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Boundedness and finite-time blow-up in a Keller—Segel chemotaxis-growth system with
flux limitation

Chunmei Chen and Pan Zheng

Abstract. This paper deals with a parabolic—elliptic Keller-Segel chemotaxis-growth system with flux limitation

ue =V - (w4 1)"Vu) = V- (uf (Vo) Vo) + du — pu®, 2 €Q,t>0,
0=Av— M(t)+u, zeQ,t>0,

under homogeneous Neumann boundary conditions, where Q C R is a smoothly bounded domain, m € R, A > 0, > 0,

kE>1, M(t) := ﬁ Ju(z, t)dz, f(|Vv|?) = (1+|Vv|?)~%, a € R. In this framework, it is shown that when N > 2,m+k >
Q

2,k > 1,k >m and

4N — (m+ k)N — 2
o > 3
4(N —1)

then for all nonnegative initial data, the solution is global and bounded in time. Moreover, when Q C RY (N >5) is a ball,
if 1l <m < min{m\]f\f‘l,l — % + %\/ N2 — 4N + 1} and the parameters o and k satisfy suitable conditions, there exist
some initial data uo such that the solution u(z,t) blows up at finite time Tmax in L°°-norm sense.

Mathematics Subject Classification. 35B35, 35B40, 35K45, 35K55, 92C17.
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1. Introduction

In this paper, we consider the following Keller—Segel chemotaxis-growth system with flux limitation and
nonlinear diffusion

uy =V - ((u+ )" 'Vu) = V- (uf (|[Vo]*) Vo) + du — pu®,  z€Q,t>0,
0=Av—M(t)+u, x e t>0,

Jv(z,t)dz =0, zeQt>0, (L.1)
o)

%:%:0’ e dN,t>0,

’U’(I’O) = UO(Q;‘)’ x €,

where Q@ C RY(N > 2) is a smoothly bounded domain, m € R, A > O,u > 0, k > 1, M(t) :=
ﬁ [ u(x,t)dx and
Q
f(IVu]?) =1+ |Vo?)~® (1.2)

with o € R. System (1.1) can be an extension of the classical Keller-Segel model in [16-18] for chemotaxis
processes. Next, let’s introduce some research progress about (1.1) as follows.
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e Without the flux limitation (i.e., a =0):

When A\ = = 0,m = 1, it was showed in [13,25,26] that the corresponding initial-boundary value
problems in the spatially two-dimensional setting indeed possess some solutions, which blow up in
finite time provided that the initial mass is large enough and concentrated around some point to a
suitable extent, whereas if the initial mass is small then solutions remain bounded in time. When
m # 1, the scholars have obtained some interesting results addressing blow-up in [3,6,7]. Besides,
when the second equation in (1.1) is replaced by v; = Av — v + u, please see the references in
[11,28,41].
On the other hand, for the case of A\, # 0 and m = 1, under the assumptions N > 5 and
1<k< % + m in (1.1), Winkler [42] proved that radially symmetric solutions may blow up
in finite time. Later, when M (t) is replaced by the function v(z,t) in the second equation, Winkler
[45] proved finite-time blow-up of solutions in low-dimensional environments, especially in three
dimensions, under the weaker condition of 1 < k < % ifNe{34forl<k<l+ m if N > 5.
When the logistic source term is replaced by pu(1— [ u*dz), Du and Liu [8] proved that the solution
Q
of this system blows up in finite time under the assumption 0 < k& < min {2, %} When m # 1,
other types of logistic source term have also been studied by many authors [19,38,49]. When the
second equation is replaced by vy = Av — v + u, more relevant results can refer to [37,43,51].
With the flux limitation (i.e., « # 0):
For the cases of A\ =p=0,m =1, f(|Vv|?) = x|Vo[P~! with y > 0 and

(1, 00), N =1, s
pe . .
(Lﬁg), N > 2,

Negreanu and Tello [27] obtained the uniform bounds in L(2) of global solutions and proved that
in the one-dimensional case there exist infinitely many non-constant steady-states for p € (1,2) for
a given positive mass. In particular, Winkler [39] proved that a global bounded classical solution
exists if o > %, whereas finite-time blow-up occurs if o < 2(%:21). Marras et.al. [22] proved that
the solution blows up in finite time under the smallness conditions on « and &, and a lower bound
of blow-up time is derived. In addition, they proved that the solution is global and bounded in time

under the largeness conditions on a and k. Moreover, if f(|Vv|?) = X\/ﬁ and V-((u+1)""'Vu)

is replaced by V- (\/1%) , Bellomo and Winkler [1] asserted the existence of a unique classical
solution for arbitrary positive radial initial data uy € C?(Q2) when either N > 2 and x > 0 or
N =1,x>0and [uydz < m., where

Q

L ify > 1,
mc::{vXtﬂ X (1.4)

00, if x <1.

In [2], Bellomo and Winkler showed that these above conditions are essentially optimal, if x > 1,

then for any choice of

L ifN=1,

/U()dx > x*—1 (15)
5 0, it N > 2,

there exist positive initial data uy € C3(€2) such that the system possesses a uniquely determined

_ ud ! . m—1
= Xi\/m and V- ((u+1)""'Vu)

is replaced by V - <uqu>’ Mizukami et.al. [24] derived the local existence and extensibility

classical solution that blows up in finite time. If f(|Vv|?)

v u2+|Vul|?
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criterion ruling out gradient blow-up when p,q > 1, and moreover showed global existence and

boundedness of solutions when p > ¢+ 1 — % under no-flux boundary conditions, for a radially

symmetric and positive initial data uy € C3(Q2), x > 0. Chiyoda et.al. [5] gave the existence of

blow-up solutions under some condition for x and ug when 1 < p < ¢. Recently, when m # 1,

Zhao and Yi [50] showed that the system has a unique global bounded classical solution under the

conditions that o > W and m > 1. Moreover, for other types of flux limitation, please read
the references in [4,10,14,23,33,47].

In addition, for the case of A, n # 0,m = 1, the flux limitation term is replaced by f(|Vv|?) = |Vu|P~2
and the logistic source term is replaced by pu(l — u), Satre-Gomez and Tello [31] studied the global
existence of solutions under the following assumptions

p <2, N =2,

pe (1,3), N >3,
and ug € C2*7(Q),v € (0,1). When f(|Vv|?) = (1 + |Vv|?)~2 in system (1.1), Zhang [48] showed that
the corresponding initial value problem possesses a global bounded classical solution for any «, p > 0 and
N <2ifk=2and a= %, there exists pg > 0 such that for any p > po, a global bounded classical
solution exists in the case N > 3. Furthermore, there are many similar models with flux limitation,
which has been studied in previous works, such as chemotaxis-fluid models (see [30,44,46]), chemotaxis-
haptotaxis models (see [15,34-36]), etc.

Inspired by the works in [22,39,50], we extend their approaches to study the global boundedness
and finite-time blow-up of solutions in system (1.1). The present work is addressed to concern with the
interplay of the nonlinear diffusivity (u+ 1)1, flux limitation f(|Vv|?) = (1+4|Vv|?)~® and generalized
logistic source Au — pu® in (1.1). Our main results of this paper are as follows. Firstly, we consider the
global existence and boundedness of solutions for system (1.1).

Theorem 1.1. Let Q C RN, N > 2 be a bounded domain with smooth boundary. Assume that m € R,m +
k>2k>1,k>m,A\pu>0 and f satisfies (1.2) with
AN — (m+ k)N — 2
AN -1
then for all nonnegative initial data uy € C°(Q), the system (1.1) possesses a unique global bounded
classical solution (u,v) in £ x (0,00).

(1.6)

Y

(1.7)

Remark 1.1. In contrast to [50], under the influence of a source term, the range of m can be expanded,
which means that the logistic source plays an important role in (1.1).

The second purpose of this paper is to study finite-time blow-up of radially symmetric solutions of
(1.1) under some suitable conditions, when = Bx(0) C R¥ is a ball, which is centered at the origin
with radius R > 0.

Theorem 1.2. Let Q@ = Br(0) € RN, N > 5 be a ball. Suppose that A, > 0, 1 < m < min
{1 - &+ %VN2—4AN + 1}, f satisfies (1.2) with
2N —4 —mN 2N —2—mN

eN—2m YT T aN 2 (18)
and

ke (1,min{2, k1, k2}), (1.9)

where

2
(2—%)(a—am+1)—m B 2 (2—%)(a—am+1)—m
(o -~

ky = > +1 (1.10)
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and

(oplelip) 2 G t)c (ol 2),%)
k z( (=)ol ) S +1 (1.11)
i 2-%)a+1 ' '

Then for all mg > 0, there exist positive radially symmetric nonincreasing initial data

_ 0
up € C*(Q) with % =0 on 99 (1.12)
v
fulfilling ﬁ [ wodz = myg, such that (1.1) possesses a unique classical solution (u,v) in Q x (0, Tyax) with
Q

some Tmax € (0,00), which satisfies

t/lim sup [u(:, t)|| e () = . (1.13)

max

Remark 1.2. If N >5,1<m< min{m\]f\f‘i, ~ + ¥VN?2 —4AN + 1} and « fulfills (1.8), it is easy to
see that k1, ke > 1, which implies that (1.9) makes sense. Moreover, it follows from Theorem 1.2 that the
logistic source cannot completely suppress the occurrence of finite-time blow-up of solutions in (1.1).

Remark 1.3. For the particular cases of m = 1 and o = 0, Theorem 1.2 can extend the previous results
in [42] into more complex situations.

2. Preliminaries

In this section, we present some preliminary lemmas, which shall be used in the proof of our main results.
The first lemma concerns with the local-in-time existence of classical solution to system (1.1).

Lemma 2.1. Let N > 1 and Q) C Rl\i be a bounded domain with smooth boundary. Assume that the
function f satisfies (1.2) and ug € C°(Q) is a nonnegative initial function. Then there exist Trax € (0, 00]
and a unique pair

(1,v) € ((CO(Q % [0, Trax)) N C*H(Q % (0, Tax)))*
which solves (1.1) in the classical sense in Q X (0, Tinax). Moreover, if Tax < +00, then

Jim sup [|u(-,t)|[ Lo (@) = 00

max

Proof. The local existence of classical solution of system (1.1) is established by a fixed point theorem
in the context of Keller—Segel-type chemotaxis systems. We refer the readers to [7,12,42] for detailed
reasonings in closely related situations. 0

The next result is the standard Gagliardo-Nirenberg inequality, referring to [38] for the details.

Lemma 2.2. Let Q C RY be a smoothly bounded domain. Assume thatl € (0,p) and ® € WH2(Q)NLY(Q),
then there exists a positive constant Can (S, p,1) such that

1120 () < Can([IVOI[720) 12110y + 12]Lt@)s (2.1)
where r € (0,1) fulfills

namely
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Lemma 2.3. (See Lemma 2.3 of [22]). Let Q C RN, N > 1 be a bounded and smooth domain, and X > 0,
w>0, k> 1. Then for a solution (u,v) of (1.1), we have

/ <m forallte (0, Thax), (2.2)
Q

where

B A =
M = max uo dx, | — | . (2.3)
W
Q

Lemma 2.4. (See Lemma 2.4 of [42]). Let § > 0, § > 0, v > 0 and suppose that for some T > 0,
y € C°([0,T)) is a nonnegative function satisfying
t
y(t) >0+ §/y1+v(7)dr vt € (0,7).
0
Then T < 75%

3. Boundedness

This section mainly discusses the boundedness of solutions for (1.1) through the following estimates.

Lemma 3.1. Assume that the conditions of Theorem 1.1 hold, then for all p > 1, there exists a positive
constant C' > 0 such that

[|u(-, )| ry < C for allt € (0, Trax)-

Proof. Letting

(m+k—2)N 2

(2_46Y)(N_1)72Nmapl7pz}7 (3.1)

where P = (N—m—k)(2—4a)—(m+k—2)N+\/[(N—m+k—2)(2—404)—(7n+k—2)N]2—2(2—404)(m+k—2)N(2m—2k) and Py =
= 2(2—4a) =

_ - 1) (mt2 _
2 40‘)(?mi)éfg)x_ﬁ?jlg)(fv)f”ff’“ Q)N, multiplying the first equation in (1.1) by u?~!, integrating by parts

and using Young’s inequality, we get

p _ p—1 m—1 p—1 . uVv
pdt/“ / Vot V“)/ v (e

+)\/u”—u/u”+k_l

Q Q

Vu- Vo
—— -1 p—2 1 m—1 2 / p—1
-1 [0 2 )Tl + W e (3.2)
Q Q

+/\/up—u/up+k71
Q

Q

< 7pg 1 /up+m73|vu|2 + P; 1 /up+17m‘vv|274a o g/up+k71 +c
Q Q Q

p>max{1,1k+
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for all ¢ € (0, Tiax), where ¢; > 0. For the case a < 1 , using Young’s inequality with m +k > 2, we have

—1 P 1
pT/ p+1— m|v,U|2 404<C2/|VU|(2 4a)m‘:—’§c 2 + 4/Up+k_17 (33)
Q Q

for all t € (0, Tynax), where co > 0. Combmmg (3.2) with (3.3) and applying Young’s inequality, we obtain

1d 2(p p+m1
el P p<_7 ‘
pdt/u +/u_ (p+m—1)? /V

Q

for all t € (0, Tmax), where ¢z > 0. Then applying the standard Sobolev inequality and using the second
equation of (1.1), one can find ¢4 = c4(p, k, m, o, Q) fulfilling

/ [To| Gt B gyt

+Cz/|vv|(2 do) BHG= + c3, (3.4)

o Q+k 1
LT mri=2 (@)

(2 4a) nz+k712
C4||“H (2—40) (p+k—1)N
L EFa)(pHh—D+(m+k=2)N (Q)

+k—1
2— 4(1)7};_HC 5

(2—40)(ptk—=1)N
Lp+m T (2—da)(pFh—D+(mFk—2)N (Q)

IN

> (
ptm—1 || pt+m—1
2

= C4 Hu

Making use of the Gagliardo-Nirenberg inequality, there exists a positive constant cs such that

ptm—1 p+7?’L 7(2—4a) m+k7 D) p+m 1|21 ptm—1 ||1—a1
u 2 (2-40) (p+k=1)N <es | ||Vu 2 2
L p+m T @—1a)(p+k-DF(m+k=DN (Q) L2(Q) Lp¥tm=1(Q)

pt+k—1

>p+311(2_4a)m+k2
2
Lprm=1 () (3.5)
_ (—a)t+m-1) a1
<c | m 2
pth—1

2
_ ptm—1 ) pFm—1 (2—4a) mtk—2
2

pt+m—1
2

+‘u

p+m—1
2

‘Vu
L2(Q)

)

where m is given in (2.3) and
ptm—1 _ (2—4a)(pt+k—1)+(m+k—2)

2 (2—4a)(p+k—1)N
a; = poam—— 1_1_71)_1 6(0,1),
2 2

by selecting
(m+k—2)N 2
-kt —2- = -
p>max{ +(2—4OZ)(N—1)7 N m,p1 ¢,

where p; is given in (3.1), @ < 3 and k > m. Next combining (3.4) and (3.5), there exists a positive
constant cg such that

1d 2(p - 1) ptm—1||2
p T\
pdtHuH ) T HuHLp(Q) < (p+m—1)2 HVU : 12(Q)
(1 al)(P+m 1) v p+m—1 ||?1 _ ptm—1 p+r2n—1(2_4a)7€ztﬁ€112
2 2
t ¢ ’ b L2(Q) +os

for all t € (0, Tynax). When m+k—2 >0,k > 1,k > m and % <a< =, we conclude

- (2—4a)(p+k—1)
2 k-1 (2 da)Bti=y — CehEied) 1
a1 (2 — 4a) D+ _ Thk—2 (m+k—2)N <2,

_ _ +tm—1 | 1 1
p+m—-1m+k—2 %+ﬁ_§
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where p satisfies (3.1). In view of Young’s inequality, there exists a positive constant ¢; such that

1d
f&/u”—&—/ul’gq.
Q Q

For the case a > 2, using (32) and applying Young’s inequality with m 4+ k > 2, we obtain

= 92
1d pm=1 p—1 _ o _

P < ‘v p+1 m_i/ p+k—1
pdt/u < p+m—1 / —|—72 /u B U +c1
Q Q

SR /‘v S e

Q
where cg > 0. Adding f u? to both sides of (3.6), applying Young’s inequality and neglecting the negative

(3.6)

p+m

" |2, there exists co > 0 such that

pw/“ /“<@ (3.7)

In light of Young’s inequality and the ODE comparison, there is a positive constant c¢1o such that

/up < cio.

Q

2p
term — 7(p+m N f|V

The proof of Lemma 3.1 is completed. g

Proof of Theorem 1.1. In view of Lemma 3.1 and the elliptic regularity theory applied to the second
equation in system (1.1), there exists ¢;; > 0 such that

sup  [|v(-,t)|lw2r) < e forall p > 1.
0<t<Timax
It follows from the Sobolev embedding theorem that

sup  [|Vo(-,t)||L=(0) < ci2,
0<t<Tmax

where ¢;2 > 0. Following the steps in the proof of Lemma A.1 in [32], there exists a positive constant c;3
independent of ¢ such that
[[u(-,t)|| Lo (@) < c13 for all t € (0, Thnax),

which along with Lemma 2.1 shows that Ty,,x = 0o. The proof of Theorem 1.1 is completed. O

4. Blow-up in L°°-norm

In this section, the aim is to prove Theorem 1.2. To this end, we show that the radially symmetric solutions
blow up in finite time under some suitable conditions. Assume that = Bz(0) C R” is a ball with R > 0,
ug satisfies (1.12) and is radially symmetric with respect to x = 0. If (u,v) is the corresponding radial
solution in © x (0, Tynax) asserted by Lemma 2.1, we write u = u(r,t) and v = v(r,t) with r = |z| € [0, R].
Following [13], we introduce the mass accumulation function

w(s,t) = [ pNtu(p,t)dp,s =1V € [0,RN], t €0, Tmax), (4.1)

ot — %
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then
1
ws(s,t) = U (s%,t) >0, wss(s,t)= —8%_1% (s%,t> )

From the second equation in (1.1), we deduce

1 1
1 (o)), = M) —u

and

N1, (r, 1) :M(t)/pN_ldp—/pN_lu(p,t)dp: —/pN_lu(p,t)dp. (4.2)
0 0

Using (1.1), we obtain

we(s,t) = [ pN " up, t)dp

S

+ Mw — pN*1 /wk(o, t)do.

S

0

Thus, we have
2
wy = stzi%ws‘s:(“ws +1)™ 1+ N (U) - mA]{l(t)S) ws f (51%2 (w - ‘I\/Iz\(ft*) S) )

+Aw — pNFE1 wa(a, t)do, s¢€ (O, RN) ,t € (0, Tinax) , (4.3)
0

w(0,8) =0, w(RY,t) =BT 4 ¢ (0, Thay)

w(s,0) = wo(s), s€ (O7RN) ,

S

where wo(s) = pNlug(p)dp,s € [0,RN]. Our aim is to prove that the functional y(t) :=

O

N
J s7ewb(s,t)ds with suitable parameters a,b € (0,1) blows up in finite time.
0
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Lemma 4.1. (See Lemma 3.4 of [39]). Let n € R and 8 € (0,1]. Then
(1+67721- %55 for all € >0,

where 1y = max {n,0}.

Lemma 4.2. Assume that the nonnegative initial data ug satisfies (1.12) and is radially symmetric and
nonincreasing with respect to |x|, then for all s € [O, RN] and t € (0, Tnax),

w(s,t)

ws(sat) < s

< wg(0, 1) (4.4)
holds.

Proof. Under the condition of (1.12), it follows from the well-known theory on the higher regularity in
scalar parabolic equations in [20,21] that u, € C°([0, R] x [0, Tiax)) N C%1((0, R) % (0, Timax))- By the
similar way as in Lemma 2.2 of [40] (see Lemma 2.3 of [1] or Lemma 3.7 of [9]), we have

N -1
(w+ 1" 4+ (m = D(u+ 1) 202 + (u+ 1),

Uy =

Uy n 20020, uM (t) n u? + g(u)
- - u
R P N P e (P ) R A D

where g(u) = Au — pu* for u > 0. Then we get

N -1
r2

N—-1 N -1
Upp = — (u+1)" u, + f(m —D(u+ 1™ 2% + T(u + 1) .,
+ (m—1)(m —2)(u+1)"3ud + 3(m — 1) (u+ )™ 2ty
Upp¥ UpVpp.
+(u+1 m_lurrr_ rr Ur - 7 Uprr
ey (0t Py~ 0+ o)
A, 020, dauv,v?, 200002V 4(a+ 1Vauviv?,
(L4 for)ott (T4 o )ott o (L4 o 2)ott (14 fop2)o+2
u M (t) 20uM (t)v, 2uu, 20020, vy ,
o 2 2)a+1 2\a yat1 9 (u)ur
(o) (At JopP)ett (L o) (L Jopf?)ot

= a(r, t)Uprr + (7, )y + c(r, t)u, + d(r, t)u,

where
a(r,t) == (u+1)""*

1

N —
b(r,t) == (u+1)™ L 4 3(m — 1)(u+ 1) 20, — ——"
T

(1 + for )

N -1 N -1
c(rt) i= ————(u+1)""! +

r2 r (m —1)(u+1)""?u,

Ve 4avaTT

R A (e AR (RO T

M(t) 2u ,
T A eEe T

dav,v2, 2002V 4o+ Davv2,  2aM (t)v, v, 200UV, Uy

(L4 o)t T (T4 o)t (L4 [or2)2t2 T (4 o2t (14 [or[2)et
Due to Lemma 3.6 of [9], we have —v,.. < u, so that for fixed T' € (0, Tinax), 1 < m < 2, we can obtain

d(r,t) :=

sup e(r,t) < 3lullpe((0,m)x(0,1)) + 19"z (0,11ull 1o (0.7 0.7)) < OO
re(0,R),te(0,T)
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which implies that the maximum principle in Proposition 52.4 of [29] becomes applicable and yields

u, < 0in (0,R) x (0,7, which upon taking T' /" Tyax implies the statement. Next following the steps
in [10,40], we arrive to (4.4). O

Lemma 4.3. Assume that ug satisfies (1.12) and (u,v) denotes the solution of (1.1) in Qx (0, Tinax). Then
for all € (0,1),a>0,a € ((2 —2)a, (2= %) (a+B)) and b € (0,1), the function w satisfies

1RN t RN
gfsfawb(s,t)ds b/ b ( ds+cl// P 2" dsdr
0 0
t RN t RN
+c1//s 2-Remaslybtlgsdr — 2N™(N - 1) // =R —ab= Ly dsdr
00
t RY t RN s
—m|Q|” 1// et =ly,dsdr — uN*= 1// —agyb—! / whdo | dsdr
fH1+H2+H37H47H57H6 (4.5)

for allt € (0, Thax), where ¢; = min {%Nmﬂ(l —b), Nﬁr [a— (24 %) }, M = m‘]ﬁ\"}ﬂ and m
is defined by (2.3).

Proof. Multiplying the first equation in (4.3) by (s +¢)~®w®~! with € > 0, following the steps of [52] and
integrating over s € (0, RV), we have

RY RY
ng/ (s +€) “w(s,t)ds > N? / TR (s 4 O s (Nw, + 1) Mds
0 0
RN M(t) M(t)s >
N —a, b—1 _ s x—2 — i
0
RN
—uNk_l/(s+€ ~twt! / wido
0 0
=Ji+ Jo+ Js. (16)

Integrating by parts, we obtain
RN
J, = N? / 82_%(8 + 6)_“1111’_111)58(NwS +1)™ tds

RN
1
> Nm+1/ %(S+€) a, b 1(ws )Sds
m
0
1 N
_ 7Nm+152—%(8+6)—awb—1w;n|é{
m
RN
1
f—Nerl(bfl)/sQ N(s+e€) w2 w™ds
m

0
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RN

1 d

——Nm™H / $(32_%(8+e)_“)wb_1w;"ds (4.7)
0

RN
N™H (1 —b) / s2F (5 4+ €) %wb 2wmtds
0
RN
1
—2—N™(N -1) / sUTR (s + €) " w’ twmds,

m
0

where we have used the fact that m > 1, N > 2,b € (0,1) and
4 (32_%(8 + e)‘“) =(2-—= sl_%(s +e) " — asQ_%(s +e)7o !
ds N
< (2 2 51*%(34— )¢
- — e)
- N

As for Js, we have

Jo = N7(s + ) w lw, <w - MZ(\;)S> f (813,2 <w - MZ(\;)S>2> ds
0
RN

- N {(s +e) “ww, f (83‘2 (w - M](Vt)s)2> ds (4.8)
- R/ O Y, ( (- ij”f) ds
= J210+ Joa.

By the strong maximum principle, we have v > 0 in Q x (0, Tiyax). Thus, it follows from wg(s,t) =
N

Lu(s¥,t) > 0 and the boundary condition at s = RN that w(s,t) < 2O for all 5 € [0, RN] and

t € (0, Trax)- Using w(s,t) < %)RN and s < R, we arrive that

=M, (4.9)

M(t)s\?>  M(t)2s>  , _M(t)2R2N _ _|Q2m2R2N
(wN)SNQ S

where m is defined by (2.3). Next by means of Lemma 4.1, we can estimate
2\ ~¢ a
<1+sz%f_2 (M(t)s —w) > > 5(2_%)0‘1\_4_0‘ . (1—}—32_%]\_4_1)

N
> s(2-%)ayp—a. (1 B % (525M1)3> (4.10)

= s(=F)ajgra _ %5(27%)@%)]@7(%@_
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Combining (4.8)—(4.10), we derive

RN B
Jy1 =N /(s + e)fawbwsf <31%2 (w — ]\4](Vt)s> ) ds
0

RN RN (4.11)
>NM—© /(s + e)*“wbwss(zf%)ads -
0 0
=1 — L.
As for I, integrating by parts, we have
RN
I =NM~ [ (s+e) wbw,s(>~%)ds
0

RN

= —A;)AZ;& / s {(s + 6)7“5(2_%)6‘} wbttds (4.12)

0
_ RN _ RN
NM—« NM—« 2
=4 b+1 (s + e)~aLs(3F)agb+igg b+1 <2 a N> “ /(5 + )53 R )ty
0 0

As for I, once more integrating by parts, we compute

RN
NM—(a+8)
I, = QT /(8 + €)M, s (2R ) () g

0
@t)
\[—(a+8 5
= 7% / 55 {(5 + 6)7a5(2iﬁ)(a+'6)}’wb+ld8
(4.13)

N

[~ (a+5)
B aa]ﬂv(]l\)ﬂ 1) /(3 + )7 (2 )Ryt gs

N

[ —(a+8) 2
- aj\ﬂn(\l/;[wL 1;—ﬂ (2 - ]i) (a+pB) /(S + 6)_a8(2_ﬁ)(a+ﬁ)_lwb+1ds.

. 1 .
Since {14_8%_2(1\4%)5_10)2}@ < 1, it follows that

Jog = — 17 s(s+e) " tw M(t) f (31%_2 (w - M](\;f)s)2> ds

~ds (4.14)
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RN
> —/s(s—i—e)_awb_leM(t)ds
0
RN
> —m|Q\_1/s(s—1—6)_‘11115_1wsds7

0

where m is defined by (2.3). Replacing (4.7), (4.8) and (4.11)—(4.14) in (4.6) and integrating over (0, ),
we obtain

1 i 1 B
5/(5+e) a b(st)dszg/( +€) 8( )ds
0 0
t RN
+ Nerl //32 R (s 4 ) wh 2w dsdr
0o
) t RN
—QEN’” //s 12V (54 )" w’ wmdsdr
00
t RN
aJZ]_:_/Il // s+e) s 2= % )b+ dsdr
NM @ 2 LR
00
(a+pB) L
+GOZNM // s+€) a718(27%)(o¢+ﬁ)wb+1dsd7_
00
N
aNM~(e+8) (2 — 2 >
— (s+¢€) s 2= )(@t8) =1 ,b+1 qsdr
o / /
B( /
t RN

—m|Q|_1//s(s+6)_“wb_1wsdsd7'
0o

t RN s
uNk_l/ /(s—l—e)_“wb_1 /w’s“da dsdr.
00 0

Taking € \, 0 in (4.15), applying the monotone convergence theorem and neglecting the positive term Iy
in (4.13) by selecting a € ((2— %)a, (2— %)(a+3)) where a > 0, 8 € (0, 1), then we can arrive at (4.5).
g

Next we estimate Hy and Hs, which are defined in Lemma 4.3.
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Lemma 4.4. Assume that N > 2,1 <m < 2]\]/\] I<ac< W then there exist

be (max {O,Bl,BQ} , 1) R

ZAMP

. (27l)a(2 m)+m—2+-2 o m—2+2
where By = I(V aym P2 = (2—%)(1—5)—7” and
0 < a < min {Al,A2}, (416)
with
2 +[2-2)1- b+1
4= oot [Cog)A-a)—m]b+1) (4.17)
2—m
and
2-Da(2-L 24 (2 -1+ —(2- b+1
such that
1 1
Hy < §H2 + ZH?’ + cot (4.19)
and
1
Hjy §H2 + H3 + c3t (420)
for all t € (0, Tynax), where co, c3 > 0 and Hy, Hs, Hy, Hs are defined in Lemma 4.3.
Proof. Using Young’s inequality, we have
t RN
Hy=2N™(N — 1)/ / sl R ot~y dsdr
0 0
t RN t RY
< 02—1//52_%_awb_2w;”+1dsd7+04//32 o= R w2 (s w) " dsdr
0 0 0 0
t RN
1 l—-a—m—2_ b+m—1
= 5 H2 + ¢y s Nw dsdr
t RN t RN
< %Hg + —c // Ja—a—1 b+1d$d7‘+85/ / s Ja—a=1[(2-F) A=) —m] 255 o7
0 0
1 1
S *HQ + *Hg + 02t7

2 4
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where ¢1, ¢2, ¢4, ¢5 > 0 and we have used the fact that (2— 2)a—a—1+[(2— 2)(1 —a) —m] 2L

due to 0 < a < A;. It follows from Young’s inequality that

t RN
H5:m|ﬂ|_1//sl_awb_lwsdsdT
0
t RN t RN
1 _ 2 _ _ _ 2 _ _ 2 _ m+41
§§cl §2T N T2 dsdT 4 ¢ s2 N T2 (s L) T dsdr
00 00
t RN

:%Hg—i-c(g//sl_‘”(%_ b1+ dsdr

RN

A

1 1
—H. -H t
5 2+4 3 + cst,

IN

t t
1 24 (2 1)L _(2—2)q] btl
_§H2—|— Cl// a a—1 b+1d$d7’+C7//S a a— 18[ (N )m ( N) ]2 T
0 0

2—m

181

> —1

~m dsdr

for all ¢ € (0, Trnax), where c1, 3, g, 7 > 0 and we have used the fact that (2— 2)a—a—1+4[2+ (% —

N

DL —(2-%)a]2E > —1dueto 0 <a< A,
Now, we shall estimate the term Hg in Lemma 4.3.

Lemma 4.5. Let N > 5 and suppose that 1 < m < min 21\;\,_47 1-— % + %= \/N2 4N +1

2N—2—mN
&< THN—

and
]{3 (S (1,min{2, ]431, ]{12}) ,

where

2
( %)(cx am+1)— 2 (2—%)(a—am+1)—m
(92
- ( FHe-F)a -~
1= 2
+1

and

3=
N——
\
—
[\}
[V
SN—
Q
|~
Y
E
Q
/-\
+
[\)
B
S
[
iR
IN—"
3=

(=3 )a v

((21%)a( — )2+ (F-1)
ko =

Then we can find a =b € (0,1) fulfilling (4.16) such that
1
Hg < 7 Hs + cst,

for all t € (0, Tmax), where cg > 0 and Hs, Hg are defined in Lemma 4.3.

Proof. By Fubini’s theorem, we obtain

t RN s

Hg :uNkil/ / s b1 /wfda dsdr
00 0
t RN (RN

:uNk_l// /s‘“wb_lds w”(o)dodr.

0 0 o

2N—4—mN

2N—2)m

O

<

(4.21)

(4.22)

(4.23)

(4.24)
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Since b € (0,1) and w, > 0, then w’~!(s) decreases in s. Thus,

t RN (RN
Hg S,uNkfl// /sfads w1 (o)wk (o)dodr
0 0 o

t RN
1
=1 auNkfl/ / (RN(lfa) - 017“) w1 (o)wk (o)dodr.
00

Since a € (0, 1), we neglect the negative term to derive

t RN

Hg uN RN (- a)// s)dsdr.

Fixed b = a € (0,1), then we have (27%%)(&;57%2)7771 € (0,1) and G-y 2)02(217;)2;2L(N Vi ¢ e (0,1)

fulfilling (4.16), thanks to the facts that 1 < m < min {241 - L + LV/N2—4N +1}, N > 5 and

W <a< W Then by selecting a = b, using Young’s inequahty and applying Lemma 4.2

we have

t RN

Hy < B RpNO- a)// “twFdsdr
1—-a ;
B t RN
< N(1— a)// k+a—1 7kd8d7'
~ 1l-a
t RN t RN
< icl//s Ja—a-1 b+1dsd7+09//s Ja—a=1g[~ktat1=(2=F)o] 7% gdr
00 00
= 1H + cst
_Z 3 Cst,
for all t € (0, Tinax), Where cg, g > 0 and we have used the fact that (2— 2)a—a—1+[-k+a+1—
(2—2)a]2tt > —1 due to (4.21). O

Taking into account of Lemmas 4.3-4.5, we obtain an integral inequality for the functional y(t) =
RN
[ sTowb
0

Lemma 4.6. Assume that the conditions of Theorem 1.2 hold. Then there exist a,b € (0,1), 6 > 0 and
C > 0 such that

bl

RN

/s w’(s, t)ds > / ~Twd( ds—|—6] / (s,7)ds dr — Ct (4.25)

0
for all t € (0, Trax)-
Proof. Collecting (4.19), (4.20) and (4.24) in (4.5) and selecting

a=0b¢€ <O,min{(2§7)(aam+l)m (27%)‘)‘ 1*%)+2+(%* )71n}>7

rRACES YL 2-N)a-mx
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then we have

RN RN ; t RN
/sfawb(s,t)dSZ/ ~rwd( ds—i—zq// Jama—LybHlqsdr — Ct (4.26)
0 0 0

for all t € (0, Trnax)-
Using the Holder inequality, we obtain

RN RN

2 % [(27%)(17&71}6
/s‘“wb(S,t)dSZ / (S(Q_W)“_a ! b+1) s g ds
0 0
N T /N =
R R
[(27l)a7¢171]b
N
< /5(2_%)6‘_a_1wb+1d3 /s_a_Hilds ,
0 0
which implies
. " opt
2
/s(zfﬁ)o‘*‘“lwlﬁlds > ci0 /sfawbds (4.27)
0 0
1
G ST (2= %)a—a—1]b
where ¢ = [(272;7%1% and we have used the fact —a — “—"77—— > —1 due to
RN(17a74Nb+1—>

a<1<1+[2—(2- %)a]b. Then replacing (4.27) into (4.26) we arrive at (4.25) with § = Lbcicyp. O

Proof of Theorem 1.2.. We fix N > 5 and may assume that Q = Bgr(0) € RY with some R > 0.
Then for given 1 < m < min{mj]\f‘l,l— %—F VN2 —4N +1 } 2]\,723””];7 < a< W k e
(1,min {2, kq, ko }), where ky and ky are defined by (4.22) and (4.23) and my > 0, we let a,b € (0,1),6 > 0
and C' > 0 be as provided by Lemma 4.6. Now for fixed T" > 0, we pick 6 > 0 large such that

6> (;T)b. (4.28)

Next, following the steps in the proof of Theorem 0.1 in [42], let

mo RN +¢

AE) = e -5, s€[0,RN],e >0, (4.29)
then ¢.(s) is nonnegative and satisfies
®e(s) [0, RN] as € \, 0. (4.30)
By the monotone convergence theorem, it asserts
RN
/ 5 %, (5)%(s)ds — 400 as e\, 0. (4.31)
0

Thus, we can find some sufficiently small ¢ > 0 such that
RN
/ s ¢ (s)(s)ds > 0 + CT. (4.32)

0
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With this value of ¢ fixed henceforth, we let
wo(8) == Pe(s), s€ [OvRN]a (4.33)

and then it is obvious to see that wg belongs to C*°([0, RV]) and satisfies wy = 0, wo(RY) = % and

wo s(s) > 0 for all s € [0, RN]. Therefore, the function ug defined by ug(z) := Nwos(|z|") for z € Q is
radially symmetric, smooth and positive in  with \T12| f uo(z)dz = mp. Next, we claim that the maximal
Q
existence time T of the corresponding solution (u,v) of system (1.1) satisfies Tiax < T'. Let
RN
y(t) := /s_awb(s)ds, t € (0, Trax), (4.34)
0
then it follows from (4.32), (4.33), (4.34) and Lemma 4.6 that

t
y(t) >0+ 5/y1+%(r)dr for all ¢ € (0, Trax)- (4.35)
0
By Lemma 2.4, it is easy to see that
Tmax S 1 1
760

In conjunction with (4.28), this entails that indeed Ti,ax < T The proof of Theorem 1.2 is complete. I
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