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Abstract In this paper, we consider a class of two-dimensional (2-D) local state-
space (LSS) Fornasini-Marchesini (FM) second models with delays in the states,
and we study delay-independent and delay-dependent Hy, control problems via out-
put feedback. First, based on the definition of Hy, disturbance attenuation y for 2-D
state-delayed systems, we propose a delay-dependent bounded real lemma. Specif-
ically, a new Lyapunov functional candidate is introduced and free-weighting ma-
trices are added to the difference Lyapunov functional for 2-D systems possessing
two directions. Then delay-independent and delay-dependent output feedback H,
controllers are developed that ensure that the closed-loop system is asymptotically
stable and has Hy, performance y in terms of linear matrix inequality (LMI) feasi-
bility. Furthermore, the minimum Hy, norm bound y is obtained by solving linear
objective optimization problems. Numerical examples demonstrate the effectiveness
and advantages of the LMI approach to Hy, control problems for 2-D state-delayed
systems.
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1 Introduction

Along with the increasing development of modern industry and civil economy, one
must deal with an increasing amount of multivariable systems and multidimensional
signals, most of which are expressed as two-dimensional (2-D) discrete-system mod-
els [11]. These applications provide a rich engineering physical background for 2-D
system theory. When controlling a real plant, it is also desirable to design a control
system which is not only stable, but also guarantees an adequate level of performance,
such as Hy, control [3], guaranteed cost control [7] and Hs, mode reduction [19], for
2-D discrete systems.

The existence of delays is frequently a source of instability, and much work has
been done in this area [1, 13, 17], especially for networked control systems (NCSs)
[18]. Current efforts to achieve robust stability for one-dimensional (1-D) time-delay
systems mainly focus on the delay-dependent criteria [9, 10, 21], which include in-
formation on the size of the delay. In general, the delay-dependent stability condi-
tions are less conservative than the delay-independent ones, especially when the size
of the delay is small. Recently, Xu and Lam [21] and He et al. [9] devised a new
method that uses free-weighting matrices to express the relationships among terms in
the Leibniz—Newton formula. This method overcomes the conservatism that results
from the descriptor model transformation approach [4]. Because the states are not
fully measurable, it is important to solve the stabilization and H, control problems
via output feedback. The 1-D output feedback Hy, control problem was extensively
developed in [22] and the references cited therein.

The need for 2-D stability and stabilization problems was motivated by the prac-
tical relevance of 2-D discrete linear systems with delays [5]. Most results for the
2-D problems focused on systems without delays, though for specific stability, con-
trol and filtering problems of 2-D state-delayed systems were considered in [14—16]
and [2, 20], respectively. It is only for convenience and for the avoidance of analyti-
cal, structural and computational complexities that there are no delay-independent or
delay-dependent Hs, output feedback control results for 2-D systems.

The delay-independent and delay-dependent H, control problem for 2-D state-
delayed systems in this paper is to design dynamic output feedback controllers ensur-
ing the Hy, disturbance attenuation y. First, a delay-dependent bounded real lemma
is presented, which can be transformed into a delay-independent one. To avoid the
complex result for two different directions changing at the same time in 2-D systems,
a new Lyapunov functional candidate is introduced and free-weighting matrices are
added to the difference Lyapunov function. Then, 2-D H, controllers are designed
through the solvability of linear matrix inequalities (LMIs). Furthermore, optimiza-
tion problems consisting of LMIs are proposed to solve the minimum H, disturbance
attenuation y. Numerical examples demonstrate the effectiveness of our results. The
delay-dependent H,, controller design guarantees a smaller Hy, performance y than
the delay-independent one and is still effective when the delay-independent one is
infeasible.
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2 Bounded Real Lemma

Consider the well-known 2-D Fornasini—-Marchesini (FM) local state-space (LSS)
second model with state delays in each of the two independent directions of informa-
tion propagation

x(+1L,j+D)=AxG+1,j)+Ax@, j+ 1)+ Ax@+1,j—dy)
+Ayx(i —dr, j+ 1)+ Bio@+1,j)+ Bw(, j+1), (1)
z(i, j) =Cx(, j) + Dw(, j) @)

where x (i, j) € R" is the state input, w(Z, j) € R™ is the bounded noise disturbance
which belongs to I, z(i, j) € R? is the control output and i, j € Zt. A, Ard, Bk
(k=1,2), C and D are constant matrices with appropriate dimensions. Here, d; and
d, are constant positive scalars representing delays along the vertical direction and
horizontal direction, respectively.

The boundary conditions are assumed as

{xG, )H=wij}, Vi=0; j=—d\,—di+1,...,0,
[xG. )=vi;}, Vji=0i=—dy,—dr+1,...,0, @oo = Yo0.

The Hy performance measure for 2-D system (1)—(2) with zero boundary condi-
tions (pio = ¥,; = 0) is defined as follows.

3

Definition 1 (Paszke et al. [15]) 2-D state-delayed system (1)—(2) with zero bound-
ary conditions is said to have Hy, disturbance attenuation y if it is asymptoti-
cally stable and has Hy performance y, ie. |z]> < y|ol2, where z = [z] z1]T,
w=['(+1, )0, j+ DT, z1 =2G+1, ), z2 = z(i, j +2) with the l,-norms
defined by

oo X
1213 =" (2113 + I1z2113).

i=0 j=0
lol3 =22 (lot+ 105+ |ot.j+ D).
i=0 j=0
2.1 Delay-Independent Condition

Lemma 1 (Paszke et al. [15]) 2-D state-delayed system (1)—(2) with zero bound-
ary conditions has H, disturbance attenuation y > 0 if there exist matrices P > 0,
0 > 0and Qi > 0 (k= 1, 2) such that the following LMI holds:

ATPA-W,+CjCqs  ATPAy CiDs+ ATPB
ATpPa ATPA;— W, ATPB <0 @
BTPA+DICy B'PA;  DIDs-y*I+B"PB

where A = [A1 Az], Ag = [Ag Al, B =[B1 B], Cq = diag{C,C}, Dy =
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Remark I Similar to the case of 1-D time-delay systems, Lemma 1 is said to be the
bounded real lemma for 2-D state-delayed systems.

2.2 Delay-Dependent Condition

Theorem 1 2-D state-delayed system (1)—(2) with the boundary conditions (3)
has delay-dependent Hs, disturbance attenuation y for any delay dy satisfying
0<dy <df (k=1,2) and d* = max{df, d;} if there exist matrices P > 0, Q > 0,
R >0, 8> 0, Y, Wi, Mig (k,1=1,2), Xjy1, >0, Xy (h =1,4,6; [, =1,3)
and Xy, (I3 =2,3,5; 14 =1,2,3,4) such that the following LMIs hold:

P11 D12 D13 Py Dis T
o, —y*l+d*Xe P Li, P
?=| of @33 -P 0 0 |<0, ©)
@}‘4 Lig4 0 —1 0
Lo o) 0 0 —d*sd
_Xl X2 X3 Y
X1 X4 Xs W
V=1 er g =0 ©)
xI' xT x¢ M
LyT wT MT s
where
Y Yo+Yh —Yu+W[ Yo+ W)
® Ya1 + Y7, Y> Y+ W, —Yn+ W,
1= _
—Yh AW Y W W —Wip — W],
—Ysz-i-Wzl —Ysz-l—sz —Wn —W{I‘z Wz
X1 X»
L)
X, Xy
Yi=Yn+Y,—-Q+R, Yo=Yn+Y5—P+Q+R,
S T o T
Wi=—-Wi — W —Ry, Wo=—-Wy — W5, — Ry,
T T
My, M,
ML MI X3
12 2 :
P = T T +d*[ i|
=My, =My, Xs
T T
My, =My,
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AP S d*ATS)
ATP d*AT S S2
D3 = T , P15 = . T . T
AT P a*AT.S, d*AT,S,
LA, P La*AT,S) d*AL,S,
roLY rBI P d*BlS; d*BlS,
Dy = ] D3 = T ] 4525:[ T T }
L 02nx2p LB, P d*3251 d*3252
Si=d*"(A\—D'S;,  S=d*(A,—D'S;,  S=diag{$, 5},
Xhl X2 X1 X2 Yii Y
= , Xl3 == 5 Y == )
,]2 X3 X3 Xpa Yor Yo
[Wn le} [Mn M12i|
= ., M= .
W21 W22 MZ] M22

Proof First, it will be shown that LMIs (5)—(6) ensure the asymptotic stability of
system (1) with w(i, j) =0.
Since LMIs (5)—(6) imply that

ren @13 PDis
o =|®5, -P 0 |[<o0, (7
T
Lol 0 —da*s
rXs: X, Y
¥ = Xg X4 W |=0 )
LYyT wT s

hold, we only need to verify that the system (1) (@ (i, j) = 0) is asymptotically stable
if LMIs (7)—(8) hold.
Denote

xeg=x(+&, j+n),
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-1 ~1
VG, j) =XE1PX1,1 + Z Xy Rixngn + Z X1 Raxiq

I=—d I=—d,
0 —1 0 -1
T _ T —
+ ) D VSTt Y, DL VSV
O=—d;+11=—1+6 O=—dy+11=—1+6 )
-1 0 -1
. T T T o=
Va1, j) = xy g Qx1,0 + Z xpRixi+ Z Z ViaSiyie
I=—d, O=—d|+11=—1+6
-1 0 -1
. T T T o
Va2 (i, j) = xg 1 (P — Q)x0,1 + Z X Raxi1 + Z Z Vi,152¥11
I=—d» O=—dr+11=—1+6

where ¥} ;= x1,0+1 — X1, Y5, = xi+1,1 —x;,1and P >0, QO > 0, Ry > 0 and §; > 0
(k =1, 2) are to be determined.
Due to

-1 -1
Xiay=X10— Y i Xega=Xo1— Y Vi1 (10)
I=—d, I=—d>

connecting the two equations in (10) yields

-1
ot=2(xTY+x;1rW)(x—xd— Z Ax):O (11)

I=—d

: T T T T T T
for any matrices ¥ and W, where x = [)cl’O xo’l] , Xg = [xly_d1 x_dﬂ] , Ax =
_T _T .
[yl,l yl,l]T, d =min{dy, d»}.

. . . . X X
On the other hand, for any semi-positive definite matrix X = [ .

X”zr X4] > 0, the

following equation holds:
—1
B=deTXE— Y ETXE=0 (12)
I=—d

where £ = [x
Now, for system (1) (w (i, j) = 0), define AV (i, j) as

T ,TqT
7xd] .

-1
AV (i, )=V, j) = Vari. ) = Varli, )+ e+ B <705 = >~ tTone (13)
I=—d

@ O,

_ 1T T A TqT 9 —
where ¢ =[x" x; Ax'] andO_[(_)zT@3

] with

2
— —T, — — ..
@1=ATPA+Y+YT—Q+R+dX1+§ di Ay SkAx,  Q =diag{Q, P — Q},
k=1
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2
©r=ATPA —Y + W' +dX2 + ) diA SeAq.

k=1
Al=[A1—1 A, Ax=[A1 Ax—1],
2
O3 =AYPA;— W —WT —R+dXs+ deAESkAd, R = diag{R1, R>}.
k=1

Since ¥; > 0 is ensured by LMI (8), if ® < 0, it is obtained that AV (i, j) < 0 for

any &€ #0.
Applying Schur’s complement and LMI (7), for all dy satisfying 0 < dy < d}’ and

d* = max{di*, dik}, we have
[ATPA+Y+YT —Q0+R ATPA; — Y+ WT

]+dX
AJPA—YT+W AYPA;—W—WT—R

sl o, ZHON B
+d S [S1A1 S1Aq]+da S, [$242 $2A4]
ATS, ATS,

<0 (14)
which shows & < 0. So AV (i, j) <0 for any & # 0, if LMIs (7)—(8) hold.
Noting this, using equation (13) and then following a similar line as in the proof of
Theorem 3 in [20], we have that system (1) with w(i, j) = 0 is asymptotically stable
if LMIs (5) and (6) are feasible.

Next, we shall prove ||z|l2 < y ||l@||2 under zero initial conditions for any nonzero
w(i, j) € [r{[0, 00), [0, 00)}. To this end, we introduce

o0 o0

7=3"Y[dz-y* o). (15)

i=0 j=0

In view of the stability of the system and the zero initial condition, we have that, for
any nonzero w (i, j) € [r{[0, 00), [0, 00)},

o0 o0
TN =y o+ AV ). (16)
i=0 j=0

Similar to (11) and (12), the following two equations:

-1
alzz(xTY+x}W+wTM)<x—xd— > Ax) =0 (17)
I=—d
and
-1
r=d&[ X1 — ) & X =0, (18)
I=—d
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hold for any matrices Y, W, M and semi-positive definite matrix

X1 X2 X3
X = X;r X4 X5 =0,
T T
xT xT Xg

where & = [xT, x}, wT]T.

In the same way, we can compute AV (i, j) as
AV, ) =Vul, j) = Va1, j) — Va2 (i, j) + a1 + pi

and then it follows that

o0 o0 -1
y< zz[sr@sl 3 43%}
i=0 j=0 I=—d
where ¢ = [xT x; o’ AxT1T and
O + L;Ld Gy Oy
0= oF 03 Os |,
o7 o 6
2 T
@y =ATPB+LiLig+M"+dXs+ Y diA,ScB
k=1
2

Os=AJPB—M"+dXs+ ) diA}SB,
k=1

2
Os=B"PB+ LT ;L1g—y*I +dXe+ deBTSkB.
k=1
Since ¥ > 0 is ensured by LMI (6), if ® <0, it is obtained that H(x,w,i,j) <0 for
any & #0.

In terms of inequalities (5) and (14), we have

ATPA+Y+YT - Q0+ R+LTL, ATPA; —Y +WT ATPB+ LTLs+MT

ATPA-YT+W AYPA;—W—-WT—R AYPB—M"
BTPA+ LT, Li+M BTPA;, — M BYPB+ L], Liq—y?I
—T
Ay Sk

+de A}Sk Sk_l[Ska Sk Ag SkB]+dX<O

BTSk
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which, by Schur’s complement, is equivalent to © < 0 for all d satisfying 0 < dy <
dy and d* = max{d{, d5}. So LMI (5) implies ® <0, ie. ||lzll2 < yllw|> is guaran-
teed by LMIs (5) and (6).

Summarizing the above two points demonstrates that 2-D system (1)—(2) has Huo
disturbance attenuation y if LMIs (5) and (6) are true. This completes the proof. [

Remark 2 Because a 2-D system has two directions: horizontal direction i and ver-
tical direction j, Vi1(, j), Va1(i, j) and Vg (i, j) involve two new variables y
and y; | expressed by the changes of system states x; ; and x;,1. So, the computation
of AV (i, j) in (13) involves state delays d; and d>, and the delay-dependent Hy,
disturbance attenuation y can be guaranteed through the proof of Theorem 1. This
treatment avoids the complicated AV (i, j) brought by i and j changing simultane-
ously.

Remark 3 On the other hand, in terms of the introduction of variables y; ; and y; 1,
Equation (11) holds. Similar to the Leibniz—Newton formula for 1-D time-delay sys-
tems in [10], (11) and (17) are employed to obtain the delay-dependent bounded real
lemma of 2-D system (1). The free-weighting matrices Y, W and M are used to ex-
press the relationship among the terms x, x4, and 21;17 4 Ax and they can easily be
determined by solving LMIs (5) and (6). This method avoids the conservatism that
results from any system transformation.

Remark 4 Theorem 1 provides a sufficient Hy, performance criterion for 2-D state-
delayed system (1)—(2). Now, we will show that although this condition is dependent
on the size of delays, by a certain choice of matrices, it also implies an extension of
the previous delay-independent one. Choosing the following matrices:

_ &lant2m)x (4n+2m)
- - ,

X

Y=Ww =02n><2n,

ehnxo
M =02 x2n, S= ;:n

for some sufficiently small positive scalar ¢, (5) and (6) imply the well-known delay-
independent sufficient condition of H,, performance; see, for instance, Theorem 5 in
[15] and Theorem 2 in [2]. This implies that Theorem 1 is powerful in the sense
that it provides sufficient conditions for both the delay-dependent and the delay-
independent cases. In other words, for 2-D systems where the delay-independent
bounded real lemma can find feasible solutions, the delay-dependent result presented
here is also feasible for d* — oo.

3 Hy Control via Dynamic OQutput Feedback
Based on the analysis of Hy, disturbance attenuation in the previous section, in this

section, we shall study the delay-independent and delay-dependent Ho, control prob-
lems for 2-D state-delayed systems via dynamic output feedback.
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Now, we consider a 2-D state-delayed system with control input and state delays
as

x(@+1Lj+D)=A1x(@+1,j)+Ax(, j+ 1)+ Aax@ + 1, j —dy)
+ Apgx(i —da, j+ 1)+ Bru(i + 1, j) + Bou(i, j + 1)

+ Byiw(i + 1, j) + Bow(i, j + 1), (19)
y(@, j) =Cix@, j) + Cau(i, j), (20)
z(i, j) = D1x(i, j) + Dau(i, j) + D3w(, j) 21

where u(i, j) € R? is the control input and y(i, j) € RY is the measurable output,
respectively. By, Ck, Dr (k,l =1,2) and D3 are constant matrices with appropri-
ate dimensions. The boundary conditions are also of the form (3). Without loss of
generality, we assume C, = 0.

Introduce the following dynamic output feedback controller:

XE+1L,j+D)=Aax( +1,)) +AaX(, j+ 1)+ Actax (@ + 1, j —dy)
+ Ac2aX(i —dz, j+ 1)+ Bery(i + 1, j)
+ Beoy(i, j + 1), (22)
u(i, j) = Ccx(i, j) + Dey(i, j) (23)

where X (i, j) € R"¢. Then the closed-loop system obtained by substituting controller
(22)—(23) into system (19)—(21) is represented as

XA+1,j+D)=A1xG+1, )+ Ax(, j+ D)+ Agx(i+1,j —dp)
+ Ayx(i —dy, j+ 1)+ Bio@ + 1, j) + Bow(, j+ 1), (24)
2(i, j) = Dx(i, j) + D3w(, j) (25)
where x(i, j) = [xT(@i, j) T (i, j)]T and
_ Ar + B D.Cy B C, — Arg 0
| |l )
B Cq Ak 0 A (26)
By =[B), 01" (k=1,2), D =[D;+ D,D.C; D,C.].
Accordingly, the boundary conditions are assumed as
XG, j)={¢ .0}, Vi=0, j=—di,—di+1,...,0;
X6, j) =Y. 0T, ¥j=0,i=—dy—dr+1.....0, go0=100. (27)

Theorem 2 and Theorem 3 in the following sections realize delay-independent and
delay-dependent Hs, control for system (19)—(21) via controller (22)—(23), respec-
tively, which makes the closed-loop system (24)—(25) have H, disturbance attenua-
tion y.
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3.1 Delay-Independent H,, Controller

Theorem 2 Consider 2-D state-delayed system (19)—(21) with boundary conditions
(3). Given a positive scalar y > 0, the delay-independent Hy, control problem is
solvable via the dynamic output feedback controller (22) (23) if there exist matrices
X>0,Y>0,Jp>0,Jp, >0(k=1,2), D¢, Zg, Zk, Zk (k=1,2) and Z such
that the following LMI holds:

[—Jp+Jo+YioJo, O J5 0 o Jb o o0 0 ]
0 -Jo Ji, 0 o o J§ o0 0
Ja, Ja, —=JIp Iy Jay O 0 U Jp
0 0 Ji, —Joo O 0 0 0 0
0 0 Ji 0 —Jy 0 0 0 o | <0
Jp 0 0 0 0 -1 0 D; 0
0 Jp 0 0 0 0 -1 0 D3
0 0 J; 0 0 DI 0 —2 0
i 0 0 Jg O 0 0 DI 0 —y|
(28)
where
X I X Ax + ZxCy Zk
Jp = IR AL Ja, = ,
Ax + BixD.Cy  AxY + B Z
Ja = XArg Zk
AT Ak AraY |

B =[ByX BIL1" (k=12), Jp=[Di+ D,D.Ci D\Y+DZ].

Furthermore, the system matrices Ack, Ackd, Bex (kK =1,2) and C. of output feed-
back controller (22)—(23) can be solved as

Ak = (P12) ™ (Zx — X ArY — ZxC1Y — XB;:C.PL)(PL) ",

Ber = (P12)""(Zy — XBii D),
I o (29)
Acka = (P12) N Z — X AkaY) (P) ™,

=(Z-D.CY)(PL) ™ k=1,2).

Proof By applying Lemma 1 to the closed-loop system (24)—(25), a new LMI holds
by substituting Ag, Axg, By (k =1,2), D and D3 for Ay, Awg, Bx (k=1,2), C
and D, respectively. Pre- and post-multiplying the left-hand side of the new LMI by
diag{P~!, =, p~!,p~1, P~V I, 1,1, 1} and setting P = P!, 0 = P~lopP 1,
Or =P 10; P! (k=1,2), the delay-independent Hx, control problem is solvable
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if the following matrix inequality holds:

[ P+0+01+0, 0 PA 0 o PFD 0 0 0 ]
0 -0 PA, 0 0 o PD' 0 0
Zlﬁ Zzﬁ —F Zldﬁ ngﬁ 0 0 El §2
0 o PA, -0r 0O 0 0 0 0
0 0o PAy, 0O -0, 0 0 0 0o |<0.
DP 0 0 0 0 —1I 0 D3 0
0 DP 0 0 0 0 -1 0 D3
0 B0 o b 0 -y 0
i 0 0O By 0 0 o DI 0 -y ]
o (30)
Next, partition P and P~! as follows:
~ Y Pp ~_ X Pp
P=| L P =
P55 Py P55 Px
where ¥, X, Ppo, Pjp € R and Pp P =1 —YX.
Set
; X I 7 I Y
LRy o) “lo PL]
Then it follows that PJ = f, JTPJ = [JI( ;] > (0 and
. XA+ ZiC Z
JTABT - [ k+ ZiCy k }
A+ BuD.C1 ArY + By Z
. XA Z
JTAwuPI = [ ko ok }
Ard  AraY
I"By=[BLx BL]' =12,
DPJ=[D,+D,D.C; DY+ DyZ]
where
Z=D.C\Y+CcPly,  Zp=XBuD:+ PiaBa,
Zi =XAde+ﬁ2Acde1T2, (3D

Zy = XAY + ZiC1Y + XBikCe Pl + PAq Pl (k=1,2).

Therefore, let Jo = JTQJ, Jo, = JT Qk.l (k =1,2) and take a congruence trans-
formation to (30) by diag{J, J, J, J, J, I, I, I, I'}; then we obtain (28). So, (28) is a
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sufficient condition for the delay-independent H, control problem of system (19)-
Q0.

If LMI (28) has feasible results, the 1nvert1ble matrices Pjp and Pjp can be com-
puted in terms of the nonsingularity of Pj» P12 = I — Y X. Finally, the control system
matrices are solved by (29). This completes the proof. |

Remark 5 In Theorem 2, the delay-dependent dynamic output feedback controller
(22)—(23) is constructed, and the main results are in the form of an LMI. Via the pro-
posed method, a delay-independent controller can also be designed, but the induced
results are not a strict LMI. To solve the undemanding LMI, we must add some limi-
tations on the matrices in the LMI, which would bring more conservatism.

In Theorem 2, y is regarded as given. However, (28) is still an LMI when y is
also a variable. Thus, it is possible to formulate the following optimization problem
to find a delay-independent controller with the smallest H,, norm bound y.

Problem 1
minimize §
subjectto X >0, Y >0, Jp>0, Jo, >0, Jo,>0 andLMI (28)

applying MINCX in MATLAB Toolbox, where y = +/8.If the optimization problem
is feasible, the optimal controller in the form of (22)—(23) can also be obtained using
(29).

3.2 Delay-Dependent H, Controller

The design of the delay-dependent H, controller is obtained from the following
theorem.

Theorem 3 We are given scalars t,t; and tp. 2-D state-delayed system (19)—(21)
with the boundary conditions (3) has a delay-dependent H, disturbance attenuation
y under the action of the controller (22)—(23) for any delay dj satisﬁ/ing 0< dk <d;
k=1,2)andd* = max{d*, d*} if there exist matrices X > 0,Y > 0, Q >0, Ry > O
D., Z, Zk, Zk, Zk, Ykla Wkl, Mkl k,l=1,2), X]] 5, >0, Xl| r» (1 =1,4,6; I, =
1,3) and X[z 1, 3 =2,3,5; I4=1,2,3,4) such that the following LMIs hold:

~ _fl Fz

| ~]<o, (32)
_FZT I3
—gl )~(2 %3 ?

o lxox % W

U = ST ST o ~ | =0 (33)
X3 X5 X¢ M
LYyT wT MT §
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where
~ Iy I
=\ ;
|y I
AT Yio + V) Y+ Wl =Y+ W)
7 Yo + ¥ Yy Yua+Wh —Yn+ W)
=\ < ~ ~ ~ ~ -
YL +Wn =Y+ Wi Wi —Wi2 — Wj|
_—Y1T2+W21 —Ygz-i-sz —Wa —W]T2 sz

X X,
*
2 4

711=?11+171Tl—§+§1, 722=?22+72Tz—tlp+§+§2,

W11=—W11—W1Tl—§1, W22=—VT’22—W2T2—§2,
- 17T T
Mll M21
o 2 -
I — My, M, d* |:X3j|
12 - T ~T ~ k)
=My, =My, Xs
T T
—_M12 _M22
PO B G R TS <
2= I 0 —y21 6>
[eaf JE 0 &'y —Jp) d* )
ty, 0 JE d*nJ}, d*n(J}, = Jp)
& tJy, 0 0 d*uJy,, d*nlJy
2Tl 000 a*nJy il |
tJg, D3 O d*11Jg, d*nnJg
| tJg, O D3 d*11Jg, d*nly, |
(x 1
JP = I I Y] > 0,
T = [ XA+ ZiC) Zi 7o [ XAk Zi
AT A+ BuDeCr AkY + ByZ | Akd Ara  AraY |’
T
Jg, =[BypX BY] (k=1,2), Je=[Di+DyD.Ci DY+ DrZ],
Iy = diag{~tJp, —1,~ 1, ~d*t1Jp, —d*12Jp}, S = diag{t; Jp, t2Jp},
~ )7111 )?112 §131 55132
Xl] = )"(’T )"(" ) Xl3 = 5 ad )
2 Xu3 X3 Xia
7— Yii Y W= Wi Wi fy My My
Yor Yoo | Wa Wa | My My |
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Furthermore, the delay-dependent control system matrices Ack, Ackd, Bek (kK =1, 2),
C. and D, can be derived from equation (29), i.e., the delay-dependent Hx, control
problem for system (19)—(21) is solved.

Proof Applying Theorem 1, the closed-loop system (24)—(25) has Hy disturbance
attenuation y if LMIs (5)—(6) hold by substituting A, Azg, By (k =1,2), D and
Dj for Ay, Aka, Bx (k=1,2), C and D, respectively. Setting P = tP, S =P,

S,=1P, P= P - , and pre-multiplying and post-multiplying the left-hand side of
(S)bydlag{P P, P,I1,I,P,1,1,P, P} and(6)byd1ag{P P, P,PI11P, P}
we obtain the matrix 1nequa11tles (8 )and (9°), respectlvely, which are omitted here.
Furthermore, partition P,P~! and let J,J be as in the proof of Theorem 2;
then taking a congruence transformation for (8’) and (9°) by diag{J, J, J, J, I, 1, J,
1,1,J,J} and diag{J, J, J, J,I,1,J, J}, respectively, yields LMIs (32) and (33).
Moreover, if LMIs (32)-(33) are feasible, similar to Theorem 2, we can compute the
delay-dependent control system matrices Ack, Ackd, Bek (k=1,2), C. and D, using
equation (29). This completes the proof. 0

Remark 6 The results of Theorem 3 apply the tuning parameters ¢, and f,. The
question arises of how to find the optimal combination of these parameters. The op-
timal values can be found by the approach proposed in [4]. Moreover, in the proof
of Theorem 3, if we do not introduce the parameters ¢, t; and #,, the LMIs obtained
by substituting Ay, Arg, Bx (k=1,2), D and D3 for Ay, Axq, Bx (k=1,2), C and
D in LMIs (5)—(6) are bilinear and must be solved under some limitations, which
will bring a more conservative result. So, the choices of parameters ¢, | and t, have
reduced the conservatism of the result.

Remark 7 Theorem 3 provides an approach to solve the delay-dependent H, control
problem for 2-D state-delayed system (19)—(21). For some sufficiently small positive
scalar ¢, if we choose the following matrices:

t=1, =1 =c¢, ?:W:OZnXZHs
~ ~ ¢l
M =05y 00. X — (4n+2n£11):(4n+2m)

then (32)—(33) imply the sufficient condition of the delay-independent H, control
problem given in Theorem 2.

Similar to Problem 1, the scalar y in Theorem 3 also can be included as a variable
to obtain the minimum Hs, noise attenuation level bound, yielding the following
convex optimization problem.

Problem 2
minimize §

subject to X > 0, Y > 0, é >0, ﬁk >0, )?11,12 > (0 and LMIs (32)—-(33)
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applying MINCX in MATLAB Toolbox for given state delays djand d», where y =
/8. Furthermore, the corresponding controller is given by (29). In terms of the same
choices of scalars and free-weighting matrices in Remark 7, Problem 2 is equivalent
to Problem 1.

Remark 8 The preceding research is focused on 2-D discrete systems with constant
state delays. As time delays are commonly time varying and some new results on the
stability of time-varying systems have been proposed in [6], based on these results,
we would further study 2-D time-varying state-delayed systems.

4 Numerical Examples

Example I First, we demonstrate the design of 2-D delay-independent and delay-
dependent H,, output feedback control for a stationary random field in image
processing using the LMI approach proposed in Problem 1 and Problem 2, respec-
tively. Note that the delay-dependent approach provides a smaller Hy, performance
level than the delay-independent one.

It is known that the stationary random field can be modeled as the following 2-D
system [11]:

n@+1j+D=amG+1,j)+am@ j+1) —aiamG, j)+wi1(,j) (G4

where 1(i, j) is the state of the random field at spacial coordinate (i, j), af <1 and
a% < 1 as aj and ay are, respectively, the horizontal and vertical correlations of the
random field.

Now, we consider the influence of time delays on system (34) and introduce two
terms n(i + 1, j —dp) and n(i — da, j + 1) in (34), resulting in

ni+ 1L, j+D=anl+1,j)+amCj+1)+ani+1,j—d)
tasn(i —da, j+1) —aran(, j) + o, j) (35

where a% < 1 and aZ < 1 as a3 and a4 are also, respectively, the horizontal and verti-
cal correlations of the random field, and w (i, j) is the measurement noise.

Denote x1 (i, Jj)= [nT(i, j+1 - azr;T(i, i) nT(i, j) 1, and assume that the mea-
surement output is given by y(i, j) =[3 1]x (i, j) and the signal to be estimated is
z(, j) =0.5n3, j) +0.4u(i, j) +0.7w(, j).

It is easy to see that the 2-D system (35) can be converted to the 2-D FM LSS
model (19)—(21) with

az ayas as aias
A1d=[0 0 ] A2d=|:0 0 :| (36)
B =[01 17T, B,=[0 0317, By =0,
Bpn=[1 0]".
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Let a; = 0.2, ap = 0.3, a3z = 0.15, a4 = 0.03. Then we use the optimization Prob-
lem 1 and obtain the minimum Hy norm bound yope = 1.2189 and the system matri-
ces of Hy, controller (22)—(23) as

a. _ [ 06025 —37658.44 A, [ 01408 —11295.33
1= ~0.0000 —0.000015 |’ 2= 0.0000  —0.0000 |’
.. _ | 30567518.94 5, _ [ ~11650152.59
17| ~0.0106452 27 00346255 |’ 37)
A _[—0:0000 —6.3628 A — [0:0000 1.7407
<1471 0.0000 0.2639 |’ 24 =10.0000 0.0923

C. =[-0.000000002253 —0.0001808], D, =—0.1865.

Figures 1 and 2 show the optimal state response and frequency response of the closed-
loop system obtained by substituting (37) into (36), respectively. The 2-D system (36)
can be stabilized by the above optimal controller (37) and the maximum frequency
response is 1.0731, which is below 1.2189.

For a reasonable comparison, resolving Problem 2 when assuming di = 1, dp =2
and ;1 =0.01, 7 =0.101 and 13 = 0.11, we can obtain the minimum H,, norm bound

\
” |w|\

Fol My i

1

/

0.5

State

120 120

Fig. 1 The delay-independent optimal state response of closed-loop system by substituting (37) into (36)
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1ag.

12d. 7

IG(w1,w2)l

04,

08.. -

06,7

(o
!

i
“\\\:“\i\ B

(i
“ﬂ““\l A
FORN

0.24. "

120

w1

w2

Fig. 2 The delay-independent optimal frequency response of closed-loop system by substituting (37) into

(36)

Yopt = 0.7000019 and controller matrices as

C.=

_ [ -0.5664 4.6682 x 10'? A, — [ 00698 1.7436 x 102
| 0.0000 57992 | =1 0.0000 88234 |
_ [—0.0000 13488 4. _[0:0000 5392.1
| 0.0000 0.1855 |’ 24 =10.0000 0.0348 |’ (38)
_81(?06307632] . Bo=[—1121904 —0.0056771",

[—0.0000 364202.3068], D, =—-0.2343.

Figure 3 gives the maximum singular values plot of the transfer function of the
closed-loop system obtained by substituting (38) into (36) over 0 < w; <2m, 0 <
wy < 2m. In the figure, the griddings denote the obtained H, disturbance attenua-
tions, and the maximum value is 0.699988, which is below 0.7000019.

Next it is shown that a smaller Hy, norm bound y can be obtained by using the
delay-dependent approach than by using the delay-independent approach proposed
in this paper.

Example 2 In this example, we will show that the delay-dependent approach is still
feasible when the delay-independent one is invalid.
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120

wi

w2

Fig. 3 The delay-dependent optimal frequency response of closed-loop system by substituting (38) into
(36)

Now, consider system (19)—(21) with

(39)

A, [11453 0.1489 4, [0-0880 0.1367
14=10.0824 0.0536 |’ 24=10.1867 0.0425

and other system matrices given in (36). Note that for this special example, the delay-
independent result proposed in this paper fails to find a feasible solution. By solving
Problem 2 in this paper, however, we can obtain the minimum guaranteed Hy, cost
Yopt = 0.70020365 when assuming di = 1, d> = 2, with the associated controller
matrices as

4 _[5:0803 22.2296 A _[30194 117306
1= 104609 09303 |’ 27117278 59413 |’

A _ [—0.0240 —0.0972 A, _ [ 00051 —0.0225
=1 0.0429 01745 |’ 2=1 00085 0.0349 |’ (40)

Be1 =[—0.0031 —0.0002]", Bx =[—0.0019 —0.0009]T,

C.=[—-640.1876 398.0370], D, =—0.1434.

Figure 4 gives the maximum singular value plots of the closed-loop system ob-
tained by substituting (40) into (39), and the maximum Hy, norm bound ypmax =
0.70006642, which is below 0.70020365. So, it is obvious that the guaranteed H,
disturbance attenuation level is still effective.
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0.8~

074

1G(w1,w2)l

w1

w2

Fig. 4 The delay-dependent optimal frequency response of closed-loop system by substituting (40) into
(39)

5 Conclusions

This paper studies Hy, control problems of 2-D state-delayed systems described by
the FM LSS model. First, a delay-dependent bounded real lemma has been derived to
ensure the asymptotic stability and Hy, performance y. By a certain choice of free-
weighting matrices, it also implies an extension of the existing delay-independent re-
sult. Then, the method of dynamic output feedback control is considered to solve Hy
control problems. The sufficient conditions are given in terms of LMIs, so it is easy to
verify the solvability of output feedback control problems applying MATLAB Tool-
box. Optimization problems are also proposed to compute the minimum upper bound
of Hy disturbance attenuation y . Finally, numerical examples are given to show the
effectiveness of our results and the superiority of the delay-dependent approach to the
delay-independent condition. The augmented Lyapunov functional methods in [12]
and [8] are effective in reducing the conservatism of stability criteria for time-delay
systems, so they would be the main method applied in our future work.
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