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Global existence and exponential decay of strong solutions to the 3D nonhomogeneous
nematic liquid crystal flows with density-dependent viscosity
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Abstract. In this paper, we consider an initial and boundary value problem to the three-dimensional (3D) nonhomogeneous
nematic liquid crystal flows with density-dependent viscosity and vacuum. Combining delicate energy method with the
structure of the system under consideration, the global well-posedness of strong solutions is established, provided that
llpollz1 + [|[Vdol| 2 is suitably small. In particular, the initial velocity can be arbitrarily large. Moreover, the exponential
decay rates of the strong solution are also obtained.
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1. Introduction and main result

Let Q C R? be a bounded smooth domain. The motion of the nonhomogeneous nematic liquid crystal flows
is governed by the following simplified version of the Ericksen—Leslie equations with density-dependent
viscosity in Q x (0,77:

Op + div(pu) =0,

O(pu) + div(pu @ u) — div(2u(p)®(u)) + VP = —div(Vd © Vd),

d; +u-Vd = Ad+ |Vd|*d,

divu =0, |d| =1,

(1.1)

where p, u, d and P are the density of the fluid, velocity, macroscopic average of the nematic liquid crystal
orientation and pressure, respectively. The deformation tensor ©(u) is given by

1
D(u) = 3 [Vu + (Vu)'].
The viscosity coefficient = u(p) is a general function of density, which is assumed to satisfy

p € C'0,00), and p > > 0 on [0, 00) (1.2)

for some positive constant p. The notation Vd ® Vd denotes the 3 x 3 matrix whose ij component is
given by 0;d - 0;d,i,j =1,2,3.
We seek for the solutions to the system (1.1) with the following initial and boundary conditions:
(pa puad)|t:0 = (p07p0u07d0)(x)7 S Qv (13)
(u,d) = (0,dy), x € 08t > 0. (1.4)
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Here dy : 2 — S? is a given vector satisfying Vdy = 0 on the boundary 9 (see more details of this fact
in [9]).

The above system (1.1) describes the macroscopic evolution for the nematic liquid crystals. It is a
simplified version of the Ericksen—Leslie model [4,11], but it still retains most important mathematical
structures as well as most of the essential difficulties of the original Ericksen—Leslie model. For more
details on the hydrodynamic continuum theory of liquid crystals, we refer the readers to the monographs
[1,6]. Mathematically, system (1.1) is a coupling between the nonhomogeneous incompressible Navier—
Stokes equations and the transported heat flows of harmonic map, and thus, its mathematical analysis is
full of challenges.

When d is a constant vector satisfying |d| = 1, system (1.1) reduces to the nonhomogeneous incom-
pressible Navier—Stokes equations with density-dependent viscosity. As pointed out in many papers, the
strong interaction between density and velocity will bring some difficulties in the mathematical anal-
ysis due to the density-dependent viscosity. When the initial vacuum is taken into account, Lions [17]
established the global existence of weak solutions to the nonhomogeneous incompressible Navier—Stokes
equations. Later, Cho and Kim [2] constructed a unique local strong solution by imposing the following
compatibility condition on the initial data:

— div(2u(po))D(uo)) + VP = \/pog (1.5)

for some (Py,g) € H* x L?. Recently, Huang and Wang [10], and independently by Zhang [29], obtained
the global existence and uniqueness of strong solution of Navier—Stokes equations provided that ||Vug|| 12
is suitably small.

Let us come back to the system (1.1). Compared with the nonhomogeneous incompressible Navier—
Stokes equations, due to the strong coupling and interaction between the fluid motion and the macroscopic
orientation vector, the mathematical analysis on the system (1.1) will become more subtle. When the
viscosity u is a positive constant, there is a huge literature on the studies of the well-posedness of solutions

o (1.1). For the initial density away from vacuum, Wen and Ding [26] established the global existence
and uniqueness of strong solution to the 2D problem with small initial energy ||\/pouol|72 + [|[Vdo||32. J.
Li [12] obtained the same result of the 2D problem for large initial data under a geometric condition the
initial direction field dy = (d01, do2, dog):

doz > €g, for some positive . (1.6)

Meanwhile, X. Li and Wang [16] obtained the global strong solution for small initial data, and they also
established the weak-strong uniqueness. On the other hand, if the initial density allows to vanish, Wen
and Ding [26] established the local well-posedness of strong solution under the assumption that the initial
data satisfy a similar compatibility condition as (1.5). Ding et. al [3] and J. Li [13] extended this local
strong solution in 3D to global in time for some small initial data. Yu and Zhang [28] established the global
well-posedness of strong solution in 3D for small initial energy with Nuemann boundary condition for the
macroscopic orientation field. Recently, assuming that the initial orientation field satisfies a geometric
condition (1.6), Liu and Zhang [19] and Liu et. al [18] established the global well-posedness of strong
solution to the 2D Cauchy problem with large initial data for positive and zero far field density at space
infinity, respectively. Meanwhile, Li et. al [14] obtained the same result under small initial data for the 2D
Cauchy problem with zero far field density if the initial density decays not too slow at infinity. When the
viscosity is a function of density, the analysis becomes more difficult due to the strong coupling of viscosity
and velocity field. Gao et. al [7] established the local well-posedness of strong solution in a bounded domain
under a compatibility condition on the initial data. In addition, they also obtained the Serrin-type blow-
up criterion. Subsequently, Liu [20,21] proved the global existence and uniqueness of strong solution in
2D /3D for some small initial data (see also Liu and Zhong [22]). Very recently, Ye and Zhu [27] established
the global well-posedness of strong solution under the initial norm ||uol| o + [|Vdo|| 5o (1/2 < o < 1)
being suitably small.
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The purpose of this paper is to establish the global strong solutions to the 3D incompressible nematic
liquid crystal flows with density-dependent viscosity, provided that ||pollz1 + ||Vdp]|| L2 is suitably small
allowing large oscillation of the velocity.

Before stating our main result, we first explain the notations and conventions used throughout this
paper. For p € [1, 0] and integer k € Ny, we use LP = LP(Q) and WP = WkP(Q) to denote the standard
Lebesgue and Sobolev spaces, respectively. When p = 2, we use H* = W*2(Q). The space H&,U stands

for the closure in H' of the space C%, £ {¢ € C5°|dive = 0}. And for two 3 x 3 matrices A = (A;;) and
B = (B;j), we denote by

3
A:B= Z A”Bw

ij=1
Now we state our main result for the problem (1.1)-(1.4) as follows.

Theorem 1.1. For p > 0 and q € (3,00), assume that the initial data (po,wo,do) satisfies

{0 < po <p,po€ H', V(po) € L9,

1 ) , (1.7)
ug € Hy 5, do € H”,[|[Vdo|[2 < |pol }1-

Then, there exists a small positive constant o depending only on T = sup u(p), p, ¢, p, |V u(po)|l L,
[0.5] N
[Vugllre and [|[V3dy|| 2, such that if

lpollzr + IV dollz2 < o, 18)
the problem (1.1)-(1.4) admits a unique global strong solution (p,w,d, P) satisfying, for any 3 < r <
min{6, ¢} and 7 > 0,

p € (0,00 H') N C(0,00); H'), py € C((0,00): L*),

w € L>(0,00; HY) N L>®(7, 00; H*) N L*(7, 00; W),

d € L>(0,00; H*) N L™ (7, 00; H*) N L?(7, 00; HY), (1.9)
Vu,V?d € C([r,00); L*), pu, Vd € C([0,00); L?),

ty/puy, tVdy € L®(0,00; L?), tVuy, tV3d, € L*(0, 00; L?).

Moreover, it holds that

[SOUII‘)] IVi(p)|le < 2Vu(po)llLa, (1.10)

and there exists some positive constant C depending only on Q,Ti, i, q, p, [|[Vu(po)llre, [Vuol| > and
V2do|| 2, such that, fort > 1,

[, D)l + VA, )32 + IVoue )72 + V(- 1)][7: < Ce™". (1.11)
Here, 0 = min{ﬁ%7 %} with | being the diameter of Q.
Remark 1.1. Since (2 is a bounded smooth domain, we deduce from Holder’s inequality that
lpollzs + [Vdollzz < C()([[pollL= + Vo]l L)

Thus, our Theorem 1.1 improves Liu’s result [20]. Moreover, by modifying the proof of this paper slightly,
similar result holds true for the case of 2D bounded domains. Hence, we also generalize Liu’s result [21].
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We mainly use the continuation argument to give a proof of Theorem 1.1. Since the local strong
solution was obtained by Lemma 2.1, the key issue is to establish global a priori estimates on strong
solutions to (1.1)-(1.4) in suitable higher-order norms. Due to the strong interaction between viscosity
and velocity, the method used for the constant viscosity case cannot be applied here directly. Moreover,
compared with the previous work on nonhomogeneous Navier—Stokes equations with density-dependent
viscosity [28,31], the proof of Theorem 1.1 is much more involved due to the strong coupling between the
velocity and the macroscopic orientation vector. Hence, some new ideas are needed to overcome these
difficulties.

Firstly, motivated by the work of [8], we find that ||\/pu||3. and |[Vd|3. decay at the rate of e”" for
some o depending only on p, p and € with the help of Poincaré’s inequality and Sobolev’s inequality (see
(3.8)). Next, we attempt to obtain the uniform in time-weighted estimates of | Vul||2, and [|[V2d||?.. To
overcome the difficulties caused by the density-dependent viscosity and strongly coupling between the
velocity and macroscopic orientation vector, we assume the condition (3.2) holds. Moreover, regularity
properties of the Stokes system and elliptic equations play important roles. Then we obtain the desired
bounds of ||[Vu|?, and ||[V2d||?.(see Lemma 3.3). These bounds are crucial in deriving time-weighted
estimates of L>°(0, T; L?)-norms of \/pu; and Vd,. The next step is to show the quantity ||Vu(p)||ra is in
fact less than 2||Vu(po)||za. To this end, it needs to deal with || V|1, r;z~). Based on the time-weighted
estimates (Lemmas 3.1-3.4), we find that the uniform bound (with respect to time) on the L*(0,T’; L>)-
norm of Vu is bounded by the initial mass and L?-norm of Vdy. This completes the proof of (3.3)
provided that the assumption (1.8) stated in Theorem 1.1 holds. Finally, the higher-order estimates on
solutions are obtained (see Lemmas 3.6-3.7).

The remaining parts of this paper are arranged as follows. In Section 2, we shall give some auxiliary
lemmas which are useful in later analysis. In Section 3, we establish some necessary a priori estimates to
extend the local strong solution. Finally, we give the proof of the main result Theorem 1.1 in Section 4.

2. Preliminaries

In this section, we shall recall some known facts and elementary inequalities that will be used extensively
later.

We start with the local existence and uniqueness of strong solutions whose proof can be performed in
a similar way as [15,24].

Lemma 2.1. Assume that (po,wo,do) satisfies (1.7). Then, there exist a small time Ty > 0 and a unique
strong solution (p,u,d, P) to the problem (1.1)-(1.4) in Q x (0, Tp].

Next, the following Gagliardo—Nirenberg inequality (see [23, Theorem 10.1, p.27]) will be useful in the
next section.

Lemma 2.2. For p € [2,6],q € (1,+00), and r € (3,400), there exists some generic constant C which
may depend only on p,q and r, such that for f € H},g € LYN DY the following inequalities hold.

Ifllze < CULIZ IV (2.1)
and
9]l < Cllgllza + ClIVyllLr (2.2)

Finally, the following regularity results for the Stokes system will be used frequently in deriving the
higher-order estimates. Refer to [10, Lemma 2.1] for the proof.
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Lemma 2.3. For constants q > 3, j1, ji > 0, in addition to (1.2), the function p satisfies

Viu(p) € L7, p < p(p) < i

Assume that (u, P) € Hj , x L? is the unique weak solution to the following problem

—div(u(p)(Vu + (Vu)?)) + VP =F, T €Q,
dive = 0, x € Q, (2.3)
u =0, x € 0f.

Then, there exists a positive constant C depending only on Q, u and i such that the following regularity
results hold true:

o IfF € L2 then (u,P) € H?> x H' and

lullzs + 1P/u(p) e < CUFzs (14 V()17 (2.4

o IfF € L" for somer € (2,q), then (u, P) € W2" x WY and

q(5r—6)
lwllw2r + 1P/ (o) lwrr < ClIF||Lr (1 +Vulp)l 2’«“3>> : (2.5)

3. A priori estimates

In this section, we will establish some necessary a priori bounds for strong solution (p, u, d) of the problem
(1.1)-(1.4) to extend the local strong solution guaranteed by Lemma 2.1. Thus, let 7' > 0 be a fixed time
and (p,u,d) be the strong solution to (1.1)-(1.4) on © x (0,7] with initial data (pg,wo,do) satisfying
(1.7). Before proceeding further, we rewrite another equivalent form of the system (1.1) as follows.

pr+u-Vp=0,

pu, + pu - Vu — div(2u(p)®(u)) + VP = —div(Vd © Vd),

d; +u-Vd=Ad+|Vd|*d,

divu =0, |d|=1.

(3.1)

In what follows, we denote by

[ = ! de.

We give the following key a priori estimates on (p, u,d, P).

Proposition 3.1. There exists some positive constant ey depending only on 7, p, q, p, |[Vi(po)llza,

|Vugl|lz2 and ||[V3dg||z> such that if (p,u,d) is a strong solution to (1.1)-(1.4) on Q x (0,T] satisfy-
mng

1
sup [|Vdllzs < 2mg,  sup [[Va(p)llze < 4[Vu(po)l|Ls,
0,7] [0.7]

[t

, 1 (3.2)
/ (IVullts + [ V2d|La)dt < 2m3
0
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then the following estimates hold
1
sup [|Vd||7: < mg,  sup [Va(p)llzs < 2(Vu(po)|La,
[0,7] 0,7
T (3.3)
4 2 114 3
Jvul + (92 ar < m
0
(3.4)

provided that
mo < £0-

Here, mo £ ||po||z: denotes the initial total mass.
The proof of Proposition 3.1 consists of a series of lemmas. In the following, we will use the convention

that C' denotes some generic positive constant which may depend on €, 7, p, ¢, p and initial data.
First of all, due to the transport equation (3.1)1, we have the following estimate on the L>°(0,T; L>°)-

norm of the density, whose proof can be found in [17, Theorem 2.1].
Lemma 3.1. It holds that for any t € [0,T],
o)l < llpollze- (3:5)

Next, we give the following standard energy estimate of the system (3.1), which reads as follows.

Lemma 3.2. Under the condition (3.2), it holds that
T
:g
sup(lpuls +[ValE:) + [ (uIVuls +[Ad]:) dt < Cmf. (3.0
0,T) J
provided that

mo< (L) (3.7)

0= 2C, ’ .
= i} with | being the

where C is defined as in (3.12) depending only on Q0. Moreover, for o = min{ﬁlz, B

diameter of ), one has that
(3.8)

T
2
S()u%[e”t(ll\/ﬁUIliz +[Vd|72)] + /6” (I Vull7 + [|Ad||7:) dt < Cmg.
’ 0

Proof. Multiplying (3.1)2 by w and integrating over €2, we deduce from integration by parts that
(3.9)

1 d
2 pul + /Q,u(p)@(u)  Vudz = —/u .Vd - Addz.

Multiplying (3.1)3 by —(Ad + |Vd|*d) and integrating over € yield
1d
ianw\\i? +/|Ad+ |Vd|*d|*dx = /u-Vd-Addx. (3.10)

Combining (3.10) and (3.9), we obtain that
/u(p)@(u) : Vudr + [|Ad + |Vd|*d|)3. = 0. (3.11)

1d
57 UvpulZs +IVdlZ:) +2
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Noting that

2 [ u(py(w) s Vads = [ u(p)(@ru; + 0ju)0su;ds

=5 [ 1)@ + dyu)Pis
~2 [ w(p)o(w)Pds,

=/\Vu|2dx+/aiujajuidx:/|Vu|2dx,

and

|Ad + |Vd|*d||7. = / (JAd)? + |Vd|* — 2|Vd|]>Ad - d) dx

= / (JAd)? + |Vd|* — 2|Vd|*) dz

= ||Ad|[7- — [Vd]Ls,
we thus deduce from (3.11), (1.2), (3.2) and the Gagliardo—Nirenberg inequality that

1d
5o (IVAulls + [Vdls) + ul Vullt: + | Ad)3:
<Vt < CIVAIE:)|Ad]E: < Cimd A3

for some constant C; depending only on 2. Thus, we obtain that

d
Z(IVpulie + IVdl72) + p Vulzz + [|Ad]7: <0,
1 9
<(—) .
o= (201)

T
[Soug] (Ivpulz= + [Vd|7-) +/(ﬁ||VuH%z +[Ad|72) dt
’ 0

provided that

Integrating (3.13) over [0, T implies

<Il\/pouoll2s + | Vo2
<IIv/poll2s lluol2e + 1V do 2
<Ilpoll3 oo} 7o 122 + llooll
<Cllpol}

due to the Gagliardo—Nirenberg inequality and (1.7).
It follows from Poincaré’s inequality (see [25, (A.3), p.266] that

IvVeulz: <plluli <p2Vuli., [IVd]i. <*[Ad||Z:,

where [ is the diameter of 2. Hence, we get

1 1
ﬁII\/EUII%z <IVullze,  7lVdli: < [Ad].

182

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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Consequently, letting ¢ £ min { 2%2, #}, then we derive from (3.13) and (3.17) that
d 2 2 i 2 1 2 2 3.18
2 IVpullze +Vallz2) + SIIVulz: + SllAd]z. +o(llVeullz: + [ Vdllz.) <0 (3.18)
(3.19)

Multiplying (3.18) by e?, one has
d . ot 2 2 e’ 2 2
7 UVpulze + IVAlZ)] + —- (pllVulz. + [Ad]z.) <0
Thus, integrating (3.19) with respect to ¢ gives (3.8), which combined with (3.15) completes the proof of
O

Lemma 3.2.
Next, we will derive important (time-weighted) estimates on the spatial gradients of the strong solution

(u,Vad).
Lemma 3.3. Under the conditions (3.2) and (3.7), if
1\?
< | — 2
mo< (55 (3.20)
where Cy is defined as in (3.35) depending only on Q and p, then
T
sup ([[Vul|7- + [|Ad]72) + /(H\/EUtHQLz +[IVde||72)dt < C. (3.21)
0,T] J
Furthermore, for i = {1,2} and o as in Lemma 3.2, one has that
T
. . 2
sup [t'([|Vul[7- + [|Ad]72)] + /7fz(||\/ﬁut|\%2 +[IVde|[72)dt < Cmg, (3.22)
0,T /
T

sup [e”' (| V> + [Ad]Z:)] + /eat(\\\/ﬁutHQB +IVdy|7.)dt < C. (3.23)

0,T /
Proof. 1. Since p(p) is a continuously differentiable function, we deduce from (3.1); that
p(p)e +w - Vu(p) = 0. (3.24)
Multiplying (3.1)2 by wu;, and integrating by parts over €2, we have
2/u(p)©(u) : Vutdx+/p\ut|2dx =
(3.25)
— /pu -Vu - updr — /diV(Vd ®O Vd) - uidx.
First, we obtain from (3.24) that
p(p) D) Pds ~ [ (e |D(w) s
(3.26)

2 [ wpw) s Vuido = £ [
ool + [ u Va0 P,
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Then, inserting (3.26) into (3.25), it follows from integration by parts that
a
dt

=— /pu -Vu - ude — /u SVu(p)|D(u)|?dx — /div(Vd@ Vd) - udx

H(p)|D () Pz + / ol P

= /(Vd O Vd) : Vudr — /pu -Vu - wde — /u - Vulp)|D(u)|*dx

= (Vd® Vd) : Vudz — /(Vd@ Vd); : Vudx — /pu -Vu - updx

- [uVutpu) s

d
24 /(Vd@Vd) Vuds + I + I + I,

182

(3.27)

Now, we are ready to estimate terms I;-I3. By Holder’s inequality and the Gagliardo—Nirenberg inequality,

we get
I <C|Vd|| s [Vl [ V] s
<C|IVdyl| 2|V dl| 2| V]| 72 | V]| 7o

1
< IVaili: + CIVZd|L: |Vl 2 Ve o

By Hélder’s inequality, the Gagliardo-Nirenberg inequality and (3.5), we obtain

12:‘—/pU'V’U,"u,tdCL'

<lVollce Vw2 [[w] s [Vl s
1 1
<CllVpui|| L2 [Vl 2 [Vl £ [Vl

1
<5 Ivewliz + ClIVullz: [Vullm.

By Sobolev’s inequality and (3.2), we have

I = ‘ [u oo
<Cllull, 2, [95(p) 10| Va3
<OVl 2 |Vl 2. |Vl
<C|IVull | Vul -

Substituting (3.28)-(3.30) into (3.27) leads to

d

7 (1(p)|D(w)]> = (Vd © Vd) : Vu| dz + %/p|ut|2dx

1 ) 3 3
SEHthII%z + C|IVul22[Vul g1 + ClIVull . [IVul 7, + CIV2d|7: [Vl L2 [Vl g

(3.28)

(3.29)

(3.30)

(3.31)
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2. Multiplying (3.1)3 by Ad; and integrating the resulting equation over €2, it follows from the Gagliardo—
Nirenberg inequality, Holder’s inequality and (1.4) that
1d
- 3.32
2 dt (3:32)
:/V(u -Vd) : Vd,dx — /V(|Vd|2d) : Vddz
1
<1 / |Vd,|*dx + C/ |Vu|?|Vd|?dr + C/ [ul?|V2d|*da
+ C/ |Vd|®dx + C/ |Vd|?|V3d|*dx

1
< IVddli: + ClIVul|Zs [ VdlZe + CllulZs[Vd]Zs

IAd|[7> + V|72

+C|V2d||g: + ClIV2d| 75| Vel[s
1
<7I1Vailzz + ClIVull V2|32 [ Vellar + ClIVullZ: V2] 2 V|

+ V2|3 + CIIV2d L [V d] 111,

which together with (3.31) gives rise to

d 1 1
LB+ 5lVpulls + 5Vl

<C|Vuli2l[Vulm + ClVul 2|Vl 1 + ClIVul 2 [V2d| Z: [V 12
+ C||Vulli: | V2dl| 2| V2dl| 1 + CV?d|L2 + ClIV2dl 2| Vd] 11,

(3.33)

where

B(t) 2 /(u(p)|©(u)|2 + %|Ad|2 —VdoVd: Vu)dz. (3.34)

By Hoélder’s inequality and Sobolev’s inequality, we have

'/(Vd ® Vd) : Vudz
<[Vull 2| Vd |V s
<C||Vull 2 V]| s | V]| 2

L
SZHVUH%? + || Vd|7:]|Ad|7

(3.35)

1 1
§Z||Vu||iz +2Com§ | Ad)3
for some positive constant Cy depending only on £ and p. Thus, we obtain that

[ 1
ZIVuli: + JIAd]7: < B#) < C|[Vuli: + CllAd]:, (3.36)

provided that

mo < (8é2)9 (3.37)
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3. Recall that (u, P) satisfies the following density-dependent Stokes system:
—div(2u(p)®(u)) + VP = —pu; — pu - Vu — div(Vd © Vd), x € Q,
dive = 0, x € Q, (3.38)
u =0, x € 0f.

Applying Lemma 2.3 with F = —pu; — pu - Vu — div(Vd © Vd), we obtain from (3.2), (3.5) and the
Gagliardo—Nirenberg inequality that

el gz + [V Pl
<C(llpuille + llpw - V|2 + [div(Vd © Va) | 12)(1 + [ V(o727
<C|lvpuil|r2 + Cllul|| s ||Vl s + C||\Vd| 16| V?d|| s (3.39)
<CllVpul iz + OVl 2| Vul E [Vl f + CIVd] 22| V2d| 2. | V2d]
<Cllypullze +CIVulEs + 3 [Vul + O] L V2] .
which implies that
lllzz + IVPlas < Clly/puellze + CVulds + CIV2d] 2| V2d] (3.40)
Taking V operator to the equation (3.1)s, one has
Vd; — AVd = —V(u - Vd) + V(|Vd|*d). (3.41)
It follows from L? estimates of the elliptic system (3.41), it is easy to deduce from (3.1)3 that
IV2d 1 <C|IVdy| 2 + C|[V(u-Va) |12 + C|V(IVAPd)| 2 + C|[V3d] 12
<C|IVdy|| 2 + Cllu]l ]|V 15 + Ol Vul| 2 | V]
+ C||Vd|3s + CI[Vd| 16| V2d] s + C|[ V] 12
<C|Vd|12 + Cl[Vull 2 [V?d]| 2| V2dl Z, + ClIVull:|V2d) 2 (V2d) 7, 542
+ CIV2dl}s + CIIV2d] 12 [V2d]| 2 [V2d)| 3, + Ol V]
<OV 2 + O Vulls + OIV%dl3 + V|12 + 5|9
which gives
IV2d 11 < CIVdy| 12 + Cl[Vulis + CIV2d|3 + O V2d] 2. (3.43)
This along with (3.40) leads to
gz + VPl < Clly/pule + CI VA2 + ClVulli + IVl + C| V22 (3.44)

Inserting (3.43) and (3.44) into (3.33), and applying Young’s inequality, we deduce that

1 1
B(0)+ IVpudls + {1Vl
<C(|IVulze + IV2d|z2 + [|VullZe +[IV2d]Z2) (IVullZe +[[Vd]|Z2) -
Applying Gronwall’s inequality, (3.2), (3.6) and (3.36) leads to
T

;u%(IIVUII%z +[V2d||7:) + /(Ilfputlliz + [ VAd|[7:)dt < C. (3.46)
’ 0

(3.45)
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For i = {1,2,3}, multiplying (3.45) by t*, we obtain from (3.46) and (3.36) that

L B0) + 11 oula + IVAd]) (3.47)

dt
< Ct(|Vullfz + [V2dl[72) + CE7H (V. + [V2d]Z2).

For o as in Lemma 3.2, and any k € N, we derive from (3.8) that
T T
2
/tk(HVuH%z 4 IV2dIPa)de < sup{tkefat}/eat(||w||§2 - IV2d|2.)dt < Cm. (3.48)
[0,T7]
0 0

Integrating (3.47) over [0, T together with (3.48) leads to (3.22). Moreover, multiplying (3.45) by e7*, we
deduce from (3.46) and (3.36) that

d [oa [oa g

L (e BO) + e (IVpudls + IVAdIE:) < Cem(IVula + V). (3.49)
Integrating the above inequality over [0,7] together with (3.8) and (3.36) gives (3.23). Therefore, the
proof of lemma 3.3 is completed. O

Remark 3.1. Combining (3.43) and (3.44), we have
|lullzzz + [Vdl 2 + VP < Cllypuellze + ClIVdel 12 + Cl[Vulg + Cl[V?d|[7. + C||Vd]| 1£3.50)
And it follows from (3.1)3, (3.21) and the Gagliardo—Nirenberg inequality that
|di||z2 =] — w-Vd+ Ad + |Vd|*d|| 2
<l e Vallze + V2l 2 + ||Vl (3.51)
<O|Vull2 + C|Vd|| 2,

which together with (3.21), (3.6) and (3.50) implies, for i = {1,2}
T
. 2
[ (e + 19l + |l + ) de < Cm (3.52)
0

Lemma 3.4. Under the conditions (3.2), (3.7) and (3.20), for i € {1,2}, it holds that

T
FUP}W(Hx/ﬁUtII%z +Vdi|7)] + /t’(HVUtlliz +[V2dy|[72)dt < Cmg. (3.53)

)

0

Moreover, for o as in Lemma 3.2 and ((t) = min{1,t}, one has that

T
[C(Sil"l)pT] [ (IVpuelliz + [ Vdil|72)] + / e ([Vui|72 + Vi |72)dt < C. (3.54)
' (1)

Proof. 1. Differentiating (3.1)2 with respect to time variable ¢ gives

puy + pu - Vuy — div(2u(p)®(u)e) + VP, = —pi(u +u - Vu)

— puy - Vu + div(2u(p)D(u)) — [div(Vd © Vd)], . (3.55)
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Multiplying (3.55) by wu; and integrating the resulting equality by parts over €, we deduce from (3.1);
that

1d 9

Sd pluel“de + [ 2u(p)D(u): : Vurde
:/div(pu)|ut|2dx + /div(pu)(u -Vu - uy)dx — /put -Vu - upde

_ Q/N(P)tg(u) : Vurdr + /(Vd@ Vd), : Vuyds (3.56)

5
> i
i=1

By Holder’s inequality, Sobolev’s inequality, the Gagliardo—Nirenberg inequality, (3.5), (3.21) and (3.24),
we obtain that

(>

J1 < ‘/div(pu)|ut|2dw

‘2/pu~Vut'utdx

<2|[pllpee llwll o llv/pwe | L2 || V|| 2
1 3

<C||Vulrz[lvVpuell 72 Vel 72

"
<E Va3 + Cllvulls,

Jy < ‘/div(pu)(u -Vu - up)de

< / plual [Vl ase| iz + / plual? V2] | d

+/p|u\2|VuHVut\dx
<llpllzee 1l o[Vl L2 [ Ve o [leee ]| Lo
+ ol llullZe [ V22l L2l o
+llpllze lullZe [Vull Lo || Ve 2
<C|Vulz: [Vulla [V 2

=

< SlIVaffe + Ol Vi3,

J3

IA
=
o

—/put-Vu-utda:
Vw2l Val| L2
1 3
<CllVpuel ;2 llvVpwel 76|Vl 2
1 3
<CllVpuellz2 Vel 72|Vl 2

"
< S IVuls + Cllvpude.

<
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< ‘—Q/M(p)ti)(u) : Vuyds

= ‘2/u -Vu(p)®D(u) : Vude
<ClIVu(p)llzallulle= [Vl 2q [V 2

1 3
<CIVull L Vel [ Ve 2

1
<15l Vi + Clvulis,

< ‘/(Vd ®Vd); : Vuydr

<COVd| 4[|Vl al| Ve 2
1 3
<C|Vay|| IV f2 | Ve 2

< B\, + C|[Vd, |12, | V2d, | 2
_10H |72 + Cl|Vdy]| 12| V=d:][ 72

o’
<GVl + 0V dil|Zs + C| Ve |7.

Substituting the above estimates of J;-J5 into (3.56) and noting that

2 / WD), : Varde > pl[ Vg2,

we obtain from (3.50), (3.21) and Young’s inequality that

d

Vel + pl Va3
<ClVpuillis + IVl + [Vuls + [92d]32)

+ CllVpuallte + CIVdlLe + 89|32

ZAMP

(3.57)

(3.58)

2. Differentiating (3.1)s with respect to ¢, and multiplying the resulting equality by d;, we obtain from
integration by parts over €2 that

1d
2dt

ldi|22 + [ Vde2 <C / fur| [Vl dy|dee + C / IV, ||Vd]|dy|dx

+C/\Vd|2|dt|2da:éM1+M2+M3.

(3.59)

By Hélder’s inequality, Sobolev’s inequality, the Gagliardo—Nirenberg inequality, (3.5) and (3.21), we
obtain that

My <Cllu| L[Vl L2[|dy ]| s

<OV 2|V L2 [|d]| 1

o
<SIVudliz + Clidd,

My + Mz <C|[Vdy|| 2|V L[| de| s + C|[ V][l |7
<C|IVde| 2 V2d| 2llde ]|z + CIVZdl[2lde |70

<C||dy||% .
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Hence,
1d
5 gz + IVadllz: < *HVUtIILz +Clld: 7. (3.60)
Differentiating (3.41) with respect to ¢ gives
Vdy — VAd; = —V(u-Vd), + V(|Vd|*d);. (3.61)

Multiplying (3 61) by Vd;, we obtain from integration by parts that

+c/\ut|lv2d||th|da:+C/|le ||| V2 dy|da (3.62)

+c/ Vd||Vd,||Vd;|dx 2 ZK
=1

By Holder’s inequality, Sobolev’s inequality and the Gagliardo—Nirenberg inequality, we obtain from (3.5)
and (3.21) that
Ky <C||Vu|| 2|V 4|Vl s
1 3

<O||Vue| 22| Vel 2|V de | -

<E 1 Vue|2s + |Vdy | 1. V2de | 2

_4|| we||ze + VA 12 V7de| £

o 1
<SIVedlie + IVl + ClIVdy7-.

Ky <C|[Vul|L2 | V|74

[ V)

<O|IVd, |12 V?di| 7.

< IV di3 + OV
Ky <Cllug| o | Ad]] 12| Ve | 5

<c||wt||m||v2dt|| AT

< 12 L Vwls + OV di] 2| Vel |

=3 ”vut”L2 + 4||V2dt||%2 + C|IVdy|7--
<C|IVd|[7slldl s Ve .2
<C|IVd| 72 dil| Lo ||V di| 2
<C|ldy| g Vel 2

K

IS

<1923 + Clldy .

K5 <C||Vd| 4[|V 4] V?di]| 2

ot

1 2 3 2
<SC|Vay| - IV del 72 [V di| L2

1
Sﬂ||v2dt”%2 +C[[Vde|7-.
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Substituting the above estimates of K;-Kj5 into (3.62), we arrive at

d Ju
%IIthlliz + V2|72 < ZVaele + Cllde|1 - (3.63)
Adding the resulting inequality with (3.58) and (3.60), and choosing ¢ suitably small, we deduce that

C Bl + 1) + IVuell3a + V)3
<C(llvpulds + ldell3 + Va3 + [ V2d]32) (3.64)
+ ClpuelZe + el 2 (A2 + lldellZn)-
Multiplying (3.64) by t'(i € {1,2,3}) gives that

d i i
Tt (Ve + lldill3n) + ([ Vel + [[Veill71)

<C(lvpusl2a + el (| Vouel e + il %)) (3.65)
+ CE (|| P 2a + ldil|Z + IV ull2e + [ V2d]22) + CE (| puel2e + l1de]20),

which together with Gronwall’s inequality, (3.48), (3.21), and (3.22) leads to (3.53). Furthermore, multi-
plying (3.64) by e gives that

d g g
Tl VpwllZe + ezl + e (V|72 + [ Ve 3:)

<C(IVpuelLz + lldel 7)™ (lv/puelZ + lldell7) (3.66)
+ e (IVpuellZs + el + [ Vulie + [ V2dl[72)
+oe” (lvpuelzz + lldill7),
which combined with Gronwall’s inequality (3.21), (3.8) and (3.23) implies (3.54). O

Lemma 3.5. Under the conditions (3.2), (3.7) and (3.20), there exists a positive constant C' depending
only on 0,4, s s | V(o) | o, [Vsoll s and [Vdollza such that

T
/||VuHLoodt < (mf +mf). (3.67)
0

Proof. For 3 < r < min{q,6}, we deduce from Lemma 2.3, (3.2), (3.5), Holder’s inequality, Sobolev’s
inequality and the Gagliardo—Nirenberg inequality that
[Vulwrr + [|Pllwrr
<Cllput|| -+ Cllpu - V|- + C||Vd||[VZd|| -

_1 s =
<Cpz|Vpwllx IVowd im +Clloll

3r—6

_5r—6 eor
<Cp o [[Voudl 5 [Vl 27
6 1 3 1 3
+ ClIVullia | Vullf + IV 211Vl 1,

6

or [ oo [V Lo + C V| oo | V2dl | o (3.68)

6—r

1 1 1 1
+ Ol Vaull7: [ Vul 7 [Vl g + OV 2.V d] 7 [V d e
3r

6-—r =
SCH\/ﬁutH;; HvutHLgr
which combined with Sobolev’s inequality gives that

Vullpe <C|[Vaullw:.r

(3.69)

3r—6

6= 1 3 1 3
<Clvpuwll % Vel 37 + ClVul 2l Vul o + CIIV2A] 2.1Vl 7. -
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If 0 < T <1, we derive from (3.53) and Holder’s inequality that

/ IVoud 5 [Vl o5

— 3r—6

47‘ “4r 1
/ t”\/»ut”Lz (t”VUth) t~2dt
0
37 641
6—r T ar T I
2 Tar 2 _ 1. 4r
<Csup (ty/pwi2.) /tHVut||L2 dt /t b
(0,7 ) J
1
<Cmg.

If T > 1, due to 3 < r < min{6, ¢}, we deduce from (3.53) and Hoélder’s inequality that

/Hfutllm Va5 d

3r—6

4r ir _
/ (2 Ivawlt) ™ (¢ 1vudis) e
1
3r—6 6+r
. T Ir T ir
<Csup (2]|pul3.) " /t2||VutH2Lgdt /f%dt
[1,7]
1 1

1
<Cm§,

which along with (3.70) yields that, for any T > 0,

61 3r—6 1
/ Vol & 1wl 3 dt < .

It follows from (3.40), (3.2), (3.21) and (3.6) that

Rleo

T % T
1
/ IVl E [V £t < / V|22 dt / IValZndt | < Cmg,
0 0

and

Wl

/ IV2d| 2, V2| Edt < / IV2d|2.dt / IV2d2pdt | < Cmg.
0

With the estimates (3.72)-(3.74), integrating (3.69) on [0, 7] gives

/HVU||L°°dt<C( §+m)).

This completes the proof of Lemma 3.5.

182

(3.70)

(3.71)

(3.72)

(3.73)

(3.74)

(3.75)
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Proof of Proposition 3.1. Taking the spatial gradient operator V on the transport equation (3.24) implies
(Vi(p))e +u - V2u(p) + Vu - Vyu(p) = 0. (3.76)
Multiplying (3.76) by ¢|Vu(p)|?~2Vu(p) and integrating the resulting equation over Q give
d
e IVaP)lze < [IVu] =]V (o)l Le, (3.77)

which combined with Gronwall’s inequality and (3.67) leads to

T
;u;@] [Vi(p)llLs < [Vi(po)llLa exp /IIVUIILwdt
’ 0

(3.78)
< IVa(po) o exp { Cs(mg +m) }

for some constant Cs depending only on Q,q, g, p, i, [|[Viu(po)|| e, [[ Vo 2 and |[V2dg| 2. This implies
that

[Sou% IV (p)llze < 2||Vulpo)|lLa, (3.79)

9 9 6
provided mogglémin{L(Qél) 7(@) 7(1%32) }

Next, it follows from (3.6) and (3.21) that

T T
/(HVUII‘EQ +[[V2d||72)dt < [Sou%?](l\Vulliz +[V2d||7.) /(IIVuIIQLz + [ V2d||7.)dt
’ 0

) (3.80)

2
S C’4m§’

for some constant C depending only on ©,q, p, g, i, || Vie(po) | s, [ Vato | 2 and [ V2do|| 2. This yields
that

T

1
/ (IVelts + [Vullts) di < md, (3.81)
0

9 9
provided moﬁﬁgémin{<2a> 7(%) 7(54)3}

Finally, multiplying (3.41) by 4|Vd|*Vd and integrating by parts over 2 give rise to
d
%||Vd||‘i4 +4)|[vd||V2d||Z: +2[VIVd|*|Za

§4/|vu\|vcl\4da:+4/|w|ﬁdx+4/\V2d||vcz\4d:c

<C|Vul e[|V |[7s + ClIVA||[ VA |7 + CVd] 2 [ V|| 75
23 25 2 2912 (3.82)
<C[[Vull 2 [IVa]°lIZ:IVIVA]“]| L. + ClI V|76 [[[Va|~]| 75
1 3
+CIV2d|| 2| VAP 22 VIV 72
<IVIVAP|Ze + ClVul72[IVdllz. + ClIVd] 1. [Vd]*|7-
<IVIVAP|Z: + C(IVullz: + V2]l DIVl
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which implies

d
LIVl + 1V 3 + [ VIVA23: < CIVults + 2] V. (3.83)
This along with Gronwall’s inequality and (3.2) yields that
T T
sup [V’ + / |1V d||Vd||22dt < [[Vdo L oxp / (IVullls + [V2d|L)de < C. (3.84)
[0,T7]
0 0

Subsequently, it follows from (3.6), (3.84) and Holder’s inequality that
1
sup ||Vd||}: < sup (||[Vd| 12 ||Vd|[3:) < Csup [|[Vd| 2 < Csm{ (3.85)
[0,7] [0,7] [0,77]

for some constant Cs depending only on ,q, g, u, i, [|V(po)|| e, [[ Vol L2 and [[V2dol| L. This yields
that

1
sup | Vd|}s <m§ (3.86)
[0,7)

s

9 9
. A : 1 1 1
provided mg < £3 = min { (ﬁ) , (@) , (05)6}.
As a consequence, if

9 9 6 3 6
mo S €0 é Hlin{é‘l,ég,é‘g} = I’IliIl 1, (1) ; <1> 3 <10g2> , (1) , <1> s
2C4 8Cs 2C;3 Cy Cs

we derive (3.2) from (3.79), (3.75) and (3.85). Therefore, the proof of Proposition 3.1 is complete. O

Lemma 3.6. Under the conditions (3.2) and (3.20), there exists a positive C depending only on
Q,q, 1, 1, p, [[Vuo| L2, [ V2do| 12 and |[Vu(po)|Le such that

sup([|Vpllrz + llpell  3) < C. (3.87)
[0,7]
Proof. By an argument similar to the one used in (3.79), we obtain from (1.7) that
sup | Vpllr2 < C. (3.88)
[0,T]
It follows from (3.1);, Holder’s inequality and Sobolev’s inequality that
ol 3 = llw- Vol 3 <llullLsIVollz < ClIVullL2([Vol| L2, (3.89)
which together with (3.89) and (3.21) yields that
sup ||pt||L% < C. (3.90)
[0,T7]
This completes the proof of Lemma 3.6. g

Lemma 3.7. Under the conditions (3.2),(3.7) and (3.20), there exists a positive constant C' depending on
Qa Q7ﬁa My [)7 ||V'U,0||L2, |‘v2d0HL2 and Hv#(po)HLq such that fOT’ e (35 min{Q7 6})7

T
suplt([[ulZ + [|VallZ)] +/t(HuH%V2,T +VP|

)

2+ ||Vd||%s)dt < C. (3.91)

0
Furthermore, for o as in Lemma 3.2 and {(t) as in Lemma 3.4, one has that

sup _[e”([|ulf + [IVP[Z: + [IVdll32)] < C. (3.92)
[€(T),T7
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Proof. We obtain from (3.50) and (3.21) that
lullZr + 1VallFe < CUlvoudlz: + [Vdel[7- + [IVulZ: + [ V2d]|72),
which together with (3.22) and (3.53) implies
E)u%[t(||u||2H2 +IVd|[32)] < C.

And it follows from (3.93), (3.53) and (3.23) that
sup[e” ([lull: + [ Vd]72)] < C.
[0.77]

For 3 < r < min{q,6}, we get from (3.68) and (3.93) that
[l + VPl
<C(lvpueli- + llpw- Vuli. +l|Vdl[Vd]Z.)

3r—6

6—r f
<Clvpul gz IVuell 3 + ClVullel|Vulfn + ClIV2d|| 2] V2d| 3
<CllVpwlliz + CllVuelzz + CUIVpuellZz + IValZz + [ Vulliz + [V2d]72)?,
which combined with (3.6), (3.21), (3.22) and (3.53) leads to
T

[l + 19PIE it < .
0

Finally, it follows from L?-theory of elliptic equations, (3.21) and Sobolev’s inequality that
IVd|Zs <CIVd:|F + CIV(u-Vd)|F: + CIV(IVAPd)|fn + ClVdll3e
<C|IVdy|[22 + C||V2dy |22 + Cllu - V2d||22 + C||Vu - V||
+ Cllu-V3d||7. + C||[Vu - V|7, + C||V?u- Vd|7. + C||Vd - V*d||7-
+C|IVAP 7. + C|IVd - Vd||z2 + C|||Vd]*|Vdl||7. + C||Vd| 3
<C|IVdl[72 + ClIVde| 7> + ClIVulL: [ V2dlLs + ClIVdll7
+C(lulie + VT ) (|l + | Vd]Fe)
<C|IVdy|[72 + C|IV?di| 22 + O V2|7 + Cllullfp + [Vl
which along with (3.22), (3.53), (3.48), (3.94) and (3.52) implies that
T
/t|\vcl||§,3dt <C.
0
Therefore, the proof of Lemma 3.7 is complete.

4. proof of Theorem 1.1

ZAMP

(3.93)

(3.94)

(3.95)

(3.96)

(3.97)

(3.98)

(3.99)

With all the a priori estimates obtained in Sect. 2 at hand, we are now in a position to give a proof of

Theorem 1.1.

Proof of Theorem 1.1. First, by Lemma 2.1, there exists a T, > 0 such that the initial and boundary
value problem (1.1)-(1.4) admits a unique local strong solution (p,u,d, P) on © x (0,T.]. It follows from

(1.7) that there exists a T} € (0,T] such that (3.2) holds for T' = T3.
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Next, set
Ty £ sup{T > 0|(p,u,d, P) is a strong solution on Q x (0,7] and (3.2) holds}, (4.1)
and
T* £ sup{T > 0|(p,u,d, P) is a strong solution on Q x (0,77}. (4.2)

Then Ty > Ty > 0. In particular, Proposition 3.1 together with continuity argument implies that (3.2)
in fact holds on (0,7*). Thus,

T: =T, (4.3)

provided that my < €p as assumed.
Moreover, for any 0 < 7 < T < T™* with T finite, one deduces from standard embedding that

vd e L>(r,T; H*) N H' (1, T; H*) — C([r,T); H?). (4.4)
Combining (3.53) and (3.91) gives for any 0 < 7 < T < T*,
Vu,P € C([r,T); L*) N C(Q x [, T)), (4.5)
where one has used the standard embedding
L®(r, T; H' n WYY N HY (7, T; L?) — C([r, T}; L*) N C(Q x [r, T)).
Moreover, it follows from (3.2), (3.5), (3.87) and [17, Lemma 2.3] that

pe C0,T]; HY), Viu(p) € C(0, T); I). (4.6)
Thanks to (3.23) and (3.91), the standard arguments yield that
pu; € H'(1,T; L*) — C([r,T); L?), (4.7)

which together with (4.5) and (4.6) gives
pus + pu - Vu + div(Vd © Vd) € C([r,T]; L?). (4.8)

Since (p, u) satisfies (3.38) with F = —pu; — pu - Vu — div(Vd © Vd), we deduce from (3.1), (4.5), (4.6),
(4.8) and (3.91) that

Vu,P ¢ O([r,T]; H' nW"). (4.9)
Now, we claim that
T = . (4.10)

Otherwise, T* < oo. Proposition 3.1 implies that (3.3) holds at T = T*. It follows from (3.87), (3.79)
and (3.21) that

(0" " d) () 2 (p, w,d)(, T°) = Timn (p, w, d) (s, 1)
satisfies
p* € H', Vu(p*) € L4, u*,Vd* € Hy.

Therefore, one can take (p*,u*,d") as the initial data and apply Lemma 2.1 again to extend the local
strong solution beyond T*. This contradicts the assumption of T* in (4.2). Hence, T* = co. We thus
complete the proof of Theorem 1.1 since exponential decay of solution (1.11) follows directly from (3.92)
and (3.54).
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