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Abstract This paper studies the problem of controller failure analysis for a class of
interval time-varying delay systems with a predesigned state feedback controller. Our
objective is to establish conditions concerning controller failure time, under which the
systems still keep exponentially stable. For this purpose, the systems with controller
failures are first formulated as a class of switched delay systems. Next, based on a
piecewise Lyapunov functional method, the exponential stability of such systems is
guaranteed by restricting the unavailable rate and failure frequency of the controller.
All the results are presented in terms of linear matrix inequalities. Two examples are
provided to demonstrate the effectiveness of the proposed technique.
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1 Introduction

Controller failures are frequently encountered in practical control systems due to var-
ious factors [21-24]. One reason is that the data is not transmitted smoothly over the
unreliable links, such as in packet dropout in networked control systems [25]. Fail-
ure can also occur when we suspend the controller purposefully in a positive way.
In [21], exponential stability of feedback control systems with occasional controller
failures is guaranteed by using a piecewise Lyapunov functional method. The corre-
sponding result was extended to linear time-invariant discrete-time systems [22]. The
corresponding method was also used to deal with Ly gain analysis [23] and dynam-
ical output feedback [24]. However, in all the above results, time delay is not taken
into account, and it is often a source of instability and performance deterioration
[1,4-7,10, 11, 18-20]. In particular, systems with interval time-varying delay are
important, where the lower bound of the time-varying delay can vary in a time inter-
val [6, 7, 16, 17]. The interval time-varying delay contains a time-invariant delay and
a time-varying delay, where the lower bound of the time-varying delay is restricted
to be zero. Nevertheless, controller failure problems for systems with interval time-
varying delay are obviously more challenging and important issues, because unstable
subsystems occur in engineering applications and in practical systems; there are many
systems with interval time-varying delay such as networked control systems [20]. For
example, a controller is designed to stabilize a networked control system with inter-
val time-varying delay, which is an open-loop unstable system. Due to certain factors,
the controller fails for some time such that the system is open loop and unstable until
the controller resumes working. A system with such a process can be looked upon
as a switched system, consisting of a stable subsystem (the closed-loop system with
stabilizing controller) and an unstable subsystem (the open-loop system without the
stabilizing controller). To date, controller failure problems for systems with interval
time-varying delay have not been fully investigated yet due to some difficulties. In this
paper, we overcome two main difficulties in dealing with controller failure problems
for systems with interval time-varying delay. One is the system model description.
It is assumed that the designed controller can stabilize the system and that the com-
plete breakdown of the controller causes the system to be unstable in a time interval.
Using the idea of switched control, the systems with control failures are modeled as
one kind of switched system (see, for example, the survey papers [3, 8, 13], recent
books [9, 14] and the references [12, 15, 26]. Then, the stability problems of the con-
sidered systems can be reduced to the corresponding problems for switched systems,
for which many results are available in the literature. The other difficulty is stability
analysis for the proposed new model. Two lemmas are first given to reflect the change
property of Lyapunov functionals. Then, based on a piecewise Lyapunov functional
method, exponential stability criteria for switched delay systems are developed under
certain conditions of unavailability rate and failure frequency of the controller.

The paper is organized as follows. In Sect. 2, the model description and preliminar-
ies are given. Section 3 presents two lemmas and the main results in this paper. Two
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examples are provided in Sect. 4 to show the effectiveness of the proposed methods.
The conclusions are drawn in Sect. 5.

Notation The notation used in this paper is fairly standard. P < 0, Apax(P)
(Amin(P)) and * denote a negative definite matrix P, the maximum (minimum) eigen-
values of P and the symmetric terms in symmetric matrices, respectively.

2 Model Description and Preliminaries

Consider the following delay system:

X(1) = Ax(t) + Ex(t —di (1)) + Fu(1),
x(0)=¢®), 6¢el[—h20]

ey

where A, E and F are constant matrices with the appropriate dimensions. x(¢) € R"
is the system state and d (¢) denotes an interval time-varying delay satisfying

hi<di(t) <hy,  di(t)<d,, 2)

where hy > h1 > 0 are scalars representing the upper and the lower bounds of the
time delay, respectively. ¢ () is the initial vector function, which is continuous on
the segment [—h>, 0].
For system (1), the following assumptions are made throughout the paper:
(A1) When u(t) =0, system (1) is unstable.
(A2) A state feedback controller u(t) = Kx(t — da(t)) has been designed to stabilize
system (1), where d»(¢) denotes the interval time-varying delay satisfying

hy<dy(t) <hs,  da(t) <dy A3)

where h4 > h3 > 0 are scalars representing the upper and the lower bounds of
the time delay, respectively. Then, the resulting closed-loop system is

X(1) = Ax(1) + Ex(t —di (1)) + Bx(t — da (1)),
x(0)=9¢©), 0el[-1,0],

“

where B = FK and t = max{h;, h4}.

(A3) Lettg<t; <--- <ty,k=0,1,... denote the switching points during [0, #).
The designed controller u(¢) is available during [tok, tok+1), Kk =0,1,2,...,
while it fails during [f2x+1, f2k+2). Moreover, it finally resumes working when
t € [f2x+2, 00).

Remark 1 Assumption (A1) shows that the unforced system (1) is unstable. Assump-
tion (A2) means that system (1) can be stabilized by state feedback controllers. In As-
sumption (A3), it is shown that the controller may fail over some time interval until
it resumes working. For example, in networked control systems over Internet-type or
wireless networks, the controller is prone to failure due to unreliable communication
links, that is u(t) = 0.

BIRKHAUSER



392 Circuits Syst Signal Process (2009) 28: 389-407

Using the above assumptions, we formulate system (1) with controller failures as
a class of switched delay system described by

X(1) = Ax(t) + Ex(t —di (1)) + Boyx(t — da (1)),
x(@)=¢©), 6el-1,0],

&)

where o () : [0,00) — N = {l1,2} is the switching law which is a piecewise con-
stant function; subsystem 1 denotes system (1) with the controller available while
subsystem 2 denotes it without the controller, that is, By = FK, B> = 0. Then, such
switched delay systems are composed of a stable subsystem and an unstable one.

Definition 1 [15] The equilibrium point x* = 0 of switched delay system (5) is expo-
nentially stable if there exist y > 1 and A > 0 such that the solution x () of system (5)
satisfies

|x@) | < v x| ,e™ 7, Vi =1, (6)

where | o || denotes the Euclidean norm and |x(#)]lg = max_r<g<o{llx(t + 0)],
X +6)l}.

Definition 2 Let N.(fg,t) and T.(tp,t) denote the number and the total time in-
terval of controller failure during [f9,t) while fn(to,?) = N.(to,t)/(t — tp) and
fr = T.(tp,1)/(t — t9) are referred to as the failure frequency and the unavailable
rate of the controller.

The objective of this paper is to find conditions concerning fy and fr, under
which system (1) with occasional controller breakdown (u# = 0) is still exponentially
stable in the sense of (6).

3 Stability Analysis

In this section, the exponential stability criterion of system (5) is presented. First,
based on the Lyapunov functional method, we address exponential estimations of the
Lyapunov functional of subsystems 1 and 2, respectively. Then, delay-dependent ex-
ponential stability of the entire system is guaranteed by using the piecewise Lyapunov
functional method.

For subsystem 1 of system (5), which is also denoted by (4), we select the Lya-
punov functional candidate as

4 ot
Mo =xTOPx0+ Y [ T 0t ds
=1 Y1

0 t
+ / f #T(5)e*¢D 7, 1x(s)ds do
—hy Jt+60
—h t
+ / T (5)e*S ™D Z 2% (s) ds do
—hy t+60
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0 t
+ / / #T(5)e*¢DZ3x(s)ds do
—hy Jt+0

_h3

t
+ f #T(5)e*S ™D Z14%(s) ds do
—hy t+60

t
+/ xT(£)e* D Q15x(s)ds
t

—di (1)

t

+ / xT()e07) Q16x(s) ds, @)
t—dy (1)

where P; >0, Z1, >0, 01; >0, j=1,2,...,6,k=1,2, 3,4 are symmetric matri-

ces.

Lemma 1 Under (2) and (3), for some positive scalars «, hy, di and dy, system (4)
is exponentially stable if there exist symmetric matrices Py > 0, Z1; > 0, Q1 > 0,
j=1,2,...,6 and matrices Y1, T1k, L1k, k =1, 2,3, 4 such that

21 Ry
[* _Sl}<0. ®)
Then, we have
Vi) <e 0V (1), ©)
where
—9011 P12 @13
21=| * ¢4 0 |,
L * * Q15
"Ly —Tn Lz =Ti3 Yn Tn Lu Y3 Tiz Liz ATU;
Ri=|Lz2 -T2 O 0 Yo Tin Lip O 0 0 ETU] ,
0 0 Ly -Tis O 0 0 Yy Ty Lig BTU1

o [a—ah —ah —ah —ah -1
Sp = diag{e™*" Q11,67 Q12,67 Q13,67 Q4. Hyy, Z11,

-1 -1 —1 -1 -1
Hyy, 23, Hyy, 212, Hygy 213, HyyyZas Hyyy 214, Uy }

eO{hz _ eothl eahZ —1
Hllaziv HlOazi»
o o
e(xh4 -1 eah4 _ e(xh3
Hipp = ——, Hip=——"——
o o

Ui =h2Z11+ (ha —h1)Z12 + haZ13 + (ha — h3) Z1a4,
Zy=Zu+7Zn,  Zs=Ziz+Zu,

6
ori=PIA+ATPI+) Qi+ Yu+ Y +Y3+Y5+eP,

i=1
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¢1o=PE—Y +Y5+T1—Li, o13=P1B = Y13+ Y, +Ti3 — L3,

pra=(d — e M Qs — Y — Y5+ T +T5 — L1 — LY,
p15=(dr— e Q16— Yig = Y}y + Tia+ Ty — Lia— L],
Proof Along the trajectory of system (4), taking the derivative of (7), we have
Vi) =2xT () Pix(t) + xT()aPix(t) —aVi(t)
+xTOQux() = xT(t — h)e ™M Quix(t — hy)
+ 3T Qu2x(t) — xT(t — hp)e ™ Quax(t — hy)
+ 3T Q13x(t) — xT(t — h3)e ™ Qu3x(t — ha)

+xT(0) Q1ax(t) — xT(t — ha)e " Qax(t — hy)

+xT(1) Q1sx(t) — (1 — di())xT(t —di(1))e ™MD Qy5x(r — dy (1))

+xT(1) Q16x(t) — (1 — do()xT (t — da(1))e ™2V Q16x (1 — da (1))

t
+ hox T () Z1 1% (1) — / #T(5)e®¢ D71 x(s)ds
t—hy

t—hy
T (hy — h)AT () Z1ak (1) — / ()0 Z 1 (s) ds

t—ho

t
+ hax Y (1) Z13x (1) — / #T(5)e* ™D Z 3% (s) ds
t—hy
t—h3
iT(5)e*CD 745 (s) ds.

+ (ha — h3)XT (1) Z14% (1) — /

t—hy

The following Leibniz—Newton formula is introduced:

[xT®) Y1 +xT(r — di(0))Y12]

t
X [x(t)—x(t—dl(t))—/ )'c(s)dsi| =0,
t—dy(t)
[xT ) Ti1 +xT(r — di (1)) Th2]
r t—d;(t)
X x(t—dl(t))—x(t—hz)—/ )'c(s)ds] =0,
L t—hy
[xT) Ly +xT(t — di(0))L12]
B t—hy
X x(t—hl)—x(t—dl(t))—/ )'c(s)ds:|=0,
L t—d (1)
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[XT(I)YB + xT(t —dy(1))Y14]
r t
x | x(t) = x(1 — da (1)) —/ )'c(s)dsi| =0, (14)
L 1—d> (1)
[T T3 + (1 — da(1) Th4]
r t—dy(t)
x x(t—dz(t))—x(t—h4)—/ )'c(s)ds] =0, (15)
L t—hy
[xT(®) L1z +x"T(r — () L14]
B t—h
x x(t—h3)—x(t—d2(t))—/ d;))%(s)ds] =0, (16)
L t—dy(t

where Y1k, Tk, L1k, k = 1,2, 3,4 are matrices with appropriate dimensions, called
the free weighting matrices [19]. They are used to express the relationship between
the terms in the Leibniz-Newton formula and can be determined by solving the cor-

responding linear matrix inequalities (LMIs).
For the integral terms of (10) and (11), we get

t t

2[xT(Hrn +xT(t—d1(t))Y12]/ )'c(s)ds+/
t—d (1) t—d (t)

t t
=/ YT(e““*f)zn)*‘Yds—f LY (e*Zy)”
t—di (1) t—d (t)

> —Hiak{ OV 27, YTE1(0),

where

do=0"0 Me-awm],  =[r rh],
YTZEF([)YI +)'CT(S)G(X(S_Z)Z“.

By using similar methods to those above, from (10), (12)-(16), we get

t—d; (1) t—d (t)
f #T()e®C D71 x(s)ds + f iT(5)e*CDZ 1,5 (s)ds
t—hy t—hy

t—d (1)
+2[xT O T +xT(t — di (1) Th2] x/ X(s)ds

t—hy
T —1pT
> —Hu b O (Zn + Z) Ty &),
t—hy t—h

Z[XT(I)LH +xT(t —di (t))le],/ d ()).C(S)ds +./ d (l)
t—dy (1 t—dy (¢

> —Hiatf (L1 235 LTE (1),

)’CT(S)ea(57

DZ11x(s)ds

'YTe (1) ds

a7

(18)

#T(5)e®C D Z 55 (s)ds

19)
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t t

2[xT )Yz +xT(t - d2(t))Y14]/ X(s)ds +/ £1(5)e* D Z13%(s) ds
t

t—d> (1) —d (1)
> —Hioky (Y2213 Y2 6a(0), (20)
t—do (1) t—d(t)
f #T()e®C D Z 3% (s)ds + / iT(5)e*CDZ14x(s)ds
t—hy t—hy
t—dy (1)
+2[x" T3 +xT(t — da (1)) Th4] x/ X(s)ds
t—hy
> —Hiky OT(Zi3 + Z1a) "' T 6(1), (21)
t—h3 t—h3
2[xT @)Lz +x7 (¢ —dz(t))L14]/ X(s)ds +/ iT(5)e*C7DZ 4% (s) ds
t—d(1) t—dy(t)
> —Hypés (VL2 Z LY6 ), (22)

where

rf=[r 1], Li=[L], LL,] &Ho=[x"®) T¢-de)]
T T T T T T T T T

Y, Z[Y13 Y14]’ T, Z[TIS T14]’ L Z[L13 L14]-

Substituting (11)—(16) into (10) and using (17)—(22), we have

Vi) +aVi(t) < sT(1)O15(1), (23)

01 =2+ AU A+ HzoaYlaZfllYlTa + HZIaTlaZ;ITEZ + H2laLlaZf21LTa

+ HZObYIbZBI Yh + szleZ;1 Y + HzlbleZ;;l L},

Co11 ¢12 913 Ly =T L3 —T3
* ¢4 0 L —Ti2 0 0
* % Q15 0 0 Ly —Tia
Q=] * * x  —e *MQy 0 0 0 ,
* * * * —e 20y, 0 0
x * * * * —e 05 0
L * % * * * * —e_“h4Q14_
- () T
x(t —di(1))
x(t —da(1))
sM=| x@t—=hy) |,
x(t —hy)
x(t — h3)
L x(t —hy) _

vL,=[yy YL o 0 o o o]
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Tla [T} T, 0 0 0 0 0]
[LT, LT, 0 0 0 0 O]

[
(715
L?hZ[L1T3 Ly 0.0 0 0 0]
A=[A E B 0 0 0 0].

Ylb

vyL v 0 0 0 0 0]

Th = 7L, 0 0 0 0 0],

Thus, it follows from Schur complements [2] that @; < 0 is equivalent to (8). Then,
it is obvious that

Vi(t) +aVi(r) <0. 24)

Furthermore, by integration, the inequality (9) is obtained, which completes the
proof. U

Remark 2 1t is clear to see that Lemma 1 implies exponential stability of the normal
time delay systems. According to (7), it is true that

ar|x|> <Vvi@), Vit <bi|xo)|2 (25)
where
ai = Amin(P1),
b1 = Amax(P1) + (1 — e ") kmax (Q11) /et
+ (1= ") (Amax (Q12) + Amax(Q15)) /et
+ (672 + ahy — 1) Amax (Z11) /0
+ (€72 + ahy — ™M — athy)Amax(Z12) /0
+ (1 —e™") Amax (Q13) /et
+ (1= e7") (Amax(Q14) + 2max (Q16)) /¢
(

+ (€7 + ahy — €7 — ah3) Amax (Z14) [0,

Combining (9) and (25) yields

[x] < f S EYCO] (26)

Then, system (4) is exponentially stable. Moreover, if @ = 0, which means asymp-
totical stability, the results obtained by Lemma 1 are found in [6]. Thus, Lemma 1 is
also applicable to normal interval time-varying delay systems.
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Since By = 0, subsystem 2 of system (5) can be rewritten as

X(1) = Ax(1) + Ex(t — d (1)),

x(0)=$©). 6€l—h.0] @7

and the Lyapunov functional candidate is chosen as
4
i) =xTOPx )+ ) / xT(5)eP =9 0yix(s) ds
i=1 J1hi

0 t
+ / / #T(5)eP=9 75,5 (s) ds dO
—hy Jt+6
—hy

t
+ / 1) 75y % (s) ds dO
—hy t+6

0 t
+ / f 1T(5)e®6™ Zy3%(s) ds do
—hy Jt+60
7h3 t
+ / / 1 T(5)e?6™ Zou% (s) ds do
—hy t+0
t
+ / xT($)ePU9) 0rsx(s) ds
1—di (1)
t
+ / xT(5)e*C™D Ooex(s) ds, (28)
t—ds (1)

where P, >0, Zoxy >0 and Q2 >0, j=1,2,...,6, k=1,2,3,4 are symmetric
matrices.

Lemma 2 For (27) under (2) and given B > 0, if there exist symmetric matri-
ces P, >0, Zyxy >0 and Q2 >0, j=1,2,...,6 and matrices Yo, Tox, Lok,
k=1,2,3,4 such that

2, R
|: N _S2]<0, (29)
then one can have
Va(t) <PV (1), (30)

where
©21 Y22 P23
2= * @u 0 |,

* * @25
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Ly —Ty Ly —Ts Yo Ty Ly Y3 Tz Ly AU,
Ry=|Lyp —-T»n O 0 Yoo Tp Ly O 0 0 ETU, |,
0 0 Ly —-To4 O 0 0O Yy T4 Ly B Ty )

S> = diag{e "1 Q21,72 00y, e 73 023,674 Qo4 Hy!l Zo1,

—1 -1 -1 -1 —1
Hy1, 25, Hy 222, Hy, 223, Hy,y, Z6, Hy 204, UZ}’

| — b e—Bhi _ o—Fh2
Hyoa = 5 Hyla = 5
1 — e Bha e Bhs _ o—Bh4
Hyp = ———, Hyp=—"—7—",
p B

Uz = haZy1 + (ha — h1)Zoo + haZoz + (hg — h3)Zo4,

Zs =201+ Z», Zo =223+ Zoa,
6
21 = P2 A+ AP+ Y 0o+ Vo1 + V) + Y3 + V5 — Py,

i=1
9 =PE-—-Y+ Ysz + 151 — Loy, @03 =PB — Y+ YZE + T3 — Lo3,
924 = (di — e’ Qo5 — Yoy — V) + Ty + Tpy — Lon — L3,
025 = (dy — 1)’ Qo6 — Yos — Yoy + Tag + Ty — Log — L3y,

Proof The proof is similar to that of Lemma 1. Thus, it is omitted. O

Remark 3 Note that Lemmas 1 and 2 present the decay and growth estimations of
Vi(¢) and V,(t), respectively. Their sufficient conditions are given in the form of
LMIs.

Theorem 1 Under (2) and (3), given o > 0, 8 >0, hy >0, dy >0 and n > 1, if
there exist symmetric matrices P, >0, Qpi >0, Zpr > 0, p € N satisfying

Ps<uP, Qs =<pnQu, Zg=<uZyg, Vs,leN 3D

and matrices Ypi, Tpi, Lpk, k=1,2,3,4,i =1,2, ..., 6 such that LMIs (8) and (29)
hold, then system (5) is exponentially stable under such conditions, satisfying

f <oc——oc* * (0 32
TSt p " €(0,x) (32)
and

I = YR ap € (0, a™). (33)
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Then, the state decay of system (5) can be estimated as

b
ROIE FH Jxwl, 34

where ) = (a* — o) /2, g = e@TPmaxthyha}

Proof We choose the following piecewise Lyapunov functional candidate:

Vi(ta), if t € [tor, tok+1),
Vo) (1) = { (35)

Vatok+1), if t € [t2k+1, L2k42),
where k =0, 1,2, ...,00. Vi(¢) and V»(¢) are defined in (7) and (28), respectively.
From (31), it is obtained on the switching point ¢ that
Vi) <uVa(r7), Va(t) < pupiVi(t7), (36)

where 1~ = lim;_,; . Noting (A3), based on Lemmas 1 and 2, by induction during
t € [tok+2, 00), we have

Vi(r) < e U2 V) (1) 4) < e @022y (tz_k+2)
< e—a(f—t2k+2)Melg(lzk+2—12k+l) Va(tors1)

< e—a(t—’2’<+2),uzuleﬂ(t2k+2_t2k+l)vl (t2_k+l)

< e—ot(t—tzku)'uZMleﬁ(t2k+2—tzk+1 ) e~ (k1 —12k) v (t27<+1)

< e TP O Y (7). (37)
From (32), it holds that

—a(t — 19— Te(t0. 1)) + BT (10, 1) < —&™ (t — 1o). (38)

Notice Definition 2, N.(ty, t) = k+ 1 for t € [tax12, 00); then from (33), it is obtained
that

M2(k+1)MI]<+1 _ H2Nf(to,t)M§Vr(10J) < e0(t=to) (39)
Combining (37), (38) and (39) yields
Vi) < e” @m0 =0y, (1), (40)

Combining (25) and (40) leads to (34). The proof is completed. Il

Remark 4 Note that to obtain © with respect to the failure frequency of the controller
fn, we first solve LMIs (8) and (29), then find & according to (31). This method may
lead to a larger . Another method is that we first select a known constant p, and
then solve (8), (29) and (31) simultaneously. If these LMIs have no solutions, a larger
 will be selected to yield a solution. On the contrary, if a solution is found, a smaller
w will be chosen. So, a proper i could be obtained.
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Remark 5 Note that Theorem 1 considers the case where the derivative of the interval
time-varying delay is bounded by (2) and (3). As for the delay-derivative-free case,
however,

0<hy <di(t) <hy, 0<h3 <dy(t) < hy. 41)

Theorem 1 is still applicable, provided that the terms containing Q15, Q16 in (8) and
025, 026 in (29) are removed. On the other hand, Theorem 1 assumes that the delay
in state and control input are different. Nevertheless, when they are the same, that is,
when h1 = h3 and hy = hy, similar results can be obtained if the terms concerning
d> (t) are removed.

4 Numerical Examples
In this section, two examples are given to show the effectiveness of the proposed
methods. Example 1 is for the case of (2) and (3) and Example 2 is for the case

of (41).

Example 1 Consider system (1) under (2) and (3) with

02 0 -1 0 0
Az[o 1.1] E:[—l —1] F=[1]
hi =01,  hy=05 di=20.

System (1) is assumed to be controlled through a network by a feedback controller
u(t) = Kx(t —d(t)), where K =[0.4 —0.3] and h3 =0.3, hy =0.9, d» =3.0. Un-
der initial state ¢ () =[10 5]T, 6 € [—0.9, 0], the state trajectories of system (1) with
and without the controller are shown in Figs. 1 and 2, respectively. Figure 1 shows that
the designed controller can stabilize the resulting closed-loop system, which implies
that Assumption (A2) is satisfied. Figure 2 depicts the state response of the system
when u(¢) = 0. It is easy to see that the open-loop system is unstable, that is, assump-
tion (Al) is satisfied. Therefore, system (1) can be transformed to (5). Under this
mode, applying Theorem 1 with @ =0.22 and g = 0.39, the corresponding matrices
are obtained as

p _ | 40469 —0.3935 0, = | 05174 —0.0017
"= -03935 0.5530 | H=1-0.0017 0.0012 |’
01— | 05767 —0.0018 01— [ 04678 0.00017
271 -0.0018  0.0009 |’ =1 0.0001 0.0007 |’
_[0.4891 0.0001 _ [ 0.2124  —0.0001 ]
Q14=10.0001 00006 | 25| 00001 00001 |
01— | 01730 —0.0004 4 _[ 29277 0.1562]
1= -0.0004 0.0000 |’ "= o562 2.8221 ]
4o [ 07213 00227 S| 20010 —1.1354
27100227 00371 |’ B=| 11354 08734 |
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Fig. 1 State response of
system (1) with the controller
(Example 1)

State

Fig. 2 State response of
system (1) without the controller

(Example 1)
(O]
is)
©
is)
9]
4. _ [ 06272 —0.0108
4= -0.0108 0.0246
0, | 0:6266  —0.0020
271 -0.0020  0.0024
0y = [ 05770 0.0001
#7=10.0001 0.0014 |’
0,5 — | 0:2626  —0.0002
» =1 -0.0002  0.0001
4 [ 19893 —0.0269
171 -0.0269  1.2602
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Fig. 3 State response of
system (1) with controller
failures (Example 1)

- X1 (t)
— - %0

= o)

State

N - S~

0 500 1000 1500 2000
Time/sec

S [ L1185 05023 4. [ 06985  —0.0204
B=1-05023 05062 |° %=1 .0.0204 0.0491 |

Furthermore, it is obtained from (31) that u = 2.7. From (32), selecting o™ =
0.02 yields fr < 1/3, which means that the controller failure time is not more than
1/3 of the total time. Given g = 0.01, it holds from (33) that fy < 0.0039, which
implies that the controller failure frequency is permitted to be 0.0039. Thus, if the two
conditions are satisfied, then system (1) is exponentially stable with the state delay

|x@)] <3.6754e 01 | x(0) .-
Choose the following switching signal:

1, telIl=10,700]U [1000, 1300] U [1600,2000],

o(t) :{
2, t€[0,2000]/11,

which satisfies the restriction conditions. In this switching signal, the total time and
the number of controller failures are 600 seconds and 2 times, respectively. Figure 3
gives the state trajectories of system (1) under o () in 2000 seconds. Comparing the
state responses in Figs. 1 and 3, it can be observed that the states of system (1) are not
seriously affected for a less unavailable rate and failure frequency of the controller.

Example 2 Consider system (1) under (41) with
0.5 0.1 —-0.3 0 1
A:[o 0.8]’ E:[—o.z —1.1] F:[o]
h1 =0.1, hr, =0.8.
A state feedback controller u(z) = Kx(t — d>(¢)) has been designed, where K =

[—0.4 0.2] and h3 = 0.3, hq = 1.0. The controller stabilizes system (1) over an unre-
liable path. Under initial state ¢ (6) = [12 91T, 9 € [—1.0, 0], the state trajectories of
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Fig. 4 State response of
system (1) with the controller
(Example 2)

Fig. 5 State response of
system (1) without the controller
(Example 2)
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system (1) with and without the controller are shown in Figs. 4 and 5, respectively.
Figure 4 shows that the designed controller can stabilize the system. This implies
that the resulting closed-loop system is stable. Figure 5 depicts the state response
of the system when u(#) = 0. It can be clearly seen that the open-loop system is un-
stable. Then Assumptions (A2) and (A1) are satisfied. Therefore, system (1) can be
formulated as (5). By applying the methods mentioned in Remark 5 with & = 0.15,
B =0.41 and p = 4.35 to solve this problem, the obtained results are

0.1054
P 12[0.0204
01— 0.0024
1271 0.0002

BIRKHAUSER

0.0204 0.0021
} , Q11 = [

0.1755

0.0032

0.0002

0.0001

0.0002 0.0018
} , O13= [

0.0002
0.0028 |’

0.0001
0.0035 |’
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Fig. 6 State response of 15
system (1) with controller _ x1 ()
failures (Example 2)

State

0 1000 2000 3000
Time/sec

01— | 0:0020  —0.0001 4. _[0.1176 0.0818
4= -0.0001 0.0038 |’ "= 10.0818 05119

[0.0130  0.0004 | Zis _[ 0.1268 —0.0475]

£12=10.0004 0.0156 | —0.0475  0.0354

[0.0110 0.0008 ]
Ziy = R P, = |:

| 0.0008 0.0169

0.0637 0.0021
0.0021 0.0708 |’

0, — | 00067 0.0006] 0yy — [ 0:0074 0.0007
1= 10.0006 0.0086 | 2271 0.0007 0.0098 |’

_ [0.0057 0.0002 _ [ 0.0064 —0.0002
9= 00002 00105 |  <2%=| 00002 00115 |
4, _[00703 0.01457 4., _ [ 00328  —0.0001

7100145 0.1427 ) 27 -0.0001 0.0329 |’
4. _ [ 00687 00123 _[0.0289 0.0009

P71 -0.0123 0.0362 |’ #710.0009 0.0353 |

Furthermore, according to (32), selecting o* = 0.02 leads to fr < 0.23. Given o9 =
0.01, it holds from (33) that fy < 0.029. Thus, system (1) is exponentially stable
with

|x@)] < 1.7055¢ %% | x (0) .

if the conditions fr < 0.23 and f < 0.029 are satisfied with the following switching
signal:

1, telIl=10,400]U [600,900] U [1200, 1400] U [1600, 3000],

o(t)= {
2, te][0,3000]/11,

which means that the total time and the number of controller failures are 700 seconds
and 3 times, respectively. Figure 6 gives the state trajectories of system (1) under
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o (t) in 3000 seconds. It can be seen from the comparison of the state responses in
Figs. 4 and 6 that the state responses of system (1) do not degenerate seriously for
a less unavailable rate and failure frequency of the controller. It follows from the
preceding two examples that the systems with controller failure still remain stable
under a certain failure frequency and an unavailable rate of the controller. We also
find that Theorem 1 is applicable to both cases, where the derivative of the time delay
is either known or unknown.

5 Conclusions

This paper has studied the problem of controller failure for systems with interval
time-varying delay, which are controlled by a predesigned state feedback controller.
Using the idea of switched control, this problem is first converted into a stability
analysis problem for a class of switched delay systems composed of both stable and
unstable subsystems. Then, two lemmas have been developed to reflect the change
property of the Lyapunov functional for each subsystem. Finally, based on the piece-
wise Lyapunov functional method, a class of switching laws has been proposed to
guarantee exponential stability of the switched delay system. We have also extended
the results to the case where there is no restriction on the derivative of the interval
time-varying delay, which allows a fast time-varying delay. Simulation results have
been provided to illustrate the effectiveness of the proposed methods.

Acknowledgement This work was supported by the National Natural Science Foundation of China
under grants 60534010 and EPSRC (EP/F029195), UK.
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