9), the inequalities in (10) become P¥ = P!,
0F = 0!, Wk =Ww!, and R* = R!, Vk,I € N. In this case, we have 7, > r=0,
which means that the switching signal can be arbitrary.

When dy g =djr =dj and dyg = dy = d,, system (1) generates to the following
system:

MG+ eap [x"G D) oty [ X" —dn, )
|:x”(i,j+1)i|_A [x”(i,j)}JrAd [Xv(i,j_dv)]’ (1

where dj, and d, are constant delays along the horizontal and vertical directions,
respectively. The boundary conditions are defined in (4). Then we have the following
result.

Corollary 1 Consider system (11), for given positive constants dy,, d, and o < 1, if
there exist positive definite symmetric matrices

k k k
k_| P, O k_| W, 0 r_| R, O
P—[o P} W—[owf’ =lo &)
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k k k k

k __ th R2h k _ Rlv R2v
Rh - Rk T Rk ’ and Rv - Rk T Rk
2h 3h 2v 3v

with appropriate dimensions, k € N, such that

O1 AsRSAN 4+ A RS —ARE AT PR (AT — [)RX

x*  —M(RE+WH MRS ART PR AKT R%
* * —/ilel‘ 0 0 <0, (12)
* * * — Pk 0
T—1 pk
* * * * —A3 R3
where

O = A3RE — ApRE + o (= P* + WH) + A3RE(A% — 1) + (AF — 1) RET 43,

Ay = diag{aHdh I, 't L}, A3 = diag{ad,%lh, ozdglv}

holds. Then system (11) is exponentially stable for any switching signal with ADT
satisfying (9), where x > 1 satisfies

Pl<yPl,  WE<xw! = RYsyR', VkleN. (13)
Proof Following the proof line of Theorem 1, the corollary can be obtained. U
Remark 6 It should be noted that when dj, (i) = 0 and d,(j) = 0 in system (1), the
stability result presented in Theorem 1 will reduce to the result of Theorem 1 pro-
posed in [30].
4 Numerical Example

In this section, we present an example to illustrate the effectiveness of the proposed
approach. Consider system (1) with parameters as follows:

0.8 —0.6 0018 012 0 0.06
Al=]1015 004 0 |, Al=]o012 003 0 |,
0.025 0 0.2 0.035 0.15 0.04
0.9 -0.5 0.2 0.1 0 0.05
A’=|01 03 0 |, Ai=|01 002 0 |,
002 0 0.09 0.03 0.12 0.03

. . (T . NS
dp(i) =3 +sin 5 ) dy(j) =4+ sin > )

where the state dimensions are n; =2 and np = 1.
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From the example, it is easy to get that the lower and upper delay bounds along
the horizontal and the vertical directions are given by dp,;, =2, dpy =4, dyr, =3, and
dyn = 5. By using the LMI Toolbox to solve Theorem 1, we find that the condition
(8) holds when « is chosen in the interval [0.819, 1). That is, the stability of the given
system can be verified by applying the method proposed in the paper.

Taking o = 0.85, the following solution is obtained:

[ 01829 —0.1428 0 00124 —0.0019 0 ]
P'=|-0.1428 01985 0 o'=|-00019 0018 0 |,
L0 0 00919 | L0 0 0.0245
[ 0209 —0.1859 0 ] [ 00067 —0.0025 0 ]
P2=| -0.1859 0.2l 0 0?=|-00025 00101 0 |,
L0 0 00715 .o 0 0.0224
[ 00058 —0.0081 0 ] 0.0029 —0.0046 0
wl=|-00081 00214 0 w2=|-00046 00101 0 |,
Lo 0 0.0126 0 0 00224
[ 0.0038 —0.0053 0.0070 —0.0088]
Rl _ | —0-0053 0.009 —0.0054 0.0107 r1 _ [0:0016 0.0016]
=1 00070 —0.0054 0.0260 —0.0220 | v =10.0016 0.0024 |°
| —0.0088 0.0107 —0.0220 0.0240 |
00013 —0.0017 0.0046 —0.0056]
g2 _ | —0:0017 0.0028 —0.0043  0.0065 <2 _ [0:0007 0.0007]
h=1 00046 —0.0043 00297 —0274 | v =10.0007 0.0012 |
| —0.0056 0.0065 —0274  0.0301 |

Furthermore, by (9) and (10), we get x = 8.4841 and t} = 13.16. Therefore, accord-
ing to Theorem 1, we obtain that under the ADT scheme 7, > 13.16, the given system
is exponentially stable.

Fig. 1 The response of state
P

xh1(i)
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ponse of state

Fig. 2 The res
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The simulation results are shown in Figs. 1, 2, 3 and 4 under arbitrary (randomly
generated) boundary conditions. Figures 1, 2 and 3 plot the responses of three states,
x(i, j), x2(i, j), and x"(i, j), and Fig. 4 depicts the switching signal with ADT
satisfying t, = 14. From the simulation results, it can be observed that the proposed
method is effective.

5 Conclusions

This paper has investigated the problem of stability analysis for a class of 2D dis-
crete switched systems represented by the Roesser model with state delays. A delay-
dependent sufficient condition for the exponential stability of the system under con-
sideration has been derived in terms of LMIs via the average dwell-time approach.
An example is also given to illustrate the applicability of the proposed approach.

Acknowledgements This work was supported by the National Natural Science Foundation of China
under Grant No. 61273120.
Appendix: The proof of Theorem 1

Proof Without loss of generality, we assume that the kth subsystem is active. We con-
sider the following Lyapunov—Krasovskii functional candidate for the kth subsystem:

Vi(x(Q, ) = V(" G, ) + V(" G, ), (14)
where
5
X, ) thxo N), XV, ) Z (G ),

Vi ("G, ) =x"G, HT PR, ),
i

Vi i)=Y X pT o o

r=i—dy (i)
i—1

Vi (<", ) = Z e NTWER" G et

r=i—dny

—dyr i—1

Vita )= > Y X pT o e

s=—dpg+1r=i+s

-1 i—1

VR ("G D) =dnr Y D 0" DT R (r e

s=—dpy r=i+s
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Vi (UG, ) =xVG, )T PExY G, ),

j
Vi (G )= Y x0T 05x"G, )l T,
1=j—dy())
j—1
Vi (Ua )= Y x"Gn"Wix"G, nal ™,
t=j—dyy
_de

Ve ('a p)y= > Z XU, 07 0 xv (i, 1l

s=—dyy+1t=j+s

—1 j—1

Vo (kG ) =dvr Y Y 0G0 REnUGL el T,
s=—dyg t=j+s
o =[x DT st HTY. e =[x"G.nT 860",
sher, y=x"(r +1, ) = x"(r, ), UG, ) =x"(, 1+ 1) —x'(@i, 1),
where

P}Il‘>0, Plf‘>0, Q’;>0, Q],j>0, W,f>0, W,lj>0,

RY R Rt RX
WE =0, Rgz[ s i’“]>0, and Rgz[ o Rl
R2/’L R3h RZU R3v

are real matrices to be determined.
Then we have

Vie@" G +1,) = aVig(x" G, )

=x"G+1, DT PFx" G + 1, j) —ax" (G, HT PEX" G, ), (15)

Vi ("G +1, ) —a Vi (x" G, )
<x"Gi+ 1, DT OEX" G + 1, j) —a+0n (i — dyi), )T QK" (i — dn (i), j)
i—dpr
+ ) Ke TR e et (16)
r=i+1—dng
Vi ("G + 1, ) —aVi (X", )
=ax" G, HTWENG, j) — @ TR G — dyy, DTWEX G — dyp, ), (17)
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Vi ("G +1, ) —a Vi (x"G, 1)
= a(dpy — dp)x" (@, HT Ok, j)
i—dpr ‘
- Y e pTop e et (18)

r=i+1—dpy

VA (" +1, ) = aVA ("G, )
= adi " @ )T R G, ) — dypadi !
i—1

x> 0" HTRE (¢ ), (19)

r=i—dpy

VE(xUG, j+ D) —aVi (xVG, )
=xV(, j+ DT PG, j+1) —ax?G, HT PEXVG, ), (20)

Vo (xV G, j+ 1) —aVay (x°G, )
<xUG, j+ DTG, j+ 1) —a (i, j—dy (D) @5V (i, j — du()))
j_de

+ Y X" el 1)

t=j+1—dyp

Vi (x4 D) —aVi (xPG, )
=ax¥(i, HTWERVG, j) — a®t TG, j — dy) T WERV G, j — dum), (22)

Vi (xPG, j+ D) —aVi(x¥G, )
= a(dyn — dy)x" G, )T 08X, )
j_de

- > x0TV el T, (23)

t=j—dyg+1

stk(xv(i, ] + 1)) — aVSI;((xv(i, J))
=ad2yn" G, )T REn" G, j) — dyna® !

j—1
x Y U0 REn 0. (24)

t=j—dyu
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By Lemma 2, it can be obtained from (19) and (24) that

VE("G 41, ) —aVE ("G, )

<adyn"G, HTREN G, j) — a®i ]

i—1 i—1
x ( > nho:j)T)Rﬁ( > nh(hj)>
r=i—dnpy r=i—dnpy
< adjiyx" i, )T (RY, — Ry, — Ry + Ray)x" (G, j)
+adfyx" (i, HT (RS, — RY)x"G +1, )
+adlyx"i+1, HT (R, — RE,) "G, )
alin ki )T RE X, j) + 201 xh (i, )T RE, X" (i — dyp, )

a®i T G — dyp, )T RE X" — dpy, ) — a®r T

i—1 i—1
x( > xh(r,j)T>R’fh( > xh(r,j))

r=i—dyy r=i—dyy

i—1 T
adh’f“( 2 th)) Ra[x" G j) = "G = du. )]

r=i—dpy
i—1
Lo . 1T .
at i, j) = x"(i — du, )] Ré‘[( > xh(r,J))
r=i—dyg

Fadiyx" G+ 1, HTRE X"+ 1, )), (25)

Vo (xUG, j+ 1) —a Ve (x¥ G, )
j-1 j-1
<adiyn" G, )T RNV G, j) — vﬂ“( > n”(z:t)T)Rﬁ( > n”(z:t))
t=j—dyu t=j—dyu
—ad2 xV(i, j) ( —sz—R +R3v)x @, )
+adyx"G, )T (RS, — RS)x G, j+ 1)
T ..
+ad2Hx i, j+1 (ngv—ngv) xV(i, j)
ooty )TRE x(, j) + 2o v (i, )T RE xV (i, j — dyrr)

otV j —du)! R XV G — dyp) — et

Jj—1 j—1
x( > x“(i,r)T>R’;v< > x”(i,t))
t:j_de t:j_de
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j-1 T
—otd“”'H( > x”(i,t)) RS [x Gy j) —x(i, j —dom)]

t=j—dyy

j—1
.. .. T .
—a®i XV, j) = VG0, j — dom) ] R’z‘[( 3 x”(l,t))
l:j_dUH
+ad?yxV i, j+ DTRE xVG, j+1). (26)
Denote

Ay =diag{(dpy — dpr) In, (dve — dyr) 1},

Ay = diag{al+d””1h, o Tdor L}, A3 = diag{ad,%HIh, adeIv}.

From (25) and (26), we obtain the following relationship:
VA" G+ 1)) —aVE (G ) + V(G + D) — eV (xVGL )
2", j) !
xV(, j)
x"(i —dy(D), j) k k
’ 4 '4 ARy —AsR
[x”(i,j—dv(j» S B

| [¥"G—dwn. ) * % ¥ /MRS
xU(i, j —dyn)

i1 .
Z;_:l‘—th xh(r’ ])]

Jj—1 V(s
| 2imjdyy ¥ D)

[xh(i, j)}
xV(i, J)

[xh(i—dhm,j)]

X — dy(j)
x [xha —dun, j)} : @7
X, j — durr)

[Zi;id“, xhr, j):|

Jj—1 v
Dimjmdyy X G

where
W11 = A3(RY — RS — RAT + RY) — AoRS + (= P* + WX + A, 0%)
+ As[(RE — RE)AF 4 AKT(RE — RE)T] + AT (P* + OF + A3RY) AF,
Wip = A3(R5 — RY) AN + AT (PF 4 0% + A3R%) AL,

Wy = — M, 0% + AKT (PR 0% + A3RE)AK,  way = — Ao (RE 4+ WH).
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In addition, applying Lemma 1, inequality (8) is equivalent to the following inequal-
ity:

v Y Ale_,f —AQRIZC

* '2%) 0 0
* * Yss3 AzRIZc <0.
* * * —AZRII‘
Thus, it is easy to obtain
VEG+ 1, )+ VG j+ D <a(VEG )+ VEG, ). (28)

Notice that for any nonnegative integer D > z = max(z1, 22), one has that yh 0, D) =
VV(D, 0) = 0. Then summing up both sides of (28) from D — 1 to 0 with respect to
jand O to D — 1 with respect to i, one gets

> Vil ) =VHO.D)+ VA, D= 1)+ V2, D=2) 4
i+j=D
+ V(D —1,1) 4+ V](D,0)
+ VIO, D)+ VI, D - 1)+ V2, D —2)+---
+VZ(D—1,1)+ V{(D,0)
<a(VEHO,D- 1)+ V2O, D—- 1)+ V{(1,D-2)+V(1,D-2)
+ VD~ 1,00+ V(D ~1,0))

—py Z Vie(i, ). (29)

i+j=D—1

Assume that the switching number of o (i, j) on an interval [z, D) is v =
Na(i,j) (Zv D)» and let (iK—U+11 jK—U-‘rl)v (i/(—v+2: jK—U-‘rZ)v ey (iKv ,]K) denote the
switching points of o (i, j) over the interval [z, D). Thus, denoting m; = i; + ji,
i=k—v+1,...,k,itfollows from (10) and (29) that

D Volijo @ ) <P " Vg i)

i+j=D i+j=my

<x@P YT Vo)

i+j=nmy—
< DY
< XUaD—mK—U+1 Z VU(i;(—uyj)(—U)(i’j)
i+j:m;—u+l
<X Vol e (s )
i+j=z
_(=Inx_ —
< o~ a)(D=2) Z VoG, o) (05 ) 30)
i+j=z
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Notice from (14) that there exist two positive constants a and b(a < b) such that

N Voo Nza Y |x@p]’
i+j=D i+j=D
) (31
D Voligovien @ D=0 Y X6 D¢
i+j=z i+j=z
Combining (30) and (31), we obtain
o2l et ey L2
> x| <-—e > xGpe (32)

i+j=D i+j=z

By Definition 1, it follows from (9) that 2D discrete switched system (1) is exponen-
tially stable. The proof is completed. g
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