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On a quasilinear two-species chemotaxis system with general kinetic functions and
interspecific competition

Yifeng Huili

Abstract. In this paper, we study the following two-species chemotaxis system with generalized volume-filling effect and
general kinetic functions

u =V - (D1(u)Vu) = V- (x1(w)Vw) + f1(u) — praruv, (z,t) € Q x (0, 00),
vi =V - (D2(v)Vv) = V- (x2(v)Vw) + f2(v) — poaguv, (z,t) € Q x (0, 00),
Twe = Aw — w + g1(u) + g2(v), (z,t) € Q x (0,00),

under homogeneous Neumann boundary conditions in a smoothly bounded domain Q@ C R™ (n > 1), where a1, az, 11, u2
are positive constants. When the functions D;, S;, fi, gi (i = 1,2) belong to C? fulfilling some suitable hypotheses, we study
the global existence and boundedness of classical solutions for the above system and find that under the case of 7 = 1 or
7 = 0, either the higher-order nonlinear diffusion or strong logistic damping can prevent blow-up of classical solutions for the
problem. In addition, when the functions are replaced to Lotka—Volterra competitive kinetic functional response term and
linear signal generations, by constructing some appropriate Lyapunov functionals, we show that the solution convergences
to the constant steady state in L°°(£2) in the case of a1,a2 € (0,1) or a1 > 1 > az > 0 under some more concise conditions
than [2], which improved the existing conditions to some extent.
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1. Introduction and main results

Chemotaxis is one of the most important components in the process of reproduction and migration, which
describes the partial movement of biological species or cells to the gradient of chemotactic substances.
The classic chemotactic model was proposed by Keller and Segel [10] as the following

u =V - (Dw)Vu — S(u)Vv) + f(u), z€Q, t>0,

(1.1)
vy = Av — v + g(u), zcQ, t>0,

where Q@ C R”. In the system (1.1), u(z,t) and v(x,t) represent the density of the population and the
concentration of the chemical substance at space z and time ¢, respectively. D(u) and S(u) are the
density-dependent diffusion function and the density-dependent sensitivity function, respectively. The
function f(u) is the logistic source and g(u) is the production or consumption of chemical substances.

When f(u) = g(u) = 0, the asymptotic property of f)((z)) ~ ur is the critical condition for blow-up

and global boundedness (see [27,40]). Further studies even have provided further information in which
the respective blow-up phenomenon either can occur within finite time (see [4-6]), or only arises in
the sense of an infinite-time grow-up (see [4,6,41]). Moreover, some rigorous results of (1.1) are shown
that the sub-logistic source f(u) can prevent the blow-up of solutions (see [39,42]). In addition, more
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fruitful results have been obtained for the classical chemotaxis model (1.1) and its variants forms, we
refer [3,8,11,22,28,37] for further reading.

One of the well-known variants form of (1.1) is the two-species and one-stimuli type, that is, two species
respond to the same chemical signaling substance produced by themselves. To describe the movement of
two species, the following chemotaxis system

up =V - (D1(u)Vu — S1(v)Vw) + fi(u,v), €, t>0,
vy =V - (Dy(v)Vv — Se(v)Vw) + fa(u,v), x€Q, t>0, (1.2)
Twy = Aw — w + g(u,v), e, t>0,

was proposed by Tello and Winkler in [29], where 7 € {0,1}. In the system (1.2), u(x,t) and v(z,t)
represent the density of different species respectively, and w(z,t) denotes the concentrations of chemical
substances. The functions f;(i = 1,2) contain the logistic source and interaction between species, and
g(u,v) is the production or consumption of chemical substances. So far, most of the conclusions are
focused on the Lotka—Volterra case that fi(u,v) = pru(l —u — a1v), fa(u,v) = pev(l — v — agu) and
g(u,v) = u + v. Specifically, when the linear case D;(s) = 1 and S;(s) = s for ¢ = 1,2, in the case
of 7 = 0, Tello and Winkler obtained the global existence and asymptotic behavior of solutions when
aj,az € [0,1) (see [29]). When a3 > 1 > ag > 0, Stinner et al. proved that the semi-trivial steady
state is asymptotically stable (see [25]). In case 7 = 1, Bai and Winkler derived the global existence of
classical solutions when n < 2 and asymptotical behavior when the damping terms are suitably strong
(i.e., p1 and po are large enough) in [2]; the bounded and asymptotic results are optimized in [16].
Moreover, in the quasilinear case, when f; = 0, it has been proved in [31] that if D;(s) and S;(s) satisfy
Koi(s+1)b71 < Di(s) < Kyi(s+1)% ! and gl((i)) < Ki(s+1)“, (i = 1,2), then the solutions are globally
bounded under the conditions that 0 < «; < %; and the finite-time blow-up of solution was also obtained.
When the functions D;, S;, fi(i = 1,2) and g satisfy some conditions, Pan and Wang proved that this
system possesses a global bounded smooth solution under some specific conditions with or without the
logistic functions f;(s) and further obtain the asymptotic stability for the solutions of system (1.2) (see
[21]). More related interesting results can be found in [17,18,20,46]. Furthermore, for results of the system
with two-species and two signaling substances, we can refer to [32,43,44].

Recently, inspired by the work [42], Li found several explicit conditions involving the kinetic functions
[, g, the parameters x, A and the initial mass [|uo|| 1 g, to ensure the global-in-time existence and uniform
boundedness for a chemotaxis model with indirect signal production and general kinetic function (see
[12]). Subsequently, Shan and Zheng applied this idea to a chemotactic model describing the immune
system, and obtained some global boundedness results (see [24,47]).

Motivated by the above works, this paper is concerned with the following two-species chemotaxis
system with generalized volume-filling effect and general kinetic functions

up =V - (D1(u)Vu) = V- (x1(v)Vw) + f1(u) — praguv, (x,t) € Q x (0,00),

vy =V - (Da(v)Vv) = V- (x2(v)Vw) + fa(v) — poaguv,  (x,t) € Q x (0,00),

Ty = =0 4 gy (u) + g2(v), (z,8) € 2 x (0, 00), (1.3)
%:5:5:0, x,t) € 90 x (0,00),

u(z,0) = ug(z),v(x,0) = vo(x), Tw(x,0) = wo(zx), x € Q,

where 7 € {0,1}, Q C R™ (n > 1) is a smoothly bounded domain and u, v, w have the same meanings as
n (1.2). The parameters y;, a; > 0(i = 1,2) and nonnegative initial data satisfies

Ug € OO(Q),UO S CO(Q),TZU() S CI(Q) (14)
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Firstly, we consider the global boundedness of solutions for (1.3) under the following hypotheses with
i1=1,2,

(S1
(S2) xi(s) < Oy, s(s + 1)~ with Oy, >0, 8; € R;

)Di(s) > (s+1)™* with a; € R;

) <

(S3) £:(0) > 0,x:(0) = g:(0) = 0 and g;(s), x:(s) > 0 for all s > 0;
)
)

(S4) gi(s) < 87 with v > 0;
(SB Dzv Xis fmgl belong to 02

Based on (1) — (S5), our main results of global existence and boundedness are stated as follows.

Theorem 1.1. Let 7 =1, Q2 C R"(n > 1) be a bounded domain with smooth boundary. Assume (S1)—(Ss)
hold. Fori = 1,2, if one of the following conditions hold:

2 2
(i) fi=0 andai<min{,1+—%—ﬁi};
n n

(i) 3ef = ¢ (B1, B2, 71,72, Cxys Cyy) > 0 such that lim inf{fi(s)}} = € (¢, 00],

s—00 gmax{1,Bi+v

then system (1.3) possesses a classical solution (u,v,w), which is uniformly bounded in time.

Remark 1.1. Our results extend the results in [7,9,13,26,47] from one species to two species. Specifically,
when system (1.3) meets linear diffusion and chemosensitivity (i.e., oz = 0 and §; = 1 for i =1,2),
the condition (i) of Theorem 1.1 indicates that suitable sublinear 51gna1 production (v; < 2 with n > 2
and ¢ = 1,2) can ensure the uniform boundedness, which is similar to the results for 51mp1er (single-
species) Keller-Segel system (see Theorem 1.1 in [13]) When system (1.3) meets linear diffusion and
signal production (i.e., a; = 0 and ; = 1 for ¢ = 1, 2), the condition (i) indicates that suitable sublinear
chemoattractant (3; < 2 with n > 2 and i = 1,2) can ensure the uniform boundedness (see Theorem 4.1
in [9]). Furthermore, when f;(s) = S; — p;s* with S;, y;, k; > 0 for i = 1,2, the condition (ii) of Theorem
1.1 indicates that if 8; +v; < k; or ; +v; = k; with p; large enough for ¢ = 1,2, then problem (1.3)
possesses a unique global classical solution that is bounded in Q x (0,00) (see Theorem 1.2 in [26] or
Theorem 1.1 in [7]). Moreover, when system (1.3) meets linear chemosensitivity and signal production,
the condition (ii) implies that the superquadratic degradation mechanisms or quadratic degradation
mechanisms with sufficiently large damping coefficients of species can ensure the uniform boundedness of
the solution, while the subquadratic case is still a problem that needs to be developed.

In addition, we get rid of the constraint of v1 = v2 < 1 relative to [21], which relies on the Sobolev
regularity estimate (Lemma 3.1) and condition a; < 2 for i = 1,2.

Theorem 1.2. Let 7 =0, Q@ C R"(n > 1) be a bounded domain with smooth boundary, v = max {y1,72}.
Assume (S1) — (S5) hold. For i = 1,2, if one of the following conditions hold:

2
(i) fi=0 andai<1+ﬁ_7_@,;

(11) di; = [i(ﬂhﬁZa’yla’)/Q?CXNC ) > 0 such that lim lnf{_ fz(S) } =il € (Li“OO],

55— 00 5ﬁi+’)/
then system (1.3) possesses a classical solution (u,v,w), which is uniformly bounded in time.

Remark 1.2. Compared with Theorem 1.1, the conditions of Theorem 1.2 have been relatively simplified,
thanks to the elliptic properties of the third equation in (1.3). Moreover, Our results extend the results
from one species to two species. Specifically, when system (1.3) meets linear diffusion and Chemosensitivity,
the condition (i) of Theorem 1.2 indicates that suitable sublinear signal production (v < 2 with n > 2 and
i = 1,2) can ensure the uniform boundedness, which is similar to the results for single- spec1es Keller-Segel
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system (see Proposition 1.3 in [36] and Theorem 1.1 in [33]). When f;(s) = S; — u;s® with Sy, s, ki > 0
for i = 1,2, the condition (ii) of Theorem 1.2 indicates that when 3; +v; < k; or 5; +7; = k; with y;
large enough for ¢ = 1,2, problem (1.3) possesses a uniformly bounded solution (see [35,45]). In addition,
our results highlight the independence of 3; and «; for i = 1,2 respectively, compared with [23].

After the globally bounded solutions obtained, we next consider the large time behavior of solutions to
the system (1.3). First, we taking into account the effects of Lotka—Volterra competitive kinetic functional
response term and linear signal generations, i.e., f;,g; (i = 1,2) satisfy

(S6) fi(s) = pis(1 —s) and gi(s) = s for all s > 0.
Then, it is easy to obtain that the system (1.3) has four possible constant steady states (uy, vy, wy):
Pyor P,or Pyor P,, ifaj,as <1lorai,as>1,
Py or P, or Ps, other cases,

where P; is the extinction state, P» and P5 are two semi trivial steady states, and P, is the coexistence
steady states with

1—ay l—ay 2—aj—as
1—a1a27 1—a1a2’ 1—(11(12

P, :=(0,0,0), Py:=(1,0,1), P3:=(0,1,1)
P* - (u*,'l}*,w*) =

In view of the existing works [2,14-16], the weakly competitive case (a1,a2 € [0,1)) and the strongly-
weakly competitive case (a1 > 1 > ag > 0) have been concerned. Moreover, the case of strong competition
(a1,a2 > 1) have been partly given in [20]. Along with the previous work, we further consider weakly
competitive and the strongly-weakly competitive cases, and give a more concise result to ensure the
asymptotic stability of the solutions in the case of 7 =1 or 7 = 0.

Moreover, it follows from Theorems 1.1 and 1.2 that we can find positive constants k1 and ky satisfying

k= max (u+1)2r+en=2 f, — max (v 4 1)%PeFe2—2, (1.5)
0<u<||ul[ oo (o) 0<v<||v]| Loo ()

Then, we can get the following results about large time behavior of solutions for (1.3).

Theorem 1.3. (Strongly-weakly competitive case) Let 7 = {0,1} and the assumption (Sg) hold. Assume
that ay > 1> a9 > 0. If
02
p2 > %kz, (1.6)

then the unique global bounded solution (u,v,w) of (1.3) obtained by Theorem 1.1 or 1.2 satisfies
[u(, )l Loe (@) + 10 8) = Uz @) + [lw(,8) = Lz @) = 0 ast — oo

Theorem 1.4. (Weakly competitive case) Let 7 = {0,1} and the assumption (Sg) hold. Assume that
0<ai,as <1. If

C? u 2—a C% v
Ly > X1 *,u2( 2)]€1 + X2 *k27 (17)
8@1#1 8

then the unique global bounded solution (u,v,w) of (1.3) obtained by Theorem 1.1 or 1.2 satisfies
lu(-,t) = usllpoe () + lv(- 1) = vill Lo (@) + [[w (1) —wil[peo(@) = 0 ast — oo.
Remark 1.3. Our results in Theorems 1.3 and 1.4 are more concise than the existing results in [2,14-16],

and the condition of Theorem 1.3 is free from the influence of parameters a; and as. Specifically, when
ay > 1> ag > 0, the conditions in [2] are

Cizv* (a} + az — 2aja9)
16as (1 — afasg)

M2 > (1.8)



ZAMP On a quasilinear two-species chemotaxis system Page 5 0f 24 185

(a'1+a2—2a'1a2)
2a2(1—alasz)
ay > 1. Therefore, Our results in Theorem 1.3 partly improved the existing work in [2]. For the condition

C? v, C? wu,(2—
1.7) in Theorem 1.4, it can be rewritten to pus > X" ko, where d, := 1 — G ua2ma2)
H 8ay p1

8d,
CF us(2— Ca . . . s
> Wh, which implies that if p; is sufficiently large, then the condition of uo can be relaxed

accordingly.

for some a} € (1,a;] such that afjas < 1. Tt is not hard to get, > 1 when ap > 3 for all

k1 > 0 when

The rest of the article is organized as follows. In Sect. 2, we give some preliminary lemmas and the local
existence of solution for system (1.3). In Sects. 3 and 4, we study the global existence and boundedness of
solutions for system (1.3), and prove Theorems 1.1 and 1.2. In Sect. 5, we study the asymptotic behavior
of global solutions for system (1.3), and prove Theorems 1.3 and 1.4. In the following content, we let
u(+,t) = u(x,t) and shall use K;,C;(i = 1,2,...) to denote a generic positive constant which may vary in
the context. Without confusion, the integration sign dxr and dxdt will be omitted.

2. Local existence and preliminaries

The following local existence for solutions of the system (1.3) can be obtained by adapting established
techniques. The details can be found in [1,2,9,25,46] and can therefore be omitted here.

Lemma 2.1. Let 7 € {0,1} and Q@ C R™(n > 1) be a smoothly bounded domain. Assume that the functions
Di,xi, fi and g; (i = 1,2) satisfy (S3) and (S5), as well as the nonnegative initial data satisfies (1.4.
Then there exist Tynax € (0,00] and uniquely determined nonnegative functions

u,v € C° (2% [0, Thax)) N C%! (Q x (0, Tax)) »
{w S CO (Q X [O,Tmax)) n 02’1 (Q X (O,Tmax)) NLS ([Ovaax) ; WLQ(Q))

loc

such that (u,v,w) solves problem (1.3)classically in Q x (0, Tymax), where ¢ > n and Thyayx is the mazimal
existence time. Moreover, if Thax < 00, then

sup {[|u(-, )| @) + |[v(5 )| Lo @) + w0 [wie ) } — 00, ast /" Thax. (2.1)

Lemma 2.2. (see [19]) Let Q@ C R™, n > 1 be a bounded domain with smooth boundary, and let p > 1,
q € (0,p). Then there exists a constant Can > 0 such that

llull o0y < Can (I Vullg2 o llull Laay + ullLae)),

where § = 1E%f € (0,1).

Q3

Lemma 2.3. Let the conditions in Lemma 2.1 hold and f; = 0(i = 1,2), then there exists K1 > 0 such
that the solution components u,v of (1.3) satisfy

u( )l + o Ol < Ky for allt € (0, Tiax) - (2.2)

Proof. Integrating the first two equations in (1.3) with respect to x € €, we end up with

d d
T u+a1u1/uv:O:a v+a2u2/uv,
Q Q Q Q

due to f; = 0(i = 1,2). Then, we have

[uC )21 @) < lluollpr ) and [[v(, O)llL1e) < llvoll 11 (q) (2.3)
for all t € (0, Trax)- O
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3. Global boundedness for = = 1

In this section, with the aid of damping term and diffusion respectively, we study the global boundedness
of system (1.3) when n > 1 and 7 = 1. The ideas come from [11,21,47]. Firstly, we need the following
estimate.

Lemma 3.1. (see Lemma 2.3 in [34]) Let Q C R™(n > 1) be a smoothly bounded domain, and let 0 <
to < Tmax < 00 and p € (n,+00). Assume that zg € W?P(Q) with 0,20 = 0 on 9Q and hy,hy €
LP ([0, Twax); LP(Q)). Then the problem

22 =Az—2+h1+he, (x,t) €Qx(0,Thax),

0z
% = O’ (.T,t) S 39 X (077_'11131)()7
z(+,0) = zo, r €,

exists a unique solution z € WP ([0, Trnax); LP(2))  LP ([0, Timax); W2P(Q)) and there exists Cs(p) > 0
such that

t

t
[em [1astnpar < s [ [Uhl.oP + lhat)P)dr + Cs)er™ |82, 1) [
Q to Q

to
for any t € (to, Trmax)-

Next, we establish a priori estimates about u, v, which are of great help to get the main result.

Lemma 3.2. Let the conditions in Lemma 2.1 hold and 7 = 1. For any p; > p} := max {1, a;,1 — 3;} and
€; > 0 with i = 1,2, the solution components u,v of (1.3) satisfy

1 d -1) o
/(u+1)p1 pl /’v +1 1 1
prdt (p1 —a1)

(3.1)
gel/(uﬂ)mﬁﬁ%—le (61)/|Aw|pﬁ +/(u+1)p1—1f1(u),
Q Q Q
and
1 d -1 -
dt/(v+1)” 4 (p2 )Q/IV 1)
b2 (p2 — a2)
(3.2)
<e /(v I VAT / Aw|P? + /(v + 1Py (v),
o Q Q
where p; = Iﬂrﬁv%*l and
1-p;—B; Pit+Bitvi—
M (&) = i (61 pi+ Bty — 1) K (CXi(pi — 1)) i (3.3)
B Di+ B+ —1 pi+ 05— 1 pi+53i —1 ’
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Proof. Testing the first equation in (1.3) by (u+ 1)P1~! for p; > 1, we have

1d

1
Pldt (w17

—(p1—1) /u—|—1”1 2Dy (w)|Vul® + (p1 — 1) /u—!—l”1 1 (w)Vu - Vw (3.4)
Q Q

+ /(u + )Pt fy (u).

Q

Due to (S1), (S2), p1 > a1 and p; > 1 — (31, we get

o 1) / (u+ 172Dy (u) V> < —(py — 1) / (1 + 1)~ =2 T2
Q

Q
(3.5)
— p1— O‘1 2
< p1 D /‘V (u+1) ,
pl —041) o
and
plfl/qulp12 1(w)Vu - Vw = — plfl/ /I‘(s)ds
Q Q
< (p1_1)/ /F(s)ds |Aw| (3.6)
Q 1o
X1 pl 1 / +1 p1+B1— 1|Aw|,
pl + 61 —
where

T(s) = (s + 1)P* 2y (s) < Cy, (s + )P A2,

For the right term of (3.6), since 71 > 0 and p; > 1 — (31, using the fact
inequality that for any €; > 0, we obtain

75051 € (0,1) and Young's

-1 -
gff;l - 1) /(u + )P Aw| < g /(u + 1)PAEn =l A () / | Aw|P? (3.7)
Q Q

where p; = pl*'ﬁlv%_l and M; (e1) is defined in (3.3). Then, collecting (3.4), (3.5) and (3.7) that we
prove (3.1). Similarly, (3.2) can be obtained by using the same framework. O

Then, based on the above lemmas, we establish the uniform boundedness of [[ul[zn, ), V] 1r2 ()
under some appropriate parameter conditions.

Lemma 3.3. Let (u,v,w) be a solution ensured in Lemma 2.1 and the assumptions in Theorem 1.1 hold.
Then there exists a positive constant Ko such that for all py,ps > 1

G )l oy + 06D oy < Ko for allt € (0, Tona). (3.8)
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Proof. Applying Lemma 3.1 to the third equation in (1.3) and combining (Sy4), for ¢ = 1,2, there exists
Cs(pi) > 0 such that

t
/eﬁ”/|Aw(-,7)|p~idT
Q

to
t

< Cstp) [ 7 [ (0t 0 dr 4 Csp)e™ 8w (- t0)

to ’ Q
< Cs(pi)Qﬁi /eﬁm’ / {(u(,T) + 1)?1")’1 4 (’U(-, 7—) + 1)1;i72}d7

+ Cs(pi)e™ || Aw (-, to)||?

Q)

Let p1 = p2. Next, we divide our proof into the following two parts.
Part 1 We shall deal with the hypothesis (i) in Theorem 1.1 by using the aid of the diffusion when
fi=03i=1,2).

For i = 1,2, ¢; € W12(Q) N Lo (Q) and the same p; in Lemma 3.2, combining Lemmas 2.2, 2.3
and Young’s inequality, there exist positive constants C%, C%, C4 such that,

(1/)2 + ]_)PL — & (/IZ}Z + 1)1%;041 Pi_z(:;{
pi 2 i LPi—%i (Q)
cillv pizaq || Fitky O o || itk (1)
< /L 1 5 K3 i i k3 i
<OV +1) o) (i +1)"2 L (o)
+C || +1) = Z;f‘é;_m) (3.10)
< Cl V(w +1)7 i +
-l v ?
12 ,
/‘V Wi+ 1) 7|+ i,
pz - az

. n(pb Cx'L> 1 —_
where §} := 1:+n7(g_a)) €(0,1) and 2’“ 61 € (0,2) due to p; > 1 and o; < 2 with n > 1.
o=,

Moreover, let

M3 = €1 + Mi(e1)Cs(p1)27" + Ma(e2)Cs(p2)272,

2 5 . (3.11)
M3 = es + My(e1)Cs(p1)2P* + Ma(e2)Cs(p2)2P2,
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and p; > max{2—ﬁ¢ — 5, 04 + 2=2 S+ 2(51 +v—-1) } with ¢+ = 1,2, combining Lemmas 2.2, 2.3

n ?

and Young’s inequality again, for i = 1 2, there exist positive constants C%, C%, C§ such that

Mé /(¢z 4 1)pi+/67;+"/i_1
Q
2(pi+Bit+vi—1)

Pi— "‘1 iy

5 || (i +1)

2(p;+8;4 +71 -1

L P ()
2(Pi+l3i+’vi*1)5; H 2(pi+Bit+vi—1) (1—5;)

Pi— Qg (wz + 1)71; i ’ Pi—ay

<Cj

2
LPi—i (Q)

SR Vi IO

2(pi+B;+v;—1)

iy

2
LPi=% (Q)
2(pi+Bi+vi— 1)51

Py =g

(3.12)

+C (s + 1)

< Cg' + Ci

V(i + 1)

L2(Q)
/‘v i+ 1)°
pz_az

'”(Pi;o‘i) (1_

+cg,

1
r) (0,1) and 2@HPt3:=D 58 ¢ (0,2) due to a; + f§; + 7 < 1+ 2 with

i
where 05 := PR =) Pi—0

n > 1.
Together (3.10), (3.12) with (3.1) and (3.2), we have
1d P

pTdt (u + 1)P +}71/(u+1)p1 +M§ /(u+1)p1+ﬁ1+~/rl
Q

(3.13)
Sel/u+lpl+51+71 1+M1 61 /|Aw|p1

and

1d e
17& (erl)szrz? /(v+1)p2 +M2/(U+1)P2+52+7271
2 2

Q Q Q

< ¢ /(v+1)pz+ﬁz+vz—1+M2 (62)/|A'[U|p~2,
Q Q

(3.14)

due to f; = 0(i = 1,2). Integrating (3.13) and (3.14) from ty to ¢ yields

1
b1
Q

(u+ 1) ( )_|_ (M3 _ 61 e Plt/ / p1+51+’>’1*1
(3.15)

t

_ _ N 1 .
<Mi(e)e ™ [ [1au( P+ e @0 () + 17
D1
Q Q

to
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and
(U + 1)P2(.7t) + (M§ _ 62 e pzt/epzT/ _|_ 1 p2+P2+vy2—1
P2
¢ t oo (3.16)
1
< My(er)e [ e / B, + 000 [(w () + 1)
to p2 Q
Together (3.15) and (3.16) with (3.9), we obtain that for all ¢ € (0, Tinax),
1
o+ [0 < 6 (317)

D1 D2
Q Q

for some constant C; > 0 due to p1 = pa.

Part 2 We deal with the hypothesis (ii) in Theorem 1.1 by using the effect of damping terms. Firstly,
it follows from Mj (e1) and M (e2) in (3.3) and simple calculations that M3 (e;) and M2 (e2) defined in
(3.11) attain the minimum value

20y, (p1 — 1)Cs(p1) v N 2720y, (p2 — 1)Cs(p2) 72

min M. =M} 3.18
€1>0 (1) = p1+5—1 2+ B2tz Dpatfe—1) ¢ (3.18)
and
1 1
2Cy, (p2 —1)Cs(p2) 72 2710y, (p1 — 1)Cs(p1) 7t
min M. X2 X1 = M? 3.19
>0 () = p2+ P2 —1 (pr+B1+7 =11+ 61— 1) * (3.19)
respectively, when
1
20, (pi — 1 NG
€ = CX1 (pl )Cs(pl) (320)
pitBity—1
fori=1,2.
Adding ;% J(u+1)P* and Z;z J (v +1)P2 to both sides of (3.1) and (3.2), respectively, we have
Q Q
1d 3
ot (u+ 1) +§/(u+1>m
1 1
Q
: ? Jor s fas st o @) [ s 321
Yo Q Q
+/m+nm4ﬁ@%
Q
and
1d j:
bt (v+1)™ +§—2/<v+1>“
2 2
Q
§2 (1}—|— 1)}72 +€2/(U—|— 1)P2+52+7271 + M, (62)/|Aw|ﬁ2 (3.22)
2
Q Q Q

+/w+nm4b@y

Q
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Integrating (3.21), (3.22) from ¢y to ¢ and using (3.9) yields

(w17 (1) + — / (04 1P (,1)

riJ P2

p1 *plt/ mT/ _|_1 p1 —|—M 61 plt/ pﬂ/ _|_1 p1+B1+vy1—1

/ / (et P )7+ L) / (1 (- t0) + 1) (323

p2 *P2t/e:027'/ +1 P2 +M2 62 e p2t/6,’02‘r/ Jrl p2+pP2+y2—1

e mf/emf/vﬂm Ly(0)(o7) + em<to ”/(v(-,to)—i—l)”
Q

due to p1 = pa. With the ¢; in (3.20) for ¢ = 1,2, we obtain

(w417 () + L /(v L1y p)

PT D2

(3.24)
<e p1t/ep17/F1 +e pzt/epzT/Fz + Cs
where Cg = e”l to=t) [ (u(-,to) + 1) + em’ (o=t [ (v(-,t9) + 1) and
Q Q
Fy(s) := il (54 1P + Mi(s + 1)PitBitri=l 4 (s £ 1)Pi71f(s) (3.25)
for i =1,2. Let
b when 1+ <1;
1= 7’% + My, when B+ =1; (3.26)
My, when 31 +71 > 1,
and
%7 when B2 + 72 < 1;
s = %; + M2, when By +v2 = 1; (3.27)
M3, when [y + v > 1,

then we can divide the three cases (a) 31 +v1 <1, (b) f1 +71 = 1 and (¢) B1 +71 > 1 to deal with Fy,
and Fj is treated in a similar way. Here we only give the proof of case (a).

If B1 + 71 < 1, it follows from lim,_, . inf {—flT(g)} =:11 € (17, 00] for o] = % that

1 -
Slirglo inf mﬂ(s) = % + M} shlgo inf(s+ 1)1 — 4y

&7L1<0

P1

(3.28)
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so that
351 > 0, s.t. Fi(s) <0 for all s > 3.

Therefore, we further have

[R@en= [ Bwed+ [ Rwen) < sw R0l <x. (3:29)
Q u<3y u>31 =t

In this similar way, we can also get

/Fl(u)(-,T) < oo  when case (b), (c) (3.30)
Q
and
/ Fy(u)(7) < 00 when case (a), (b), (¢) (3.31)
Q
under the condition limg_, inf {—%} =:1; € (1}, 00] by the definition of ¢} in (3.26) and (3.27)

with ¢ = 1,2. Combining (3.24) with (3.30) and (3.31), we obtain the existence of positive constant Cy
such that

1 1
— [(u+ 1) (-, t)+ — /(U +1)P2(-,t) < Cy (3.32)
b1 b2
Q Q
for all ¢ € (0, Tinax ). The proof of Lemma 3.3 is complete. O

By Lemma 3.3, we can complete the proof of Theorem 1.1.

Proof of Theorem 1.1. By using the well-known LP — L9 estimate in [38] and selecting the appropriate
values for p1,ps in Lemma 3.3, we can obtain the boundedness of ||w(:,t)|/y1..c. Then, it follows form
Moser iteration technique (Appendix A of [27]) that there exists a constant K3 > 0 independent of ¢ such
that

[u(,t)llzoe + lo( Dl + [lw( t)llwre < Ks,
which together with the extension criterion in Lemma 2.1 proves Theorem 1.1.

4. Global boundedness for 7 = 0

In this section, we shall prove the global boundedness of solutions for (1.3) in any space dimension when
7 = 0. Firstly, we give the coupled estimate of [uP* and [ vP? for some suitably large p; > 1(i = 1,2).
Q Q

Lemma 4.1. Let 7 = 0 and (u,v,w) be a solution ensured in Lemma 2.1. Then the solution (u,v,w)

satisfies
1d 4(p1 — 1 p1—og
*/<U+1)”1+ by )z/‘V(UH) z
Q

2

EdtQ (p1 — a1)

< CXl (pl — 1) /(u + 1)P1+[31+’Yl—1 4 CXI (pl — 1) /(u + 1)P1+51+’Y2—1
_(Pl-i-ﬂl—l)ﬂ p1+51+’)’2—1ﬂ

Cy,72(p1 — 1) A1 -
TSR AR A R Q/(“Jrl) Q/fl(u)(u+1)

(4.1)
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and

1d 20‘2
+1)” + /‘Vv+1
pzdt/( ) (p2 — a2)?

< sz (p2 - 1) /(’U + 1)p2+52+72_1 + CXQ (p2 - 1) /(U + 1)p2+[32+'yl—1

_(102+52*1)Q P2+52+’)’1*19 (42)
Cyom(pz — 1) / - -
+ 2 u+1p2+52+’71 17/ v ,U+1p21
(p2+52+’71—1)(p2+52—1)9( ) ) fa(o)( )
for all t € (0, Tynax), where
p; > max{l,1—G;,0;} withi=1,2. (4.3)
Proof. Testing the first equation in (1.3) by (u + 1)P2~1, since (S;) and p; > a1, we have
1d
1
P1 dt (w17
/(“Jrl)pl 'V - (D1 (u) V) / (u+ )"V (xa (u)Vw) — /fl )(u+ 1Pt
Q
) ) . (4.4)
L/WU+1‘4*‘+@r—U/W+1W_XﬂWVMVw
Pl - Ot1
Q
- /f1(u)(u +1)Ph
Q
Due to (S2), (S4) and p; > 1 — (1, using Young’s inequality, we obtain
(=1 [t 1" 2T Vo
Q
=(p1 — 1)/Vw(u) Vw
Q
(1~ 1) [ wlw) - dw
Q
< - 1) [ @ + 0 - w)
(4.5)

Q

c (plfl)/ _

< Zxa\re ) _|_1P1+ﬁ1 L 72
—m+m—ngw ) W= +™)

< Cxa (1 — 1)) /(u )Pl g pitfh-1 /(u 4 1)Prtit—l

T+ —1 ) p1+51+72*152

72 / +B1+y2—1
+ ,U+1P1 1T72
p1+ﬁ1+72—19( )
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where
/ s+ 1)P1 72y (s)ds < /(3 + 1)Pr+h=2gs,
0 0

Then, collecting (4.4) and (4.5) that we prove (4.1). Similarly, (4.2) can be obtained by using the same
framework. O

Then, based on the above lemmas, we establish the uniform boundedness of [[ul[zs, ), 1] 1r2 ()
under some appropriate parameter conditions.

Lemma 4.2. Let (u,v,w) be a solution ensured in Lemma 2.1 and the assumptions in Theorem 1.2 hold.
Then, for all p1,p2 > 1, there exists a positive constant K4 such that

)l o ey + 100 D poay < K for allt € (0, Tona). (4.6)

Proof. Let p1 + 1 +v2 = p2 + B2 + 71 in Lemma 4.1. Similar to Lemma 3.3, we divide our proof into the
following two parts.

Part 1 We shall deal with the hypothesis (i) in Theorem 1.2 by using the aid of the diffusion
when f; = 0(¢ = 1,2). Combining (4.1)—(4.2) and apply Young’s inequality, there exist some constant
Clo, (11 > 0 such that

d |1 1
- - ]_Pl . 1102
" pl/(u—i— )P+ /u+

-1) 2 -1)
Alp =V /’v +17‘ Alpz=1). / (4.7)
Pl - al p2 - 042
< Cho /(u 4 1)P1+51+7*1 + 011/ v+ 1 p2+PB2+v—1
Q Q

due to v = max {y1,72}, p1 + B + 72 =p2 + B2+ 1 and f; = 0(i = 1,2). Since o; <1+ 2 —y — 3; for
1 = 1,2, using the similar techniques as in (3.12) we obtain

(010 + 1) /(u T 1)p1+[31+v171

_1 —ay |2 ~
< pl /‘V 12 . + Chp

p1 - a1
and

(Cll + 1) /(’U + 1)P2+52+’Y2—1

-1) -
< e 4 (p2 /‘V v+1 2 +Cl1,
P2*042
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where 010, C'u are some positive constants. Together them with (4.7) that we have

d 1 1

U+1p1+ /U+1P2

o pl/( ) P (v+1)
Q Q

+ /(U + 1)P1+51+’Y—1 + /(’U + 1)P2+,32+’Y—1 (48)
Q Q
S 0127

where C15 is a positive constant. This along with the ODE comparison argument, we obtain the existence
of positive constant C3 such that

1 1
— [(u+1)P (- t)+ —
ol ACR RV SO

5 /(U +1)P2(,t) < Ciz (4.9)

Q Q

for all ¢t € (0, Tinax)-
Part 2 We deal with the hypothesis (ii) in Theorem 1.2 by using the effect of damping terms.
Together (4.1) with (4.2) and adding [(u+1)2 + [(v+1)7 to the both sides, since p;,py > 1 and
Q Q

p1 + B1 + v2 = p2 + B2 + 1, we have

d 1 1 P1 P2
— _ p1 . p2 5 5
< pl/(u+1) +p29/(u+1) +Q/(u+1) +/(u+1)

Q Q (4.10)
< [aw+ [ o),
Q Q
where
Ql(u) _ ( CXl (p1 — 1) OngYl(pQ - 1) ) (u + 1)p1+51+’yg—1
pr+0Oi+r2—1 e+ Ba+y—1)(p2+02—1) (4.11)
C —1 P '
+ (pxl(pﬁl 1))(u AP (1) 2~ fr(w)(ut )P
1 1 —
and
QQ(U) _ ( CX2 (p2 — 1) CX172(p1 — 1) ) (1} =+ 1)P2+ﬁ2+71*1
p2t+fet+mn—1 (i+Bi+yv2—1)p+06—-1) (4.12)
C -1 P .
P (o O 0 ) )4 1
Let p; >2(8; +v—2) (i =1,2) and
Cyy (p1—1) Cyov1(p2—1) .
P16'+X51+72f1 (P2+5267§$1*1)(P21+ﬁ2*1)’ Co (1) when 71 <23
-~ v (P1— oY1 (P2— 1 (P1— s
"o ’8+%1+_”f)_1 Gt Bt —DmtmH-D T koD When 7 =12 (4.13)
[TE= et when 71> %2,
and
Cyo (p2—1) Cyy7v2(p1—1) .
p2+X[232+’Y1*1 (p1+ﬁ1j'lyzfl)(}711+ﬁ1*1)’ Cun 1y when 71 > 723
~_ xo (P2 — x17Y2(P1— x2 (P2 — _ .
t2 = }éng,?z*t’Yl*l + (p1+B1+72—1)(p1+p1—1) + (p2+pB2-1)" when 7= 72 (414)
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then we can divide the three cases (a) y1 < 2, (b) v1 = 72 and (¢) 71 > 72 to deal with gy, and g9 is
treated in a similar way. Here we only give the proof of case (a).

If v1 < 72, then v = 75, it follows from lim,_, ., inf {7SJ;;1(j)W} =:11 € (01,00] for 07 = % +
Cxp71(p2—1)
(P2+52+’31—1)(P2+52—1) that
. 1 Cy,(p1 — 1) Cyom(p2 — 1)
lim inf 5) = Xt Xz
s—oo (s 1Pttt or(s) prtBi+y—1 (p2+Boat+m—1p2+G—1)
Cy(pr—1) . . _ (4.15)
+ X lim inf(s + 1) —
(p1+B1—1) s—o0 ( ) '
<0,
so that
355 > 0, s.t. p1(s) < 0 for all s > 35.
Therefore, we further have
Jewen= [ awen+ [ awens s a0l <o, (4.10)
Q u<3S2 u>59 Sess
In this similar way, we can also get
/Ql(u)(-,T) < oo when case (b), (c) (4.17)
Q
and
/Qg(v)(-,T) < oo when case (a), (b), (c) (4.18)
Q

under the condition lim,_, inf {_Siji(fl} =:1; € (i;,00] by the definition of 7; in (4.13) and (4.14) with

1 = 1,2. Combining this with (4.10), we obtain the existence of positive constant C74 such that

. 1/@+nM+;!w+WQ+!@+U?+/@+D?£&4 (4.19)

dt | p
Q Q

for all t € (0, Tyax)- This along with the Lemma 5.1 in Chapter III of [30], we obtain the existence of
positive constant Ci5 such that

1 1
L N /@ F1)P2 () < Crs (4.20)
p1 P2
Q
for all ¢ € (0, Tinax). The proof of Lemma 4.2 is complete. O

Remark 4.1. When (; > 0 with ¢ = 1,2, for any p; > 0, it is interesting that (4.13) and (4.14) can be
simplified to

Cy., when 1 < 793 Cy,, when 1 > 793

01 =142Cy,, when~vy =7 and i=142C,,, wheny; =7 (4.21)
Cxlu when Y1 > V2, CX27 when 7 <72,
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due to p1 + 1 + 72 = p2 + P2 + 7, and the condition (i) in Theorem 1.2 can be changed into
limg_, o inf {— Sfﬁ(j:)w } =:1; € [(;,00]. In the other hand, when (; < 0, since the continuity and

: C(X1 (pl - 1) ng’Yl(pQ - 1) _
lim =Cy,,
prpz—oo | p1+B1+v2—1 (p2+B2+y—1)(p2+ 52— 1)

lim {(CXI(pl -1 } _c,,,

pi—oo | (p1+ P11 —1)
. Cy,(p2 — 1) Cy,72(p1 — 1) _
lim =Cy,,
pip2—oo [po+ P+ —1 (pr+Fi+re—1Dp+06—1)

and

lim { (CXQ (p2 — 1))} —c,,,

pa—oo | (p2 + B2 — 1
(4.13) and (4.14) can also be simplified to (4.21) such that the condition (ii) in Theorem 1.2 is reasonable
for sufficiently large p1, po.

By Lemma 4.2, we can complete the proof of Theorem 1.2.

Proof of Theorem 1.2. applying the elliptic estimate to the third equation in (1.3) and combining Sobolev
embedding theorem, we obtain

lw(, t)lwie@) < Cisllw(-, O)llwzr) < Crrllu(-,t) +v(,1)|[Lr@) < Cis (4.22)

for some positive constants Cyg, C17,C1s. Then, using Moser iteration technique (Appendix A of [27]),
there exists a constant K5 > 0 independent of ¢ such that

[u( Dl + ol Dl + wl Ollwre < Ks,

which together with the extension criterion in Lemma 2.1 proves Theorem 1.2.

5. Asymptotic behavior

In this section, we show the asymptotic behavior of solutions by constructing the proper Lyapunov
functionals under some assumptions to prove Theorems 1.3 and 1.4, separately. To achieve our goals and
apart from constructing the energy functionals, we first give the following key lemma

Lemma 5.1. (see [2]) Let (u,v,w) be a nonnegative global bounded classical solution of (1.3) with initial
data (ug,vo,wo) satisfying (1.4). Then there exist § € (0,1) and Kg > 0 such that

||u||C2+g’1+%(Q><[t,t+1]) + HU||C2+9‘1+%(QX[t,t+1]) + HwHCHe’lJr%(QX[t,tJrl]) < Kg fOT’ allt > 1.

In addition, Let f(t) : (1,00) — R be a nonnegative and uniformly continuous function that satisfies

Tf(t)dt < oo. Then, f(t) — 0 ast — co.
1

5.1. Proof of Theorem 1.3

Lemma 5.2. Let 7 = 1 and (u,v,w) is global bounded solution of (1.3). Suppose that p1,ps > 0 are
arbitrary, then the function

Eq(t) :§2/u+p1§2/(vllnv)+p22ﬂ/(w1)2
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satisfies
d
En 1(2)
— (11 — p1p2) /U2 — (H1a1 + prpsaz — 2p1pi2) /UU — (2p1p2 — 1 — p1pizaz) /U
A A A (5.1)
201
- <2P1H2> /|Vw| *01#2/(U+U* w)® *Pl#z/(wfl)
Q Q
for all t > 0 when pa = 2p1 2, where ky is defined in (1.5).
Proof. Let A(t), B(t) and D(t) be defined as
1
Aq(t) == /u7 Bi(t) = /(U— 1—Inv) and Gi(t):= 5/(11)— 1)2.
Q Q Q
From the first equation in (1.3) and (Sg), by a straightforward calculation that
il
&Al( ) = —l1 /U2 + /U (1 — alv) (52)
Q Q
and
—Gl /|Vw| +/(w—1) (u+v—w). (5.3)
Q
Together with (S7), (S2) and (Sg), we obtain
d Vol? S
&Bl(t) = —/Dg(v)l 1;2)' —|—/ z(zv)Vv : Vw—i—,ug/(v - 1)1 —v—agu)
¢ ¢ ¢ (5.4)

C2
§4fka/Wwf+ua/@flﬂlfvf@m
Q

Q

by using Young’s inequality and the definition of ks in (1.5). For arbitrary p1,ps > 0, a direct linear
combination (5.2)+p2x (5.3)+p1x (5.4), the consequence thus obtained then reads

d kap1CF,
EEI( ) < (m - %) /U2 — (n1a1 + pipzaz — p2) /UU - (Pz - % /\Vw\Q

Q Q Q

P2 o )

—/(gu + prugv® + 2w — pauw — png+p2uv>—/( w* — pow + Pz

2
Q Q
— (2p1p2 — p2) /U —(p2—p — p1u2a2)/u
Q Q
Then, let ps = 2p1 o, it immediately complete the proof of this lemma. O

Next we will use the energy functional constructed in Lemma 5.2 to obtain the large time behavior of
solutions to (1.3) when a; > 1 > as > 0.
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Lemma 5.3. Suppose that the conditions in Theorem 1.3 hold and T = 1, then there exist some p1,01 > 0
such that the functions

0= [utpn [(0-1-100)+ g (w12
Q Q

Q

and
Fi(t) ::/u2+/(v+u—w)2+/(w—1)2
Q Q Q
fulfill
E{(t) < —o1Fy(t)  for allt > 0. (5.5)
Proof. Since a; > 1 and as < 1, we have
M1 Hiay H1 H1
< and < —, 5.6
p2(2 —az) = p2(2 — az) p2(2 —az)  po (5:6)
which ensures the existence of p; satisfying
251 H1 Hiay
< — and p; € , 5.7
7S g & {H2(2a2) #2(2@)} 57

such that py — pipe > 0 and min{u1a1 + p1usas — 2p1 g, 2p1 2 — 1 — p1peas} > 0. Therefore, by
choosing suitable p; and combining (1.6), we have

S B <~ (- o) [ =i [ (o= = pups [0 - 12 (5.8)

Q Q Q
O

Lemma 5.4. Suppose that the conditions in Theorem 1.3 hold and T = 0, 7 = 1, then there exist some

p1,09 > 0 such that the function
Es(t) ::/u—l—pl/(v— 1—1Inw)
Q Q

fulfills
Ey(t) < —ooFy(t)  forallt >0, (5.9)

where Fy(t) is same in Lemma 5.3.

Proof. Testing the third equation in (1.3) by w — 1, we deduce that

0:—/|Vw|2+/(w—1)(u—|—v—w), (5.10)

Q Q
then by a direct linear combination (5.2)4+2p1 2% (5.10) +p1 x (5.4) and choosing the p; satisfying (5.6),
we can complete the proof of Lemma 5.4 through the same steps as in Lemma 5.3. 0

Proof of Theorem 1.3. Because of s —1 —1ns > 0 for all s > 0, Fy(t), E2(t) are nonnegative. Integrating
(5.5) or (5.9) over (0,¢) and letting ¢ — oo, we obtain

//u2+//(v+u—w)2+//(w—1)2§K7
0 Q 0 Q 0 Q
with some K7 > 0. Therefore, combining this with Lemma 5.1 then yields

[uCs Ollz2 @) + l[o( 1) +ul ) =w Ol 2 g + lw( 1) = 1lz2@) = 0 ast — oo,
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this implies
[ul )llLz@) + [lo(5 1) = Ulr2@) + lw(,t) = Llr2@) — 0 ast — oo.
Invoking the Gagliardo-Nirenberg inequality to find Kg > 0 fulfilling
n+2 2/(n+2 %)
el oy < Kslloliido lell oo™ for all o € Whe(q).

Applying the above Gagliardo-Nirenberg inequality to u, v, w for ¢ > 0, and using Lemma 5.1, we conclude
that

[l D)L @) + lv( 1) = g @) + w(-t) = 1[ze@) =0 ast — oo.
Hence the proof of Theorem 1.3 is completed.

5.2. Proof of Theorem 1.4

Lemma 5.5. Let 7 = 1 and (u,v,w) is global bounded solution of (1.3). Suppose that ¢1,62 > 0 are
arbitrary, then the function

Es(t) ::/(u—u*—u*lnui)ﬂl/(v—v* v, In—) + 2 /(w—wﬁ2

* UV 2
Q Q Q
satisfies
d
a&@s—mrﬂmg/w—mf—ww+nmw—xmg/m—mm~m>
Q
kzlu*02 kQU*
- <2<1u2— : g 2 /IVwI —§1M2/ utv—w (5.11)
—Gipia /(w —w,)?

Q
for all t > 0 when ¢o = 2612, where ki, ko are defined in (1.5).

Proof. Let Ax(t), Ba(t) and Ga(t) be defined as

1
As(t) = /(u — Uy — Uy lni), Bsy(t) := /(U — Uy — Uy lni) and  Gsy(t) := f/(w —w,)?.
'LL* ’U* 2
Q Q Q
Together with (S1), (S2) and (Sg), by using Young’s inequality and the definitions of k1, ke in (1.5) that
we obtain

d /Dl |Vu|2 /U*Sl( )Vu Vw—l—ul/(u—u*) (1—u—aw)
_a ¢ (5.12)
X1 klu*/|Vw| —m/(u—u*)z—alul/(u—u*) (v —vy)
Q Q
and
%Bg(t) < Cj@ kgv*/|Vw|2—ug/(v—v*)z—aQ;LQ/(v—v*) (u— uy) (5.13)

Q Q Q
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as well as
%Gz(t):—/|vw|2+/(w—w*) (w+v—w)
Q Q
:_/|vw|2_/(W—w*)Q‘F/(w—w*)(U—u*)+/(w—w*)(v—v*), o4y
Q Q Q 4

For some ¢1,62 > 0, a direct linear combination (5.12)4¢1 X (5.13)+¢2x(5.14) and let ¢o = 2¢1 o, it
immediately obtain (5.11) due to uy + v, — w, = 0. O

Next we will use the energy functional constructed in Lemma 5.5 to obtain the large time behavior of
solutions to (1.3) for ay,as < 1.

Lemma 5.6. Suppose that the conditions in Theorem 1.4 hold and T = 1, let ¢ := Mz‘(gflz), then there
exists o3 > 0 such that the functions

Ey(t) 1=/(u—u*—u*lni)+<1/(v—v*—v*lnvi)+€1u2/(w—w*)2

* *

Q Q Q

and
Fy(t) = /(u—u*)Q—l—/(U—&—u—w)Q—&—/(w—w*)2
Q Q Q
fulfill
E4(t) < —o3Fy(t)  forallt > 0. (5.15)
Proof. Since a1,as < 1, we have
G L m (5.16)

Cpe(2—a2) ope’
which ensures that p; — ¢iue > 0 and pia; 4+ sipueas — 2610 = 0. Therefore, by choosing this ¢; and
combining (1.7), we have

d
GO == n—ans) [(w-u)~qp [@ro-w)?—am [w-wp (1)
Q Q Q
Il
Lemma 5.7. Suppose that the condition in Theorem 1.4 hold and T = 0, let ¢; = M‘gﬁzz), then there
exists o4 > 0 such that the function
Ey(t) := /(ufu* 7U*111£)+§1/(U7’U* fv*lnﬁ)
* (Y
Q Q *
fulfills
Ej(t) < —o4F(t)  for allt >0, (5.18)

where Fy(t) is same in Lemma 5.6.
Proof. Testing the third equation in (1.3) by w — w,, we deduce that
0=—/|Vw|2+/(w—w*)(u+v—w), (5.19)
Q

Q

then by a direct linear combination (5.12)+¢;x (5.13) 42¢1u2%(5.19), we can complete the proof of
Lemma 5.7 through the same steps as in Lemma 5.6. 0
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We are now in the position to prove our main result.

Proof of Theorem 1.4. Firstly, we show the nonnegativity of E5(t), F4(t). Let y(s) := s—u. In s for s > 0.
By applying Taylor’s formula, there exists o € (0, 1) such that

y(u) =y (ue) =y (ue) - (u—us) + %y" [ow + (1= o)u] - (u— u.)’
U
2[ou+ (1 —o)u.
for 2 € Q and t > 0, which implies that A,(t) = [ (y(u) — y (us)) > 0. Similarly, we can obtain Bs(t) > 0
Q

u—u*)220

}2(

for all ¢ > 0. Thus, E5(t) and E4(t) are nonnegative. Integrating (5.15) or (5.18) over (0,t) and letting

t — 00, we obtain
//(u—u*)2+//(v+u—w)2—i—//(w—w*)zSKg
0 Q 0 Q 0 Q

with some Kg > 0. combining this with Lemma 5.1 then yields
[u(,t) = udllL2) + vl t) +ul 1) = w(, )l 2y + [lw(, 1) — willp2@) — 0 ast — oo,
this implies
lu(-t) = usllr2(0) + lv(s 1) = vellLz@) + [lw( ) —willpz@) — 0 as t — oo.

Applying the above Gagliardo-Nirenberg inequality to u, v, w for ¢ > 0, and using Lemma 5.1, we conclude
that

lu(-, )l o) + lv(-t) = U poo () + lw(-t) = 1|pe(@) — 0 ast — oc.
Hence the proof of Theorem 1.4 is completed.
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