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Abstract In this paper, the problem of robust H∞ state feedback control using a delta
operator approach for a class of linear fractional uncertain jump systems with time-
varying delays is investigated. Based on the Lyapunov–Krasovskii functional in the
delta domain, a new delay-dependent H∞ state feedback controller which requires
both robust stability and a prescribed H∞ performance is presented in terms of linear
matrix inequalities. The sampling period T appears as an explicit parameter; there-
fore, it is easy to observe and analyze the effect of the results with different sampling
periods. Furthermore, the proposed method can unify some previous related contin-
uous and discrete systems into the framework of delta operator systems. Numerical
examples are presented to illustrate the effectiveness of the developed techniques.
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1 Introduction

It is well known that many discrete systems are the result of sampling continuous sys-
tems. However, when sampling is fast using the traditional shift operator, the poles are
located in the stable boundary, and the discrete systems will lose stability in a finite
word length computer. Goodwin constructed a delta operator instead of the traditional
shift operator for sampling continuous systems in [7]. It is easy to see that the discrete
delta operator approximates the Euler derivative, which can cause a discrete-time
system to become a quasi-continuous-time system for fast sampling frequencies. The
quasi-continuous-time system called the delta operator system, which describes some
practical models, can obtain a better result than the discrete shift operator. The delta
operator model also has better numerical properties at high sampling rates, which was
proved in [21]. In contrast to the discrete shift operator approximations, the delta op-
erator approach means that the Euler derivative can lead to a quasi-continuous-time
s-domain model for high sampling frequencies; for example, see [5]. The robustness
problem for some delta operator systems with parametric uncertainties also has been
investigated. The papers [19] and [20] consider the stability of delta operator sys-
tems, and the paper [4] reports an H∞ control approach for delta operator systems,
demonstrating a discrete-time controller approach to continuous-time systems using
a delta operator.

Because time delays may lead to system instability, systems with time delays have
received considerable attention; see, for example, [1–3, 6, 12–14, 22, 25, 27]. The
paper [24] extends some of the robust stability results of the class of linear discrete-
time systems with time-varying delays. The class of Markovian jump systems is an
important family of systems subject to abrupt variations. In particular, the class of
continuous systems with Markovian jump parameters is considered; see, for exam-
ple, [17, 18, 29]. There are also a few papers that consider discrete systems with time
delays [10, 16, 26]. H∞ control was used in [23] via a linear matrix inequality (LMI)
approach. This kind of problem has been considered for discrete-time systems with
delays in [15], and for jump systems in the continuous case in [8]. Robust stochastic
stability for jumping linear continuous-time and discrete-time systems with perturbed
transition rates and probabilities has been studied in [11]. The delta operator system
may also have finite modes, and the modes may switch from one to another at dif-
ferent times. The jumping between different system modes can be governed by a
stochastic Markov chain.

In this paper, we focus on both time-varying delayed delta operator systems and
Markovian jump parameters. The problem is to design a state feedback controller
such that for all admissible linear fractional uncertainties the closed-loop system is
robust, asymptotically stable and satisfies a prescribed H∞ performance level. Con-
trol design methods in the sense of delay-dependent stability are developed for solv-
ing the robust control problems, and all results are presented in terms of some new
Lyapunov functions in the delta domain and LMI form. The sampling period T is an
explicit parameter in our result, so that it is easy to observe and convenient to analyze
the effect of the state feedback controller with different sampling periods. Note that
we employ a fast sampling method in discrete systems, where the delays are actually
time varying. It is assumed that both the lower delay bound and upper delay bound
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can be denoted to the summations of the same sampling periods, respectively. Numer-
ical examples are given to illustrate the feasibility and effectiveness of the developed
technique.

Notation Throughout this paper, we let t = kT for convenience in the following
analysis. �n denotes the n-dimensional Euclidean space; the notation X > Y (X ≥ Y )
means that the matrix X − Y is positive definite (X − Y is semi-positive definite, re-
spectively); P > 0 means that P is symmetric and positive definite; I is the identity
matrix of appropriate dimension and O denotes a zero matrix of appropriate dimen-
sion. For any matrix A, AT denotes the transpose of matrix A, and A−1 denotes the
inverse of matrix A. The shorthand diag{M1 M2 . . . Mr} denotes a block diagonal
matrix where the diagonal blocks are the matrices M1,M2, . . . ,Mr ; the symmetric
terms in a symmetric matrix are denoted by ∗.

2 Problem Statement

We are given a probability space (�,F,P), where � is the sample space, F is the
algebra of events and P is the probability measure defined on F. {ηt , t ≥ 0} is a
homogeneous, finite-state Markovian process with right continuous trajectories that
takes values in a finite set S = {1,2, . . . , s} with generator � = (λij ). The transition
probability from mode i at time t to mode j at time t + T , i, j ∈ S, is

Pr(ηt+T = j | ηt = i) =
{

λijT , i �= j,

1 + λijT , i = j,
(2.1)

where the transition probability rates satisfy λij ≥ 0 for i, j ∈ S, i �= j and λii =
−∑s

j=1, j �=i λij . In this paper, the following time quasi-continuous uncertain delta
operator system with time-varying delays is considered:

δx(t) = (
A(ηt ) + �A(ηt , t)

)
x(t) + (

Ad(ηt ) + �Ad(ηt , t)
)
x
(
t − d(k)

)
+ Bd(ηt )ω(t) + (

B(ηt ) + �B(ηt , t)
)
u(t), (2.2)

z(t) = (
C(ηt ) + �C(ηt , t)

)
x(t) + (

Cd(ηt ) + �Cd(ηt , t)
)
x
(
t − d(k)

)
+ Dd(ηt )ω(t) + (

D(ηt ) + �D(ηt , t)
)
u(t), (2.3)

x(t) = φ(t), t ∈ [−dM,0],
where the delta operator δx(t) is defined by

δx(t) =
{ dx(t)

dt
, T = 0,

x(t+T )−x(t)
T

, T �= 0,

where T is a sampling period. x(t) ∈ �n is the state variable; u(t) ∈ �p is the con-
trol input; z(t) ∈ �p is the control output; ω(t) ∈ �l is the disturbance input which
belongs to L2[0,∞). The time delay d(k) is a time-varying function that satisfies
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0 ≤ dm ≤ d(k) ≤ dM, with dm = nmT and dM = nMT , where nm and nM are two
known positive and finite integers, from which we let nm ≤ n ≤ nM. For notational
simplicity, in the sequel, for ηk = i ∈ S, we denote A(ηt ) by Ai , �A(ηt , t) by
�Ai(t), and so on. The linear fractional parametric uncertainties �Ai(t), �Adi(t),
�Bi(t), �Ci(t), �Cdi(t) and �Di(t) are time-varying matrices with appropriate
dimensions, which are defined as follows:

[
�Ai(t) �Adi(t) �Bi(t)

�Ci(t) �Cdi(t) �Di(t)

]
=

[
H1i

H2i

]
F̂i(t)[E1i E2i E3i ], (2.4)

where H1i , H2i , E1i , E2i and E3i are known constant real matrices with appro-
priate dimensions, F̂i(t) = Fi(t)[I − GiFi(t)]−1, and Fi(t) is an unknown time-
varying matrix satisfying FT

i (t)Fi(t) ≤ I , ∀t ≥ 0. It is assumed that the matrix
[I − GiFi(t)]−1 is invertible for any Fi(t) and I − GT

i Gi > 0.

Remark 2.1 The model (2.4) describes a wider class of parameter uncertainties than
norm-bounded parameter uncertainties. It is easy to see that the linear fractional pa-
rameter uncertainties can be reduced to norm-bounded parameter uncertainties when
Gi = 0.

Definition 2.1 Consider the uncertain system (2.1)–(2.2) and the state feedback
u(t) = Kix(t). If the following conditions are satisfied:

(i) With ω(t) = 0, the closed-loop system (2.1)–(2.2) and u(t) = Kix(t) is asymp-
totically stable.

(ii) With zero initial condition (i.e. φ = 0), the following condition is satisfied:

J =
∞∑
t=0

[
γ −1zT (t)z(t) − γωT (t)ω(t)

] ≤ 0,

for some γ > 0, then the control u(t) = Kix(t) is said to be the H∞ control of
system (2.1)–(2.2) with disturbance attenuation γ . The parameter γ is called the
H∞ norm bound of the control.

Definition 2.2 A delta operator system is stochastically asymptotically stable in the
delta domain if the following conditions hold:

(i) V (x(t)) ≥ 0, with equality if and only if x(t) = 0
(ii) σV (x(t)) = [E[V (x(t + T ))] − V (x(t))]/T < 0

where V (x(t)) is a Lyapunov function in the delta domain.

Before ending this section, the following lemmas will be used to prove our main
results in this paper.
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Lemma 2.1 [9] For any constant positive semi-definite symmetric matrix W , and two
positive integers r and r0 satisfying r ≥ r0 ≥ 1, the following inequality holds:

(
r∑

i=r0

x(i)

)T

W

(
r∑

i=r0

x(i)

)
≤ (r − r0 + 1)

r∑
i=r0

xT (i)Wx(i).

Lemma 2.2 [28] For some given matrices ϒ , D and E of appropriate dimension
and with ϒ symmetric, we have

ϒ + DF̂(t)E + ET F̂ T (t)DT ≤ 0,

with F̂ (t) as in (2.4), if and only if there exists a scalar ε > 0 such that

ϒ + [
ε−1ET εD

][
I −G

−GT I

][
ε−1E

εDT

]
≤ 0.

3 Main Results

The following control law is employed to deal with the problem of stabilization via
state feedback:

u(t) = K(ηt )x(t), (3.1)

where K(ηt ) = Ki is the state feedback controller gain to be determined such that
the closed-loop system is asymptotically stable for any dm ≤ d(k) ≤ dM. Consider
system (2.1)–(2.2) associated with the control law (3.1). The resulting closed-loop
system can be expressed as follows:

δx(t) = (
Aki + �Aki(t)

)
x(t) + (

Adi + �Adi(t)
)
x
(
t − d(k)

) + Bdiω(t), (3.2)

z(t) = (
Cki + �Cki(t)

)
x(t) + (

Cdi + �Cdi(t)
)
x
(
t − d(k)

) + Ddiω(t), (3.3)

where Aki = Ai + BiKi, �Aki(t) = �Ai(t) + �Bi(t)Ki , Cki = Ci + DiKi ,
�Cki(t) = �Ci(t) + �Di(t)Ki . We let Aki(t) = Aki + �Aki(t), Cki(t) = Cki +
�Cki(t) for convenience.

In this section, an LMI approach for designing the desired H∞ state feedback con-
troller is developed. The following theorem presents a delay-range-dependent result
in terms of LMIs.

Theorem 3.1 Given a scalar γ > 0, the uncertain jump delta operator system
in (3.2)–(3.3) is robustly stable with disturbance attenuation γ , if there exist matrices
P̃i > 0, Q̃ > 0, R̃ > 0 and Ni , as well as positive scalars αi such that the following
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LMI holds:

� =

⎡
⎢⎢⎢⎢⎢⎣

�11 �12 AdiP̃i Bdi P̃i 0 0 αiH1i

∗ �22
1

dM
R̃ + AdiP̃i Bdi P̃i P̃iC

T
i + NT

i DT
i P̃iE

T
1i + NT

i ET
3i αiH1i

∗ ∗ −Q̃ − 1
dM

R̃ 0 P̃iC
T
di P̃iE

T
2i 0

∗ ∗ ∗ −γ I DT
di 0 0

∗ ∗ ∗ ∗ −γ I 0 αiH2i∗ ∗ ∗ ∗ ∗ −αiI αiGi∗ ∗ ∗ ∗ ∗ ∗ −αiI

⎤
⎥⎥⎥⎥⎥⎦ < 0,

(3.4)

with

�11 = T 2
s∑

j=1

λij P̃j − 2P̃i + T P̃i + dMR̃, �12 = T

s∑
j=1

λij P̃j + AiP̃i + BiN
T
i ,

�22 =
s∑

j=1

λij P̃j + AiP̃i + BiN
T
i + P̃iA

T
i + NiB

T
i + (dM − dm + 1)Q̃ − 1

dM
R̃.

Then the system (3.2)–(3.3) is asymptotically stable. Moreover, a suitable stabilizing
H∞ jump state feedback controller can be chosen by u(t) = NiP̃

−1
i x(t).

Proof Construct a Lyapunov–Krasovskii functional in the delta domain as follows:

V (x, t, ηt ) = V1(x, t, ηt ) + V2(x, t, ηt ) + V3(x, t, ηt ) + V4(x, t, ηt ),

with

V1(x, t, ηt ) = xT (t)P (ηt )x(t), V2(x, t, ηt ) = T

n∑
i=1

xT (t − iT )Qx(t − iT ),

V3(x, t, ηt ) = T 2
nM∑

i=nm+1

i∑
j=1

xT (t − jT )Qx(t − jT ),

V4(x, t, ηt ) =
n∑

i=1

i∑
j=1

eT (t − jT )Re(t − jT ),

where e(j) = x(j) − x(j + T ), so there exist δx(j) = −e(j)/T and e(t − iT ) =
x(t −iT )−x(t −(i−1)T ). The delta operator of the stochastic process {x(t), ηt , t ≥
0}, acting on V (x, t, ηt ) at the point {x, t, ηt = i}, can be expressed as follows:

σ
(
V (x, t, ηt )

) = E[V (x, t + T ,ηt+T )] − V (x, t, ηt )

T
. (3.5)

Let the mode at time t be i, that is, ηt = i. Recall that, at time t + T , the system may
jump to any mode ηt+T = j . By letting E(Pj ) = T

∑s
j=1 λijPj + Pi and taking the
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stochastic delta operator manipulations along the trajectory of system (3.2), we can
obtain

σV1(x, t, ηt ) = 1

T

{
E

[
xT (t + T )P (ηt+T )x(t + T )

] − xT (t)P
(
η(t)

)
x(t)

}

=
s∑

j=1

λij x
T (t + T )Pjx(t + T )

+ 1

T

[
xT (t + T )Pix(t + T ) − xT (t)Pix(t)

]

= T 2
s∑

j=1

λij δ
T
(
x(t)

)
Pjδ

(
x(t)

) + T

s∑
j=1

λij δ
T
(
x(t)

)
Pjx(t)

+ T

s∑
j=1

λij x
T (t)Pj δ

(
x(t)

)

+
s∑

j=1

λij x
T (t)Pjx(t) + T δT

(
x(t)

)
Piδ

(
x(t)

) + δT
(
x(t)

)
Pix(t)

+ xT (t)Piδ
(
x(t)

)
, (3.6)

where we can let xT (t)Piδ(x(t)) = xT (t)Pi[Aki(t)x(t) + Adi(t)x(t − d(k)) +
Bdiω(t)]. Taking the stochastic delta operator manipulations of V2(x, t, ηt ) and
V3(x, t, ηt ), we can obtain

σV2(x, t, ηt ) = 1

T

[
T

n∑
i=1

xT
(
t − (i − 1)T

)
Qx

(
t − (i − 1)T

)

− T

n∑
i=1

xT (t − iT )Qx(t − iT )

]

≤ xT (t)Qx(t) − xT
(
t − d(k)

)
Qx

(
t − d(k)

)
+ T

nM∑
i=nm+1

xT (t − iT )Qx(t − iT ). (3.7)

σV3(x, t, ηt ) = T

nM∑
i=nm+1

(
i∑

j=1

xT
(
t − (j − 1)T

)
Qx

(
t − (j − 1)T

)

−
i∑

j=1

xT (t − jT )Qx(t − jT )

)

= (dM − dm)xT (t)Qx(t) − T

nM∑
i=nm+1

xT (t − iT )Qx(t − iT ). (3.8)
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Using Lemma 2.1 and taking the stochastic delta operator manipulations of
V4(x, t, ηt ), there exists

σV4(x, t, ηt ) = 1

T

[
n∑

i=1

i∑
j=1

eT
(
t − (i − 1)T

)
Re

(
t − (i − 1)T

)

−
n∑

i=1

i∑
j=1

eT (t − iT )Re(t − iT )

]

= 1

T

[
n∑

i=1

eT (t)Re(t) −
n∑

i=1

eT (t − iT )Re(t − iT )

]

≤ n

T
eT (t)Re(t) − 1

nT

[
n∑

i=1

e(t − iT )

]T

R

[
n∑

i=1

e(t − iT )

]

= dMδT
(
x(t)

)
Rδ

(
x(t)

) − 1

dM

[
x
(
t − d(k)

) − x(t)
]T

× R
[
x
(
t − d(k)

) − x(t)
]
. (3.9)

For any real matrix Pi , one has that

0 = −2δT
(
x(t)

)
Pi

[
δ
(
x(t)

) − Aki(t)x(t) − Adi(t)x
(
t − d(k)

) − Bdiω(t)
]

= −2δT
(
x(t)

)
Piδ

(
x(t)

) + 2δT
(
x(t)

)
PiAki(t)x(t)

+ 2δT
(
x(t)

)
PiAdi(t)x

(
t − d(k)

) + 2δT
(
x(t)

)
PiBdiω(t). (3.10)

And there exists

γ −1zT (t)z(t) − γωT (t)ω(t)

= γ −1[xT (t)CT
ki(t)Cki(t)x(t) + xT (t)CT

ki(t)Cdi(t)x
(
t − d(k)

)
+ xT (t)CT

ki(t)Ddiω(t) + xT
(
x − d(k)

)
CT

di(t)Cki(t)x(t)

+ xT
(
x − d(k)

)
CT

di(t)Cdi(t)x
(
t − d(k)

) + xT
(
x − d(k)

)
CT

di(t)Ddiω(t)

+ ωT (t)DT
diCki(t)x(t) + ωT (t)DT

diCdi(t)x
(
t − d(k)

) + ωT (t)DT
diDdiω(t)

]
− γωT (t)ω(t). (3.11)

Finally, it follows from (3.6)–(3.11) that

σV (x, t, ηt ) ≤ ϕT (t)�1ϕ(t) < 0, (3.12)

where

ϕT (t) = [
δT (x(t)) xT (t) xT (t − d(k)) ωT (t)

]
,
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�1 =

⎡
⎢⎢⎣

(1,1) (1,2) PiAdi(t) PiBdi

∗ (2,2) (2,3) γ −1CT
di(t)Ddi + PiBdi

∗ ∗ (3,3) γ −1CT
di(t)Ddi

∗ ∗ ∗ −γ I + γ −1DT
diDdi

⎤
⎥⎥⎦ ,

with

(1,1) = T 2
s∑

j=1

λijPj − 2Pi + T Pi + dMR, (1,2) = T

s∑
j=1

λijPj + PiAki(t),

(2,2) =
s∑

j=1

λijPj + PiAki(t) + AT
ki(t)Pi + (dM − dm + 1)Q

− 1

dM
R + γ −1CT

ki(t)Cki(t),

(2,3) = γ −1CT
ki(t)Cdi(t) + 1

dM
R + PiAdi(t),

(3,3) = −Q + γ −1CT
di(t)Cdi(t) − 1

dM
R.

Using Schur’s complement, �1 < 0 can be changed to

�2 =

⎡
⎢⎢⎢⎢⎣

(1,1) (1,2) PiAdi(t) PiBdi 0
∗ (2,2) 1

dM
R + PiAdi(t) PiBdi CT

ki(t)

∗ ∗ −Q − 1
dM

R 0 CT
di(t)

∗ ∗ ∗ −γ I DT
di∗ ∗ ∗ ∗ −γ I

⎤
⎥⎥⎥⎥⎦ < 0, (3.13)

(1,1) = T 2
s∑

j=1

λijPj − 2Pi + T Pi + dMR, (1,2) = T

s∑
j=1

λijPj + PiAki(t),

(2,2) =
s∑

j=1

λijPj + PiAki(t) + AT
ki(t)Pi + (dM − dm + 1)Q − 1

dM
R.

From (2.4) and (3.13) we can get

�2 = ϒ + ξiF̂ (t)ζi + ζ T
i F̂ T (t)ξT

i < 0, (3.14)

with

ϒ =

⎡
⎢⎢⎢⎢⎣

(1,1) (1,2) PiAdi PiBdi 0
∗ (2,2) 1

dM
R + PiAdi PiBdi CT

ki

∗ ∗ −Q − 1
dM

R 0 CT
di

∗ ∗ ∗ −γ I DT
di∗ ∗ ∗ ∗ −γ I

⎤
⎥⎥⎥⎥⎦ ,
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ξi =

⎡
⎢⎢⎢⎢⎣

PiH1i

PiH1i

0
0

H2i

⎤
⎥⎥⎥⎥⎦ , ζi =

⎡
⎢⎢⎢⎢⎣

0
ET

1i + ET
3i

ET
2i

0
0

⎤
⎥⎥⎥⎥⎦

T

,

with

(1,1) = T 2
s∑

j=1

λijPj − 2Pi + T Pi + dMR, (1,2) = T

s∑
j=1

λijPj + PiAki,

(2,2) =
s∑

j=1

λijPj + PiAki + AT
kiPi + (dM − dm + 1)Q − 1

dM
R.

By Lemma 2.2, there exists a scalar εi > 0 such that (3.14) is equal to the following
inequality:

�3 = ϒ + [
εiζ

T
i ε−1

i ξi

][ −I G

GT −I

]−1 [
εiζi

ε−1
i ξT

i

]
< 0. (3.15)

Using Schur’s complement, �3 < 0 can be changed to �4 < 0, where

�4 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

(1,1) (1,2) PiAdi PiBdi 0 0 ε−1
i

PiH1i

∗ (2,2) 1
dM

R + PiAdi PiBdi CT
ki

εiE
T
1i

+ εiK
T
i

ET
3i

ε−1
i

PiH1i

∗ ∗ −Q − 1
dM

R 0 CT
di

εiE
T
2i

0

∗ ∗ ∗ −γ I DT
di

0 0

∗ ∗ ∗ ∗ −γ I 0 ε−1
i

H2i∗ ∗ ∗ ∗ ∗ −I Gi∗ ∗ ∗ ∗ ∗ ∗ −I

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

with

(1,1) = T 2
s∑

j=1

λijPj − 2Pi + T Pi + dMR, (1,2) = T

s∑
j=1

λijPj + PiAki,

(2,2) =
s∑

j=1

λijPj + PiAki + AT
kiPi + (dM − dm + 1)Q − 1

dM
R.

Pre-multiplying �4 < 0 by the diagonal matrix diag{P −1
i P −1

i P −1
i I I ε−1

i I ε−1
i I }

and post-multiplying by the diagonal matrix diag{P −T
i P −T

i P −T
i I I ε−1

i I ε−1
i I },

respectively, and then setting ε−2
i = αi , P̃i = P −1

i , Ni = KiP
−1
i , P̃j = P −1

i PjP
−T
i ,

Q̃ = P −1
i QP −T

i , R̃ = P −1
i RP −T

i , the inequality �4 < 0 is equivalent to � < 0,
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from which we can get

�0 =

⎡
⎢⎢⎢⎢⎣

(1,1) (1,2) AdiP̃i 0 αiH1i

∗ (2,2) 1
dM

R̃ + AdiP̃i P̃iE
T
1i + NT

i ET
3i αiH1i

∗ ∗ −Q̃ − 1
dM

R̃ P̃iE
T
2i 0

∗ ∗ ∗ −αiI αiGi

∗ ∗ ∗ ∗ −αiI

⎤
⎥⎥⎥⎥⎦ < 0, (3.16)

with

(1,1) = T 2
s∑

j=1

λij P̃j − 2P̃i + T P̃i + dMR̃,

(1,2) = T

s∑
j=1

λij P̃j + AiP̃i + BiN
T
i ,

(2,2) =
s∑

j=1

λij P̃j + AiP̃i + BiN
T
i + P̃iA

T
i + NiB

T
i + (dM − dm + 1)Q̃ − 1

dM
R̃.

This means that the closed-loop system (2.1) with ω(t) = 0 and u(t) = Kix(t) is
asymptotically stable. The solution to the robust H∞ state feedback controller design
problem is presented. Considering the H∞ performance index in Definition 2.1,

J =
∞∑
t=0

[
γ −1zT (t)z(t) − γωT (t)ω(t)

]
,

and assuming, without loss of generality, that system (3.2) is stable with zero initial
condition, implies that V (·)|t=0 = 0 and V (·)|t→∞ → ε with ε → 0, if ω(t) = 0 or
ε < ∞ if ω(t) �= 0. In this way, the above index can be rewritten as

J =
∞∑
t=0

[
γ −1zT (t)z(t) − γωT (t)ω(t) + δV (x, t, ηt )

]
. (3.17)

And it can be obtained that

J =
∞∑
t=0

[
γ −1zT (t)z(t) − γωT (t)ω(t)

] ≤
∞∑
t=0

[
ζ T (t)�ζ(t)

] ≤ 0, (3.18)

with

ζ T (t) = [
δT

(
x(t)

)
xT (t) xT

(
t − d(k)

)
ωT (t) yT

0 (t) yT
1 (t) yT

2 (t)
]
.

where y0(t), y1(t) and y2(t) are arbitrary vectors with appropriate dimensions. From
the delta domain Lyapunov–Krasovskii stability theorem, it is easily concluded that
the jump delta operator system (2.2)–(2.3) with u(t) = Kix(t) is asymptotically sta-
ble if (3.4) holds. Furthermore, the explicit expression for the H∞ state feedback
controller is given by u(t) = NiP

−1
i x(t).
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From the proof of Theorem 3.1, it is easy to see that if there are no uncertainties
in the delta operator system (2.2)–(2.3), i.e. F̂i(t) ≡ 0 (i = 1,2, . . . , s), then

δx(t) = A(ηt )x(t) + Ad(ηt )x
(
t − d(k)

) + B(ηt )u(t) + Bd(ηt )ω(t), (3.19)

z(t) = C(ηt )x(t) + Cd(ηt )x
(
t − d(k)

) + D(ηt )u(t) + Dd(ηt )ω(t), (3.20)

x(t) = φ(t), t ∈ [−dM, 0].
And then we have the following corollary.

Corollary 3.1 With a given scalar γ > 0, consider the uncertain delta operator sys-
tem (3.19)–(3.20), if there exist matrices P̃i > 0, Q̃ > 0, R̃ > 0 and Ni , as well as a
positive scalar αi such that the following LMI holds:⎡

⎢⎢⎢⎢⎢⎣

�11 �12 AdiP̃i BdiP̃i 0
∗ �22

1
dM

R̃ + AdiP̃i BdiP̃i P̃iC
T
i + NT

i DT
i

∗ ∗ −Q̃ − 1
dM

R̃ 0 P̃iC
T
di

∗ ∗ ∗ −γ I DT
di∗ ∗ ∗ ∗ −γ I

⎤
⎥⎥⎥⎥⎥⎦ < 0, (3.21)

with

�11 = T 2
s∑

j=1

λij P̃j − 2P̃i + T P̃i + dMR̃, �12 = T

s∑
j=1

λij P̃j + AiP̃i + BiN
T
i ,

�22 =
s∑

j=1

λij P̃j + AiP̃i + BiN
T
i + P̃iA

T
i + NiB

T
i + (dM − dm + 1)Q̃ − 1

dM
R̃.

Then the system (3.19) is asymptotically stable. Moreover, a suitable stabilizing
H∞ state feedback controller for system (3.19)–(3.20) can be chosen by u(t) =
NiP̃

−1
i x(t).

If the system mode set S = {1}, the jump system (2.2)–(2.3) is simplified into a
general linear system as follows:

δx(t) = (
A + �A(t)

)
x(t) + (

Ad + �Ad(t)
)
x
(
t − d(k)

) + (
B + �B(t)

)
u(t)

+ Bdω(t), (3.22)

z(t) = (
C + �C(t)

)
x(t) + (

Cd + �Cd(t)
)
x
(
t − d(k)

) + (
D + �D(t)

)
u(t)

+ Ddω(t), (3.23)

x(t) = φ(t), t ∈ [−dM, 0].
Simplified results for H∞ control can be given as follows.

Corollary 3.2 Given a scalar γ > 0, the uncertain delta operator system in (3.22)–
(3.23) is robustly stable with disturbance attenuation γ , if there exist matrices P̃ > 0,
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Q̃ > 0, R̃ > 0 and N , as well as a positive scalar α such that the following LMI holds:

⎡
⎢⎢⎢⎢⎢⎣

�11 AP̃ + BNT AdP̃ BdP̃ 0 0 αH1

∗ �22
1

dM
R̃ + AdP̃ BdP̃ P̃CT + NT DT P̃ET

1 + NT ET
3 αH1

∗ ∗ −Q̃ − 1
dM

R̃ 0 P̃CT
d P̃ET

2 0
∗ ∗ ∗ −γ I DT

d 0 0
∗ ∗ ∗ ∗ −γ I 0 αH2∗ ∗ ∗ ∗ ∗ −αI αG
∗ ∗ ∗ ∗ ∗ ∗ −αI

⎤
⎥⎥⎥⎥⎥⎦ < 0,

(3.24)

with

�11 = −2P̃ + T P̃ + dMR̃,

�22 = AP̃ + BNT + P̃AT + NBT
i + (dM − dm + 1)Q̃ − 1

dM
R̃.

Then the system (3.22) is asymptotically stable. Moreover, a suitable stabilizing state
feedback controller for system (3.22)–(3.23) can be chosen by u(t) = NP̃ −1x(t).

4 Numerical Examples

The first numerical example will show the characteristic of a discrete-time system
and delta operator system in sampling a continuous-time system.

Example 4.1 Consider a continuous-time system in the s-domain:

ẋ(t) =
[−1 0

1 −2

]
x(t) +

[
0
1

]
u(t), (4.1)

y(t) = [1 1 ]x(t). (4.2)

By using the shift operator and delta operator in sampling the continuous-time sys-
tem, respectively, we get the relevant different discrete-time system in the z-domain
and the δ-domain. When T = 1, there exist

x
(
(k + 1)T

) =
[

0.3679 0
0.2325 0.1353

]
x(kT ) +

[
0

0.4323

]
u(kT );

δx(kT ) =
[−0.6321 0

0.2325 −0.8647

]
x(kT ) +

[
0

0.4323

]
u(kT ).

When T = 0.55, there exist

x
(
(k + 1)T

) =
[

0.5769 0
0.2441 0.3329

]
x(kT ) +

[
0

0.3336

]
u(kT );

δx(kT ) =
[−0.7692 0

0.4438 −1.2130

]
x(kT ) +

[
0

0.6065

]
u(kT ).
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Fig. 1 The trajectories of the
output in z-domain

Fig. 2 The trajectories of the
output in δ-domain

When T = 0.1, there exist

x
(
(k + 1)T

) =
[

0.9048 0
0.0861 0.8187

]
x(kT ) +

[
0

0.0906

]
u(kT );

δx(kT ) =
[−0.9516 0

0.8611 −1.8127

]
x(kT ) +

[
0

0.9063

]
u(kT ).

From the above results, it is easy to see that the virtue of the delta operator systems in
sampling continuous-time systems will appear when the sampling is fast. Two output
curve graphs of the above systems with different sampling periods are shown in Fig. 1
and Fig. 2.

Example 4.1 now demonstrates the results obtained in previous sections.
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Example 4.2 The following Markovian jump delta operator system (2.2)–(2.3) with
i = 1,2 is considered:

A1 =
[

0.7 0
0 0.7

]
, W01 =

[−0.3 0.3
0.1 −0.1

]
,

W11 =
[

0.1 0.1
0.3 0.3

]
, G1 =

[
0.03 0.03
0.03 0.03

]
,

H1 =
[

0.12 0.12
0.12 0.12

]
, E11 =

[
0.01 0.01
0.01 0.01

]
,

E21 =
[

0.02 0.02
0.02 0.02

]
, E31 =

[
0.01 0.01
0.01 0.01

]
,

A2 =
[

0.6 0
0 0.8

]
, W02 =

[−0.2 0.2
0.3 −0.3

]
,

W12 =
[

0.2 0.2
0.1 0.1

]
, G2 =

[
0.02 0.02
0.02 0.02

]
,

H2 =
[

0.23 0.23
0.23 0.23

]
, E12 =

[
0.03 0.03
0.03 0.03

]
,

E22 =
[

0.01 0.01
0.01 0.01

]
, E32 =

[
0.02 0.02
0.02 0.02

]
.

The generator matrix of the stochastic process ηt is

λ =
[−λ1 λ1

λ2 −λ2

]
, where λ1 = 7, λ2 = 6.

The neuron function is f (x) = [|x +1|− |x −1|]/2, and the time-varying delay func-
tion is 1 ≤ d(k) ≤ 2. Using Theorem 3.1 and the LMI Control Toolbox in MATLAB,
we find that the jump systems (2.2)–(2.3) is asymptotically stable and the solution of
LMI (3.4) is given as follows:

P1 =
[

84.8749 0.8572
0.8572 86.2738

]
, P2 =

[
85.4704 0.1115
0.1115 86.9122

]
,

M =
[

3.7018 3.5370
3.5370 4.9583

]
,

L1 =
[

48.4294 −2.3273
−1.0523 44.0836

]
, L2 =

[
47.8911 −0.2969
−2.4274 44.1331

]
,

Q =
[

6.4566 7.3848
7.3848 12.2908

]
,

R =
[

17.9268 −1.5895
−1.5895 15.5675

]
, S1 =

[−38.5973 0
0 −38.5973

]
,
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S2 =
[−43.0586 0

0 −43.0586

]
,

N1 =
[−0.4674 0

0 −0.4674

]
, N2 =

[−2.7614 0
0 −2.7614

]
,

α1 = 69.4574, α2 = 75.2159.

5 Conclusions

In this paper, the problem of H∞ state feedback controller design for jump delta op-
erator systems with time-varying delays has been investigated, involving both linear
fractional uncertainties and Markovian jump parameters. The class of jump delta op-
erator systems is characteristic of fast sampling periods and delay-range-dependent
stability criteria. Using some new Lyapunov–Krasovskii functionals in the delta do-
main, sufficient conditions are given in terms of LMIs. The proposed method can
unify some previous related results of continuous and discrete systems into the delta
operator systems framework. Numerical examples were given to illustrate the effec-
tiveness of the theoretic results obtained.
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