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Abstract. In this paper, we investigate the existence of solutions for a class of integrodifferential Kirchhoff equations. These
equations involve a nonlocal operator with a measurable kernel that satisfies “structural properties” that are more general
than the standard kernel of the fractional Laplacian operator. Additionally, the potential can be periodic or asymptotically
periodic, and the nonlinear term exhibits critical exponential growth in the sense of Trudinger—Moser inequality. To guarantee
the existence of solutions, we employ variational methods, specifically the mountain-pass theorem. In this context, it is
important to emphasize that we have additional difficulties due to the lack of compactness in our problem, because we deal
with critical growth nonlinearities in unbounded domains. Moreover, the Kirchhoff term adds complexity to the problem,
as it requires suitable calculations for control the estimate the minimax level, representing the main challenge in this work.
Finally, we consider two different approaches to estimate the minimax level. The first approach is based on a hypothesis
proposed by D. M. Cao, while the second one involves a slightly weaker assumption addressed by Adimurthi and Miyagaki.
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1. Introduction

In this paper, we are concerned with the existence of solutions for a class of integrodifferential Kirchhoff
equations

[—m(||lul|®)]Lru+ V(z)u = f(z,u) in R, (1.1)

where V and f are functions that satisfy mild conditions, m : Ry — R, is the Kirchhoff function, R
denotes [0,4+00), and Lxu stands for the integrodifferential operator defined by

— Lru(z) =2P.V. /(u(:z:) —u(y)K(z,y)dy. (1.2)

R
Here K(x,y) = K(x — y) and belongs to a class of singular symmetric kernels, and P.V. means “in the
principal value sense”.

If K(x) = Cn s|z|~ N2 where
-1
1 —cos(¢r)
Cns= / W d¢ )
RN
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this is, when —Lg is the fractional Laplacian operator (—A)®, 0 < s < 1, (see [1]), several papers have
studied the existence of solutions for equations of this type,

" / dedy (A u+V(a)u=f(zu) nRY, (1.3)

RN xRN

with m : Ry — R, the Kirchhoff function, whose prototype, due to Kirchhoff himself, is m(t) = a +
byt Y a,b>0,a+b> 0,y > 1.

Moreover, when s — 1~ then problem (1.3) formally reduces to the well-known Kirchhoff equation in
the literature with m(t) = a + tb

- a+b/|Vu|2 dz | Au+V(x)u = f(u)inRY,
RN

which is related to the stationary analogous of the Kirchhoff-type equation

a2u 2 .
Tl a+b | |Vul*de | Au= f(t,z,u), inQ,

where € is a bounded domain in RY, u denotes the displacement, f is the external force, b is the initial
tension and a is related to the intrinsic properties of the string. Equations of this type were first proposed
by Kirchhoff [2] to describe the transversal oscillations of a stretched string. Besides, we also point out
that such nonlocal problems appear in other fields like biological systems, where u describes a process
depending on the average of itself. In this direction, we refer readers to Chipot and Lovat [3], Alves and
Corréa [4]. There is extensive literature on this subject, when a > 0, that is in the so-called non-degenerate
case. We cite e.g. [5-7], as well as the references therein. For the degenerate case, there are a few papers,
see [8,9], as well as the references therein. We mention in passing that in [10] variational techniques were
used for the first time to handle Kirchhoff elliptic problems.

Fiscella and Valdinoci [6], proposed the following stationary Kirchhoff variational equation with critical
growth

|u |2 S, — 27 -2 :
// |N+28 [ul@) = w1 4oy | (—a)u = Af(eu) + %20 in 0, w
RN RN
u=0 inRV\Q,

2N

where 2 C R is an open bounded set and 2} = . This equation models nonlocal aspects of the

tension arising from measurements of the fractional lengsth of the string. They obtained the existence of
nonnegative solutions when m is an increasing and continuous function, there exists mg > 0 such that
m(t) > mo = m(0) for any ¢ € R} and f is a continuous function with subcritical growth satisfying suit-
able assumptions. Autuori et al. [8] considered the existence and the asymptotic behavior of nonnegative
solutions of (1.4) for the degenerate case.

To the best of our knowledge, there are few papers in the literature on fractional Kirchhoff equations
in RV. Recently, Ambrosio and Isernia [11] considered the fractional Kirchhoff problem

a+b/\(_A)%u|2dx (—A)u=f(u) inRY,
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where f is an odd subcritical nonlinearity satisfying the well-known Berestycki and Lions [12] assumptions.
By minimax arguments, the authors established a multiplicity result in the radial space H2, ;(RY) when
the parameter b > 0 is sufficiently small.

Liu et al. [7] ensure the existence of positive ground state solutions to the following fractional Kirchhoff
equation with the Berestycki-Lions type conditions of critical type

a+b/\(—A)%u|2dx (=A)u+V(z)u= f(u) inRY,

where u € H*(RY), u > 0, a,b are positive constants and N > 2s.
Motivated by some of these works de Albuquerque et al. [5], studied the existence of bound and ground
state solutions for fractional Kirchhoff equations of the form

(a + bl ]1/2) (—A)YY24 + V(z)u = f(z,u) inR, (1.5)

where ¢ > 0, b > 0, (—A)l/2 denotes the square root of the Laplacian and the term

1/2
|u(z
1/2 / |x7 ‘2 d dy

is the so-called Gagliardo semi-norm of the function w, V is a bounded potential which may change
the sign and the nonlinear term f(z,u) has the critical exponential growth in the sense of Trudinger—
Moser, generalizing the results in [13] by de Souza and Aratdjo, who address the problem of the fractional
Schrodinger equations. We emphasize that the results in [13] were also improved by Barboza et al. [14],
once, who treated a problem with a more general non-local operator. More specifically, they studied the
following integrodifferential Schrodinger equation

Lru+V(z)u= f(z,u)inRY, (1.6)

when V is a nonnegative and bounded potential, and the nonlinear term f(z,u) has critical exponential
growth with respect to the Trudinger-Moser inequality. This problem is a version of (1.5) in case a = 1
and b = 0 but generalizing the operator.

We highlight that, when Lg is the fractional Laplacian operator, (1.6) had been studied by other
authors under many different assumptions on the potential V(z) and nonlinearity f(x,u). Almost all
works and therein references considered nonlinearities involving polynomial growth of subcritical type in
terms of the Sobolev embedding when N > 2s. In the borderline case N = 2s, thisis, N = 1 and s = 1/2,
Sobolev embedding states that H'/2(R) — L4(R) for any ¢ € [2,+00), but H'/2(R) is not continuous
embedded in L*°(R); for details see [1,15]. In this case, the maximal growth which allows us to treat
this problem type variationally in H'/2 (R) is motivated by the Trudinger—Moser inequality proved by
Ozawa [15] and improved by Iula [16], Kozono et al. [17] and Takahashi [18]. Precisely, by combining
some of the results contained in previous studies, it is established

sup /(eo‘“2 —1)dz < o0 € [0, 7], (1.7)
ueHY2(R)
el zs1 ®

where
1/2

u\x
lully o = / [l E dody + ull?
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Moreover, it holds

/(ea“ —1)de < C(a)[|ul)3, forall 0<a<m, (1.8)
R

for details see [15, Theorem 1] and [18, Proposition 1.1].

Therefore, in order to deal with this class of problem in a variational approach in HY/ 2(R), the

maximal growth on the nonlinearity f(z,u) is given by ¢™ when |u| — 400 (see also the pioneering
works [19,20]).

Recently, the borderline case was approached by Miyagaki and Pucci [21]; more specifically, in this
paper, they deal with the existence of solutions for a class of nonlinear elliptic equations, involving a
nonlocal Kirchhoff term and possibly Trudinger—Moser critical growth nonlinearities in an unbounded
domain. In this context, in order to overcome the lack of compactness of the associated energy functional,
it is usually assumed a hypothesis under the nonlinearity which helps to estimate the minimax level.

In general, when we consider a nonlinearity f(¢) with critical exponential growth, there exist two
kinds of assumptions for this purpose. The first one is due to D. M Cao (see [22]) and is widely used
in literature. See, for instance, [5,13] and reference in therein. Precisely, it is supposed that there are
constants p > 2 and C),, > 0 such that

f(t) > Cpt?~t  for all ¢ in domain of f,

where C), is chosen suitably. For this case, it is crucial to show that the embedding constant of solutions
space into appropriated Lebesgue space is attained and a suitable version of Lions’ Lemma plays a main
role to prove it. As far as we know, almost all papers that are concerned with Kirchhoff equations and
nonlinearity with exponential critical growth have assumed this type of hypothesis. In the second case,
it is considered a heavy dependence on the asymptotic behavior of h(t) = f(t)t/e®!" at infinity, as in
the pioneer works [23,24]. This asymptotic behavior can appear in different ways. For example, in [24]
the authors considered an equation involving the Laplacian operator with f satisfying (among other
conditions) that lim; o h(t) = C(r), where r is the radius of the largest open ball in the domain. In [25],
it was assumed that lim;_, o h(t) = oo for a equation with the 1/2-Laplacian operator. In papers that use
this approach, the Moser functions are used to estimate the minimax level of functional associated to a
problem with an exponential nonlinearity. For other works with this kind of conditions, see [26,27].

Our purpose is to generalize the results in [5], for this, we study (1.5) when the fractional Laplacian
operator is replaced by a more general integrodifferential operator —Lx where K : R\ {0} — Ry is a
measurable kernel which satisfies “structural properties” and the Kirchhoff function is more general. We
also improve some results in [14,21], in different perspectives. In these papers, the potential V' is assumed
nonnegative; in [14], the Kichhorff function is equal to 1, and in [21], it is considered a weight to control
nonlinearity behavior at infinity to recover the compactness of energy functional associated to problem.
Here in this paper, we will assume the two types of hypotheses and neglect the weight in the nonlinearity,
which requires different techniques to estimate the minimax level. This fact and assumptions more general
hypotheses under the potential V', the Kichhorff function m and the integrodifferential kernel K improve
some results in [5,13,14,21], more specifically, we obtain new versions of the results in these papers.

As expected, our main difficulties are related to unbounded domains and nonlinearities with critical
growth. These difficulties become harder due to the presence of the general Kirchhoff term, once to control
it, we need to make some suitable calculations in order to recover the lack of compactness.

For easy reference, we record problems, assumptions, and the main results.
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1.1. A periodic problem

Here we present the periodic problem for a positive bounded potential and a nonlinearity with critical
exponential growth. For this matter, initially, we will study the following problem

{ [=m(|lul®)]Lxu+ Vo(2)u = fo(z,u) n R,

u€ Xy and u >0, (1.9)

where —Lxu is given in (1.2) and we assume that K : R\ {0} — R is a measurable function with the
properties
(K1) 7K € LY(R), where v(z) = min{1, |z|*};
(K3) there exists A > 0 such that K(z) > A|z|72, for all z € R\ {0};
(K3) K(x) = K(—z), Vx € R\ {0}.

These hypotheses allow us to obtain a wide range of nonlocal integrodifferential operators of the
fractional, that order is different from s = 1/2. For example, K given by

K(z) = Cylz|™" with 1 <r < 2if |z| > 1;
Y7\ Cola| =7 with 2 < ¢ < 3if 2] < 1,
satisfies (K1)—(K3). Moreover, we can chose r and ¢ in the intervals (1,2] and [2, 3), respectively, and if
Cy # (3, K is not continuous in R\ {0}. For more details, see [14].
Moreover, we assume m : R;. — R, is a continuous and nondecreasing function that satisfies
(mq) there exists o € [1,+00) such that tm(t) < oM (t)Vt € Ry where M (t) = fgm(T) dr;
(mg) for all 7 > 0 there exists n(7) = n > 0 such that m(t) > n V¢ > 7;
(mg) t+— oM (t) — m(t)t is nondecreasing in R..
A typical example for m is given by m(t) = mg + bt° 1 with mg,b >0, mg+b >0 and 1 < o < +cc.
Note that (m;) implies, in particular, that

M(t) > M(1)t° for allt € [0, 1], (1.10)
and
M(t
M(t) < t(UO)tf’ for allt >ty for all ty > 0. (1.11)
0

Moreover, (mg) yields that M (t) > 0 for all ¢ > 0 as in the Kirchhoff model.
We suppose that the function V5 : R — R is a continuous 1—periodic function satisfying:

(Vb,1) there exists a positive constant vy such that Vy(z) > —vy for all z € R;
(Vb,2) The infimum

o= ot | [lu@) - u@PK(o) dody + [ Valo)i?(z)da
lull2=1 \ r2 R

is positive.
Moreover, we consider fo : R x R — R is a continuous 1—periodic function in z, which has critical
exponential growth in s, that is,

lim  fo(z,s)e”

|s]—+o0

as?2 )0, for all a > ,
| 400, forall o <,

uniformly in z € R.

We call the attention that this notion of criticality is driven by (1.7) and it has been used in several
papers involving exponential growth, see for instance [13,28]. Since we are interested in the existence of
nonnegative solutions, we set fo(x,s) = 0 for all (z,s) € R x (—o0,0].
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We also assume that the nonlinearity fo(x,u) satisfies the conditions

fO('Ta t)

(fo1) 0 <lim;_ 1201 < M(1) uniformly in z € R;

(fo,2) there exists a constant § > 20 such that
0 < 0Fy(z,s) := G/fo(:c,t) dt < sfo(x,s) forall (z,s) € R x(0,+00);
0

(fo3) for each fixed z € R, the function fo(z,s)/s?*? ! is increasing with respect to s € R;

(fo,4) there are constants p > 20 and C), > 0 (to be shown precisely later) such that
fo(z,s) > CpsP™t, forall (x,s) € R x[0,+00).

Here, we define

Xo = {ue (R (u(2) —u(y) K(r.n)} € @)}

which is endowed with norm
1/2

lullxo = MMK+/%@M@%x
R
where

o = [ (ule) = () PK (2. 9) do .
RQ
We would like to point out that space X has suitable properties which give to problem (1.9) a varia-
tional framework. More specifically, in light of results proved in [14], even with more general hypotheses
under the potential, X is uniformly convex Banach space and therefore is a reflexive space. Moreover,
C§°(R) is dense in Xj.
Throughout this paper, we say that u € Xy is a weak solution for (1.9) if the following equality holds:

mwﬁmmmz/mmwMa
R

for all v € Xy with

(u,v)g := /(u(x) —u(y))(v(z) —v(y))K(z,y)dedy + / Vo(z)uv dz.
R2 R
The main results of this subsection are presented in the following. The first result of the paper involves

a classical assumption under the nonlinearity (see assumption (fy4) above) which was first introduced
by Cao [22].

Theorem 1.1. Assume that (m1)-(ms), (K1)-(K3), (Vo1),(Vo.2) and (fo.1)—(fo,4) hold. Then (1.9) has a
nonnegative and nontrivial solution.

The second theorem of the paper also deals with the critical growth nonlinearity but involves a little
weaker assumption addressed by Adimurthi and Miyagaki [24,29] instead of Cao assumption (fo4). We
assume that
fO ($, t)t
exp(mt?)

In order to establish an existence result of a solution to problem (1.9), without the hypothesis (fo.4),
in addition to the hypothesis ( f074) we need the following hypothesis additional under kernel

(fo,a) limg—o = 400, uniformly in x.
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1
(K4) There are xg,7, Ao € R such that if z € (zg — 7,29 + r) then K(z) < )\—|:E|*2.
0

The second result says that

Theorem 1.2. Assume that (m1)—(ms), (K1)-(K1), (Vo.1),(Vo.2), (fo.1)~(fo.3) and (fo.4) hold. Then (1.9)
has a nonnegative and nontrivial solution.

It is important to stress that it is possible to obtain different solutions for (1.9) which depend on the
kind of hypothesis assumed to estimate the minimax level of functional associated to this problem. For
details, see Remark 5.4.

1.2. A nonperiodic problem

The second problem that we will study in this paper is the following,

{ [=m(|[ul*)Leu+V(z)u = f(z,u) in R,

ue X, and wu>0. (1.12)

Note that the terms V() and f(x, u) are not necessarily periodic anymore. Here we deal with the class
of asymptotically periodic functions that were introduced by Lins and Silva [30]. Precisely, we introduce
the set

F={geCR)NL®M): |{z €R: |g(z)| > e}| < oo, for all £ > 0},

where |A| denotes the Lebesgue measure of a set A. In order to deal with the difficulties imposed by
the lack of periodicity, we require assumptions that compare the periodic terms with the asymptotically
periodic terms. On the potential V(z), we assume that:

(v1) Vo =V € Fand Vy(z) > V(z) > —up, for all z € R;
(v2) The infimum

& = in)f( lu(z) — u(y)|* K (z,y) dedy + /V(x)u2 dx
ue
lulla=1 \ 2

is positive.

We assume that the nonlinearity f : R x R — R is a continuous function that have critical exponential
growth, f(x,s) =0 for all (z,s) € R x (—00,0] and satisfies the following conditions

(f1) f(z,8) > fo(z,s) for all (z,s) € R x [0,400), and for all € > 0, there exists v > 0 such that for
$>0and |z| > v,
[F(@,5) = fola, s)] < ce™;

[l t)

(f2) 0 <limy 201
(f3) there exists a constant 6 > 0 > 20 such that

< M(1) uniformly in z € R;

0<0F(x,s):= é/f(x,t) dt <sf(x,s), forall (z,s)€ R x(0,+00);
0

(f1) for each fixed z € R, the function f(x,s)/s?**~1 is increasing with respect to s € R;
(f5) at least one of the nonnegative continuous functions Vo (z) — V(z) and f(x,s) — fo(x, s) is positive
on a set of positive measure.
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In order to define the weak solution to problem (1.12), as in problem (1.9), we consider
X1 = {u e L2R); (u() - u(y))K(z,9)* € L*(R?)}

which is a Hilbert space endowed with the inner product

{u, v)1 = /(U(w) —u(y))(v(z) —v(y))K(z,y) dz dy+/V(w)uv dz
R2 R

and the correspondent induced norm [[ul%, = (u, u).

We would like to point out that space X; also has suitable properties which give to problem (1.12) a
variational framework.

Throughout this paper, we say that v € X; is a weak solution for (1.12) if the following equality
holds:

m(ull%, ), o) = / f (v da,
R

for all v € Xj.
Considering the functions Vp, fo and m, K as in Theorems 1.1 and 1.2, the main result of this subsection
is the following.

Theorem 1.3. Assume that (v1),(v2) and (f1)—(f5) hold. Then (1.12) has a nonnegative and nontrivial
solution.

Remark 1.4. As mentioned earlier, the results of this paper were motivated by the works [5,13,14,21].
Particularly, our Theorems 1.1-1.3 are generalization of Theorems 1.1 and 1.2 of [5], in the sense of the
operator, the Kirchhoff term and the nonlinearity. Consequently, we improve the results in [13]. Moreover,
Theorems 1.1-1.2 are versions of Theorem 1.1 in [14] for a integrofferential Kirchhoff equation and we
consider a nonlinearity with critical growth and two kinds of assumptions. We also improve some results
in [21], because we assume more general hypotheses in order overcome the loss of compactness.

The outline of this paper is as follows: Sect. 2 contains some preliminary results necessary to obtain
suitable properties for the solutions spaces. In Sects. 3-5, we approach results related to the periodic
problem. More specifically, in Sect. 3, we work with its variational formulation. In Sect. 4, we estimate
the minimax level of associated functional, and in Sect. 5 deal with the proof of the main results. Lastly,
in Sect. 6, we are concerned with the results related to the nonperiodic problem for the proof of the main
theorem.

2. Some preliminary results

We recall the definition of the fractional Sobolev space

. 2

HY2(R) = ueLQ(R):/dedy<oo :
r—y

R?

which is endowed with the natural norm
1/2

e = | [uf2)5 + / u? da
R
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Lemma 2.1. Assume the conditions (Vo1)—(Vo.2) or (v1)—(v2) and (K1)-(Ks). The space X; is embedded
in HY2(R) and there exists C(\, &) > 0 such that
llulli2 < VO &) lullx,, YVueX; with i=0,1.

Proof. By (K32), given u € X; we have

L[ Ju(z) —u(y)]? 1 2
o [ dsay < 5 [futo) - ut) PR dsay. 1)
R2 R2
Let u € X; with u # 0, then by (Vp.2) or (v2) we have
S RN 9
STz, Nl
So
9 _ 1 2
Jullz < —llullk,, forallue X;. (2.2)

From the estimates (2.1) and (2.2) we obtain
||uHrf/2 < CN&)|ul%k,, forall u € X,
1 1
where C'(\, &;) = g + 3 O
Corollary 2.2. Let q € [2,+00), then the embedding X; — LI(R) is continuous with i = 0,1. Moreover,
if ¢ € [1,2] the embedding X; — L} (R) is compact with i =0, 1.

As a consequence of Corollary 2.2, the norms || - ||x, and || - || x, are equivalent.

Since we have the above results hold, following the same ideas as in [14, Lemma 2.4], we can obtain
that C5°(R) is dense in X; for ¢ =0, 1.

Now we show a suitable version of Trudinger—Moser inequality for X; with ¢ =0, 1.

Lemma 2.3. Assume (K;)-(Ks3) and (Vo1)-(Vo,2) or (v1)—(v2), then there exists w such that if 0 < a < w,
then one has a constant C' = C(w) > 0, such that

sup /(eo““2 —1)de <C(w) for i=0,1. (2.3)
ueX;
Hu\lexiflR

Moreover, for any a > 0 and u € X;, for1=0,1, we have
/(60‘“2 —1)dz < 0.
R

Proof. First of all, fix u € X; with ||u||x, < 1. Now, consider C'(},&;), given in Lemma 2.1, and define
u

VCN &)

consequently, v is in X; and H'/2(R). So, using Lemma 2.1

||UH1/2

= < |y

[vlli/2 = x, <L (2.4)

Applying (2.4) in (1.8)

/(eav2 —1)dz < C(a)|jv||3, forall 0<a<m.
R



225 Page 10 of 24 E. Barboza, Y. Aradjo and G. Carvalho ZAMP

Set 0 < a<w; = and @ = aC()\,§;), and notice that 0 < & < 7. By Corollary 2.2 and (2.4)

_r
C()\7£Z)
Je = nde = [ = 1o < C@ol} < Cla N, < Ol
R R

So we obtain

sup (e* —1)dzx < C(w;).
ueX;
llullx, <1R

Choosing w = min{wp,w; }, we obtain (2.3).
Now let us take o > 0,u € X; and € > 0. There exists ¢ € C5°(R) such that ||ju — ¢||x, < &. Observe
that

palul? _ | < gralu—oP? 2aloP _ | < % (ctml=st —1) + <;e4°‘|¢2 _ 1) .
Then,

/(ea|u\2 1)z < %/(640“'“_(1)"%(1' _ 1)d1‘ + % (€4a|¢'|2 _ 1)dx (25)

R R

B

Choosing € > 0 such that 4ce® < w, we have 4au — ¢||%, < w. By (2.5) and (2.3), we conclude that

c 1
/ (e —)do < 4 5 / (19" — 1)dw < oo,
R Supp(¢)

O

Lemma 2.4. Ifa >0, q¢>2,v € X; and ||v||x, < D with aD? < w, then there exists C = C(a, D, q) > 0,
such that

/(awz C)foltdr < Ollol. for i=0,1.
R

Proof. Consider r > 1 sufficiently close to 1 such that arD? < w and r'q > 2, where ' = r/(r — 1). Using
Holder’s inequality, we have

1/r

/(GW — 1)|v]%dz < /(ewf e | ], (2.6)

R R
Notice that given 8 > r there exists C' = C() > 0 such that for all s € R,

(™" —1)" < C (™" —1). (2.7)
Hence, from (2.6) and (2.7) we get
1/r
2
/(ew — o[tz < C / aBv? _ o2,

R
1/r

2 2
afD U
/[6 ’ ) _1‘| dSL' ||,U||'r’q’
R

\ /\
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By choosing 3 > r close to r, in such way that a3D? < w, it follows from (2.3) and the continuous
embedding X; < L™ 9(R) that

e = vjplrae < el
R
which proves the lemma. O

3. A functional setting for the periodic problem

In order to use a variational framework considering the space X, we assume suitable conditions such
that weak solutions of (1.9) become critical points of the Euler functional Iy : Xo — R defined by

Iofu) = M (Julfy,) - [ Foler.u)do (3.1)
R

where Fy(z,t) = fot fo(z, 7) dr. Notice that by the condition (fy1) and the fact that fy(z,s) has critical
exponential growth, for each a > 7, ¢ > 2 and € > 0 there exists C; > 0 such that

folz,t) < (M(1) —e)t? 1 4 Cs(eo‘t2 — Dt~ for all (z,t) € R? (3.2)
which implies that

Fy(z,t) < WW“ +C(e® —1)[t]?, for all (z,t) € R2. (3.3)

By using the above estimate jointly with the continuous embedding Xy — L%(R), we can conclude that I
is well defined. Moreover, using standard arguments we can check that Iy € C!(Xy,R) with the derivative
given by

I (u)v = m(||u||§(0)(u,v>o — /fo(:mu)v dz, Yv e X,.
R

Thus, critical points of I are weak solutions of problem (1.9) and conversely.

3.1. The geometric condition

Next using the hypotheses (fo1) and (fo2), we prove some facts about the geometric structure of I
required by the minimax procedure.

Lemma 3.1. There exist p > 0 and ¢ > 0 such that Io(u) > p, provided that ||ul|x, = o-

Proof. We can use (3.3) to get

/Fo(a:,u) da < W / |u[** dz + C. /(e"‘“2 — 1)|u|? dz.
i i R

By continuous embedding Xy — L%(R) for all ¢ € [2, +00) and Holder inequality, for ||u|x, < po < 1 we
obtain
1/2
Julf, + Celluly, | feerb e~ L @
R

/Fo(rr,u) dz < (M(1) —¢)
R
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From (1.10) and (3.4), we have
1/2

M(l) o (M(l) — 6) o apiu?/||u||?
Bofu) = 52 ulf, — =l - Colull, | [ - 1) da
R

If pp < min{1, /w/2a}, we obtain
€ o
Io(u) > §||U\|§c0 = Coljul%, -
Choosing ¢ > 20 and € > 0 small enough, we may choose 0 < ¢ < pg such that
€
592" —C0? =p > 0. (3.5)
Lemma 3.2. There exists e € Xo with |le||x, > o such that Iy(e) < 0.
Proof. Let uw € C§°(R)\{0} with support Q. By (fo,2) there exist C, Cs > 0 such that
Fo(x,u) > C’1|u\9 —(Cy forall ze€q.
Consequently, by (1.11), for ¢ > 0 such that [[tu]|%, > 1, we have the following estimate

M (1
2( )Hu||§§'0 —Clt9/|u|9 dw—l—Cg/ dx.
Q

Q

I() (tu) S

Since 6 > 20, we obtain Iy(tu) — —oo as t — oo. Setting e = tu with ¢ large enough, the proof is finished.
O

3.2. Palais—Smale sequence

By using the mountain-pass theorem without the (P.S) condition (see [31]), there exists a sequence (uy)
in Xq satisfying

Io(ug) — co and  Ij(ug) — 0, (3.6)
where

— inf I
co = inf max o(g(?))

and I' = {g € C([0,1], Xo) : g(0) =0 and ¢(1) = e}.
Lemma 3.3. Suppose that (fo1) and (fo2) hold. Then, the sequence (uy) is bounded in Xo.

Proof. Using well-known arguments, it is not difficult to check that (ug) is a bounded sequence in Xj.
Indeed, by (m1) and (fo,2) we have

1 o

fo(ws) — gotun)un = (5 - 5 ) Ml

Now we have to consider two cases. Either infren ||ukl|x, = d > 0 or infrey ||uk||x, = 0. If infrey ||uklx, =
d > 0, we may assume that d does not depend on Palais—-Smale sequence considered, from (m1) and (ms),
with 7 = d?, there exists 9 > 0 such that

M(|lukllx,) = mollurll%, forall keN.

So we have

1

1 o
To(ug) — glé(uk)uk >0 (2 - 9> ||uk\|§<o forall ke&N. (3.7)
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By (3.6) and (3.7), there exists ko € N such that for all k& > ko, it holds

1 o
(5-F) mhul, <€+ Julx.

Since 6 > 20, this implies that ||uk|x, < Ci. If infren |ukllx, = 0, when 0 is an accumulation point
for real sequence (Jluk|x,), we may conclude that ug = 0, so 0 = Ip(ug) = ¢ > 0, which is impossible.
Consequently, 0 is an isolated point of sequence (||ux||x,), then there exists a subsequence, denoted also
by (||uk|lx,), such that infrey ||ugllx, = d > 0 and we may proceed as before. Thus, in both cases, we
have that this sequence is bounded. O

4. Minimax level for the periodic problem

As already mentioned, we highlight that the main difficulty in our work is the lack of compactness typical
for elliptic problems in unbounded domains with nonlinearities with critical growth. To recover this, we
will make use of assumptions (fo4) or (fo4) together with (K;) to control the minimax level in a suitable
range where we are able to recover some compactness. For this purpose, in the first case, we need a
version of Lions’s lemma. In the second case, let us consider the Moser’s functions sequence supported in
a ball with an appropriated radius, which depends on (K ). Besides this, we lead with a general Kirchhoff
function M (t), which become this difficulty harder. To overcome this obstacle, we need to make some
estimates depending on this term.

For this, observe that, by definition, M (0) = 0, and since m is a continuous function, it follows that
M is continuous. Thus, by theses facts, together with Lemma 3.1, there exists 0 < ¢’ < min{1, p} such
that

I(t) < forall 0<t<yp. (4.1)

o=

By (m1)7
M(p')
()

Now, observe that as a consequence of Lemmas 3.1 and 3.2, the minimax level

M(t) < Cpt® forall t>p/, where C,= (42)

co = inf max Iy(g(t
0= Inf max o(g(t))
is positive.
Moreover, we may compare the minimax levels relying on (fo 4) or (fo.4) and (/1) and show that they
are real numbers different. So we may obtain distinct solutions for Problem (1.9).

4.1. Minimax estimative of Theorem 1.1

In order to provide an estimate to the minimax level of the functional associated to (1.9), in [14], the
authors proved a version of a Lions’s result (see Lions [32]) for critical growth in R, more specifically in
[14, Lemma 3.1], for a bounded sequence in a suitable space they guarantee that if

lim sup / lun(2)|? dz = 0, (4.3)
n—oo y€ER
Br(y)
for some R > 0, then u,, — 0 strongly in L?(R) for 2 < ¢ < co. This result is also available for bounded
sequence in Xj.
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Now we consider the embedding constant, given by
1/2

Sp = 1€n£ lu(z) — u(y)|> K (z,y) dzdy + / Vo(z)u?(x) dz ,
lulp=1 \ g
which is achieved by a nonnegative function u, in Xy. For more details see [14, Lemma 3.2]. From this,
we may estimate the level.
Proposition 4.1. Suppose that (fo.4) holds. Then
1o(0 — 20)w
207 '

Proof. Let u, € Xy such that [[u,||%, =S, and [Juy|[, = 1. Then

p<co <

1 2 2
co < I?Zagilo(tup) = max §M(t upllx,) — /Fo(os,tup)dx

R
When
/
t< Ve = pp, (4.4)
Sp
we have ||tu,||%, < p. So, using the estimate (4.1), we get
To(tuy) < g

By (4.2) and (fo,4), we obtain

1
co < max §M(t2||up\|§(o) - /Fo(x,tup)dm
ZPp
R

1 C
< max<{ =C, 27820 _ 2y L
t>pp 2 P p

1
C, 827 —3o5
Observe that to = (7‘7 — )p

cC,SP 1 0—2
7P what occurs as p<Cg (pwno( g

, where the maximum is achieved, satisfies the estimate (4.4) if C}, <

) ) . Consequently,

(0 p=2o (p—20)0m
20 p
20 | p—20 20 | P—20
oo < 10 g20 aC,S, B % oC, S,
277 Cy p Cp
_p_ 2p0 4,
TSy o (p — 20)
- _20 .
2pCE %
Then, taking
p—20
C, > Clrgry | 0200 |
P Lono(8 = 20)w ’
we have
1o(0 — 20)w
< — .
0 207
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4.2. Minimax estimative of Theorem 1.2

In this section, in order to estimate the minimax level replacing (fy.4) by (fo,4), we need the additional
hypothesis (K7) under the kernel.

In order to control the minimax level when we assume a hypothesis kind of ( f0’4)7 it is usual to consider
the following sequence of nonnegative functions given by

(lnn)'/2, 0 <yl < &

valy) = § By, L<pyl<,

well-known as Moser’s sequence.
By changing of variable, we obtain the following sequence of functions supported in (z¢ — 79, 2o + 70)
given by

(Inn)'/2,  0< |z — 20| < 2,

In

70
Un(l’) = (111‘:1;;/02‘ ) %) S ‘SU - mOl S To,

0, |z — x| > 7o,

Ao Aono(0 — 20)w
2r’ 20C 2
HY?((xg — 19,70 +70)) (see [33]). The following lemma deals with the asymptotic estimate on Moser’s
sequence.

with 7o = min {r, } Notice that the restriction of w, to (xg — 79, 2o + ro) belongs to

Lemma 4.2. Suppose that (K1) holds, then there exist convergente sequences C,, and 6, such that
Hun||§<0 < 2wC), + 6.

Proof. Note that [|[(—A)Y%u,||3 = ro|/(—A)Y*v,||3, so by Takahashi [18], we have

1
_A)/4 2 < -
(=A% uy|l5 < 7ro <1 + Cln(n)> )

From (K7),
1 1 " 1 ~
— < —|(—A)/4 0 - ).=C. ,
e < N8l < 50 (14 o) = G (15

Thus, for n large enough, we have

unl|%, < 27C, + 2V

\;‘\»—'

In(n) dx + ﬁ /(ln|x|)2 dz

1 1
1
+2Vrg / In|z|)?

where V := max,cr Vo(z), which implies that ||un||§(0§27rCn + dp, with

5 = 4Vrg (” nlln(:;(”)) .
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Notice that

6p —0 and C, —» — as n— 4oo. (4.6)

O

Up

Now we considered w,, = —2—— 5o by Lemma 4.2 ||w,||x, < 1, which will help us to estimate the
VoGt ’ ’

minimax level.

Proposition 4.3. Suppose that (K1) and (f074) are satisfied, then

o
~ Co,

<o <
H = Co o

where Cy is given in (4.2).

Proof. By applying Lemma 3.1, we have that ¢y > p. In order to get an upper estimate, it is enough to
prove that there exists a function w € Xy, ||w||x, < 1, such that

o
Iy(tw) < —C5.
e ol < 55

Let us argue by contradiction and suppose that for all n € N there exists ¢,, > 0 such that

Io(tawn) = max Io(twy) > =2C,. (4.7)
t€[0,+00) Ao

Note still, that ¢, > o for all n € N, with p’ is given in (4.1), because, otherwise, there exists ng € N

such that t,, < o' <1, then

tnowno [, =t llwno 1%, <ty <tne < €.

Consequently, by (4.1), Io(tnown,) < % On another hand, as ¢y > p, we have Iy(t,,wn,) > 1, which is a
contradiction. Since ¢, > ¢’ for all n € N, from (4.7), we have

max Ip(tw,) = max Ip(twy,).
oty foltwn) = max | To(twn)

So, by (4.2), for n sufficiently large we obtain

Co' p Tro
7||tnwn||§(o — /Fo(x,tnwn) dz > /\—OC(,.
R
Ao .
As rg < —, we obtain
27
1/o
21ry 217y
t2 > > 4.8
2 () (49
Since t,, satisfies
d
—Iy(twy, =0,
g ot )t:tn
by using (my), it follows that
UCUtZUZ/tnwnfo(x,tnwn). (4.9)

R
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For n € N large enough, we can use (4.9) in order to obtain

fI?o+

tn\/ Inn

t2cr /
UC \/2770 +5 \/2775n+5n
2 fol 1, —fndlnn
2rg s V2rCp+dn
> o OxXP = —1)In(n) o ,
oUgs 27T'Cn + (Sn exp (727ré‘zn+5n)

where z; is a minimum point of fo in [z — 72,z + “2]. This implies that t2 is bounded. Moreover, from
(4.6) and (4.8), we get

dx

(4.10)

27T7’0

t : 4.11
-5 (411)
Thus, (4.10) together with assumption (fo4) contradict Eq. (4.8). O
A 0—2
Remark 4.4. It is important to point out that as ro < W, we have
T™=Cs
Tro 0o 10(0 — 20)w
)\0 207
So in both cases, in Propositions 4.1 and 4.3, we have
10(0 — 20)w
_ 4.12
€ < 207 ( )

5. Existence of a solution for the periodic problem

In the Sect. 3.2, we guarantee that a Palais Smale sequence is bounded in Xg. Since X is a Hilbert space,
up to a subsequence, we can assume that there exists ug € Xy such that

up, — ug weakly in X,
ur — up in L (R) for all ¢ > 1,
ug(x) — up(x) almost everywhere in R.

In order to ensure that the weak limit of the Palais Smale sequence is a solution of (1.9), we need the
following auxiliary results, which hold under all hypotheses already cited.

Lemma 5.1.
/fo(a:,uk)v dz — /fo(x,uo)v dz, forall ve C§°(R). (5.1)
R R
Proof. Note that combining (3.6) and (3.7), we reach
—2
co > (6 =20)m, lim sup [|ug /%, -

20
Thus, by Proposition 4.1 (or Proposition 4.3 ) and (4.12) we obtain

lim sup [luglf%, <
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This implies 7r||uk||§(0 < w for k enough large. Hence, we can choose p > 1 sufficiently close to 1 and
6 > 0 small enough such that p(r + §)||uxl|%, < w for k sufficiently large. Consequently, by (2.3) there

exists C' > 0 such that

2
/ (e’"a”‘”“"’““io(m) “1dz<C.

R
Combining (3.2) and Hélder’s inequality for p' = p/(p — 1) > 2, we get

/fo(x,uk)uk de < (M(1) —¢) /ui” dz + C; /(e(”‘”‘s)“i — 1D)jug|?dx
R R R
< (M(1) -&)C
2 1/p
-l /(ep(ao+5>|uk|§(0(%’kxo) D
€ r'q

R
Hence, by (5.2), we have

[ ez < c
R

Consequently, thanks to Lemma 2.1 in [24], we reach
fo(x,uk) - fO(z>u0) in Llloc(R)a
which implies (5.1).

Lemma 5.2. Assume (fo3), then for all z € R

folz, )t — 20 Fy(t,x) is increasing for t >0 and decreasing for t < 0.

Proof. Let 0 < t1 < g be fixed. By (fo,3), it follows

fola,t1)ty — 20 Fp(x,t1) < ‘figfitf)tza 20 Fy(x,t2) + 20’/f0(1‘,l€)d,‘£.

2
Again from (fy,3), we obtain
t

2
t t
20/f0 x,k)dk < 20 f?fgf 12) /Iigg Ldk 7]((;;? 12) (t37 — t29).
2

ty
Combining (5.4) and (5.5), we get
f()(.%,tl)tl — QUFo(IIZ,tl) < f()(x,tg)tg — QO'FQ(QC,tQ).
Analogously, we obtain the result for ¢ < 0.

(5.2)

(5.5)

O

Proposition 5.3. Let (uy,) Palais Smale sequence for Iy. Then there exists ug € Xq such that m(||ug||?) —

m(|Juol|?). In particular, I}(ug) = 0, this is, ug is a weak solution of (Fy).

Proof. By Lemma 3.3, we have that (uy) is a bounded sequence in Xj. Since X is a reflexive Hilbert

space, up to a subsequence, we can assume that there exists ug € X such that
up — ug weakly in X,
ur — up in L} (R) for all ¢ > 1,
ug(z) — up(x) almost everywhere in R.
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On other hand, (||ug||x,)x is a bounded sequence in R. Thus, up a subsequence, we have that there

exists L € R such that |luy||x, — L. Moreover, as the norm is weakly lower semicontinuous, we have

||u0||§(0 < liminf ||uk\|§{o

Since m is nondecreasing, we get

m(|luoll%,) < m(liminf [lug%,),

consequently,
m([luollk,) < m(L?).

Since I))(uy) — 0 we obtain that

(el (oo} = [ folevunode —0 o € CF(R)
R

Consequently, by Lemma 5.1,
m(L?){ug,v) — /fo(x,uo)v =0 Wve CP[R).
R

By density arguments, in particular, for v = uy we have

mﬁwwa—/mmwm:o
R

Note that
Ig(uo)uo = (m(|luollk,) — m(L?))|uoll%,- (5.6)
We claim that m(||uo||%,) = m(L?). In order to show this, we suppose, by contradiction, that m(|[uo|/%,) <

m(L?). Thus, it follows from (5.6) that I}(ug)ug < 0. However, by using (fo1) and critical exponential
growth, proceeding as in the demonstration of the Lemma 3.1, we have that

Ié(toUo)toUo >0
for ¢ sufficiently small. Therefore, Ifj(ug)uo < 0 e Ifj(tug)tug > 0. Then there exists to € (0, 1) such that

Ié(toUo)toUo =0 and IIl[EOl}l(] IO(tUO) = Io(toll,o).
telo,

By Lemma 5.2, (m3) and Fatou’s lemma, we conclude

1
co < Io(toug) — %I()(touo)touo

1
SM@Euol,) = [ Fa.touwo)da
R

1

~go @l llusl, + [ ol touo)tauads
R

55 oM (t5lluollx,) — m(tGlluoll5, )tsllwolx, ]

1
+% / [f (z, touo)touo — 20 F (x, toup)] dz
R
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! 1
< % [UM(HU()H%(U) - m(””o”%(o)HuO”%(O] + % / [f(x,up)ug — 20 F(x,up)] dz
R
ST
Ny [o M (liminf [|ug[|5,) — m(liminf [Jug]|%,) liminf [Juol|%, ]
1
+5- | (@ uo)uo = 20F (x, up)] da

R

= lim inf {Io(uk) ~3
o

1
I(’)(uk)uo] = ¢p.

But this is a contradiction. Therefore m(|luol|%,) = m(L?). So we conclude that ug is a weak solution of
(1.9).
0

Remark 5.4. By (3.5), we can take 0 < g < p’ such that Ip(u) > i when |lul|x, = p for some g <

min {T@U,u}, where p’ and p are given in (4.1). Moreover, as M(0) = 0 and I is continuous, we
0

have

Ip(t) <

N =

forall 0<t<p.

I}y (ﬂ11%

M(t) < Cyt® forall t>p, where C,=

So we may define

¢o = inf 1 t
¢o = Inf, max o(g(t)),

where I' = {g € C([0,1], Xo) : g(0) = 0 and ¢g(1) = e} and we conclude, as in Proposition 4.3, that
ﬂ fg 60 < zzfg(?aa
Ao

. - [\ CoN
Since here i < i < ¢p, we can take K20 <rg < ﬂ, and, consequently, we get
wCy wCy

co < Cp.

Thus, we observe that solutions which will obtained in Theorems 1.1 and 1.2 can be different.

5.1. Proof of Theorems 1.1 and 1.2

Using Proposition 5.3 we have that ug is a weak solution of (1.9), thus if ug is nontrivial the theorem is
proved. If ug = 0, we have the following claim: There exist (yx) C R and R,a > 0 such that

lim inf sup / lug|? dz > a. (5.7)
yrER
Br(yr)

Indeed, assume that (5.7) does not hold, then for all sequence (y;) C R and R > 0, we have
liminf sup / lug|? dz = 0. (5.8)

yr €ER
Br(yk)
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Using (5.8) and the version of Lions’ lemma for Xy, we obtain that ux — 0 in L*(R) for 2 < ¢ < co. Thus,
by applying (5.2) and (5.3) we reach

/fo(a:,u;g)uk dz — 0.
R

Combining this estimate together with (3.6), we get that [|ug||x, — 0. Furthermore, in view of assumption
(f 072) we conclude that

/Fo(x, ug) dax — 0. (5.9)
R

Combining the convergence ||ug| x, — 0, (5.9) and (3.6), we get that ¢g = 0, but this is impossible. Thus,
(5.7) holds.

We may assume, without loss of generality, that (y;) C Z. Letting wg(z) = ug(z — yi), since Vp(-),
fo(+,s) and Fy(-, s) are 1-periodic functions, by a careful calculation we obtain

llukllx, = llwkllx,, m(llukllx,) = m(llwkllx,),

In(ug) = Ip(wg) — co and  If(wy) — 0.

Consequently, by similar arguments made in the previous sections, we obtain that (wy) is bounded in
X and there exists wg € X such that wi — wy weakly in Xy and wy is a weak solution of the problem
(1.9). Moreover, by (5.7), taking a subsequence and R sufficiently large, we get

a'’? < lwillL2Br() < llwe — wollL2(Br(0)) + lwollL2(Br(0)- (5.10)

Thus, by using Corollary 2.2 we conclude that wg is nontrivial.

To finalize, notice that if u is a weak solution of (1.9), since fy(x,s) =0 for all s <0 and Ijj(u)v =0
for all v € Xy, choosing the test function v = —u~, by using the following inequality |u~(x) —u~(y)|* <
(u(z) —u(y))(u™ (y) — v (x)) and the fact that m is nondecreasing we get that ||u™||x, < 0. Thus, u is
a nonnegative function. This completes the proof of Theorems 1.1 and 1.2.

6. Existence of a solution for the nonperiodic problem

In the section, we are concerned to find a nonnegative and nontrivial solution for (1.12). For this, we
consider the functional I : X; — R given by

) = 5M(Julfy,) - [ Flaw)de,
R

From (f1) - (f2), Lemmas 2.3 and 2.4, similarly to Sect. 3, we can see that I is well defined and by using
standard arguments I € C*(X;,R) with

Fww:wmm@nwmn—/f@uww.
R

for all v € X;. Thus, a critical point of I is a weak solution of (1.12) and reciprocally. Moreover, I has
the geometry of the mountain-pass theorem, by analogous steps to Propositions 3.1 and 3.2, we obtain
Proposition 6.1. If (f2)-(f3) and (v1) hold, then

(i) there exist o1, p1 > 0 such that I (u) > oy if ||ul|lx, = p1;
(ii) there exists e; € E, with ||e1||x, > p1, such that I(e1) < 0.
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As a consequence of Proposition 6.1, the minimax level

¢ := Inf e I(y(1))

is positive, where I' = { € C([0,1], X1) : 7(0) = 0 and (1) = e; }.
Moreover, by applying the mountain-pass theorem without the (PS) condition (see [31]), there exists
a sequence (vi) C X1 such that

I(vg) = c1 and I'(vy) — 0.

Thus, similarly to Lemma 3.3, we obtain that (vg) is a bounded sequence in X;. Moreover, by using the
arguments made in Proposition 5.3, we get the following result:

Proposition 6.2. If (fou) (or (foa) and (K1)), (f1)-(f3) and (v1) hold, then vy — vy weakly in X, and
vo 18 a critical point of functional I.

Now, in order to prove that there exists a nontrivial critical point of I we need some auxiliary results,
among then a lemma of convergence. More specifically, assuming for the sake of contradiction that vy is
trivial, following the same steps of Lemma 4.3 in [13], we obtain the following result.

Lemma 6.3. If (v1), -(fo,2) and (f1)-(f35) hold, then
(1) ]_R[[f()(xvvk) - f(xa vk)]@k dr — 07.

(i) H{[Fo(x,vk) — F(z,v)] dz — 0

(iii) [[Vo(z) — V(x)]v} dz — 0.

R

6.1. Proof of Theorem 1.3

Assuming for the sake of contradiction that vg is trivial, since m is a continuous function, as a consequence
of Lemma 6.3, it follows that

[Io(vg) — I(vg)] — 0 and [[1)(vg) — I'(vk)||« — O. (6.1)
Hence,
Ip(vg) — 1 and  Ij(vg) — O.

In addition, we obtained a version of Lions’s result for a sequence in X; as in (4.3). From this, we conclude
that there exist (yx) C Z and R,a > 0 such that

Now consider wy(x) = v(x — yi), since Vy(z), fo(z,s) and Fy(z, s) are 1—periodic functions in x, we get

okl xo = lwrllxo, mllorllxo) = m([lwklx,),

In(vg) = Ip(wg) — ¢1 and  Ij(wg) — 0.

Then, there exists wy € Xy such that wy — wy weakly in X and I} (wp) = 0. Moreover, using (6.1) and
Fatou’s lemma, we have

In(wo) = Io(wo) — %I()(wo)wo
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= %/[fo(m,wo)wo — 2Fy(x, wp)] dz
R
< liminf % /[fo(m,wk)wk — 2Fy(x,wy)] da

R
) 1
= lim[Iy(wg) — ifé(wk)wk] =

Arguing as in (5.10) we conclude that wy is nontrivial. Now, by ( fo.3), we have that max{I(two) : t > 0}
is unique and then

Co < I{lfg([o(two) = Io(wO) <c. (62)

On the other hand, considering wuo the solution obtained in Theorem 1.1 (or Theoreml.2), as m is
nondecreasing, so from (v1), (f1), (f5), (f1) and (fo,3), we have

c < r{l;)g([(tuo) = I(tiug) < In(tiug) < Tg:lé(IO(tuo) = Io(uo) = co,

that is, ¢; < ¢g, which is a contradiction with (6.2). Therefore, vy is nontrivial.
To finalize, notice that similarly to proof of Theorems 1.1 and 1.2 if we have a weak solution of (1.12),
then it is a nonnegative function. This completes the proof of Theorem 1.3.
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