Z. Angew. Math. Phys. (2024) 75:32
© 2024 The Author(s), under exclusive licence to Springer Nature

Switzerland AG
0044-2275/24,/020001-22

published online February 10, 2024 Zeitschrift -fﬁr angewar}dte

https://doi.org/10.1007 /s00033-023-02173-9 Mathematik und Physik ZAMP
Check for
updates

Time-periodic traveling wave solutions of a reaction—diffusion Zika epidemic model with
seasonality

Lin Zhao

Abstract. In this paper, the full information about the existence and nonexistence of a time-periodic traveling wave solution
of a reaction—diffusion Zika epidemic model with seasonality, which is non-monotonic, is investigated. More precisely, if the
basic reproduction number, denoted by Ry, is larger than one, there exists a minimal wave speed c¢* > 0 satisfying for each
¢ > c*, the system admits a nontrivial time-periodic traveling wave solution with wave speed ¢, and for ¢ < ¢*, there exist
no nontrivial time-periodic traveling waves such that if Ry < 1, the system admits no nontrivial time-periodic traveling
waves.

Mathematics Subject Classification. 35R10, 35B40, 34K30, 58D25.

Keywords. Nontrivial time-periodic traveling wave solutions, Zika epidemic model, A reaction—diffusion system, Seasonality.

1. Introduction

In this paper, we focus on the following reaction—diffusion Zika epidemic model with seasonality

99u(tm) — DyASH(t, @) — B1(8)Su(t, @) [ (t,x) — Ba(t) S (t,2) Iy (t, ),

Mu() — gy Al (t, x) + Br(t) S (b, ) I (£, ) + Bo(t) S (t,2) Iy (8, 2) — r1.() I (1, @),
95 (1.2) — DyASy (t,x) — B3(t)Sv (t, ) [u (t, ),

O(L2) — dy ALy (t, @) + Bs(8)Sv (¢, @) 1 (t,z) — r2(t) v (t, ),

t>0,z eR,

(1.1)

where the total group of human can be divided into the susceptible group Sy and the infected group I .
Similarly, the total group of mosquitoes can be separated into Sy -susceptible and Iy -infected. D; (i = 1,2)
and d;(i = 1,2) are the diffusion rate of the susceptible individuals, the susceptible mosquitoes, the
infectious individuals and the infectious mosquitoes, respectively. 31 (t), B2(t), and F5(¢t) are the contact
rates among the susceptible humans and the infected humans, the susceptible humans and the infected
mosquitoes, and the infected humans and the susceptible mosquitoes, respectively. 1 (¢) and ra(t) are the
removal rate of the infectious individuals and the infectious mosquitoes, respectively. Moreover, we make
the following assumption:
(A) D;(i =1,2) and d,(i = 1,2) are all positive constants. In addition, 3;(¢)(i = 1,2,3) and r;(¢)(: = 1,2)
are Hélder continuous and positive nontrivial functions on R™ and periodic in time with the same
period T > 0.

In the paper, we study the existence and non-existence of a time-periodic traveling wave solution of
system (1.1). Namely, system (1.1) admits a nontrivial time-periodic traveling wave front with each wave
speed ¢ > ¢* if Ry > 1. However, the system admits no nontrivial time-periodic traveling wave fronts
with 0 < e < ¢ and Ry > 1 or Ry < 1.
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Model (1.1) describes the spatial transmission of Zika virus in human, which were first confirmed
in Nigeria [25]. A first severe Zika outbreak has occurred in Island of Yap in 2007. After that, they
have also experienced the subsequent outbreak of Zika, such as French Polynesia, South Pacific, New
Caledonia, Easter Island, etc. [6]. In 2015, a large outbreak in Brazil was occurred and provided a large
number of infected cases. Since then, it had spread freely to many other countries [35]. WHO called Zika
a “Public Health Emergency of International Concern” in 2016 [42]. Up to now, there is still no effective
drug used to treat Zika patients. In fact, Zika virus infection can be transmitted mainly by the bite of an
infected Aedes species mosquito during the day and night. Then a mosquito can be infected with a virus
when it bites an infected person during the period of time when the virus can be found in the person’s
blood, typically only through the first week of infection [5]. Similar to other viruses transmission through
mosquito bites, such as dengue, fever, rash, headache and muscle pain are the most common symptoms of
many infected people with Zika virus. However, unlike these infectious disease, Zika virus can be passed
through sex [13]. In order to establish a theoretical framework for mathematical analysis of transmission of
Zika virus, many ordinary differential epidemic models have been derived, see [5,8,13,15,19,26,28,32,34]
and the cited reference therein.

Since the human individuals and the mosquitoes usually move randomly in the spatial space, it is rea-
sonable to take to account the random walk of individuals, which can be described by a reaction—diffusion
epidemic model. In the literature, there are many results studying the existence and non-existence of trav-
eling wave solutions of some reaction—diffusion epidemic models, see Murray [27], Rass and Radcliffe [29],
Ruan [30], Ruan and Wu [31], Ducrot et al. [9,10], Wang et al. [38,39], Li and Zou [21], Zhao et al. [51,52]
and the references cited therein. Recently, Zhang and Zhao [49] studied traveling wave solutions for a
nonlocal diffusive Zika transmission model with bilinear incidence. Zhao [54] firstly analyzed spreading
speed of a reaction—diffusion Zika model with constant recruitment in terms of the basic reproduction
number Ry and the minimal wave speed c¢*. On the basis of it, the full information about the existence
and nonexistence of traveling wave solutions of the system is investigated.

It was reported that the transmission dynamics of infectious diseases can be significantly influenced
by the seasonal change, see Bacaéra and Gomes [2], Buonomo [4], Eikenberry and Gumel [11], Grassly
and Fraser [14], Hethcote [16], Hethcote and Levin [17] and Soper [33]. Thus, it is crucial to investigate
the influence of the seasonal factor on the geographic transmission of infectious diseases. However, the
study for traveling waves solutions of non-autonomous epidemic models is few. Wang et al. [40] stud-
ied the existence and nonexistence of a time-periodic traveling wave solution for a reaction—diffusion
SIR epidemic model with the standard incidence rate and seasonality. After that, they [48] further in-
vestigated a traveling wave solution of a time-periodic reaction—diffusion SIR model with the bilinear
incidence rate. Compared with the above system in [40], the infection group of such system, denoted by
I(t,x), is unbounded. Zhao et al. [53] took into account the asymptotic speed of spread and traveling
wave solutions for a time-periodic reaction—diffusion SIR epidemic model with periodic recruitment and
standard incidence rate determined by the basic reproduction number Ry and the minimal wave speed
c*. Wang et al. [36] analyzed the existence and non-existence of a time-periodic traveling wave solution
of a generalization of the classical Kermack—McKendrick model with seasonality and nonlocal delayed
transmission derived by mobility of individuals during latent period of the infectious disease. Yang and
Lin [47] established the speed of asymptotic spreading and minimal wave speed of traveling wave solu-
tions for a time-periodic and diffusive DS-I-A epidemic model. Ambrosio et al. [1] studied the existence
of generalized traveling waves for a time-dependent reaction—diffusion SIR epidemic model with the bi-
linear incidence rate on R2. Huang et al. [18] established the spreading speeds and periodic traveling
waves for a class of time-periodic and partially degenerate reaction—diffusion systems with monotone and
non-monotone nonlinearities. For other related results on the periodic traveling waves for time-periodic
and spatially continuous non-monotone epidemic model, we refer to the literature [7,44,46]. Recently,
Wu [43] analyzed the spreading speed and periodic traveling waves for a time-periodic epidemic model
in discrete media, which is the lack of comparison principle and compactness of solution operators.
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We mention that the major difficulty to study (1.1) is that it lacks the classical comparison principle.
Thus, the theory on the traveling wave solutions for monotone semiflows, see [12,22,23,41] and the
cited references therein, doesn’t directly work for system (1.1). In addition, a reaction—diffusion epidemic
model describing Zika virus spreading is more complex. Thus, except for [49,54], there seem no results on
a time-periodic traveling wave solution for such a reaction—diffusion Zika epidemic model with seasonality.

The rest of this paper is organized as follows. In Sect. 2, the basic reproduction number Ry and the
minimal wave speed ¢* of the system are defined. On the basis of it, the full information with the existence
and non-existence of a time-periodic traveling wave solution of system (1.1) is established for (¢,z) € R?
in Sects. 3 and 4.

2. Preliminary

The aim of the preliminary is to find the basic reproduction number and the minimal wave speed of
system (1.1), denoted by Ry and c¢*, which is related with the existence and non-existence of a time-
periodic traveling wave solution for the system. Firstly, let Cp be the Banach space of all T-periodic
continuous functions from R to R?, which is endowed with the usual supremum norm. Its positive cone
(C; consists of all functions in Cy with both nonnegative components.

Secondly, consider the following ODE system

B — —31(0)Su (O Tu (1) - B (OIV (1), t>0,
A = 5y (O (0) + O8Oy (1) = n(OTu(), +>0,
ds 7 (2.1)
S = 308w (D), >0,

v = B3(t)Sy () 1k (t) — r2(t) Iy (t), t > 0.
It is clear that (S%,0,0,5%,0) is always an equilibrium of (2.1), denoted by Ep, which is called the
disease-free equilibrium of (2.1). Let

o) (wt)S% 52<t>s%> and Vi) = (n(t) 0 )

ﬁg (t)Sg 0 0 T2 (t)
There is an evolution operator U(t, s) for ¢ > s such that the following linear T-periodic system
dy
— = =V(t)y.
g )y

Precisely speaking, for each s € R, the 2 x 2 matrix U(t, s) satisfies

d

aU(t s)=-=V)U(t,s), Vt =s, Ul(s,s) =1,
where I is the 2 X 2 identify matrix. Define a linear operator £ : C; — Cp by

(Lv)(t /Utt—s)]—'(t—s) (t—s)ds, Yt € R, v e Crp.

According to [37], L is called by the next infection operator and define the basic reproduction number of
system (2.1) by Ry := r(L), where (L) is the spectral radius of L.

Linearizing the second equation and the forth equation of system (1.1) at the disease-free equilibrium
Ey yields

{(%IH(t,m) = dlAIH(t,J?) + S%ﬁl (t)IH(t,J?) + S%ﬁg(t)]v(t,l‘) - (t)IH(t, J}), t>0, xreR,

Oy (t,x) = do ALy (t,x) + S%ﬂg(t)]H(t,I) —ro(t) Iy (t,x), t >0, x € R. (22)
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Letting ( )(t x) = eM* (”HE?) and then plugging it into equation (2.2), we obtain the characteristic
equations as below

N (t) = dyp®nm (t) + Sy 01 (E)nm (t) + SPBa(t)nyv () — r1(t)nu (t), Yt >0,
ny (t) = dap®ny (t) + SV Bs(t)nm (t) — ro(t)nv (L), Yt > 0.

Denote the solution map of system (2.3) by (0, nv )i (Neo0, Tvo) == (Me, v ) NHo, Tvo), where (i, nv ) (¢;
N0, Mvo) is the solution of system (2.3) with initial value (770, 7vo) € Ri. Assume that () denotes the
spectral radius of the Poincaré map B, := (ng, nyv )7 with system (2.3). By using the similar arguments as
those in [45], (n};,n7,) is a eigenvalue vector of B, associated with the corresponding principal eigenvalue
r(p). Furthermore, according to [37] with Ry > 1, one has ro := r(0) > 1, indicating that r(u) > ro > 1.
Define A(p) := % and ®(u) := %, Vi € (0,00). It then follows from Lemma 3.8 in [23] that there

exist p*,c* € (0,+00) such that

(2.3)

¢ =d(p7) = nf &(p). (2.4)

Choose a small enough constant € > 0, which is determined later. Then consider the following system

Mu(m) — gy ATy () + SY (1 — €) (B () e (t, ) + Bo(t) Ty (t, 2)) — 71 (8) T (1, ),
L) — Gy ATy (t,x) + SU(1 — €)Bs()Ir (t,x) — ro(t) Iy (1, ),

On the same way, plugging ( )(t x) = et* (”{’ Eg) into the above equations causes to

(n5y)'(t) = dup®nfy (1) + S5 (1 =€) [Ba(t)nfy (t) + Ba(t)nf (B)] — ra(t)nfy (1), V¢ > 0,
() (t) = daps®ni, (1) + SY(1 — €) B3 ()i (1) — ra(t)i, (¢), VE > 0,

Similarly, define the spectral radius of the Poincaré map with system (2.5) by r¢(x). Due to Ry > 1,

there exists a €y > 0 small enough such that for any € € (0,¢€p), one has r§ := r¢(0) > 1, indicating that

ré(u) > r§ > 1. Let A¢(u) := % and ®¢(p) := %, Vu € (0,00). Then there exist p*, ¢t € (0, +00)

such that ¢} = ®°(u) = inf,,~o (1) and

) ) )

CE:;I;O Tp Ty Tu* -

(2.5)

by using (2.4) and (2.5). In addition, it is obvious that lim._ g+ ¢& = ¢*.

3. Existence of periodic traveling wave solutions

In the section, we establish the existence of the time-periodic traveling wave solutions of model (1.1). We
firstly define a time T-periodic traveling wave solution for system (1.1), namely, it is a special solution
with the form as follows

Su(t,x) =ui(t,x + ct) :=uy(t, 2), Ig(t,z) =vi(t,z + ct) == vi(t, 2),
Sy (t,x) = ug(t,x + ct) :=ua(t, z), Iy (t,x) = va(t,x + ct) == va(t, 2), V(t,2) € R x R, (3.1)
and u;(t,z) = w;(t + T, 2), vi(t,2) =v;(t +T,2), Y(t,z) e RxR, i =1,2.

In addition, it can satisfy the following epidemic model

Opuy (t,2) = D10,,uq(t, 2) — cOuq(t, 2) — up(t, 2)(B1(t)v1(t, 2) + Ba(t)va(t, 2)),

01 (t, 2) = d104,01(t, 2) — cOyv1(t, 2) + ur (8, 2) (Br(t)v1(E, 2) + Ba(t)va(t, 2)) — r1(t)v1(t, 2),
Opug(t, z2) = D20, ua(t, 2) — cOyus(t, z) — Bs(t)ua(t, 2)vi (1, 2),

02 (t, 2) = d20,.v2(t, 2) — cO,va(t, 2) + B (t)ua(t, z)vi(t, 2) — ra(t)va(t, 2)

(3.2)
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posed for V(t,z) € R x R. We intend to find a nonnegative solution (u1 (¢, 2), u2(t, z), v1(t, 2), va(t, z)) of
system (3.2) so that the following boundary conditions

up(t, —o0) = 5%7 us(t, —o0) = S?,, v1(t, —00) = va(t, —o0) = 0,

3.3
uy(t, +00) =S¥, ua(t,+00) = S7°, v1(t, +00) = va(t, +00) =0 (3:3)
uniformly ¢ € R, where SY > S and S{, > S°, S§7 and S§° are determined later.
Linearizing the second and the last equation of system (3.2) causes to
0401(t,2) = d10,.01(t, 2) — 0,01 (¢, 2) + SYB1 ()01 (¢, 2) + SY B2 (t)Va(t, 2) — r1(t) V1 (1, 2), (3.4)
OpUa(t, 2) = d20,.0a(t, 2) — cO,Ua(t, 2) + SV B3 ()1 (t, 2) — r2(t)a(t, 2). '

Letting (g;)(t,z) = eh* (:7721((5)))) and then plugging it into (3.4), we get the characteristic equations as

below

{ﬁw—mﬁmm S (AOA ) + 5070) + (O (1) = ~eni (1) (3.5)

(1) — dop® To(t) — SYBa(1) T (1) + r2(t) To(t) = —cpda(t).

Next, we show that system (3.5) generates a positive time-periodic solution with the period T' > 0, still
denoted by (71, J2). Firstly, consider the following system

{ddi’tl(t) = (dip® — cp)in () + Sy (B () () + B2 ()72 (t)) — ri(t)in (t),
G (t) = (dap® — cp)ia(t) + SYB3(D) () — r2(t)ia(8).
Define the solution semiflow of system (3.6) by (71, 72)+(710, 7l20) := (ﬁl, 72)(t; M0, 720 ), where (71, 72) (t; 710,

fl20) is the solution of system (3.6) with initial value (710, 720) € R%. In addition, denote the Poincaré
map of system (3.6) by P, := (71, 72)7. It further follows that

(3.6)

Pelrr, w2) = (1, i) (R, k2) = (71, 12)(T; k1, m2) = €= (g, v ) (T 1, Ka),
where (K1, k2) is the initial value of system (3.6) and (nm,nv)(t; 51, k2) is the solution of system (2.3)
with initial value (k1, ko) € R2. Consequently, one has

Pe(mir.ny) = e~ T (Be(nint)) = e~ “Tr(u) (i, i),

where (177, 7{,) is a eigenvalue vector of the Poincaré map B, of system (3.6) with the principal eigenvalue

r(p). Obviously, if p = ¥7 then (13, ny,) is a fixed point of the Poincaré map P., where A(1) has been
defined in (2.3). Consequently, (71, 72): := (71, 72) (¢; 757, 75) is a positive time-periodic solution of system
(3.6) with e = A(p).

According to [23, Theorem 3.8], we obtain that if Ry > 1, for each ¢ > ¢*, there exist p1(c) and ps(c)
such that 0 < p1(c) < pa(c) < oo, @(p1) = c and ®(p) < ¢, p € (u1,p2). Let €2 € (0, u2 — 1), which is
determined later, pe, = 1 + €2, Mpte,) := m,;(%,z)’ ®(pte,) = inf,, >0 )‘(L?) and ¢* < ¢e, = P(pe,) < ¢,

where p(i.,) is the spectral radius of the Poincaré map of the system as follows

GEL(t) — dip2, Pa(t) — SP (BL(t)PL() + Ba(H)P2(t)) + r1(8)Pi(t) = —cep e, Pr(2),
SR (t) — dop2, Pa(t) — SYBa(t)Pr(t) + ra(t)Pa(t) = —cepre, Pa
On the same way, system (3.7) generates a positive time-periodic solution with the period T' > 0, denoted

by (P1(t), Pa(t)).
Based on the above arguments, we can obtain the following lemmas.

(3.7)

Lemma 3.1. The vector function (z )(t z) = (?8)6”12 satisfies the following equations

{@vf( ,2) = 10,07 (t, 2) — cO.0f (8, 2) + S?{ﬁl(t)vf( ,2) + 8P Ba(t)vs (t,2) — r(t)vf (¢, 2),
Oy (t,2) = da0,.v5 (¢, 2) — cO,v5 (t, 2) + SU B3 (t)v) (t, 2) — ra(t)vs (2, 2).
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Lemma 3.2. Assume that €; is sufficiently small with 0 < €1 < min{s, 15-}(i = 1,2) and M := % is large
enough. Then the functions uy (t,z) := max{S% (1 — Me“?),0} and u; (t,z) := max{S},(1 — Me“#),0}
satisfy

{a”‘l = Di0zuy + cO:u Ve # 21 = —e; In M. (3.8)

K
1
Oruy — Dod, uy + cOuy < —B5(t)us vy,

Proof. Here, we show that u; satisfies (3.8). If z > —e; ' In. M, then u; (¢,2) = 0, and thus, the first
equation of (3.8) is valid.
If 2 < —e; ' In M, then uj (t,2) = S% (1 — Me#). In addition, it is needed only to prove that

M€1661Z(c - d1€1) 2 S?{ﬂl(t)jl(t)e'ulz(l - M@Elz) + S%ﬁg(t)jg(t)eﬂlz(l — ./\/leslz).
Therefore, it is sufficient to verify

Mey(c—dyer) = S%(Br(t)Tn () + Bo(t) To(t))eW1 =7 = S%(By (1) Tu(t) + Ba(t) Ta(t)) M1 (=1,
1=1,2.

It is obvious that the above conclusion holds provided that M : H is sufficiently large. In addition,
ug (t, z) is discussed similarly and thus we omit it. The proof is completed. O

Lemma 3.3. Suppose that ea with ea < min{eq, ua — w1} is sufficiently small and K is large enough such
that

{MS%(&() ORSAGNAQ) MS%ﬂs(t)Jg(t)} (59)
c—canaPi(t) (e=caluaP®) ) |

where Ce,, fe, and P;(t) have been defined in (3.7) and J;(t)(i = 1,2) has been defined in (3.5). Then the
function v; (t, z) = max{(J;(t)e'* — Ket2*P;(t)),0}(i = 1,2) satisfies

Oy — d10,,v] + cOv] < —ri(0)v] +uy (Br(t)vy + B2(t)vy ),
Oy — d20,,v5 + cOv5 < —ra(t)vy + Bs(t)ug v

for any z # 22,23, 22(t) := (e2) 1 1n K{;%) 23(t) == (€2)"LIn K{i((l and zo,z3 < 21.

Proof. There may be the two following cases z3(t) < z2(t) and z2(t) < z3(t) for some ¢t € R. Next we
show z3(t) < 22(t) for some ¢t € R and then we omit the condition of z5(t) > 23(¢t) for some ¢ € R.
If 2 > 25(t), then v; =0 fori=1,2.
If 23(t) < z < 22(t) < z for some t € R, then uy (t,2) = S%(1 — Me“?), vy (t,2z) = Ji(t)etr? —
Kete2#Py (t) and vy (t, z) = 0. Due to (3.9), one can get
d10,,v; — 00y — Oy —ri(t)vy + Bi(t)vy uy
= di [ (e — g, Kel 2Py (t)] — c[pnTi () — pe, Ket 2Py (t)]
— [T{(#)e'® — Ket2*Pi(t)] — ri(t) [T1(t)e!r? — Ket2*Py(t)]
+ SUBL()(1 — Me“®) [Ti(t)e!® — Ket<2* Py (t)]
={ - JO) +did 7 (t) — cin Ti(t) + Bi(t)SE T (t) — () Ti(2) fet*
— Ket2*{ = P(t) + dipl, Pi(t) — ceppie, Pr(t) = 1 (E)Pr(t) + Ba () SEPi(t) }
+ (€ — ey ) ey Pr(E)Cet =2 — MSP 1 (£)e™* (i (8)e!* — Kel2 Py (1))
> et 2*{(c — ce, ) e, P1()K — MSE B () 1 ()} = 0.
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If 2 < 23(t),23(t) < 21, then uy (t,2) = SY(1 — Me“?), vy (t,2) = Ji(t)et1* — Kete2*Py(t) and
vy (t,2) = Ja(t)et? — Ket2#Py(t). Furthermore, we need to verify that

d10:2v; — cdzvy — Ovy —ri(t)vy + (BL()vy + Ba(t)vy Juy
= dy [p3 T (t)e"* — pZ Ket<2*Py(t)] — e[ Ji(t)e'” — pe, Ket2* Py (1)]

— [T{(t)e"® — Ket2*Pi(t)] — ri(t) [T1(t)e"? — Ket2*Py(t)]

+ B1(t) S (1 — Me“®) [Ti(t)e!® — Ket<2*Py(t)] + Bo(t) Sh (1 — Me“?) [Ta(t)e!r? — Ket<2*Py(t)]
={ = TJ{(t) + dipi T (t) — cpn Ti () + B1SE T (t) + BoSHTa(t) — ri(t) Tu(t) fet?

— Ketea?{ = Pi(t) + dipZ, Pi(t) — ceypie; Pi(t) + Br(6)SyPi(t) + Ba(t)SyPa(t) — ri(H)Pi(t)}

+ (¢ = cey ey PL(E)KCeH 2" — MSpe* (Bu(t)vy + fa(t)vy )
> 2 {(c — ce e, PL)K — M Sy (B1(t) T2 () + B2() Ta(t)) } > 0.

According to (3.9), the above inequality holds true. In addition, v, is proved similarly. It completes the

proof. O

Let N > —min{z, 23} and Cy := C(R x [-N, N],R*). Define a convex cone Dy by
w;(t,z) =u,(t+17T,z2), V(t,z) € R x [-N, NJ,
vi(t,2) =0;(t+T,2), V(t,z) € R x [-N, N],

uy (L, 2) < a(t, 2) < SY(SY), V(t,z) € R x [-N, N,
v; (t,2) < v(t,2) <vf(t,2), V(t,2) €Rx [-N,N],
w;(t,£N) =u; (t,£N), Vt € R,

Gi(t, £N) = v (t,£N), Vt € R,i = 1,2,

Dy = { (t1,12,71,702) € Cn

For any given (@1, 2,71, 02) € Dy, consider the following initial value problem:

Oyiy — Biuy = pylay, g, 01,0s], t >0, z € [-N, NJ,

Opig — Balia = polty, g, 01,02], t >0, z € [-N, N|,

oo1 — Tivy = qu[uy, 2,01, 02), t >0, 2 € [-N, N], (3.10)
0402 — TaUy = qaltin, U2, V1, V2], t >0, z € [N, N],

4;(0,2) = ui0(2), 0:(0,2) = U;0(2), z € [N, N], U, 0,0 € C([-N, NJ),

w;(t,£N) = Gy, (t,£N), 0;(t,£N) = Gy, (t,£N), Vt > 0,

where
Biu; = D;0..u; — c0,U; — oytly, 103 = d;05,0; — c0.0; — X3V, 1= 1,2,
piliy, U2, U1, 2] = antiy — (B101(t, 2) + Bata(t, 2)) s (¢, 2),
p2ltiy, Ug, U1, V2] := agliy — B301(t, 2)tua(t, 2),
@[t Uz, 01, 02) i= X101 + (B101(t, 2) + Bata(t, 2)) U (¢, 2) — 1 (t) 0y,
q2[ti1, Ug, V1, V2] 1= X202 + B301(t, 2)Ua(t, 2) — r2(t)v2,

ap > trr[loz%{(&( V() + B () Ta ()N}, an > s B0 TN, ;> s n0) =12

and

z z
—u(t v, (6, —N
NU’Z (7 2]\7’01 (’ )

for any t € [0,7] and 2z € [-N, N]. It is easy to see that Gy, (t,=N) = u; (t,£N) and Gy, (t,+N) =
v; (t,£N) for t € R and 7 = 1,2. Moreover, the functions G, and Gy, are T-periodic and belong to

Gﬂi (t,2):= %ui_(t, —N) — —N), Gq—,i (t,2) := %UZ_ (t,—N) —
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C12(R x [-N, NJ). Set ;(t,z) = u;(t,2) — G
)

i (t,2), f)i(t,z) = T(t, 2) — C_r‘@i(t7z), Fu, = BiGy, (L, 2) —
0:Gy, (t,2) and Fy, = TGy, (t, 2) — 0,Gy, (t, 2) for

i =1,2. Then the problem (3.10) reduces to

Oyi; — Bitg :pl[ﬁl,ﬂg,ﬁl,ﬁg] + ~ﬁ1(t,2§) t>0, z € [ N,N],

O¢lia — Botlig =p2[ﬂ1,ﬂ2,171,’172] + ~g2(t,z), t>0, z€ [—N,N],

Oy — Tit1 = quly, Ua, 01, o) + Fy, (t,2), t >0, z € [N, N], (3.11)
Or0g — To0g = o[y, Ug, U1, Ua) —|—Fv2(t z), t >0, z € [-N,N],

@;(0, 2) = Ui (2) — Gy, (0,2), 9;(0,2) = vio(2) — Gy, (0, 2), z € [-N, N], i, 00 € C([-N, NJ),

@;(t, £N) = 0, 5;(t,£N) =0, V¢t > 0.

The realization of A; in C([—N, N]) with the homogenous Dirichlet boundary condition can be defined
by

D(AY) =Swe [\ WP N)):w,Asw € C([-N,N]),w|en =0},
p=>1

Adw = Biw, Ajw =Tw, i=1,2, j =3,4.

In fact, D(A;) = {u € C*([-=N,N]),ultn = 0} (see, e.g., [24, Section 5.1.2]). Assume that {H;(t)}¢>0
is the strongly continuous analytic semigroup generated by A% : D(A9) c C([-N, N]) — C([-N, N]) for
i=1,2 (see [24]). Note that

N
H;(Hw(z) = e~ / itz y)w(y)dy, i =1,2, w(z) € C([-N, NJ)
N

and
N

Hy(w(a) =0 [ Ttz p)ul)dy, i =34, w(x) € C(-N.N)
N
for t > 0 and « € [-N, N], where I';(i = 1,2) and I'j(j = 3,4) are the Green functions associated with

D;0yy — 0, and d;0y, — ¢, and Dirichlet boundary condition, respectively. Then system (3.11) can be
treated as the following integral system

’lll'(t, Z) = Hz(t)ﬂz(O)(Z) + J‘Hz(t - S) (pi[ﬂl,ﬂg,ﬁl,@](s) + Fﬁl (s))(z)ds, 1= ]., 2,

t
0i(t, 2) = Hipa(1)0;(0)(2) + [ Hiya(t — 5)(qiltir, G, 01, 02) () + Fy,(s)) (2)ds, i = 1,2,
0
where t > 0 and z € [-N, N], indicating that (@ (¢, z), aa(t, 2), 01 (¢, 2), U2(t, 2)) satisfies

ui(t, z) = Hi(t)wi(0)(z) + Jﬂi(t — ) (pilun, G2, 01, B)(5) + Fy, (5)) (2)ds + G, (¢, 2), 12
. i . 3.12
’l_}i(t, Z) = H1+2(t)’172(0)(2’) -+ {Hi_i_g(t — 5) (qz [1_1,1, 1_1,2, 1_}1, 1_)2](8) -+ qu,i (S)) (Z)dS -+ Gf}i (t, Z)

where t > 0, z € [-N, N] and i = 1, 2. A solution of (3.12) can be called as a mild solution of (3.11). Note
that p;[ay, a2, U1, 02|, ¢;[U1, U2, U1, D2] € C(Rx [N, NJ), then it follows from [24, Theorem 5.1.17] that the
functions @; and v;(i = 1,2) defined by (3.12) belong to C([0,27] x [-N, N]) (N C%?%([¢, 2T] x [-N, N])
for every € € (0,27) and 6 € (0, 1). Define a set
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u; (0,2) < ui(2) < uf(0,2), Vz € [-N, NJ,

v;(0,2) < vio(2) <) (0,2), ¥z € [-N, N]J,
DY = { (w10, U0, V10, v20) € C([-N,N],RY | * !
b= § Cosua v, van) € C-NNLRY | 10T IR

Obviously, DY is a closed and convex set.
Lemma 3.4. For any Uy := (u19, u20, v10,v20) € DYy, let (uin (t, z;Up), uan (t, 23 Up), vin (t, 23 Up), van (L, 2;
Up)) be the solutions of system (3.12) with the initial value Uy. Then
uy (t,2) <uin(t, z;Uo) < SH(SY), vy (t,2) <wvin(t,z;Uo) < v (t,2), i=1,2
for any (t,z) € [0,00) x [-N, NJ.

Proof. The argumentations are essentially same as those in [53, Lemma 3.3] and [48, Lemma 2.4], so we
omit them. g

For a given Uy := (u19, U0, V10, V20) € DY, define a map F : DY — C([-N, N|,R*) by
Flu10, u20, v10, v20](+) = (uin(t, 23 Uo), uan (t, 2;Uo), vin (L, 23 Uo), van (L, 23 Uo) )
where (uin(t, z;Up), uan (t, z; Uo), vin (£, 2; Up), van (t, 2; Up)) is the solution of system (3.12) with the

initial value Up. In view of Lemma 3.4 and the periodicity of u; , v; and v, we have F [D%] € DY

2 (s

Obviously, DY is a complete metric space with a distance induced by the supreme norm. For any Uj :=
(uig, udg, vig, Vo) and UZ := (uy, udy, vig, v39) € DY, (3.12) indicates

N
uin (T, 2, Uy ) — win (T, 2, UG)|| = [SUJ{,’N] le= ™ / Ti(T, z,y) (Uy — Ug)dy|
ze|—N,
N

<e” MUy = Uglleq-nvps i =1,2.
On the same way,
[oin (T, 2 Ug) — vin (T, 2 Ug) | < e X T Us = Ulloq-n,vpys = 1,2.

Since e~ 7T e=XiT < 1fori = 1,2, one has that F' : D}, — DY, is a contraction map. As a consequence, the
Banach fixed point theorem implies that F' admits a unique fixed point Ug = (u}y, ubg, vi, v3o) € D%. Let
(’U“TN<tv Z)’ u;N(t7 Z), UTN(tv Z)? U;N(ta Z)) = (ulN(t7 2 Ug)? UQN(t’ 2 Ug)’ UlN(tv 2 Uék)’ UQN(tv Z5 Ug)) fOI‘ te
(0,+00) and z € [N, N|, where (uin(t, z; Ug), uan (t, 2, US), van (¢, 2; UG ), van (t, 2; UF)) is the solution of
system (3.10) with the initial value Uj. Furthermore, using the similar arguments to these in [53], one has
(uikN(ta Z)v UJ;N(t? Z)v 'UTN(tv Z)’ U;N(ta Z)) = (UTN(t—’_Ta Z)v USN(t"_Ta Z)v UTN(t'i_Ta Z)v U;N(t'i_Ta Z)) for all
t € [0,00) and z € [-N, N]. According to Lemma 3.4, we can get (ufy (¢, 2), ubn (¢, 2), vin (L, 2), 055 (8, 2)) €
Dy. Then (ufy(t, 2), usn(t, 2), vy (¢, 2), v55 (¢, 2)) satisfies

uin (t) = Hi(t = s)(uin(s) = Ga,(s)) + ftHi(t —m)(filwin, uSn, vin, vin](m) + Fa,(m))dm + G, (¢),

vin () = Hisa(t — ) (win(s) — Gy (8)) + | Hisa(t — m)(gifuln, ubn, v vin](m) + Fo (m))dm (513

+Gii (1)
for any t > s and i = 1,2. On the basis of the above discussion, we obtain the theorem as follows.

Theorem 3.5. For any given (uin,usn,vin,van) € Dy, there exists a unique solution (qu,ugN,v’fN,
viy) € Dy satisfying (3.13).

By virtue of Theorem 3.5, we can define an operator R : Dy — Dy by R(uin,usn, VinN,von) =
(uln, Usn s VN, U3 y). In what follows, by using the similar arguments to those in [53, Lemma 3.5] and
[48, Lemma 2.6], we present the complete continuity of the operator R without proof.
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Lemma 3.6. The operator R : Dy — Dy is completely continuous.

Based on the above arguments, the Schauder’s fixed point theorem expresses that R admits a fixed
point (u}n,usn, vy, Vsn) € Dy. In addition, (uiy(E+ T, ), usy(t+T,),0iyE+ T, ), vt +T,-)) =
(win(t, ), usn(t, ), viy(t,-),vsn(t,-)) for all t € R. Note that uly,viy € C#?(R x [N, N]) for some
0 € (0,1) and i = 1,2. By [24, Theorem 5.1.18 and 5.1.19], uly, viy € C1?(Rx [-N, N])(i = 1,2) satisfy

oy = D10..ufy — cO.uly — (Bi(t)viy + Ba(t)viy)uly, VEER, z € [-N,NJ,
Opuly = Da0y ulny — cO uby — B3(t)udyviy, VEER, z € [-N,N|,
iy = d10..viy — cO.viy + (B(t)viy + Ba(t)viy)uiy — r(t)viy, VEER, 2 € [-N,N], (3.14)
O = do0,,05 — 0,05y + B3(t)usyviy — r2(t)vsy, VEER, z € [N, NJ,
uin(t,£N) =u; (t,£N), vi(t,£N) =v,5(t,£N), Vt € R,
where 7 = 1,2. Similar to [53, Theorem 3.6] and [48, Theorem 2.7], we have the following local uniform
estimates on v} and v} (i = 1,2).

Lemma 3.7. Let p > 2. For any given L > 0, there exists a constant C := C(p, L) > 0 such that for any
N > max{L, —min{zs, z3}} large enough, there hold

*

linllwg2o.rix - ,opy: IVin w2 qo,rix (- 2,0y < €
In addition, there exists a constant C := C'(L) > 0 such that, for any zp € R,

5 ||U?N||C%,1+e([ <C

*
||UiN||CH2ﬁ,1+e 0,T)x[z0—L,z0+L])

([0,T]x [z0—L,z0+L])
for any N > max{L + |z0|, — min{z2,23}}, 6 € (0,1) and i = 1,2.
Now, we estimate the solution of system (3.14), denoted by (ufy, udy, vin: Van)-

Proposition 3.8. Let N be large enough satisfying N > —min{za, z3}. There exists a constant Cy inde-
pendent upon N such that

(Br(O)vin (E, 2) + Ba(t)van (t, 2))ur (¢ 2)dtdz < Co,

Nl =

B3 (t)vy n (t, 2)usn (t, 2)dtdz < Co,

Nl

N
lz\z ‘2\2 '2\2
Ot — g T — 5 TT—

T
v,y (¢, 2)dtdz < Co, /@qu(t,z)dtdz <0,i=1,2
0

for any z € [N, NJ.
Proof. We firstly define
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Obviously,

According to (3.14), we have
. T
CﬁTN,z(Z) = Dla’lkN,zz(z) - T /(51 (t)vikN(t7 Z) + 52(t)v§N(t7 Z))UTN(tv Z)dt7 Vz € [_N7 N]? (3'15)
0

where 4}y . (2) = diin (=) g Uiy .. (2) = & il“g(z) It follows from (3.15) that

dz
—g —e C s
(e lulN,z)z =c 1 u1N7zz_DlulN,z
e i

= _; /(51(t)va(t,z) + Ba(t)vsn (t, 2))ui N (t, 2)dt, Vz € [-N, N].
0

Then integrating two sides of the above equation from z € [-N, N) to N yields

T

() = ¢ B iy (V) - 5 / B[00 6 + Ba(O)uin(t )ui (. €)1dg3.16)
z 0

Due to ujy(z) = 0 for z € [N, N] and @y (N) = @, (N) = 0, one has @7y, (N) < 0. According to (3.16),
it has jy ,(2) <0 and iy (2) #0 on [-N, N|. By using ujy (=N) > @7 ,(—N) = -89 Mere=aN >
—SY,, integrating from —N to N for equation (3.15) leads to

Yoy (t, 2) + Bo(t)vsn (t, 2))ul v (t, 2)dtdz

I lz\z
O\’ﬂ

—~

ﬂN( N) = aiy(N)) + Di(ijy . (N) = din .(=N))
+ Dy)SY,.

C

In addition, {Vofﬁg vin (t, 2)ub N (t, 2)dtdz < Cp can be discussed similarly.

Let 71 := max;e[o,7) 71(f). Then, 0]y (2) satisfies
- dl’DTN zz(z) + C’leN z(z) + FlﬁTN(Z)
. T
-1 / B0 (2) + Ba(O)ui(t 2Dt 2)d = [ (r2(6) = o,
0
Similarly, one has ¥}y, Z(N) 0, 3o (—N) = 01, (—~N) = —Kpee NPy, 55 (N) = 0 and 5}y (~N) =

o7 (=N), where Py := f Py (t)dt and Py (t) has been defined in Lemma 3.3. Then by integrating the two

sides of the last equahty on [—N, N, one has
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N
/ By (2)dz < jf—j@rN,z(N) B (CN) + S (i (< N) — By ()
N

ﬁl

N T
- / / Dt (b 2) + Bo (Buin (£ )l (£, 2)dtdz
—N O

1
—1(dllCu e~ NPy + ¢ty (=N) + (c+ D1)SY).

T N
Furthermore, % | [ vin(z)dtdz < Cp can be proved similarly. It completes the proof. O
0 -N

Theorem 3.9. Assume that Ry > 1. For any ¢ > c*, system (3.2) admits a time-periodic solution

)
(ui,u3,vi,v3) satisfying (3.3). In addition, there hold 0 < & [vi(t,2)dt < (SY — S§¥) and
0

T
fv2tzd (SY, — S°) for any z € R, and

+oo T +oo T
% / /7“1 Yoi(t, z)dtdz = ; / / Br(t)vi(t, 2) + Ba(t)vs (t, 2))ui(t, 2)dtdz = c(SY — SF),
—o0 0 —o0 0
+oo T +oo T
% / / t)vs (¢, z)dtdz = 1 / /ﬂg Vi (t, 2)ub(t, 2)dtdz = c¢(SY — S5°).
0 —o0 0

Proof. The proof is divided into four steps.

Firstly, we show existence of a periodic solution for system (3.2). Assume that {n,, }»>1 is an increasing
sequence such that n,, > —min{zs,23} for m € N* and lim,, .oo 7, = 0o. It then follows that the
solution sequence (Ui n,,,U2,n,, V1,0, V2,n,) € Dn,, satisfies Lemma 3.7 and (3.14). By virtue of the
periodicity of the solution sequence (u1 r,,, U2,n,, V1,n,, V2.n,,) With t € R, we can extract a subsequence
of it, still denoted by (u1,n,,,U2n,,, V1,0, sV2.n,, ), cOnverging to a function (uf,us,v},v3) € Croe(R?) in
the following topologies

B 14 .
(U s Uzms Vs V2 ) — (w13, 07, 05) in G TP (RY), in HJ, (RY)

and in L .(R, HE (R*)) weakly, (3.17)
where 4 € (0,0) and 0 € (0,1). Clearly,

(uhyu,vh,03) € Crf TP (RY) N HL(RY) 1 L2 (R, HE,(RY).

loc

It follows from Lemma 3.7 that for any N > 0, there exists a constant C3 such that
< Cs. (3.18)

* *
il e wso oy iy 108 22000 o 2y vy

Then using the similar arguments to those in [48, Theorem 2.9], (u},u3, v}, vy) satisfies

Opui(t, z) = D 5zzu’f(t7z) — cOzui(t, z) —ui(t, 2)(Br(t)vi (L, 2) + Ba(t)v3 (L, 2)),

Opvi(t, 2) = d10:.v7(t, 2) — 0201 (t, 2) + ui(t, 2) (Br ()i (L, 2) + Ba(t)v3(t, 2)) — ra(E)vi (E, 2),
us(t,z) = D28zzu§(t z) — cdus(t, 2) — B3 (t)us(t, 2)vi (¢, 2),

O3 (t,2) = do0,,v5(t, 2) — c0,v3 (L, z) + Bs(t)ub(t, 2)vi(t, z) — ro(t)v3(t, 2),
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where (t,z) € R%. It further follows from Proposition 3.8 that there exists a constant Cy > 0 such that

+oo T “+oo T
1
T / / Bi(t)vy(t, z) + Ba(t)vs (¢, 2))ui (¢, z)dtdz < Coy, = / /53 vy (¢, 2)us(t, z)dtdz < Co,
—oco 0 —oo 0
too T (3.19)
1
T//U tzdtdz<00,/8u (t,z)dtdz <0, i =1,2.
—oo 0

Note that (uf,u3, v}, v3) satisfies that
uy (t,2) S ui(t,2) < SH(SV), vi (t,2) Swilt2) <vf(t,2), i =1,2, V(t,2) € R
As a consequence, there holds u}(t,z) — S%(SY,) and v} (t,2) — 0 uniformly for t € R and i = 1,2, as

zZ — —0OQ.

Secondly, we prove the asymptotic behavior of v} as z — +oo. Define 041(z) = v¥ (¢, z)dt. Then

1
T

oy

01 (t) satisfies
- dlr[}l ZZ(Z) C’[)l Z(Z) + 1:1”[}1(2’)

T T
3.20
! / B1 ()0 (t, 2) + B2(t)vs (t, 2))ui(t, z)dt — ! / ) — 7)vi (¢, 2)dt, (3.20)
0 0

where 71 := max;c(o, 7] 71(f). Denote the two roots of the characteristic equation

—din* +en+71 =0

ni L C:l:\/62+4d1771
o T.

Furthermore, let p := di(n™ —n~) = v/c2 + 4d;7;. Then it is easy to see that n~ < 0 < n*. It follows
from (3.20) that

m@=;1£w@ﬂ>!wmqmm+mm@mW@ww—;!mw—mwwy>w@

+o0o T

T
+4,enzy/ﬁ1m@mﬂmwmwmwy 1!m ) —mvi(ty)| didy

z 0
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and

) = 2 [ e | @i + Batos i) = 5 [0 = i) | dedy
0 0
T

“+o0
nt 1

T
+25 [eren| [ @i + st i) - 5 [0 = i) ey
z 0 0

z T

<§T/aﬂ%%ﬂm@ﬁaw+mw@wwwﬁmw@

— 00
“+00

T
+Z / (= y>/ D0t (t,y) + Ba(t)vs(t, )k (t, y)dtdy
0

T
=0 [ ey [Guonits =)+ a0tz = )ui(e. s~ )iy

0

o\—é— .

0

T
+7 e y/ﬁl Witz —y) + Ba(t)vs(t, 2 — y))ui(t, 2 — y)didy.

—00
0

According to p:=dy(nT —n~) and n~ < 0 < 7T, it has

+oco T
. 1
101,2]] < T / / B1(t)vy(t, 2) + Ba(t)v; (t, 2))ui (t, z)dtdz,
—oo 0
+oo
which implies that 91 ,(z) is uniformly bounded. Consequently, following [ 91(z)dz < Cj, we must have

01(2) — 0 as z — +o0. Using the similar arguments to those in [48, Theorem 2.9], vi(t,z) — 0 as
z — oo uniformly for each t € R. As a consequence, v} (t,z) < Cp holds for any (¢,2) € R2. On the
same way, v5(t,z) — 0 as z — +oo uniformly for every ¢ € R.

Thirdly, the asymptotic behavior of u} (i = 1,2) is shown. By using the estimate of (3.18) and Laudau-
type inequality (see, e.g., [3,20]), one has

102u]] Lo ([0, x (—o0,)) < 20|t — SFll Loc (0,77 x (= o0,30)) 02203 | oo (0,7 x (= 00,10)) -
AS a consequence,

lim 0,uj(t,z) = 0 uniformly for ¢ € R.

z——00

T
wn@=amﬁw—%/wwmmw+mw@wm@WA® (3.21)
0
which implies that
_ez ez, C 4 6_% f * * *
@qukaehwu@%ﬁﬂu@»:1T/WNM@@+@@%@WMWQM

0
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Then, an integration from z to oo for the above equality yields

[}
n,‘r
§>

/ e / B1 ()05 (1) + Ba(t)v3 (1, 9)uck (1, ) dtdy,

indicating that 4} ,(z) < 0 for z € R. Furthermore, @} (c0) exists and 4} (00) < @} (—oc) = S barbalat’s
lemma implies that 47 ,(2) — 0 as z — oo. Integrating two sides of (3.21) from —oc to oo on z leads to

1 7 * * =c 0 —G1(c0)) = ¢ 0 _ g
4 / DVt 2) + Ba(£)03 (1, 2))uf (¢, 2)didz = e(SY — ity (00)) = e(SY — S5F).

where S% := i1 (00) < S%. Using the similar arguments to those in [40, Theorem 2.10] and [48, Theorem
2.9], we get ui(t,z) — Sz uniformly for ¢ € R, as z — +oco. In addition, u5(t, z) can be discussed
similarly.

Finally, we discuss the properties of v}. Since 0; satisfies

T T

1 1
—d101,22(2) + c01,:(2) = T/(ﬁl(t)vik(t, z) + B2(t)v3 (L, 2))ui(t, z)dt — /rl Yo (t, z)dt. (3.22)
0 0
An integrating of (3.22) on R leads to

;/T]orl(t)vf(t,z)dtdz

0 —oc0
1 T oo
= T/ / vy (t, 2) + Ba(t)vs (t, 2))ui(t, z)dtdz = c(S% - S%).
0 —oc0

By using the above arguments on the asymptotic behavior of vf (¢, z) as z — —oo, it is obvious that

lirin 0,07 (t, z) = 0 uniformly for ¢ € R.

For any ¢t € R, consider the following equation

Nl =

T
€01, 2(2) = d101,22(2) + /7“1 i (t, z)dt, Vz € R. (3.23)
0

Then the solution of (3.23) satisfies

1

n(2) = / P ()0 (4, y)dtdy

o0

v<z u)
_|_ -

Based on (3.22) and L'Hopital’s rule, it follows that

r1(t)vy (t, y)dtdy.

O\H

Z——00 z—+00

T oo
lim ©1(z) =0, lim 91(z) = %/ / )i (t, 2) + Bo(t)vs(t, 2))ui(t, z)dtdz = c(SY — SFF)
0 —oo
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and

Zl{rfoo 01,.(2) = 0.

Define a new function

<>

01(z) = 01(2) + v1(2), Vz € R,

T
where 91 (2) = % [v}(t, z)dt. On the basis of (3.22) and (3.23), v1(2) satisfies
0

T
—d101 22(2) + 01 2(2) = %/(61(15)1)1‘(15, z) + Ba(t)vs (L, 2))ui(t, z)dt.
0

Multiplying two sides of the above equation by e @= and integrating from z to oo, one has

oo T
c(z v) .
B = o J B0t + a0t )i,
z 0
Then, it is easy to see that ¥;(z) is non-decreasing in R and lim, . 01(2) = S% — S%, indicating
that 01(2) < S% — S% for all z € R. In light of the definition of v;1(z) and 7;(z), we conclude that

01(2) < 01(2) < SY — S5 onR. That is, 0 < 7 fvl t,z)dt < SY — 5% for any z € R. In addition, v} (¢, 2)
has the similar conclusion as v§ (¢, z). The proof is completed. 0

Remark 3.10. The existence of critical periodic traveling waves is complex, which will be investigated in
our future work.

4. Non-existence of periodic traveling wave solutions

In the section, we establish the non-existence of the time-periodic traveling wave solutions of model (1.1)
for these cases as below: Rgp < 1lor Rp >1and 0 < ¢ < c*.

41. Case 1: Rg > 1land 0 < c < c*

With the aim of it, we need to study the following lemma. Firstly, for some ¢ € (0, ¢*), fix ¢y € (¢, c*).
Let v, = %, di = d2 = 1 and € be small enough, consider the following system

{d;’}(t>=v§0ﬁ1<t> (By (1) (t) + Ba ()72 (£))S% (1 — €) — r1(B)is (1),
B2 (£) = 02 7o (t) + B3 (1)1 (1) SH (1 — €) — 72 ()ifa (2).

Denote the solution map of system (4.1) by (15, 15) (710, 720) := (05, m5)(¢; 7110, T20), where (0§, 05)(t; T10,
Tj20) is the solution of system (4.1) with initial value (710, 720) € R . In addition, let A\ = M
where p®(ve,) is the spectral radius of the Poincaré map B,  := (771, 772)T of system (4.1). By using the
similar arguments as those in [45], (17, 3) is a eigenvalue vector of B, . associated with the corresponding
principal eigenvalue p®(vg, ).

Based on the above arguments, we can obtain the following conclusion.

(4.1)
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Lemma 4.1. Suppose that v., = %, L > 0 is large enough and e¢ > 0 is small enough, consider the
principal eigenvalue problem of the cooperative elliptic system as below
(1) = 02, (t) = (BuOM () + B2 (1) (1 — € + PO () = —Acq T, (4.2)
902 (1) — 2 o (1) — Ba() ST (E)(1 = €) + 12 (B)7a(t) = — Ayl

Then system (4.2) generates a positive time-periodic solution with the period T' > 0.

Proof. Consider the following system
{@@zu&—wmw + (B0 + AOR()SH (1 - ) = (O (1), W)
() = (02, = N)il2(t) + Ba(O)n (8)SY (1 — €) = r2(1)71a (t).

Deﬁne the Semiﬂow Of system (43) by (7717 ﬁg)t(ﬁlo, 772()) = (771, ﬁQ)(t; ﬁl(]; ’1720), where (’F]l, 772)(157 7710, ﬁgo)
is the solution of system (4.3) with initial value (10, 720) € R2. In addition, denote the Poincaré map of
system (4.3) by Pey.e := (71,%2)7. It further follows that

Peo.c(k1, k2) = (1, 72)7 (K1, Ki2) = (7, 772) (T 1, ki2) = e (5, 15) (T 1, i),

where (K1, k2) is the initial value of system (4.3) and (5§, n5) is the solution of system (4.1). Consequently,
one has

,PCO,E(nT’n;) = e_)\T(BCOyE(nT’US)) = )\Tpg(yco)("ﬁ’n;)v

where (n7,n5) has been defined in (4.1). If A = A\, = M then (n},n3) is a fixed point of the
Poincaré map P, . As a consequence, (71,72); := (71, 72)(¢; 7717772) is a positive time-periodic solution
of system (4.3) with A = A, .. This completes the proof. O

Theorem 4.2. Assume that Ry > 1, 0 < ¢ < ¢* and dy = dy = 1. Then system (1.1) admits no nontrivial
T-periodic traveling waves (u1,us,v1,ve2) satisfying (3.2) and (3.3).

Proof. Suppose, by a contradiction way, that there exists such a solution (uq,us,v1,v2) satisfying (3.2)
and (3.3) for some ¢ < c¢*. Firstly, according to lim;_, o u1(t, 2) = S%, Vt € R, we can choose a M, > 0
large enough and a € > 0 sufficiently small such that

SY —e<ui(t,2) <SY +e Vz< —M, (4.4)
uniformly for ¢ € R. Let y1,y2 < —M,, we take into account the following system
(01 +c00: — A+ 7r1(t) wi(t, 2) = SY(1 — €) (B (t)wi (L, 2) + Ba(t)wa(t, 2)),
(O + co0s — A+ 1a(t) wa(t, 2) = SY (1 — €)Bs3(wi(t, 2), t =0, 2 € (y1,42), (4.5)
wi(t,y1) = wi(t,y2) =0, wa(t,y1) = wa2(t,y2) =0, t = 0.
Furthermore, one has
Inre(p) o In7(vey)  Acgue

c<cl:=inf < =
< >0 Tu Tve, Vey

expressing that cvg, < A¢y e, Where A, ¢ has been defined in Lemma 4.1, 7°(p) and ¢ have been defined
in (2.5) and v, = ¢.

Secondly, denote (i3!)(t, 2) := eNteveotp(z )(Z;Eg), where \* € (0, A¢y.c—CoUc, ) is a constant, (k1 (1), ka(t))

is a solution of system (4.2) and p(z) is the eigenfunction of the principal eigenvalue problem as below
—0.2p(2) = pLp(2), 2 € (y1,92),
p(Z) > 07 z € (ylayQ),
p(y1) = p(y2) =0,
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where L := |y; — yo|. Furthermore, one has lim;_.., p, = 0, indicating that A* 4+ cove, — Aey,e + pr < 0.
According to Lemma 4.1 and the above arguments, plugging s (¢, z) into the first equation of system
(4.5) becomes to

(0 + c0d. — A+ r1(t) w1 (t,2) — SE(1 = €0) (Bi(t)w (L, 2) + B2(t)ws
= (8 2) + TP (1) + o (vt p(2) + e (2)) N R (6) — (12,6 0 p(2)

+ 2ug,€0 7P/ (2) + €07 (2)) N ki () — Sy (1 — e0) (B ( ) (t, )+ﬂz( )wz(t z)) +7‘1(t)@1(f£i)6)
= NWy (£, 2) 4 Cove, W1 (t, 2) + (co — 206, ) (2)eV0 k1 ()t — p" (2)eV0 ki (t)e t + p(z)e teveo
(KL(8) = vz ka () + 1 ()1 (t) — S5 (1 — o) (B1(D)kx (1) + Ba(t)ka(t )))
= (A + CoUey — Acg,e + pr) W1 (t,2) < 0.

())

Thirdly, let § > 0 be small enough such that v1(0,2) > 6w1(0,2), Vz € (y1,y2). Consider functions
u;(t, z + (¢ — ¢o)t) and v (t, 2z + (¢ — ¢o)t) for any t € R and z € (y1,y2). Denote 0;(t, z) := v;(t, z + (c —
co)t)(i = 1,2), which satisfies

0,01 (t, 2) = AD1(t, 2) — cgd.01(t, 2) +ur(t, 2 + (¢ — co)t) (ﬂl (t)01(t, 2) + Ba(t)0a(t, z)) —r1(t)01(t, 2).

In view of ¢ — g < 0, z € (y1,92) and y; < y2 < —M,, one has z+ (¢ — cg)t < —M,, Vt > 0, z € [y1,y2].
Due to (4.4), 01(t, z) satisfies

Op1 (t,2) = Ay (t, 2) — co0.01(t, 2) + S% (1 — €) (ﬁl(t)@l(t, z) + B2(t)0a(t, z)) —r1(t)01(¢, 2)
for any ¢ > 0 and z € [y, y2|. Since there are

dw1(0,2) < 91(0, 2) for 2z € (y1,y2) and
w1(t,2) =0 < 91(t,2) for t > 0 and z = y; or ya,

we infer from the parabolic maximum principle that
w1 (t, 2) = e tePo?p(2)ky(t) < vit,z + (¢ — co)t), VE =0, z € (y1,y2).

Due to A* > 0, we obtain v1 (¢, 2+ (¢ — ¢o)t) — oo as t — oo, which leads to a contradiction. On the same
way, vo is proved similarly and thus we omit it. The proof is completed. O

4.2. Case 2: Rg < 1

Theorem 4.3. Assume that Ry < 1. Then for any ¢ > 0, system (3.2) admits no nontrivial T-periodic
solution (u1,us,v1,v9) satisfying (3.3).

Proof. Assume that there exists a nontrivial T-periodic solution (u1,uz,v1,v2) of system (3.2)—(3.3) by
a contradiction way. Let 7;(t) := f v;(t,z)dz on R for i = 1,2. Obviously, 7;(t) = 7;(t + T), Vt € R for

i =1,2. In light of inequality (3 19) one gets that v;(t) is bounded on [0,T"). In addition, for any given
te [0 T), there exists a €y(t) depending upon ¢ such that

ﬁi(t) > €o(t). (47)
Furthermore, it follows from w;(t, 2) < S%(S%)(i = 1,2) that

v (t,z) < d10zzv1(t, 2) — cOzv1(t, 2) + (B1(6)SYy — r1(t)) vi(t, 2) + B2(1) ST (2, 2),
Ohva(t, z) < d20s5v2(t, 2) — cOLva(t, 2) + B3 (t) SV v (t, 2) — ra(t)va(t, 2).
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Integrating both two side of the above equations from —oo to 0o, we obtain
G < (Bi)SF — i (1) vi(t) + Ba(t)SY (1),
d”z < B3(t)SY1(t) — ra(t) 2.
Then by using the parabolic maximum principle, one has
(01(¢),02(t)) < (01(2),02(1)), t =0,

where (v1(t), 02(t)) is the solution of the system as below

G = (Bu®)SE — (1) 01 (t) + B2(t) Sgra(1),
d” = B5(t) Sy 01 (t) — r2(t)02 (1),
vl(O) = 11(0), 92(0) = v2(0).
Due to [50, Theorem 2.1] associated with Ry < 1, one has lim;, ;o 9;(t) = 0(i = 1,2), implying that
hm v (t) =0, i=1,2,

t——+

which leads to a contradiction with (4.7). This completes the proof. O

4.3. Case 3: Rg = 1

Theorem 4.4. Assume that Ry = 1. Then for any ¢ > 0, system (3.2) admits no nontrivial T-periodic
solution (u1,us2,v1,v2) satisfying (3.3).

Proof. Assume that there exists a nontrivial T-periodic solution (u1,us,v1,v2) of system (3.2)—(3.3) by
“+oo

a contradiction way. Let v;(t) := [ v;(t,2)dz on R for i = 1,2. Due to (3.19), we can get that v;(¢)
bounded on [0, 7. In addition, ﬁi(lf_)ogatisﬁes
0§ (31 ()51 (1) + Bo(OT() — 11 (D)1 (1) + Fo(8),
d(%t (4.8)
(Tf = SV B3(t)v1(t) — ra(t)v2 + f2(t),
+oo +oo
where f1(t) = Ai(t) [ (wa(t2) = Sp)oalt, 2)dz + Ba(t) [ (wa(t,2) = Sh)va(t, 2)dz and fo(t) = fs(t)

+fm(uQ(t, z) — SY)vi(t,z)dz and f(t) = (fi(t), f2(t))T. System (4.8) owns a positive T-periodic solution
5((7) = (01(t), 52(t))T. Thus, we get
¢
o(t) = U(t,0)0(0) + / U(t,t —s)(F(t — s)v(t —s) + f(t))ds, Vt >0, (4.9)
0
where U(t, s) and F(t) have been defined in Sect. 2. In addition, it is not difficult to show that u; (¢, z) <
SY; for (t,z) € R?. In fact, suppose that there exists (o, zo) such that max ,yerz u1(t, z) = uy (to, z0) >
SY,. Thus,
0 =0su1(t, 2) |(ty,20)
= d10.2u1(t, 2) |(tg,20) —CO=u1(t, 2) |(20,20) —U1(to, 20)(B1(to)vi(to, 20) + B2(to)va(to, 20)) <O,
which is a contradiction. Furthermore, us(t, z) can be proved similarly. As a consequence, it has

fi(t) <0, Vvt e [0,T]. (4.10)
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Consider the following problem:
G = (SHAL) =i (1) T1(t) + B2(8) S (D),
G = SYBs()1 () — ra(t)a(8),
01(0) = v1(0), 92(0) = v2(0).

Due to [50, Theorem 2.1] associated with Ry = 1, there exists a positive T-periodic solution o(t) :=
(01(t), 92(t))T satisfying the above problem. A straightforward computation leads to
t

o(t) = U(t,0)0(0) + / U(t,t — s)F(t— s)o(t — s)ds, Vit > 0. (4.11)
It further follows from the parabolic maximum principle together with (4.10) that

o(t) = v(t), vt € [0, +00). (4.12)
However, due to the periodicity of #(t) and 9(t), one has o(T) = 9(0) = ©(0) = v(T), that is,

T
+/UTT—8 F(T —s)o(T — s) + f(T — s))ds
0
T

U(T,0)o(0 +/UTT—S F(T — s)o(T — s)ds.
0

In view of (4.10), one has
T

0>/U(T,T—s)f(T—s)ds:/U(T7T—5)F(T—s)(

[SH
—
S~
|
»
~—
1]
—
~
w
~—
SN—
o
)

implying that there exists a tg € [0,7) satisfying
ﬁ(to) < ’l_)(to).

As a consequence, it contradicts with (4.12). It completes the proof. O
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