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Abstract We consider a singularly perturbed system of differential equations of the
form εu′ = g(u, v,λ), v′ = f (u, v,λ), where (u, v) ∈ R3, 0 < ε � 1, and λ is a set of
parameters. Such a system describes a modified Chua’s circuit with mixed-mode os-
cillations (MMOs). MMOs consist of a series of small-amplitude oscillations (canard
solutions) and large-amplitude relaxations. In the paper we provide a series of both
numerical and analytical analyses of the singularly perturbed system for the modified
Chua’s circuit with nonlinear f and g. In particular, we analyze the occurrence of
the Farey sequence Ls, where L and s are the numbers of large and small oscillations,
respectively.

Keywords Mixed-mode oscillations · Modified Chua’s circuit · Singularly
perturbed systems

1 Introduction

Recently there has been great interest in the analysis of mixed-mode oscillations
(MMOs) consisting of a series of small-amplitude oscillations (also called the sub-
threshold oscillations, or STOs) and large-amplitude oscillations, or relaxations, oc-
curring in various patterns. A wide spectrum of dynamical systems with MMOs
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occurs in biology and chemistry. Such problems include, among others, the burst-
ing dynamics in Taylor–Couette flow, the compartmental Wilson–Callaway model of
the dopaminergic neuron, stellate cell dynamics, the famous Hodgkin–Huxley model
of neuron dynamics, the coupled calcium oscillator model, the complex plasma in-
stability model, and the surface oxidation reaction and autocatalytic chemical re-
action (see [1, 5] for such examples). Electronic circuits exhibiting various types
of MMOs (or close to MMOs) include the coupled RLC plus tunnel diode oscilla-
tors [5], autonomous Van der Pol-Duffing equation [6] and transformed Chua’s circuit
[3, 10, 16, 17].

All the above physical phenomena are described by singularly perturbed systems
of nonlinear ordinary differential equations (ODEs) with three (or more) variables
changing at different time scales (usually two or three). A cubic nonlinearity is typical
in systems with MMOs. In recent years, the most accepted and popular approach to
explain the MMO phenomenon in R3 is that the MMOs result from a combination of
canard solutions around a fold singularity and relaxation spikes coupled together by
a special global return mechanism [9].

In this paper we shall study a nonlinear circuit which can be called a modified
Chua’s circuit since its topology resembles that of the original Chua’s circuit [4].
The circuit analyzed in this paper has two dual versions, each with a nonlinearity of
a cubic type and a voltage- (current-) controlled voltage (current) source plus a small
biasing constant source.

The paper is organized as follows. In Sect. 2 we present the modified Chua’s circuit
and its mathematical description with variables in three time scales. In Sect. 3 we
briefly present fundamental issues of the singularly perturbed systems of ODEs in
relation to the MMOs phenomenon. Then, in Sect. 4, the modified Chua’s circuit of
Sect. 2 is analyzed both analytically and numerically. Brief conclusions follow in
Sect. 5.

2 A Modified Chua’s Circuit

Consider the circuit shown in Fig. 1(A) (its dual equivalence shown in Fig. 1(B))
with the nonlinear voltage-current characteristics Vn = αV x2

1 + βV x3
1 (equivalently

In = αI x
2
1 + βI x

3
1 for the dual circuit).

Let the voltage-controlled voltage source (current-controlled current source for the
dual circuit) be described by V = (1 + b)x2 (equivalently I = (1 + b)x2 for the dual

Fig. 1 (A) The LCL circuit with L1 = ε � 1, V = (1+b)x2, Vn = βx3
1 +αx2

1 . (B) The CLC circuit with

C1 = ε � 1, I = (1 + b)x2, In = βx3
1 + αx2

1 . For both circuits: a = const. > 0, b = const. > 0, β < 0,
and α > 0
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circuit) with b > 0. The constant biasing voltage (or current) source with a > 0 plays
a significant role in the creation of MMOs. The following ODEs describe each of the
circuits shown in Fig. 1:

γ1x
′
1 = −x2 + αx2

1 + βx3
1 ,

γ2x
′
2 = x1 − x3, (1)

γ3x
′
3 = a − bx2,

where γ1 ≡ L1, γ2 ≡ C, γ3 ≡ L2 (and γ1 ≡ C1, γ2 ≡ L, γ3 ≡ C2 for the dual circuit).
The α = αV and β = βV for the first circuit and α = αI , β = βI for the dual one.

Consider the LCL circuit shown above with 0 < L1 ≡ ε � 1, C,L2 ∼ O(1). Then
(1) can be written in the form

εx′
1 = −x2 + αx2

1 + βx3
1 ≡ g(x1, x2, x3),

x′
2 = x1 − x3 ≡ f1(x1, x2, x3), (2)

x′
3 = a − bx2 ≡ f2(x1, x2, x3).

System (2) is a prototypical example for MMOs studied in [9]. Its behavior depends
on all five constants (parameters) involved. One can distinguish three different modes
(regimes) of operation of (2): only small-amplitude oscillations (SAOs) around the
origin, large-amplitude oscillations (LAOs), and a mixture of both SAOs and LAOs
which leads to the MMO phenomenon. The three modes are illustrated in Fig. 2,
which shows the solutions of (2) with ε = 0.01, α = 1.5, β = −1, b = 0.005, and
three values of a. In the SAOs only case, the SAOs around the origin (0,0,0) are
due to the Hopf bifurcation for a = 0. In the LAOs only case, a trajectory passing
close to the origin bypasses the region of SAOs. The MMOs case is in some sense
a combination of the previous two cases. The mechanism in which SAOs and LAOs
occur is quite complex and has been the topic of recent papers [7–9]. In the MMOs
case, a series of SAOs around the origin (considered as canard solutions) undergoes a
rapid canard explosion yielding an LAO, which, through a special return mechanism,
brings back the system into the vicinity of the origin. The canard explosion, described
in detail in [9], is triggered when a trajectory in 2D or 3D cases leaves a fold point
of the cubic nonlinearity in (2), ending a series of SAOs and entering the relaxation
mode with SAOs. This explosion occurs, for example, in Fig. 2, bottom part, when
two or four SAOs transform into an LAO (see x1 in blue). Depending on the parame-
ters, the system may continue with one (or more) LAOs, or may go through a new
series of SAOs, after which the trajectory again leaves the vicinity of the origin and
the phenomenon repeats. See Figs. 3 and 4 for illustration.

The return mechanism of (2) causes the trajectory leaving the fold of g(x1, x2, x3)

= 0 (point A in Fig. 5 in the vicinity of the origin) to return to the fold at point E. This
mechanism can be analyzed in more detail, after making a number of simplifications
and using the reduced system of (2), by the method presented in [9]. In particular,
we assume that the mechanism ABCDE in Fig. 5 is approximated by two single ar-
rowed paths only, BC and DE, ignoring the double arrowed ones. One parameter that
characterizes such a mechanism is the amount of return of variable x3 in (2) equal to



1078 Circuits Syst Signal Process (2010) 29: 1075–1087

Fig. 2 (Color online) Left column: x1 versus x2; right column: time responses (172 ≤ t ≤ 194); both
columns: SAOs only (top: a = 0), LAOs only (middle: a = 0.00105), and MMOs (bottom: a = 0.00055)
with x1 (blue), x2 (red), x3 (green)

Fig. 3 In the vicinity of
(0,0,0): trajectory for
a = 0.00035 with several SAOs
(entering from the left and
leaving on the right)

bα5/(18β3)−aα2/β . Closely related to the issue of the return mechanism is the crit-
ical value of parameter a, that is, ac = bα3/(18β2), such that for a > ac the system
exhibits only the LAOs and no MMOs exist. The values ac and the amount of return
were obtained by integrating the reduced system of (2) along the single arrowed paths
in Fig. 5. The details of the calculations can be found in [9].
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Fig. 4 (Color online) a = 0.00075. Top: MMOs 2222 with x1 (blue), x2 (red), 100x3 (green). Bottom:
3D trajectory 2222

Fig. 5 The schematic diagram of the Preturn mechanism
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Fig. 6 (Color online) Solutions x1 (blue), x2 (red), and x3 (green) of (2) versus t (seconds) for various
values of a

For fixed α and β in (2) the values of a, b, and ε are responsible for various types of
MMOs. The MMOs are characterized by the Farey sequence L

sk−1
k−1 L

sk
k L

sk+1
k+1 , where

Li and si are the numbers of LAOs and SAOs, respectively. Figure 6 illustrates many
typical cases that one may obtain from (2). The graphs were obtained by varying pa-
rameter a for the fixed values of b = 0.005, ε = 0.01, α = 1.5, and β = −1. Note that
due to the fact that a ∼ O(ε2), b ∼ O(ε2), x3(t) is the slowest of all three variables
and x1(t) is the fastest one. With the above chosen parameters, system (2) may be
called a three-time-scale system.

3 MMOs in Singularly Perturbed System (2)

The MMO phenomenon reported in several biological and chemical systems in re-
cent years seems not to be so common in electrical circuits. The detailed analysis of
MMOs in a three-time-scale system presented in [9] is based on the canard phenom-
enon [2, 7, 8, 15, 18]. Other tools used to explain MMOs are the subcritical Hopf
bifurcations, loss of stability of a Shilnikov homoclinic orbit, and a slow passage
through a delayed Hopf bifurcation [9].

Let’s begin with a brief description of the desingularized system in R3. The desin-
gularization process in R3 is as follows. Let ε = 0 and assume that the system

0 = g(x1, x2, x3),

x′
2 = f1(x1, x2, x3), (3)

x′
3 = f2(x1, x2, x3),
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satisfies the following conditions at a point (x∗
1 , x∗

2 , x∗
3 ) ∈ R3 [11, 13]:

g
(
x∗

1 , x∗
2 , x∗

3

) = 0, gx1

(
x∗

1 , x∗
2 , x∗

3

) = 0,

gx2

(
x∗

1 , x∗
2 , x∗

3

) 	= 0, qx1x1

(
x∗

1 , x∗
2 , x∗

3

) 	= 0,

{gx2f1 + gx3f2}|(x∗
1 ,x∗

2 ,x∗
3 ) = 0,

where gxi
is the partial derivative of g with respect to xi .

Then, the critical (constraint) manifold given by the first equation in (3) is given
locally as x2 = ψ(x1, x3) and from (3) we have

(
1 0
0 −gx1

)(
x′

3
x′

1

)
=

(
f2

gx2f1 + gx3f2

)
. (4)

The above system is called the reduced system. If we multiply the right-hand side of
(4) by −gx1 (time rescaling process) and then drop −gx1 from the second equation
in (4), then we obtain the corresponding desingularized system [12]

(
x′

3
x′

1

)
=

( −gx1f2
gx2f1 + gx3f2

)
. (5)

The motivation for forming the desingularized equations is the following. Because
of the assumptions made, system (5) has an equilibrium at (x∗

3 , x∗
1 ) and the phase por-

trait of (4) is obtained from that of (5) by reversing the flow of (5) on that side of the
fold (also called the impasse) curve where gx1 > 0. The usual equilibria of (5), such
as the saddles, nodes, and centers, are now called the pseudo-saddles, pseudo-nodes,
and pseudo-centers of (4), respectively. Thus, the analysis of the reduced equations
(4) is, in some sense, equivalent to that of two ODEs in (5) [14].

The complete analysis of the occurrence of MMOs, particularly with regard to
the Farey sequence Ls for (2), is not available at the present time. However, several
known facts and estimates of MMOs will be helpful in our analysis of (2).

(a) First, the MMOs occur in (2) if the origin (0,0,0) is a folded node of the desin-
gularized system (5). This happens if

4bα3/
(
27β2) − 1/(8α) < a < bα3/

(
18β2). (6)

The lower bound for a follows from the fact that (5) has a node at (0,0,0) (see
Fig. 7), and the upper bound results from the analysis of the return mechanism
described in [9]. For a > bα3/(18β2) the system (2) is in a pure relaxation mode
with LAOs only.

(b) Second, the period of small oscillations in the vicinity of the fold line (0,0, x3)

can be estimated by the purely imaginary eigenvalues of a linearized system (2)
from which we obtain ω = √

ε−1 − b; see Sect. 4 for details. Thus, the period of
a small oscillation is estimated to be T = 2π/

√
ε−1 − b.

(c) Third, the number of SAOs and the type of sequence Ls for fixed α and β depend
on the initial conditions and parameters a and b. The numerical results of the
occurrence of MMOs and the average s values for (2) are presented in the next
section.
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Fig. 7 Intervals of a for various types of responses of (2) with A = 4bα3/(27β2) − 1/(8α),
B = bα3/(18β2), and C = 4bα3/(27β2)

4 Analysis of MMOs in the Modified Chua’s Circuit

Linearizing (2) yields the Jacobian matrix

(
F ′(x1)ε

−1 −ε−1 0
1 0 −1
0 −b 0

)

, (7)

where F(x1) = αx2
1 + βx3

1 , and the eigenvalues satisfying the characteristic equation

λ3 + Pλ2 + Qλ + R = 0, (8)

where P = −F ′(x1)ε
−1, Q = ε−1 − b, and R = F ′(x1)bε−1.

The Hopf locus is obtained for R −PQ = 0, Q > 0, which yields F ′(x1) = 0, and
from (8) we obtain λ1,2 = ±j

√
ε−1 − b, λ3 = 0. Thus, the Hopf bifurcation occurs

at a = 0. See an example in Fig. 2, top panel, with

ω = Im(λ1,2) =
√

ε−1 − b = 9.9997. (9)

It is known that (8) has a pair of complex conjugate solutions if the following
condition is satisfied: Δ ≡ −4P 3R + P 2Q2 − 4Q3 + 18PQR − 27R2 < 0. For the
MMOs the third solution of (8) must be negative.

In the vicinity of the fold of the critical manifold we can approximate the system’s
dynamics by changing the coordinates

x1 = √
εx1, x2 = εx2, x3 = √

εx3, t = t
√

ε (10)

to obtain the following system from (2):

x′
1 = −x2 + αx2

1 + β
√

εx3
1,

x′
2 = x1 − x3, (11)

x′
3 = ε

(
a − bεx2

)
.

Since ε � 0, ignoring the terms with ε in (11) yields

x′
1 = −x2 + αx2

1,

x′
2 = x1 − xc

3

(12)

with xc
3 = const. By linearizing (12) we obtain oscillating x1 and x2 with frequency

ω = 1 (in t). Thus, the system (2) oscillates around the origin with ω = 1/
√

ε (in t),
which is very close to the estimate obtained from the λ1,2 above.
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Fig. 8 (Color online) The flow of the reduced system (4) near a folded node FN for a = 0.00035 and
b = 0.005. The x1 axis is the fold curve and the blue trajectory is the strong canard. All the black trajec-
tories are tangent to the weak canard at FN. The directions of the blue (angle 89.94◦) and black (angle
45.03◦) trajectories at FN are the eigendirections associated with λ1 and λ2, respectively. S1 and S2 are
two saddles with coordinates x1 = x3 and βx3

1 + αx2
1 = a/b. The sector bounded by the fold curve, the

solid orbits of S1 and S2, and the blue curve contains singular canards crossing FN from x1 < 0 to x1 > 0

The desingularized system (5) can be written as

x′
1 = x1 − x3,

x′
3 = (

a − bF(x1)
)
F ′(x1)

(13)

with the eigenvalues

λ1,2 =
{

1 ±
√

1 − 4
((

a − bF(x1)
)
F ′(x1)

)′}
/2.

System (13) has two folded singularities at (0,0) and (−2α/(3β),−2α/(3β)) (ob-
tained from F ′(x1) = 0 and x3 = x1). Further simplification of λ1,2 at these folded
singularities gives

λ1,2 = {
1 ± √

1 − 8aα
}
/2 at (0,0)

and

λ1,2 = 1

2

{
1 ±

√

1 + 8aα − 32bα4

27β2

}
at

(−2α

3β
,
−2α

3β

)
.



1084 Circuits Syst Signal Process (2010) 29: 1075–1087

Fig. 9 The flow of (2) for a = 0.00035, b = 0.005, ε = 0.01, α = 1.5, and β = −1 in the vicinity of the
folded node FN in Fig. 8 with the trajectory twisted around the weak canard

Fig. 10 (Color online) MMOs 17(cyan)18(red)17(pink) for (2) with a = 0.00035, b = 0.005

The singularity (−2α/(3β),−2α/(3β)) is a folded node if 4bα3/(27β2)− 1/(8α) <

a < 4bα3/(27β2). The analysis in [9, 18] shows that for any fixed b system (2) is
in the MMOs mode if a < bα3/(18β2). If we have bα3/(18β2) < 4bα3/(27β2) −
1/(8α), or equivalently b > 27β2/(20α4), then there are no MMOs since the max-
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Fig. 11 Lines of constant average s values obtained by numerical simulation of (2) with 10 or more
cycles 1s

imum value of a for MMOs falls in the range where (2) has a folded focus rather
than a folded node. For a > bα3/(18β2) MMOs cease to exist and (2) is in the pure
relaxation mode (10 oscillations). Figure 7 shows how various types of responses of
(2) depend on a.

The flow around the origin (point FN) of the reduced system is illustrated in Fig. 8.
The MMOs twisted around the weak canard of (2) in the vicinity of the folded node
FN in Fig. 8 are shown from various perspectives in Figs. 9 and 10. The sequence
171817 begins at point A and ends at B in Fig. 9.

Figure 11 shows the values of s obtained by numerical calculations. These s values
are the average values obtained by considering at least 10 cycles of the form 1s for
each pair of discrete points (a, b). It is well known that for certain sets of parameters
a and b, the dynamics of (2) can be of the form 1s11s21s3 with s1, s2, s3 being three
consecutive integers, not necessarily in an increasing or decreasing order. For exam-
ple, it is possible to have the sequence 131112. Such a sequence, for the purpose of
creating Fig. 11, is considered to be equivalent to the stable average 12 sequence, i.e.,
one LAO with two SAOs. Also, the third graph in Fig. 2 with the dynamics 1214 is
considered to be of the average type 13 and the first graph in Fig. 4 with the sequence
22 = 1012 is of the average type 11.

The numerically obtained Fig. 11 confirms the analytical estimation in [9] of the
lengths of the sectors of rotation, (or RSj , j = 0,1, . . .), for the secondary canard so-
lutions, i.e., solutions with small oscillations. These lengths are estimated to be con-
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stant and independent of s, the number of small oscillations. The lengths are equiv-
alent (for fixed values of a) to the distance between the straight lines of constant s

values. However, for an increasing s (roughly speaking, for s > 5 in Fig. 11) one can
see a uniform decrease of the distance between the lines of constant s for a fixed value
of a. This is expected due to high-order corrections. Krupa et al. [9] estimate the con-
stant length of RSj in terms of the change of variable x3 as �x3 ∼ 2aε3/2

√−2 ln ε.
Our numerical calculations also confirm the conjecture in [9] that Ls with either

L > 2, s ≥ 2 or L ≥ 2, s > 2 is not possible for (2).

5 Conclusions

We have analyzed modified Chua’s circuits with MMOs. The MMO mechanism is
due to the presence of a nonlinear resistor with a cubic nonlinearity, linear controlled
element, and a constant source. The linear controlled element and the constant source
determine the Farey sequence Ls of MMOs. The existence of MMOs can be ex-
plained as a combination of the singular canard solutions at a fold point, canard ex-
plosion, relaxation oscillations, and a special return mechanism.
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