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Multiplicity and concentration behavior of solutions for magnetic Choquard equation
with critical growth

Houzhi Tang

Abstract. In this paper, we consider the following nonlinear Choquard equation with magnetic field
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where ¢ > 0 is a small parameter, N > 3, 0 < p < N, 2}, = 2]]\,\7:2”, V(z) : RN — RN and A(z) : RN — RN is a

continuous potential, f is a continuous subcritical term, and F' is the primitive function of f. Under a local assumption on
the potential V', by the variational methods, the penalization techniques and the Ljusternik—Schnirelmann theory, we prove
the multiplicity and concentration properties of nontrivial solutions of the above problem for € > 0 small enough.
Mathematics Subject Classification. 35B38, 35J20, 35J60.
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1. Introduction and main results

In this paper, we study the following nonlinear Choquard equation with magnetic fields

2 u(y)) u(y)|? .
(5v-4@) ut V=V /' W + Flu@)l) g, (|u2u2u+ 1f(|u2)u), (1.1)
RN

|z —y|»

where 2 € RN, ¢ > 0 is a parameter, N >3, 0 < u < N, 2, = 21(,\[:2", V(r) € C(RY,R) is an electric
potential, and A(x) € C(RY,RY) is a magnetic potential. The operator (%V — A(:c))2, called magnetic

Laplacian, is defined by
1 2 2 1
—Aqu = <iV - A(z)) u=—Au— ;A(JL‘) Vu+ |A(z)|Pu — Ju div(A(z)).

For problem (1.1), there are vast literature concerning the existence and multiplicity of nonlinear
Choquard equation without magnetic field, namely A = 0. Then, (1.1) turns to the Choquard equation

_ e U x\u = u—N M w) in N
e“Au+V(x) 5 R{ |x—y|ﬂdy g(u) in RY. (1.2)
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When ¢ = 1, Eq. (1.2) reduces to the generalized Choquard equation:

—Au—l—V(x)u:( 1

W*|u|p>|u\p_2u in R3. (1.3)

The case of (1.3) N =3,p =2, V(z) =1 and g = 1 describes the quantum mechanics of a polaron at
rest by Pekar [36]. In 1976, Choquard [26] described an approximation to Hartree—Fock theory of a one
component plasma by (1.3). Thus, Eq. (1.3) is also called the nonlinear Schrodinger-Newton equation.
By using critical point theory, Lions [28] obtained the existence of infinitely many radially symmetric
solutions in H* (RN ) and Ackermann [1] proved the existence of infinitely many geometrically distinct
weak solutions for a general case.

Moroz and Van Schaftingen [31,33] eliminated this restriction and showed the regularity, positivity
and radial symmetry of the ground states for the optimal range of parameters, and also derived that
these solutions decay asymptotically at infinity.

On the other hand, the semiclassical limit problem attracts people’s attention, namely ¢ — 0 in (1.2).
The question of the existence of semiclassical solutions for the nonlocal problem (1.2) has been posed
in [6]. Moroz and Van Schaftingen [32] develop a novel nonlocal penalization by variational methods to
show that equation (1.2) with G(u) = |u|? has a family of solutions concentrated at the local minimum
of V, with V satisfying some additional assumptions at infinity. Other results see [5,12,25,30,43] and
references therein.

The magnetic nonlinear Schrodinger equation (1.1) has been extensively investigated by many authors
by applying suitable variational and topological methods (see [3,9,13,14,16,17,20,23,40,41] and refer-
ences therein). To the best of our knowledge, the first result involving the magnetic field was obtained by
Esteban and Lions [20]. They used the concentration—compactness principle and minimization arguments
to obtain solutions for € > 0 fixed and N = 2, 3. For the nonlinear magnetic Schrédinger equation

<jv - A(:z:)) u+ V= f(u)u, zeRY, (1.4)

Alves [3] used the method of the Nehari manifold, the penalization method and the Ljusternik—Schnirelmann
category theory to relate the number of solutions with the topology of the set for a subcritical nonlinearity
f € C'. Ji and Radulescu [23] showed that the arguments developed in [3] fail if f is only continuous, and
they improved the methods to study the multiplicity and concentration results for magnetic Schrodinger
equation in which the subcritical nonlinearity f is only continuous. Later, Ji and Radulescu [24] used
the same methods to study the multiplicity and concentration results for magnetic Schrodinger equation
with critical growth.
About the Choquard equations with magnetic potential like

2
<jv - A(x)) ut Vigu=eN / PO 4, 4y (1.5)

|z — yl~

Fore =1, p € (0,N), 2N1\7“ <p< 2]@’:2", f(u) = |ulP, Cingolani et al. [14] established the existence
of multiple complex-valued solutions. Alves et al. [4] proved the existence and multiplicity of solutions
by using variational methods, penalization techniques and Ljusternik—Schnirelmann theory under the
suitable conditions of V' and f.

It is quite natural to consider the multiplicity and concentration phenomena of nontrivial solutions
for problem (1.1) with critical growth. Inspired by [4,24], the main purpose of this paper is to investigate
multiplicity and concentration of nontrivial solutions for problem (1.1) by proposing a local assumption
on V(z) and adapting the penalization technique and Ljusternik—Schnirelmann category theory.

To go on studying the problem (1.1), we recall an important inequality, namely:
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Lemma 1.1. (Hardy-Littlewood—Sobolev inequality) [27] Let t,r > 1 and 0 < pu < N with 1/t + u/N +
1/r=2, f € LY(RY) and h € L"(RY). There exists a sharp constant C(t, N, ju,7), independent of f,h
such that

//f Y dady < C(t, N, 1) | il (1.6)

RN RN

Ift =r=2N/(2N — p), then there is equality in (1.6) if and only if f = Ch and
h(z) = A(y* + o — af?)~ BN 7172

for some A€ C,0#~€R and a € RV.

Notice that, by the Hardy—Littlewood—Sobolev inequality, the integral

[ [ et
P

RN RN

is well defined if |u|? € LY(RYN) for some t > 1 satisfying

2 p
42
t + N
Thus, for u € H'(RY), by Sobolev embedding Theorems, we know
2<tg< 2N
Stes v
that is
2N—,u§qS 2N—,u.
N N -2
Thus, 2NN_ £ is called the lower critical exponent and 27, = 211\,\]__2“ is the upper critical exponent in the

sense of the Hardy-Littlewood—Sobolev inequality and the Laplace operator.
Before giving our main result, we present the following hypothesis on the potential V (x) € C(RY,R):
(V1) there exists Vi > 0 such that V; = inf cgn V(2);
(V) there exists a bounded open set A C R¥such that

0< Vo= Helf\ V(z) < min V(x).

r€OA

Observe that
M ={xeA:V(x)=V}#0.

Moreover, the nonlinearity f € C(R,R) be a function satisfying:

(fr) f(t)=0ift <0;
(f2) there exists p,q € (

*) and A > 0 such that

2
f(t) > P22 vt >0, lim FE) _

t—+oo t4—1
(f3) f(t) is strictly increasing in (0, 00).
The main result of this paper is the following:
Theorem 1.2. Suppose that condictions (V1)-(Va) and (f1)—(fs) are satisfied. Then, for any § > 0 such
that

My = {z € RN : dist(z, M) < 6} C A,
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there exists €5 > 0 such that, for any 0 < & < g5, problem (1.1) has at least caty, (M) nontrivial
solutions. Moreover, for every sequence {e,} such that €,, — 0% as n — oo, if we denote by u., one of
these solutions of (1.1) for ¢ = &, and n., € RN the global mazimum point of |u., |, then

HmV (n.,) = Vo.
n

We shall use the variational methods, penalization techniques and the Ljusternik—Schnirelmann theory
to prove Theorem 1.2. There are three main difficulties to overcome. The first difficulty is the presence
of the magnetic field A(z), problem (1.1) became a complex-valued problem. We use the diamagnetic
inequality to transform complex values into real values, while corresponding embedding theorem also
holds. The second one is that the nonlocal terms appearing in the equation, the commonly used methods
and techniques may be ineffective. We can use the Hardy—Littlewood—Sobolev inequality to overcome this
difficulty. The last one is that critical exponent occurs the right of problem (1.1), we need more accurate
estimate to overcome the lack of compactness.

The paper is organized as follows. In Sect. 2, we give some preliminaries. In Sect. 3, we introduce a
modified problem. In Sect. 4, we study the associated autonomous problem. In Sect. 5, we obtain the
multiplicity of solutions for problem (1.1). In Sect. 6, we complete the proof Theorem 1.2.

2. Preliminaries
In this section, we collect some notations and some useful preliminary lemmas. Recall that the Sobolev
space with magnetic potential H}(RY,C) is defined by

HY(RY,C) = {u e L*(RY,C) : [Vau| € L*(RY,R)},

where Vau = (i71V — A)u. The space H}(RY,C) is an Hilbert space endowed with the scalar product

(u,v)e =R / VauV v +uvde |,
RN

where R and the bar denote the real part of a complex number and the complex conjugation, respectively.
Using the change of variable  — ez, problem (1.1) is equivalent to the following one

(29— @) wr Vet = R / % PO, (-2 L u) e,

|z — yl~

u € H'(RY,C)

where A.(z) = A(exz) and V.(z) = V (ex).
Owing to the presence of potential V. (z), we introduce the subspace

H.={uec HyRY, C): /Vg(x)|u\2dx < o0}
RN
The space H. is an Hilbert space endowed with the scalar product

(u,v). =R /Vguﬁ+ V(ex)uvdzx | ,
RN
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where Vou = (Dlu,...,DNu) and Diu =i~ '0ju — Aj(ex)u for j =1,...,N. The norm induced by this
inner product is given by

2
Julle = /|V5u|2 +V(ex)uf*dz
RN
For readers’ convenience, we recall some useful lemmas.
Lemma 2.1. (Diamagnetic Inequality) [20] For any u € H., we get |u| € H*(RY,R) and it holds
[V]ul| < [Veul. (2.2)
Lemma 2.2. [20] The space H. is continuously embedded into L" (RN, (C) for anyr € [2,2*] and compactly
embedded into L], (RN, C) for any r € [1,2%).
From Gao and Yang [21], we denote by
[ |Vu|*dx
RN

S D= inf
HEE T wepia(®n (o) . =
( I '“(”'z’i';jiy)“dxdy>

RN RN 53
[ IVaul*dz (2:3)
RN

= iIlf N = SA’

HeD R0} ) % () % .
f f ‘x—ywy dxdy

M)

=

RN RN

where D?(RY) = {u € L*" (RN, C) : V4u € L*(RY,C)}. The equality between Sy 1, and S 4 was proved
in Mukherjee and Sreenadh [34]. We remark that Sy is attained if and only if rot A = 0, see [34, Theorem
4.1].

Lemma 2.3. [21] The constant Sy, defined in (2.3) is achieved if and only if

N-—-2

b 2
U_C<b2—|—|x—a|2> ’

where C' > 0 is a fived constant, a € RN and b € (0,00) are parameters. Furthermore,

I A

(N, ) 5=

where S is the best Sobolev constant of the immersion D2(RN) < L* (RY) and C(N, ) depends on N
and .

)

N—

2
If we consider the minimizer for S given by U(x) := % (see [42, Theorem 1.42]), then
1+|x 2
~ (N =) (2=p) >n  [N(N —2)]"5
U(m) = S aN+2=p) C(N7 /i) ANF—)
(1 + [a]?)

is the unique minimizer for Sy, that satisfies

o*
“Au = /|u| M|udy |u\2;_2u in RV,
o
RN Y
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U(@)P |0y L
/\VU\ dx-//' i_' o I oy = 575

RN RN
Lemma 2.4. [29] Let N > 3 and r € [2,2%). If {un}, oy i5 @ bounded sequence in H' (RN, R) and if
lim sup / |un|" dz =0,
n—oo yERN
Br(y)
where R > 0, then u, — 0 in L'(RY R) for all t € (2,2%).

with

3. The modified problem

We will adapt an argument explored by the penalization method, which introduced by del Pino and
Felmer [19] to overcome the lack of compactness. More precisely, let K > 0 determined later, there exists
a unique number a > 0 satisfying

fla) +a®=I2 =V /K
by (fs), where V; is given in (V2). Suppose that
f(t) —— f(t) + (t+)(2;72)/27 t S a,
o V()/K, t>a,

and introduce the penalized nonlinearity
gl t) == xa(@)(f(8) + (7)) + (1 = xa (@) f(0),
where x4 is the characteristic function on A and G(x,t) f f(s
From assumptions (f1)-(f3), it follows that g satisfies the followmg properties:
g(x,t) =0 for each t < 0 and tli%l+ g(z,t) = 0 uniformly in z € RY;

(91)

(g2) g(x,t) < f(t) 4 (1) for all ¢ > 0 uniformly in z € RV;
(93) 0 < G(t) < g(z,t)t, for each x € At > 0;
(94)
(95)

g4) 0 < G(t) < g(x,t)t <Vpt/K, for each x € At > 0;

gs5) t— g(x,t) and t — G(f’t) are increasing for all x € RV and ¢ € (0, 00).

Then, we consider the following modified problem

(39— 40)) w Vit = (2 » Glem ™)) e o @ < . (3.

Observe that if u is a nontrivial solution of problem (3.1) with
lu(x)]* < a, Yz € AL,
where A. = {z € RY : ex € A}, then u is a nontrivial solution of problem (2.1).
The energy function associated to problem (3.1) is

1 1 1
Jow) = / Veul? + Vel ulPde — o / (Ilﬂ « Glex, u|2)> Glex, |uf?)dz
m
RN RN

In the sequel, set pg = 2N o then for any u € H., we have

Pl < O (I, + il ) (32)
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and

2~2*"
et ) (3.3)

mmm<00%m+wm+u

Therefore, the Hardy—Littlewood—Sobolev inequality implies that

/ <| o * G(ex, |ul )> G(ex, |u|?)dz < C’|G(u)|p0 < C’<|u|2p0 + |u\qp0

and

1* 2.2*
/ < | * Gles, |U|2)) glem ul )‘U|2d13 = O(|u|2p0 + |U|qpo + |ul u)_ (3.5)
RN

As the argument in the proof of [5, Theorem 1.3], we have the following lemma.

Lemma 3.1. Suppose that (V1) and (f1) — (fs) are satisfied, then J. is weakly sequentially continuous.
Namely, if u, — w in He, then J. (u,) — J.(u) in (H)".

Proof. Observe that
1 1
(JL(u),v) = (u,v). — > / (||” * G (ex, |u|2)> g (ez, [ul*) uvdz.
m
RN

Since f(t) has subcritical growth in the sense of the Hardy—Littlewood—Sobolev inequality and the defi-
nition of g(z,t), to prove that J! is weakly sequentially continuous, we only need to check that if u,, — u
in H., then

/Awhm QEZ;uM) ¢My—*/4w mﬂzwmﬂamdwy 56

for any v € H. as n — 0. Indeed, by the Hardy-Littlewood—Sobolev inequality, the Riesz potential

defines a linear continuous map from L2v5 (RN ) to L% (RN ), so we know

2* 2*
Un(y)| * u\y)| - . 2N
RN RN

|z — y|~ ylH

Since |un|2rﬁ2 Up — |u)? 2w in LV (RN) as n — oo, we have

|un(y )|2 2% —2 |u(y)|2u 2% 2 . 2N N
7dy up ()| " uy () — ——dy | |u(x)|** “u(x in L¥2 (R
Oy | @) (o) Sy | (@) 2u(x) (R")

as n — oo. Hence (3.6) holds. O

By a similar argument to Proposition 3.2 in [33], we have the following results.

2N 2N
Lemma 3.2. Let N >3 and p € (0,N). If H,K € L¥-n72 (RY) + LV (RY), and u € H. satisfies
1 2
<Z,V - As(sc)) u+u= (|z[ " (Hu)) K.

Then, u € L"(RYN) for some r € [2 NLJ\?—N> Moreover, there exists a positive constant C(r) indepen-
dent of u such that

[ull, < C)llull2-
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Now, let us define
B={ueH. (RY):|u|. <d}

where d > 0 is a constant, and we set

K. (u)(z) = ﬁ * G (e, |ul?) .

The next lemma implies that we can treat the convolution term as a bounded term.
Lemma 3.3. Suppose that (f1) — (f3) hold. Then, there exists Cy > 0 such that

sup [ K¢ (u)(2)] oo vy < Co.
ueB

Proof. Observe that
|Gz, |s[*)| < |F(Is*)] + |s], Vs €R.
Thereby,

IA

2N —p
F(lul?) Ju[ ¥

K. (u)(x / dy| + dy
Kl [ P

RN lz—y|<1 lz—y[>1
= Kl + K2 + K3.

From [4, Lemma 2.5], we know there exist a constant C' independent of x and & such that

|Ki| <C.

N—p+2
—2

Let H(u) = K(u) = |u| =2, then it is easy to verify that

2N
—n

H(u), K (u) € L™ 152 (RN) 4 L% (RY).

Using Lemma 3.2, we obtain u € L"(RN) for r € [2, NJX“ %) Moreover,

ul, <C(r)luls <C

for some constant C' > 0 independent of ¢.
It follows from p < N that

2N? - N
3Np—p? = p
; N 2N? N
Choosing t > m and e <5< then
t 2N —pu N 2N s 2N —p N 2N

< , < )
t—1 N—-2 N—-—puN-2" s—1 N-2 N—-—puN-2
By the Holder inequality, we have

F(lul? = ERE
< / (Jul )dy N / |ul dyl + / |ul d
|z —y|» |z —y|» |z — y|»

ZAMP

(3.8)
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and

=

1 t 2N-p
K3 < / T dy / u[=1 ~=2dy <G,
|z — gl
|z—y[>1 |z—y|>1
where the constant C' is independent of x and e.
The above equalities with (3.8) imply (3.7). Then, we can find Cy > 0 such that

sug | Ke(u)(2)] oo (mvy < Co-
ue

From Lemma 3.3, we know there exists kg such that

supyep [ Ko (u)(@)| L= @y) !
ko 2’

hence we can choose K > k.
We denote by A the Nehari manifold of J., that is,

Ne = {u € H.\ {0} : (J{(u),u) = O},
and define the number c. by

Ce = ulen/\ffg Je(w).

Let HX be the open subset of H. given by
HF ={u € H. : |supp(u) N A;| > 0},

and ST = S. N H, where S is the unit sphere of H.. Observe that ST is a non-complete C'''!-manifold
of codimension 1, modeled on H. and contained in H}. Hence, H. = T,,SF & Ru for each v € ST, where
TS5 ={v e H. : (u,v). = 0}.

The functional J. satisfies the mountain pass geometry [42].

Lemma 3.4. For any fized € > 0, the functional J. satisfies the following properties:
(a) there exist o, p > 0 such that J-(u) > a with ||ull: = p;
(b) there exists e € H. such that |le| > p and J.(e) < 0.

Proof. (a) For any u € H. \ {0}, it follows from (3.4) and Lemma 2.2 that

1 1 1
Jo(u) = §||u||§ 3o / ( * G(ex, u|2)> G(ex, |u*)dz
o
]RN

||

> 2l — € (ullf ~ 22 — 2
Hence, we can find «, p > 0 such that J. > a with [Jul|. = p.
(b) Fix a positive function vy € HX with supp (ug) C A., and observe
G(ew, uol?) = F(Juol*).
Set

t
a(t)::P( 1o ) >0 for t >0,
[[uoll<

where

_ 1 1L 2 2
Pl) = 575 / (W + Glew, ul )) Glew, |ul?)d.
RN
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By assumption (f3), we have
F(t) < f(t)t, fort>D0.
Therefore, we deduce that

o) = =

af(t). (3.9)

Integrating (3.9) on [1,t [juo||.] with ¢ > m, we have

P (tug) > P( 1o >||u0||§'22 122,
[[uoll
Hence, we have

2 . 1
Je (tUO) = *HU()HE - P (tUo) < Clt2 — 02t2.2“ fort > ———.
2 [[uoll.

Taking e = tug with ¢ sufficiently large, we can see (b) holds. O

Since f is only continuous, we can apply the next two conclusions to overcome the non-differentiability
of M. and the incompleteness of S.

Lemma 3.5. Suppose that the function V satisfies (V1)—(Va) and f satisfies (f1)—(f3), then the following
properties hold:

(A1) For eachw € HF, let o, : RY — R be given by ¢, (t) = J-(tu). Then, there exists a unique t,, > 0
such that ¢),(t) > 0 in (0,¢,) and ¢, (t) <0 in (t,, o).

(As) There is a o > 0 independent on w such that t,, > o for all uw € ST. Furthermore, for each compact
set W C ST, there is Cyy > 0 such that t, < Cyy for all u € W.

(A3) Themapm. : HX — N. given by m.(u) = t,u is continuous and m. = ﬁl5|szr isa homeomorphism
between ST and N.. Moreover, mo* = it

(Ay) If there is a sequence {u,} C ST such that dist(u,, dSF) — 0, then ||m.(u,)||e — 0o and Jo(me(uy)) —
00.

Proof. (A1) We notice from the proof of Lemma 3.4 that ¢,(0) = 0, ¢, (t) > 0 for ¢ > 0 small and
wu(t) < 0 for ¢t > 0 large. Therefore, max;>¢ ¢, (tu) is achieved at a global maximum point ¢ = ¢,
verifying ¢! (¢t,) = 0 and t,u € N.. From (f3), the definition of ¢ and |supp(u) N A > 0, we
may obtain the uniqueness of t,,. Therefore, max;>o ¢, (tu) is achieved at a unique ¢ = ¢,, such that
@l (ty) =0 and t,u € N-.

(A3) Suppose u € ST, then from (3.5) we have

f= / (lu ¥ Glex, u|2)) g(er, ) e < O (8 + 820+ £2°F)
2\
which implies that ¢, > o for some o > 0.

If W C ST is compact, and suppose by contradiction that there is {u,,} C W such that t,, :=t,, — oc.
Since W is compact, there is u € W such that u, — u in H.. Then, u € W C SZ. Moreover, using the
proof of Lemma 3.4 (b), we have J.(t,u,) — —oc.

On the other hand, using the proof of lemma 3.4 (a), there exists p > 0 such that inf),_—, Je(u) >
0. Then combining this with (A4;), we have c. = infy, Jo(u) > infy, .=, J-(u) > 0, which yields a
contradiction. Hence (As) is true.

(A3) Firstly, we observe that m., m. and m_! are well defined. In fact, by (A1), for each u € H, there
exists a unique ¢, > 0 such that ¢,u € N, hence there is a unique M. (u) = t,u € N.. On the other
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hand, if u € AL, then u € H. Therefore, m-! = H;LH € ST, is well defined and it is a continuous
function. Since
1 1 - tyu o +
mz (me(u)) =m_ (tyu) = ——— =u, Yu e S,
[tuulle

we conclude that m. is a bijection. To prove that m. : HX — N is continuous, let {u,} C H and
u € HI satisfy u,, — win HX. By (Az), there is a ty > 0 such that t,, :=t,,, — to. From t,u, € N¢,
we obtain

1 1
2* / <W * G(&Zﬁ tnun|2)) 9(51'7 |tnun|2)‘tuu”|2dx'

tallunl? =

By Lemma 3.1 and passing to the limit as n — oo, it follows that

1 1
Bl = o [ (15 * e ltou) ) ates ol ouPaa
m
RN

which means that tou € N and t, = to. This proves me(u,) — Mme(u) in HF. So, M., m. are
continuous functions and (As) is proved.
(A4) Let {u,} C ST be a subsequence such that dist(u,,dST) — 0, then for each v € dSFand n € N,
we have |u,| = |u, —v| a.e. in A.. Therefore, by (V4),(V2) and the Sobolev embedding, for any
€ [2,2%], there exists a constant Cy > 0 such that

unllzeany < Ueiggg lun = vllLea.)

[N

<o | inf / (|V5(un — ) + Va(2) [un — v|2) da
vedST

€

< Cy dist (um 5.5':)

for all n € N. By (g2) and (g4), for each ¢t > 0, we have

1
/ (I“ ¥ Glex, |tun|2)> Glex, [tun|?)de
RN

:/(|$1” * Gew, |tun|2)> G(ex, |tun2)dx+/<| m * G(ex, |tun|2)> G(ex, |tuy,|?)dz
Ae

2" kot?
29 2-2% 0 5
§ (t |Un|L2p0 Ae) +t ‘UTL‘LQP()(A ) +1 |u”|L2*(A )) + ﬁ V(E(E) |un| dz
Ag
<cC t4| 17 + 9P| |2q 4122 +k07t2|| 2
- tnlLzro (a2) Unlrzaa,) ‘o) g e
* . k t2
< C( dist (w,, 0SH)* + 29 dist(u,,, ST 4 t*2u diSt(unﬁSj)Q‘%) +;7'

Therefore,

1 kot?
limsup/ <x|“ * G(ex, |tun|2)> G(ex, |tu,|?)dz < QO—K, vt > 0.
RN
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On the other hand, from the definition of m. and the last inequality, for all £ > 0, we obtain
liminf J. (m. (uy)) > liminf J. (tu,)

t2 kot?

o foing b  kot?

7hn%1nf 5 llunllZ ¥ie

_ Kk

2K

This implies that
1 K —k
lim inf [|me (u) 2 > limnf J. (me(un)) > 942 vt > 0.
n n

From the arbitrariness of ¢t > 0, we see that
lme(un)|le = 00  and  J. (me(upn)) — 00 asn — oo.

This completes the proof of Lemma 3.5.

Now we define the function
\/I\/E : H;r — R
by W.(u) = J. (/. (u)) and denote by . (u) = (Ve(u))|g+-
From Lemma 3.2, by a similar argument to that of [39, Corollary 10], we have the following results.

Lemma 3.6. Assume that (V1)—~(Va) and (f1)-(f3) are satisfied, then
(By) U. € CY(HF,R) and

@),y = W@l 71 ) 0 e HY and v € L.

(B2) V. € CH(SF,R) and
(WL (), v) = [Ime(u) | (T (e (u), v), Vv € TS
(Bs) If {un} is a (PS). sequence of U, then {mq(uy)} is a (PS). sequence of J.. If {un} C N: is a
bounded (PS). sequence of J., then {mZ'(u,)} is a (PS). sequence of V..
(B4) w is a critical point of V. if and only if m(u) is a critical point of J.. Moreover, the corresponding

critical values coincide and

inf 0. (u)= 1nf Jo(u).

uESg’ uEN:
As in [39], we have the following variational characterization of the infimum of J. over A:

c. = inf J.(u) = inf supJ (tu) = 1nf supJ (tu). (3.10)
uEN, ueHT uesd

Lemma 3.7. Suppose that (f1)—(f3) hold. Assume that {u,} C N is a (PS). sequence with
N+2— L 2N —p

N+2—pn

2ON —p) L

then {u,} is bounded in H.. Moreover, {u,} cannot be vanishing, namely there exist r,§ > 0 and a
sequence {y,} C RN such that

0<c. <c<

lim inf / [, |*d2 > 6.

n—oo

B,. (yn)
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Proof. Firstly, we prove the boundedness of {u,}. Arguing by contradiction, we suppose that {u,} is

unbounded in H.. Without loss of generality, we assume that ||u,||. — oo. Let v, := ﬁ, up to a

subsequence, then there exists v € H. such that
v, — v weakly in H,
v, — v strongly in L], (RY),2 <r < 2%,
vp(z) — v(z) a.e. in RY.
If v, is vanishing, i.e.,
lim sup / [vn|? (z)dx = 0,
)
then Lemma 2.4 implies that v,, — 0 in L}(RYR) for all ¢ € (2,2*). By (3.2) and (3.3), we have

// ([tvn(x |x_yT,|fU7L( y)I° )d dz — 0, //anyu ()] dydz — 0, 311

RN RN RN RN

Hence for sufficiently large n, we have

Cce + On(l) =1 (un) > Sgpjs (t'Un)
>0

2 P 2
— — S + op(1
s (2 2.2, )

N +2— 2N —p
_ + _ILL/’[/SN+2 0 +On(1)

v
2}
=i

e

which is a contradiction. Therefore, {v,} is nonvanishing, namely there exists y,, € RY and § > 0 such
that

/ lon[2(z)dz > 6. (3.12)
By (yn)
Denote 0,,(+) = vy, (- + yn), then we can suppose that
U, — ¥ weakly in H,
¥, — O strongly in L, (RN) ,2<r <2,
Op(z) — (z) a.e. in RY.

y (3.12), we have © # 0. Hence, there exists a measure set E such that o(z) # 0 for x € E. Let
|tin| := |On]||tn]le. Then, |ty (z)| — +oo for z € E. By (f3), we have

Uin?), P i@ o
/_/|x_yu a(y))2 |0n (y)| i(2)]? |V (2)]*dyd +o0.

Hence, we know

im |n(y)|)v wﬁ :E2 7 = 400

namely

. (lun(@)[?) F(lun(2)]?) _
lim //|x—y\“ dydz = +o0.

n—oco [[un |2 [[un 2
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Then, we have

Ce

I (u,

—— ton(l) = ( 4)
[un I [[un I

which is a contradiction. Therefore, {u,} is bounded in H..

Next we prove the second conclusion. By contradiction, if {u,} is vanishing, then similar to (3.12),
we have

25 25
e +on(1) = Jo (un) = || a2 - 5 2*//|un |x_yru z)l dydz + 0,(1) (3.13)
RNRN
and
[ () [P ()
0:”%“3_// n |x—y\n“ dydz + op(1). (3.14)
RN RN

If |Jun ||, — O, then it follows from (3.13) and (3.14) that ¢. = 0, which is impossible. Then, |lu,|/. - 0
and by virtue of (3.14) we get

2 2% 2.2*
unllz < SHip unllZ™ + on(1).

Hence,

2 T
o N
liminf {lun, |2 > Sg "

From (3.13) and (3.14), we deduce that

]\/'_;'_2_’u 2N —p

Nt2—n

e +on(1) = I (un )7m HI

which yields a contradiction. Therefore, {u, } is nonvanishing. 0

Lemma 3.8. Assume (V1)-(V2) and (f1)—(f3) hold, the functional J. satisfies the (PS). condiction for

2N —p
all c € cg,%swr2 “>,

Proof. Let {uy,} be a (PS). sequence for J.. By Lemma 3.7, {u,} is bounded in H.. Therefore, up to a

subsequence, u, — u in H. and u, — u in L] (RY) for any r € [2,2%).

Let R > 0 be such that A, C Br(0). We show that for each £ > 0 and R large enough, it holds that

n—oo

limsup/ |V ettn|? + Velu, Pdr < €. (3.15)

Let us consider a cut-off function np € C*°(RY,R) defined as

(QL')— 0 if x € Bg,
T ZN1 e ¢ Ban,

and |Vnrle < C/R, where C' > 0 is a constant independent of R. Since {u,ngr} is bounded in H., it
follows that

<Jé(un)> unnR> = On(l)v
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therefore,

/|V w, V unnR) /V\un\ nrdx
RN
1 1
=5 <|a:|” * Gex, |un|2)) g(ex, |un|2)|un|2773dx + on(1).
o
]RN

Since V (unngr) = iu, Vg + NrVeun, using (g4), we obtain

/ (|V€un|2 + Vs |un\2) nrdx
RN
1 1 ) o 1o _
=— —— x Gex, |u,|?) ) glex, |un|?)|un|*nrde — R 1, Veu, Vngrde | + 0,(1)

_2* m
H]RN |{L‘| RN

z)|?dedy — R /iﬂnvaunVanx + o, (1).

RN

_2 2*K

By the Holder 1nequahty and the boundedness of {u,} in H., we deduce that

i C

2- 2K
Iz BN

< % + On(1)7

and so (3.15) holds.
Next we prove that u, — u in H, as n — oo. Setting wy, = ||u, — uH?, we have

1

wn = (Jeun)s un) = (J(un) u) + 5
o

Observe that (J.(un),un) = (JL (un),u) = 0,(1), so we only need to prove that
1
/ <||u * G(ex, un2)> gz, [un|?) (Jun* — |u)?)dz = 0,(1) as n — occ.
RN
By the [21, lemma 2.4], we have

lim <| B G(ex, |un| )) g(ex, |un|2)(|un|2 — |u|2)dsc =0.
Br
Now, by (g4) and (3.15) we obtain

1 2 2 2 2 ko / 2 2 ko
— - <2 D¢,
/ (| m * Gex, |up| )) glex, Jun|?) (Jun| lu])da < X IVoun|® + Velu,|*de < Kf
R Bf

Therefore, we have

1
lim (|x“ * Gex, |Un|2)> g(ex, |un|?) (Jun|? = [u[?)dz = 0.

n—oo

RN

183

/(| 1|“ * Glew, funl )> (e, [un*)(Jun|® = [ul*)dz + 0n(1).
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Since f is only assumed to be continuous, the following Lemma is required for the multiplicity result
in the next section.

Lemma 3.9. The functional V. satisfies the (PS). condiction in ST for all ¢ € |c, 2(2]\,7“51”2 “).

Proof. Let {u,} C ST be a (PS). sequence for ¥.. Thus, ¥, (u,) — c and || PL||, — 0, where || - ||, is the
norm in the dual space (T, ST)*. It follows from Lemma 3.6 (Bs) that {m.(u,)} is a (PS). sequence for
J. in H.. From Lemma 3.8, we see that there exists a u € S such that m.(u,) — mc(u) in H.. From
Lemma 3.5 (A3), we conclude that

Up — u in ST,

and the proof is complete. O

4. The autonomous problem

For our scope, we start by considering the limit problem associated to (2.1), namely the problem

|I7y|'u‘ “w

which has the following associated functional

)2 2% wl)|?
W =3 [0+ vutyaa // (ju(w) % + PQu@)P) () + PP

|z — yl~

RN PRy RN
The functional I is well defined on the Hilbert space Hy = H'(R",R) with the inner product

(u,v)v, = /(VUVU + Vouv)de,
RN
and the norm

Jullve = [ (Fu + VoJul?)do
RN
We denote the Nehari manifold associated to Iy by
No = {u € Ho \ {0} : (I}(u),u) = 0}.
and the least energy on Nj is defined by

Cy, = inf Io(u)

Let Hy be the open subset of Hy given by
Hi = {u € Hy : |supp(u) N A.| > 0},
and S = Sp N Hy, where Sp is the unit sphere of Hy. Note that S is a non-complete C''''-manifold
of codimension 1, modeled on Hy and contained in ng. Therefore, Hy = TuSa' @ Ru for each u € SS‘,
where T,,Sg = {v € Hy : (u,v)y, = 0}.
Next we have the following Lemmas and the proofs that follow from a similar argument used in the
proofs of Lemmas 3.5 and 3.6.

Lemma 4.1. Let V be given in (V1) and suppose that [ satisfies (f1)—(f3). Then, the following properties
hold:



ZAMP Multiplicity and concentration behavior of solutions Page 17 of 32 183

(a1) For each uw € Hy \ {0}, let ¢, : RT — R be given by ¢, (t) = Io(tu). Then, there exists a unique
ty > 0 such that ¢,,(t) > 0 in (0,t,) and ¢, (t) <0 in (t,,00).

(a2) There is a o > 0 independent on u such that t,, > o for all u € Sar, Moreover, for each compact set
W C Sar, there is Cyy > 0 such that t, < Cyy for all u € W.

(a3) The map m : Hy\{0} — Noy given by m(u) = tyu is continuous and m = ﬁ1|so+ is a homeomorphism
between S§ and Ny. Moreover, m™*(u) = Tl

(aq) If there is a sequence {u,} C St such that dist(u,,dSF) — 0, then we have |m.(uy)||c — oo and
Io(me(uy)) — co.

We shall consider the functional defined by
Wo(u) = Io(m(u)) and W = (Vo) gy

Lemma 4.2. Let Vi be given in (V1) and suppose that f satisfies (f1)-(f3), then
(b)) ¥y € CL(HS,R) and
(Wh(u),v) = mn(qr)no(lé(fh(u)),w, Vu € Hf and Yv € H,.
ufo
(bQ) Uy € Cl(SS_,R) and
(To(w),v) = [[m(w)lo(Ls (m(u)), v), Vv € TSy

(bs) If {un} is a (PS). sequence of Wy, then {m(u,)} is a (PS). sequence of Iy. If {u,} C Ny is a

bounded (PS). sequence of Iy, then {m~'(u,)} is a (PS). sequence of Wy.

(by) w is a critical point of Uy if and only if m(u) is a critical point of Iy. Moreover, the corresponding
critical values coincide and

Similar to the previous argument, we have the following variational characterization of the infimum
of Iy over Ny:

cv, = inf Ip(u) = inf supIp(tu) = inf sup Iy(tu).
u€Ny w€Hg t>0 u€SY t>0

The next result is useful in later arguments.
2N
Lemma 4.3. Let {u,} € Hy be a (PS). sequence with ¢ € [cvo, 2(2]\]2 5)SNT2 #> for Iy such that u, — 0.
Then, only one of the following conclusions holds.

(1) up — 0 in Hy as n — oo;
(ii) there exists R,3 >0 and {y,} C RY such that

/ un|® > 8.

Br(yn)
Proof. Suppose that (i) does not hold. Then, for any R > 0, we have

lim sup / |u,|? = 0.

" yeRN
BR(?/TL)

Similarly to Lemma 3.7, {u,} is bounded in Hy. Then, by Lemma 2.4, we know
u, — 0 in L"(RN),r € (2,2%).
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Thus, by (f2) we have
/ / (fn @I + F (@) (in @ + FQun@P) gq0 o 5.

|z — yl|~

RN RN
From (I} (uy), u,) — 0, we get
lunllg = 0n(1)-
Therefore the conclusion follows. O
From Lemma 4.3, we can see that, if u is the weak limit of a (PS).,, sequence {u,} for the functional

Iy, then we can assume u,, # 0. Otherwise we would have u,, — 0 and once it does not occur that u,, — 0,
we conclude from Lemma 4.3 that there exist {y,} € RY and R, 3 > 0 such that

n—-—+oo
Br(yn)

lim inf / lup|*dz > B > 0.

Then set v, (7) = un(x + yn), making a change of variable, we can prove that {v,} is also a (PS),,
sequence for the functional Iy, it is bounded in Hy and there exists v € Hy such that v, — v in Hy with

v # 0.

Next we devote to estimating the least energy cy,.

Lemma 4.4. There exists u. such that

N+27,u, 2N —p

sup Io(tue) (Sm,p)V+7n,

£20 < 20N )
provided that one of the following conditions holds:
(i) 2254 <p <25, N =34 and A > 0;
i) 2NN E<p< N1¢22”,N = 3,4 and X\ sufficiently large;
(iii) 25 <p <25, N >5 and A > 0;
) QNN “ <p< %7 N > 5 and ) sufficiently large.

(iv
Proof. We consider 1 € C§° (R™) such that

_ 1, if x € Bs,
i) = {o, if o € RV\Bys, 0= W@

where C' > 0 is a constant. For £ > 0, we define

From [21], we have the estimates

/|Vu5|2dx:C(N,u)211vv = %S§L+O( N-2) (4.2)
RN
and
|ue (z |Ua )| N A N_&
>C(N,1)*> S, 2 — 7). 4.
// |x—y\“ dady > C(N, 1) S, O(e ) (4.3)

RN RN
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By direct computation, we have

[ [ - | [

RN RN RN RN
P
//w DO 4y, 5 [ [ DGV
I-’E—y\“ |z —y|*
Bas Bas Bs Bs
1
— (V¥ - 2o | / ey (44)
Bods (14]2P ”lwl#(lﬂgf) 2
— [N(N - 2)}@\1 2)p £2N—p—(N-2)p // — 1 (N,Z)pdwdy
[z =yl (1+y*)

8,8, (LH12%)

= Oye?N—n=(N=2)p,
Casel.%<p<2* andN—34or%<p<22andN25.
From Lemma 4.1, there exists unique ¢, > 0 such that t.u. € Ny. Now we estimate Iy(t-u.). Notice that
2

t
IO(tsus) :55 /(lqu‘Q + V0|u€|2)d33

|2 2; 2
|t Ue | +F(|t ue( | ))(‘t ue( ) J’_F(lteua(y)l ))dmdy
|z —y[~
H Ry RN
2/ (IVue|* + Volue|*)dz - // e g
=2 tel ol 2 2 |:E— o Y
HRN gy
([teue(z)[*) F(Jteue (y)?)
— 3 2 // |x—y|“ dzdy
KRy gy

|ue (2 |Us )|2’j
/|Vu€\ dx 2 2 // |x—y|/‘ dzdy
_ 2p |ue (@) P |ue (y)|”
/Vo\ue\ dr 2*t // Pl vy

Z—Il + IQ.

For I, we may assume that

E::/|Vu5|2dx

)| 2%
\sv —y\“

RN RN

and consider the function 0 : [0,00) — R defined by

1 1
0t) = —Et* — ——
=3 225

Ft?2,
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1
We have that tg = (%) 22,72 is a maximum point of # and

e L |

0(tg) = L~ E%

T—2r
2.2y F'==
Hence, we have
2N —p
Nt2—p
Vu|?dz
"= 202N - p) B N B
( [ Iua(w)\lmilﬁi(y)‘ " dxdy)
RN RN
N-2 N N J\?f;f”
N+2—p | (CN,w)™=28p, +0 (N2
- 2(2N — ANy . N—
( N) (C(N,M)%SEL—O<€2NQ >>2N P
2N —p
N¥zT
N-2
LN e 1006
: (o)
N-—2 2N —p
Na49_ ~ O +0 (5 2 )
< S i (S.) T [ 14 C(N )
2(2N—M) ’ 10 EzN;u )2N—p4
Observing that for € > 0 sufficiently small, it holds
N—2 1
(1-0(#3)) 2 L
-2
Therefore, we conclude that for any € > 0 sufficiently small, we have
N+2—pu 2N—p inf N_9 2N—g
) < VERB (g, Bk | o (cin{na ) |
1(5u5)_2(2N_M) (SH,L) +0 (e (45)
We claim that there exists Cy > 0 such that for all £ > 0,

2P > Cy.

In fact, assume that there exists a sequence {e,} and €, — 0 as n — oo, such that ¢t., — 0 as n — oo.
Thus,

0 < cy, <sup Ip(tue,) = lo(te, ue,)-
t>0

Since u,, € Hp is bounded and ¢., — 0 as n — oo, we have t. u., — 0 in Hp.
The continuity of Iy implies that Io(t., u.,) — Io(0) = 0. Therefore,

0 <ey, < lim Io(te,ue,) =0,
n—oo

which is a contradiction. The claim is holds.
From (4.5) and the above claim, we have

NA+2—-pn

In(teue) < SN —p)

($0.0) 55 40+ Co [ Jus(@)Pda = Coet¥ =2
RN



ZAMP Multiplicity and concentration behavior of solutions Page 21 of 32 183
We want to obtain that

lim e "(Cy / lue () |?da — Cye®N = (N=2p) — _ g, (4.7)
E—
RN

In order to do that, it suffices to show that

lim e™"(Cy / lue (z)2de — Cae?N—r=(N=2P) — _o (4.8)
B;s
and
Cy / g (2))2dx — Cae?N7H=N=2P — O (7)., (4.9)
Ba;s\Bs

Suppose that (4.8) and (4.9) hold, let us continue to complete our proof. Since

O (") + Co / lug(z))?da — Cye?N—H=(N=2)p

RN
n
=g OS ) +e7 | Oy / lue (z))?dz — Cae2N—#=(N=2)p | |
RN
from (4.7), we have
O(e") + Cy / e () Pdar — Cye®N—H= (V-2 (4.10)
RN

for € > 0 sufficiently small. Thus, (4.6) and (4.10) guarantee

N+2—pu 2N —p

sup Ip(tue) < (Sp,p)NT=*

>0 22N — )

for € > 0 sufficiently small and fixed. Once (4.8) and (4.9) are verified, the proof of Case 1 is complete.
Now we prove (4.8). By direct computation, we know

N-—2

/ e (2)2de = Noy[N(NV — 2)] 7
Bs

5
7 N—-1
9 r
: / (1+ 7"2)N_2dr,
0

where wy denotes the volume of the unit ball in RY.
Let

I.:=c""| 0y / g (2)2de — Cae?N = (N=2)p
Bs

s
€

N—1
—e | O | L _dr — 2N (N2
4 (1 T 7’2)N72 3
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The Case N=3. In this case, we have 5—u < p < 27, thus 5—p—p < 0. And we know min {N -2, 2N2_“} =
N —-2=1by 0 < pu < N. It is easy to show that

s
e

2
52/ ! dr = e ( § — earctan é .
1472 €

0

I.=0C4 (5 — garctan (g)) — O hP,
Our claim follows.

The Case N=4. In this case, 6_T“ < p < 2}, implies 6 —p—2p < 0 and min {N -2, 2N2_“} =N-2=2
if 0 < p < 4. We also have

Therefore,

s
7 3 2 2 2
9 r € ) €
——dr=—|In{1+ — — 1.
o o=T (%) ra5m ]
0

04 52 62 6—11—2
152(1n(1+52)+524_621 7035 =P,
Our claim follows.

The Case N > 5. We have

So,

)

e

N—-1
I = 627min{N72,2NT"‘} 04/ r dr — 03€2N7/J7(N72)p72
It is easy to show that if V > 5, then the integral
5
FN-1

lim | ——— dr
5—>OO (1_*_,,.2)]\772

converges.
There are two cases left to be considered:

e 0<pu<4and N > 5;
e 1 >4and N > 5.

Assume that 0 < p < 4 and N > 5, we have

9N —
2—n:2—mm{N—z “}:—N+4<0

2
Also 21\/]\[—7_;12—2 <p< 211\\,[__2“ implies 2N — u — (N — 2)p — 2 < 0. Therefore, I. — —c0 as € — 0. Now we
consider the case >4 and N > 5. We have N — 2 > 2]\777“ and therefore

2N — p

2n2mm{NZ }2N+g<&
Since
S
" [ pN-1
I = 62—N+7 Cy dr — CB€2N—;1,—(N—2)p—2
E @) |
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we conclude that I, — —oo as € — 0. We are done.
Now we prove (4.9).
For § > 0 sufficiently large, we have UZ2(x) < el if |z| > 4. Since

1 u—(N— C
Sle [ @i coN ol < 20 [ @)U s < Caelvls < Crelul.
B2s\Bs Bas\Bs

our proof is complete.
Case 2. For \ sufficiently large, 284 < p < N;i;“ and N = 3,4 or MT*“ <p< % and N > 5.
From lemma 4.1, we know that max;>o Ip(tu.) is attained at some ¢y > 0. Since I)(tyu-) = 0, we have

(Jue(@) P + F(luc(@)*) (lue ()P + F(lue()*)
/(|VUE| +‘/0|u€| )dl‘—2*t2 // |1,7y|# dxdy

RN RN RN

242p—2 |ue () P |ue (y)|P
_2*)\ // g W

RN RN

Thus, ty — 0 as A — +oo and

2 1 1
r?zagdo (tue) = EA / (|Vu€|2 + V0|u6|2) dx — ﬁ / (W * G(ex, |t>\ug|2)> G(ex, [taue|*)da
RN RN
t2
< 2 5 / (|Vu5| + Volue| )
]RN
Since ty, — 0 as A — +o00 and & 2(N (SH L) LEeT > 0, we conclude that
t2 2 N+2—p 2N —p
\% d —— (S N¥z-p
5 [ (90 + Voluaf?) do < iR (510055
RN
for A > 0 sufficiently large.
Therefore,
N+2—p 2N —p
Io(tus) < 2~ 1 e
b fo te) < N (Sme)
for A > 0 sufficiently large. O

Theorem 4.1. Assume that (f1)—(f3) hold. Then, autonomous problem (4.1) has a positive ground state
solution w with Iy(u) = cy,.

Proof. By Lemma 3.4 with V(2) = V; and the mountain pass theorem without (PS) condition, there
exists a (PS).,, sequence {u,} C Hy of Iy with

N—pu+2 2N —p
e ) b
< 3GN ) (Sh,L)

If ug € Ny satisfies Iy (ug) = cy,, then m~t(ug) € Sp is a minimizer of Wy, so that wug is a critical
point of Iy by Lemma 4.2. Now, we show that there exists a minimizer u € N of IO|N0 . Since infg, ¥ =
infn;, Ip = cy, and Sy is a C! manifold, by Ekeland’s variational principle, there exists a sequence w,, C Sy
with W (wy,) — ¢y, and ) (wy,) — 0 as n — oo. Put u, = m (w,) € Ny for n € N. Then by Lemma 4.2
(b3), we have Iy (un) — ¢y, and I} (u,) — 0 as n — oo. Similar to the proof of Lemma 3.7, it is easy to
check that {u,} is bounded in Hy. Thus, we have u,, — u in Hp, u, — u in L7 (RY),1 <r < 2* and

loc
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up, — u a.e. in RY. Similar to the proof of Lemma 3.1, we have I}(u) = 0. From Lemma 4.3, we know
that u # 0. Moreover,

vy < Tolu) = Tofuw) — 5 (Ty(u),u)

- 53 | (g 0ten ) (oo = G )

||~
RN
1 1 2 2 2
< YT Tl * Gex, [unl®) ) (g(ex, |un]?) — Glex, lu,|?)) da
TREN BN !

= lim inf (Io(un) - ;<15(un),un>>

- CVOa

where we used Fatou’s lemma. Therefore, Ip(u) = ¢y, which means that u is a ground state solution for
(4.1). From the assumption of f, by [11, Propositions 6 and 7], we know that u(z) > 0 for x € RY. The
proof is complete. U

The next result is a compactness result on autonomous problem which we will use later.

Lemma 4.5. Let (u,) C Ny be a sequence such that Iy (u,) — cv,. Then, {u,} has a convergent subse-
quence in Hy.

Proof. Since {u,} C Ny, it follows from Lemma 4.1 (a3), Lemma 4.2 (by) and the definition of ¢y, that

vn:m_l(un):uinesar, Vn e N
l[unlly,

and
o (vg) = Io (un) — ey, = lélf Wo(u).
i

Although S; is not a complete C* manifold, we still can apply Ekeland’s variational principle to the
functional & : H — RU {oo} defined by

Eo(u) := \/I\/o(u) if ue Sy
and

Eo(u) =00 if u €ISy,
where H = § is the complete metric space equipped with the metric

d(u,v) := ||lu—v]|o-

In fact, by Lemma 4.1 (a4), & € C(H,RU {oo0}), and from Lemma 4.2 (by), & is bounded from below.
Therefore, there exists a sequence {#,} C Sy such that {#,} is a (PS)cy, sequence for ¥g on S and

(|, — Un”o = on(1).

Arguing as in Lemma 3.8, we obtain the conclusion of this lemma. O
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5. Solutions for the penalized problem

This subsection is devoted to proving a multiplicity result for the modified problem (3.1) by applying the
Ljusternik—Schnirelmann category theory.

Let § > 0 be such that Ms C A, w € H'(RM,R) be a positive ground state solution of the limit
problem (4.1), and n € C>=(R*,[0,1]) such that n = 1if 0 <t < § and n = 0 if t > 5. We define

ey a) = e =)o (2 ) exp (im, (1))

N
for each y € M, where 7, := > A;(y)z;. Let t. > 0 be the unique positive number such that
1

I?Z:’;tg( J (U, ) = J(te Ve ).

By noticing that t. ¥, , € N, we consider the function ®. := M — N defined by setting
O =tV .
By construction, ®.(y) has compact support for any y € M.
Lemma 5.1. The limit
lim J.(®.(y)) = cv,.

e—0*t

holds uniformly in y € M.
Proof. Arguing by contradiction, we deduce that there exist o > 0, {y,} C M and g, — 07 satisfying
e, (Pc, (1)) — vy | = do. (5.1)

For simplicity, we write ®,,, ¥,, and t,, for ®. ,¥. . and t., , respectively.
Arguing as in [13, Lemma 3.2], we see that

192, = llullv, as n— . (5.2)

On the other hand, since (.J.

En

(t,Uy,) ,tn\Iln> = 0, by the change of variables z = (e, — yn)/en, we

obtain
2 1 1 2 2 2
||\Iln| En 27* ‘xw *G<Enx7 ‘tn\l/nl ) g(zsnx, |tn\I/n| )|lI/7l| dz
o
1RN X (5.3)
= o <x|l‘ * G(enz + Yn, |tnan|2)> glenz + yn,tinQ(\fsnszQ(z)n2(|5nz|)w2(z)dz.
o
RN

If z € Bs/e, (0), then £,2 4y, € Bs(yn) C Ms C A. Hence, g(x,s) = f(s) for any x € A and ¥(s) = 0 for
s > 0, the last equality leads to

F(jtaal) (taal?) () P2
12,2, > [

2, - |af? ly — z|"

Bs2(0) Bs/2(0)
where o = min{w(z) : |z| <§/2}.
If t,, — oo, by (f3) we deduce that ||\IlnH§n — oo which contradicts (5.2). Therefore, up to a subse-
quence, we may assume that t, — tg > 0.
Since g has critical growth and ¢, %, € N, it follows that tg > 0. Thereby, taking the limit in (5.3),
we obtain
1 1
J 09l 4 Vit = oo [ (G + Glewnltawl?)) glen rowlPa,
x
RN KRN
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which implies that tow € Ny, . Since w € Ny,, we obtain ¢, = 1. Using the Lebesgue dominated conver-
gence theorem, we get

/ <|xl|# * G(epm, |tn\Iln|2)> G(eny, |tn ¥, |*)dx = / (|x1u * G(epw, |w|2)> G(eny, |w|*)dz.
RN RN
Hence,
Tl T, (24 (y)) = To(w) = ey,
which is a contradiction with (5.1) and the proof is complete. O

Now we define the barycenter map.
Let p > 0 be such that Ms C B, and T : RY — R" be defined by

{x if |z < p,

paflx] if 2] > p.

T(z) =
The barycenter map 3. : No — RY is defined by

1
Belw) = / T (e)|uf2de.
RN

Arguing as Lemma 4.3 in [8], it is easy to see that the function . verifies the following limit:

Lemma 5.2.
lim . (®.(y) =y

e—0*t

holds uniformly in y € M.
We are next to establish the following useful compactness result.

Lemma 5.3. Let £, — 0" and (u,) C N, be such that J., (un) — cv,. Then, there exists a sequence
{Gn} C RN such that v, := |u,| (- + §n) has a convergent subsequence in H*(RN R). Moreover, up to a
subsequence, Yy, ‘= enyp — Yy € M as n — oo.

Proof. Since (J. (un),u,) =0 and J., (u,) — cy,, arguing as in the proof of Lemma 3.4, we can prove
that there exists C' > 0 such that [lu,||. < C for all n € N. We claim that there exist a sequence
(gn) C RY and constants R, 3 > 0 such that

lim inf / unl? > 6. (5.4)

Thereby, for some subsequence,
Uy = |up| (- + §n) — v # 0 weakly in H' (RV,R).
Let ¢, > 0 be such that 9,, := t,v,, € Ny,. By the diamagnetic inequality (2.1), we have
evy < Jo () < max Je, (tvn) = Je, (un) = ey, + on(1).

Hence, Jy (0,,) — cy, as n — +o0.

Since the sequences {v,,} and {©,} are bounded in H* (]RN, R) and v, - 01in H! (RN, ]R), we deduce
(t,) is also bounded and up to a subsequence, we may assume that ¢, — to > 0.

If to = 0, in view of the boundedness of v,, in Hy, we have 0y, := t,v, — 0 in Hy. Hence, Iy(0,) — 0,
which contradicts ¢y, > 0. Thus, up to a subsequence, we may assume that o,, = 0 := tov # 0 in Ho,
and, by Lemma 4.5, we can deduce that v,, — v in Hy, which gives v,, — v in Hy.
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Now we show the final part, namely that {y,} has a subsequence such hat y, — y € M. Assume by
contradiction that {y,} is not bounded and so, up to a subsequence, |y,| — +00 as n — +o0. Choose
R > 0 such that A C Br(0). Then for n large enough, we have |y,| > 2R, and for any = € Bg/., (0),

|Enx+ yn| > |yn| - En‘ml > R.
Since u,, € N, using (V1) and the diamagnetic inequality (2.2), we obtain

/ (|an|2 + Vo\vn|2) dz

RN
< / (IVevnl® + V(enz + yp)|vn|?) dz
RN
:i / L * G(enm + Un |Un|2) 9(5n$ + Yn |'Un|2) ‘Un|2 dz
2% ||~ ’ ’ (5.5)
]RN
1 1 .
o [ (o Gt t v loaP)) il Pl P
¥ Br,-, 0)
v [ (G G+ o)) Sl P
2 [l !
R/en

Since v,, — v in Hy, v,, € B and f(t) < Vu/K, we obtain

\%
rnin{l,2 g*}/(|V1jn|2+|vn|2) dz = 0, (1),
T
RN

that is to say v, — 0 in Hy, which contradicts v # 0.

Therefore, we may assume that y,, — yo € RY. Assume by contradiction that yo ¢ A. Then, there
exists r > 0 such that for every n large enough, we have that |y, — yo| < r and Ba,(yo) C A°. Then, if
z € B, /., (0), we have that |e,@ + y,, — yo| < 2r so that e,z + y, € A°, and so, arguing as before, we
achieve a contradiction. Thus, yo € A.

To prove that V (yo) = Vi, we suppose by contradiction that V (y9) > V. Using Fatou’s lemma, the
change of variable z = x + g, and max;>o Je,, (tu,) = Je, (uy), we obtain

ey = Io(0) <%/(|Vf1|2+V(yo)|6|2) dz — — /(I*G(ax, |52)> Glew, [9%)dz

RN Q.QZRN =l
< limninf (; /(\Vf}n|2 + V(en® + yn)|0n|?)da
]RN
B L/ (1 « Glena, |5 |2)) Glent, |o |2)dx>
22" ||~ mh e
RN

2
RN

2
= liminf (t" /(|V\un|l2 + V(en2)|un|*)dx

1 1 9 9
72 / (|$|" * G(en, [ty )) G(enx, [tnun| )dx)

RN
<liminf J. (t,u,) < liminf J. (u,) = ey,
n n
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which is impossible and the proof is complete. O

Let h : RT — R* be any positive function satisfying h(c) — 0 as ¢ — 0%. Consider the following
subset of the Nehari manifold

N.={ueN.:J.(u) < ey, +h(e)}.
Fixed y € M, we conclude from Lemma 5.1 that |J. (®c(y)) —cv,| — 0 as € — 07, Thus, ®.(y) € N. and
N # 0 for € > 0 small enough.

Arguing as Lemma 4.5 in [8], the next statement is to involve in the relationship between N. and the
barycenter map.

Lemma 5.4. For any § > 0, we have

lim sup dist (8- (u), Ms) = 0.
e—0% ueN

Next we prove our multiplicity result by presenting a relation between the topology of M and the
number of solutions of the modified problem (3.1).

Theorem 5.5. For any 6 > 0 such that Ms C A, there exists €5 > 0 such that, for any e € (0,£5), problem
(3.1) has at least catpr, M nontrivial solutions.

Proof. For any given § > 0 such that My C A, by Lemmas 5.1, 5.2, and 5.3, we employ an argument as
in [15] to deduce the existence of £5 > 0 such that, for any € € (0,¢5), the following diagram

M 2 NP5
is well defined and (. o ®. is homotopically equivalent to the embedding ¢ : M — Ms. This fact implies

that cat g (Nz) > catpr, (M) due to [15, Lemma 2.2]. It follows from Lemma 3.9 and standard Ljusternik—

Schnirelmann theory that J. possesses at least cat g (M) critical points on N;. Consequently, equation
(3.1) possess at least catpg, (M) critical points. O

6. Proof of Theorem (1.2)

In this section, we prove our main result. The idea is to show that the solutions u. obtained in Theorem 5.5
satisfy
|uc(z)] <a for z € AL

for € small enough. Arguing as in [4, Lemma 4.1], we have the following important result.
Lemma 6.1. Let ¢, — 0" and u, € N-, be a solution of (3.1). Then, J, (un) — cv, and |u,| € L™ (RY).
Moreover, for any given v > 0, there exists R > 0 and ng € N such that

lunll Lo (Br(gyey <7 for alln = no, (6.1)
where y, is given by Lemma 5.5.

Now, we are ready to give a proof of Theorem 1.2.

Proof of Theorem 1.2. Let 6 > 0 be such that Ms C A. We first claim that there exists £5 > 0 such that
for any 0 < € < €5 and any solution u € N; of the problem (3.1), it holds

lull Lo my\AL) < @ (6.2)
To prove the above claim, we argue by contradiction. Assume that there are two sequences ¢, — 0Tand

u, € N, verifying J. (un) =0 and

”unHLOO(]RN\AEn) > a. (6.3)
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As in Lemma 5.1, we have that J. (u,) — cy,. Therefore, by Lemma 5.3, there exists obtain a sequence
{9n} C RN such that ,7, — yo € M. If we take 7 > 0 such that B, (yo) C Ba, (y9) C A we have that

1
Br/sn (yO/En) = ?BT (yo) C A,

n
Moreover, for any z € B, /., (4n), it holds
~ Yo
Yn — —
€

n

Yo
20

n

for n large. For these values of n, we have that B, .. (in) C A, , that is, RVM\A., C RNM\B, .. (). On
the other hand, it follows from Lemma 6.1 with v = a that, for any n > ng such that r/e,, > R, it holds

1
<z =0l + <?(T+0n(1))<7

n En

HunHLW(RN\AEn) < Hun”LOO(]RN\BT/En(ﬂn)) < HunHLOC(RN\BR(gn)) <a,

which contradicts with (6.3). So the claim is correct.

Let €5 > 0 be given by Theorem 5.5 and set €5 := min {é5,&5}. We will show the theorem holds for
this choice of €5. Let 0 < € < &5 be fixed. By Theorem 5.5, there is catps, (M) nontrivial solutions of the
problem (3.1). If u € H. is one of these solutions, we have that u € N.. Then, by (6.2) g(ez, [ul?) = f(|u[?),
u is a solution of the problem (3.1). An easy calculation shows that 4(z) := u(x/e) is a solution of the
original problem (2.1). Then, problem (2.1) has at least catps, (M) nontrivial solutions.

Take €, — 0% and {u,} a sequence of solutions to (3.1). In order to study the behavior of the
maximum points of |u,|, we first notice that, by (g4), there exists v > 0 such that

\%
g (ex, 82) 52 < ?052 for all z € RY, |s| < 7. (6.4)

By Lemma 6.1, there are R > 0 and {f,} C RY such that

lunll oo (Br(g.ye) < 7- (6.5)
Up to a subsequence, we can assume that

[tnll Lo (Br(ga)) 2 7- (6.6)

Indeed, if this is not the case, we have [[u | @y < 7, and therefore, it follows from JZ (u,) =0, (6.4)
and the diamagnetic inequality (2.2) that

[ (191al P+ Voluof Pz < flunlZ,
RN

1 1

=5 ( *Gler, )) 9o, (2, |t )| [P
2 \Jal

R

V() 2
o|2dz.
2-2;/'“' *
RN

The above expression implies that ||[un ||| g1 @&~ r) = 0, which is a contradiction. Thus, (6.6) holds. By
(6.5) and (6.6), we can infer the maximum point p,, € RY of |u,| belongs to Br(7,). Hence, p, = §n + qn
for some ¢, € Br(0). Recalling that the associated solution of (2.1) is of the form @, (z) = u,(z/c,), we
conclude that the maximum point 7, of |Gy,| iS 7., 1= en¥n + €ngn. Since (¢,) C Br(0) is bounded and
Enln — Yo € M, we obtain

IA

lim V' (ne,) =V (yo) = Vo.

n—oo

The proof is complete. O
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