Z. Angew. Math. Phys. (2023) 74:216
(© 2023 The Author(s), under exclusive licence to Springer Nature

Switzerland AG
0044-2275/23/060001-10

published online October 6, 2023 Zeitschrift _fﬁI' angewar}dte

https://doi.org/10.1007 /500033-023-02103-9 Mathematik und Physik ZAMP
Check for
updates

On Liouville-type theorems for the stationary nematic liquid crystal equations

Jie Zhang®, Shu Wang and Fan Wu

Abstract. This paper is concerned with 3D steady compressible nematic liquid crystal flows. We establish a Liouville-type
theorem when the smooth solution (p, u,d) satisfies some suitable conditions.
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1. Introduction

In this paper, we consider the following simplified version of Ericksen—Leslie system modeling the
hydrodynamic flow of stationary compressible nematic liquid crystals in R3( [8,12])
div(pu) =0,
div(pu ® u) — pAu — (A + p)Vdivu + VP(p) = —Ad - Vd, (1.1)
u-Vd = Ad+ |Vd|?*d,
where p, v and d denote the density, the velocity field and the macroscopic average of the nematic liquid
crystal orientation field, respectively. The shear viscosity coefficient p and the bulk viscosity coefficient A
satisfy the physical conditions: > 0, 243X > 0. The P(p) is the pressure, which satisfies the so-called
~v-law:
P(p)=ap” with a>0, ~v>1, (1.2)
where a is a physical constant and ~ is the adiabatic exponent.
When Vd = 0, the system (1.1) simplifies to the stationary Navier-Stokes equations, and significant
progress has been made in studying the Liouville-type problems associated with these equations.
For the stationary incompressible Navier—Stokes equations:

. - A P=
u' Vu u+V 0, (1.3)
divu = 0.
A well-known result on the Liouville theorem is presented in G.Galdi’s book [9]. Galdi established that
9
if u € L2(R3), then it holds that u = 0. Later, Chae showed an interesting result in [3], stating that

6
the condition Au € L5(R3) is sufficient for v = 0 in R3. Furthermore, G.Seregin [18] provided an
improved condition v € LS(R3) N BMO~!. Recently, Chae-Wolf [4] building upon a refined Caccioppoli-
type inequality, achieved a logarithmic enhancement of the Liouville result, under the assumption that:

N(u) = /\u|§{zn(2 + 1)} e < oo,
R3
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There exist numerous significant results concerning Liouville-type results in the study of incompressible
fluids, we can refer to [5,11,18,21] and the references therein.
For stationary compressible Navier—Stokes equations:

div(pu) = 0,
div(pu ® u) — pAu — (A + p)Vdivu + VP (p) = 0, (1.4)
P(p)=ap?, a>0,yv> 1

Chae [2] was the first to establish Liouville-type results for stationary solutions in the context of the

compressible Navier-Stokes equations in R%,d > 2. He demonstrated that if the smooth solution (p,u)
satisfies:

1l oo may + VUl L2 ey + [[ull < oo, when d<6,
L

_d_
d—1 (Rd)
ol zoe @ay + [Vullpzay + llull_a +llull 34 <oo, when d<7,

Ld—1 (r4) Lﬂ(Rd)
then the system (1.4) only have a trivial solution that u = 0, p = constant. Later, Li and Yu in their
work [14] got the same conclusion under the condition

+ |lu|l 34 <oo, d>2.

ol Loo (ray + llull _a 3d_
rLd—1 (R4) rLd—1 (R4)

9 9
Owing to L2 (R3) < L2°°°(R3), Zhong in [22] used the Lorentz space properties to improve the result of
Li and Yu [14], here he assumed that

[ollLee 2y + IVullL2e) +lull o = < oo
L2 (R3)

9
However, to further weaken the condition u € L2 (R?), Li and Niu [15] proved a Liouville-type theorem
by deriving an a priori estimate that

u / \Vu|2dx+w / |divu|?dz

|z|<R |z|<R

13 6 9
-2 1-2 2—=
<C(R2 p HU”LP’Q(RS\:EIQR) +R P Hu||%1’v<1(R§\:c|§2R) +RP ||u||inQ(R§\z|§2R))'
under the hypotheses
ol Loe ra) + [Vull L2 sy + [Jull Lo.a(ra) < o0,

where 3 < p < %, 3<g<ooorp=gq=3. In the case of p > %, additional conditions are required:
. 2.3 . 27g 3 2
I%niloréfR3 P|lul|Lp.a(r<|z|<2r) < OO, lhniloréfR Pllullear<)o)<ar) < 6/|Vu\ dz,
R3
where ¢ is a sufficiently small positive constant. These conditions are derived from the ideas presented in
the works [11] and [19].

Now, we study the Liouville-type theorems for compressible nematic liquid crystal equations in R3,
which have limited existing results and can be regarded as the Navier—Stokes system with the external
force —Ad-Vd. When u = 0, (1.1)3 represents the heat flow of the harmonic map, we present the following
results:

9
Theorem 1.1. Let (p,u,d) be a smooth solution to (1.1)—(1.2) with p € L>=(R3) and (u,Vd) € L2"9(R3)
(0 < g < 0). Then, u=0, p = constant, and d satisfies the harmonic map equation of

Ad + |Vd[*d = 0. (1.5)
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Theorem 1.2. Let d: R® — S? be a solution of (1.5), and Vd € LP(2 < p < 3), then d is a constant map.
9
Remark 1.3. [11] Based on Lebesgue’s dominated convergence theorem, we know when h € L2’

limp_ oo ||B]| = 0(0 < ¢ < 00), but we do not know whether
L2 (R<|a|<2R)

, then
9
2 ,4

1710 =0.

lim 9
R=oo ™ 127 (R<|2|<2R)

Such as h € C*°(R?) and behaves like
|h(@)| = O(la| /%), as|e| — cc.
Combining the definition of weak norm, we get that h(z) € L%’oo, but
[R(2)]l 9 . = supal{|h(z)| > a,x € [R,2R]}[*°
L2 7 (R<|z|<2R) >0
> O(1)[h(2R)| - ((2R)*)*/?
=0(1).

Remark 1.4. When studying the harmonic mapping from an open subset of R? into a sphere S?, various
results have been obtained under certain geometric conditions. For instance, Choi [6] demonstrated that
if the image of the harmonic map d lies in a hemisphere, then d is a constant map. Additionally, Jin [17]
proved that when Vd decays rapidly with respect to spatial variations, the Liouville theorem for d can be
derived. Taking inspiration from their work, we speculate that if d decays rapidly at infinity, a Liouville
theorem for d may also be established. Therefore, by combining the techniques proposed in [7,16,20] for
minimizing the energy functional of harmonic mappings, we can obtain the Liouville theorem for d under
the condition Vd € LP(2 < p < 3).

Remark 1.5. When d is a constant vector, Theorem 1.1 can be viewed as an extension of the works
presented in [15] and [22].

The rest of this paper is organized as follows: In Sect. 2, we prepare some elementary facts, which are
important for the proof. Finally, we will give the proofs of Theorem 1.1 and Theorem 1.2.

2. Preliminaries

We will recall some definitions and lemmas that will be used later.

Definition 2.1. Given 1 < p < oo, 1 < ¢ < oo, the Lorentz space LPY(R3) consists of all measurable
functions f for which the quantity

o0 q 1

(Tt € R |f(@)] > thp ), g < +oo,
[fllzearay == ¢ 0 B
supisot|{z € R® : |f(z)] > t}|», q = +0o0,

is finite.

Lemma 2.1. [10,13] Let 1 < p < 00 and 1 < s < oo with ; + % =1 and & + 1 = 1. Then, pointwise
multiplication is a bounded bilinear operator:
(i) from LP*(R3) x L>(R?) to LP*(R3);
(ii) from LP5(R3) x L' (R3) to L'(R3);
(iii) from LP11(R3) x LP252(R3) to LP*(R3) for 1 < p1,pa2 < 0o with % = p% + p% and 1 < 81,89 < 00
with s = min{sy, s2}.
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Lemma 2.2. [11] Let 1 < r < 00, 1 < s < 0o and f € L™*(R3). For a parameter R > 0, we put
3
fr(z) = f(%). Then, it holds that || fr||L~s = R7||f]

Lrs .
Lemma 2.3. [14] Let P € L*®(R?), p; € L™ (R?), po € L™(R3) with 1 < 11,79 < oo. Assuming that

P — py — po is weakly harmonic, that is A(P —p1 —pa) = 0 in the sense of distribution, there is a constant
c such that P —p; — ps = ¢, for a.e. x € R3.

If more P(x) > 0 a.e., then we get ¢ > 0 too.
Lemma 2.4. [1] Let Q be a bounded domain in R", 1 <p < oo, 1 < q<oco and f € LP9(Q)). Then,

[V2(=A) " fllzea) < Cllflzea),

where the constant C' > 0 s independent of €.

3. The proof of Theorem 1.1

Let ¢ € C°(R?) be a radial cutoff function such that

:13 ‘IE|<1,

s { 2o il S5

For each R > 0, let

(3.1)

(3.2)

Firstly, taking the inner product of (1.1)2 with u¢%,/ and integrating by parts over R?, we get
u/|Vu|2¢%d:c + (A + u)/|divu|2¢§{dx
R3 R3

ZM/|U\2(¢RA¢R + |VoR|)dr —2(A + M)/di"u(u Vor - dr)dx (3.3)
R3

R3

- /VP ugphdr — /p(u - Vu)phdr — /Ad -Vd - uphd.
R3 R3

R3

Similarly, taking the inner product of (1.1)5 with (Ad + |Vd|?d)¢%, we have

/|Ad + |Vd)?d|* p%dx = /(u - Vd)(Ad + |Vd[*d)¢p%d. (3.4)

R3 R3
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Combining (3.3) and (3.4) yields
u/|Vu|2¢%{dx + (A + u)/|divu|2¢§%dx + /\Ad + |Vd|*d|* p%da
R3 R3 R3
= u/|u|2(¢RA¢R + |VoR|)dz — 2(\ + u)/divu(u -Voér - ¢r)dx

R3 R3

- /VP udhdr — /p(u - Vu)ughdr — /Ad -Vd - uphdr (3.5)
R3 R3 R3

+ /(u - Vd)(Ad + |Vd|*d)¢%dx
R3

23 i)
i=1
Secondly, we will estimate J; one by one. It follows from Lemma 2.1, Lemma 2.2 and (3.2) that

Ji <C(w) ul?(|orAGR| + |V da

R<|z|<2R
< CR||ul?|| 9 4 e o
L4’2(R<|z|<2R)  L5'4—2(R<|z|<2R) (3.6)
o439
< CR™ 3 |ull* o
L2""(R<|z|<2R)
1
< CR73|ul? —0 as R— .
2"

(R<|z|<2R)
The estimate of J, is similar to that of J; and we get

Jy=—2(A+ ,u)/divu(u -Voér - ¢r)dr

R3

<CO\+p)R™! |p rdivul|u|dz

R<|z|<2R
<CA+ R M| o, ¢rdivull 2. (r<izi<er) 11| 18 4
L2’ (R<|z|<2R)

(3.7)
L5 '4=2 (R<|2|<2R)
< QOB divul2aeican + CRS [l
L2 (R<|z|<2R)
— G Z ") HQSRdiVUH%M(RgmgQR) as R — oo.
As for J3, we incorporate some ideas from [14]. Taking divergence on both sides of (1.1)2, we get
A(P —p1 —p2) =0,
where
p1 =2 (—A)719,05(pusuy), p2 & (A + 2p)dive — 9;d - 9;d. (3.8)

According to Lemma 2.3, there exists a nonnegative constant ¢ such that

ap) =P =c+p +ps, ae xR
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Setting
L edpitp Bt e
RN P e e G2 Y 3.9
V2t (6T = (CERER (6 (39
By combining (1.2) and (3.9), we can deduce that
ay —1 ay
VP =V(ap") ,YilpV(p ) 771pv 1
and
[P1p| < Cla, [lpllze)(pr] + [p2])- (3.10)

Therefore, by applying integration by parts and combining (1.1); and (3.10), we can conclude that
Js = —/VP~u¢%dx
R3

= —/%pVPl udhdr
R3 !

-2 / Prpu - 65V o
RS

(3.11)
< ClanR™ [1Pplullonlds
R3
< C(a,7, IIPIILw)R’l/(IMIIU\ + [p2||ul)|¢r|dz
R3
AL + L.
By p € L*, Lemma 2.1, Lemma 2.2 and Lemma 2.4, we get that
I <C(a,, lpll=)R™ lpill o 4 lull 9, 1, o
L4°2 (R<|z|<2R) L2 (RL|z|<2R) L7 4—3 (R<|z|<2R)
<Cl(=A)'0;0;puiusl| 9 g Jull o, (3.12)
L4 2(R<|e|<2R) L2 (R<|2|<2R)

§C||u||3g —0 as R — oc.

L2 (R<|z|<2R)

and

I <C(a,7, IIPHLOO)R*I/(A+2u)ldiVUIIU|I¢R| +|0id - 0;dl|ul|pr|dz

R3
<Claylole=)B [ (ondivallul + [VdPlu)do
(R<|z|<2R)
<CR™ | ¢rdivull12,a(r<|z|<2m llull o I 18 ¢

q
L2 (R<[z|<2R) L 5'9—2(R<|z|<2R)

+ CR™Y|Vd|J?
L

[[wll
(R<|z|<2R) L

)||1HL37 9o (R<|o|<2R)

9
27 q—3

9
27 (R<|z|<2R

1 .
<CR™6 | ¢prdivul| 12 a(r<jz|<2r)lull 9 B
L2 (R<|z|<2R)

+C|Vd|? lull 9,
L2 (R<fz|<2R) L2 (R<|e|<2R)
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(A+n) : _1
ST||¢Rd1VU||2L2,q(Rg\z|ng) +COR 3 ul? o \
L2 (R<|2|<2R)
+C|IVd|* Jull o,
L2 (R<|z|<2R) L2 (R<|2|<2R)
(A+p) .
— T||¢Rd1vu||2L2,q(R§‘$|§2R) as R — oo. (3.13)
As for Jy, integrating by parts and utilizing (1.1);, Lemma 2.1 and Lemma 2.3, we get the following
results that

Ja :—/pu-Vu~u¢%¢dx
]RS

1
:fg/pu~V|u\2~ 2 da
R3

1
:§/div(/m)IUI2 <O+ plul’ - V(¢F)dz

RB

- / pluf® - prVorde
]Rfi

<CRJuf| s

L2’

(3.14)

q I, o
3(R<|z|<2R) L7973 (R<|2|<2R)

<Cull? —0 as R— 0.
L2 (R<|z|<2R)

For the estimation of J5 + Jg, direct computation yields
Js + Jo = —/Ad -Vd - ugpkdr + /(u - Vd)(Ad + |Vd|*d)¢Fdx
RR3 R3

= /u - Vd - d|Vd|2d¢2dx

Re (3.15)

2
R3

207

where we have used |d| = 1. Inserting (3.6), (3.7), (3.11), (3.12), (3.13), (3.14) and (3.15) into (3.5), we
deduce that

= 1/u -V|d*|Vd|*d¢%dx

u/|Vu|2dx O+ u)/|divu|2dx + /\Ad +|Vd|2d2dz = 0.
R3 R3 R3

Since p > 0, 2+ 3X\ > 0 and taking ||ul|ps < ||Vul|z2 into consideration, yields
u=0, Ad+|Vd?*d=0.
Now, based on (1.1)2 and |d| = 1, the pressure P satisfies
VP = —AdVd = |Vd[*dVd
= %\Vd|2V|d|2
— 0.
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Thus, we have showed that p = constant and finished the proof of Theorem 1.1.

4. The proof of Theorem 1.2

By [7], we know that a function d € H*(R?;S?) is a weakly harmonic mapping of R? into S? provided:
— Ad = |Vd]*d in R? (4.1)

now the solution d of this Euler-Lagrange equation satisfies the minima of the energy function

E(d) = / |Vd|?dy. (4.2)
This system (4.1) is to hold in the weak sense, that is,

/Vd : Vwdx = /\Vd|2d - wdzx, (4.3)
R3 R?

for each test function w € H!(R3)NL>(R?) having compact support, which shows that d is stationary with
respect to variations of the target S?. So the stationary mapping d satisfies the monotonicity inequalities

1 2 1 2

- V < = V 4.4
7n/ldldy_R/ldldy, (4.4)
B(z,r) B(z,R)

for all concentric balls B(x,r) C B(z, R) C R3, which was apparently first proved by Price [16]. By (4.4),
thus we have

1 1 1
G- [ viPa s [ vt (45)
B{a,r) BR\B,

Now we observe that by Vd € LP and Hdlder inequality

1 1 2 2 6 2
7 | watays | [ wdpar @@ -y | <oraTiC [ wapayr. @)

BR\B’V' BR\BT BR\Br

where p, q are positive values satisfying % + % =1 and g — 1 < 0. Now, we can establish the following
result:

6<q 2<p<3.
When R — oo, together with (4.5) and (4.6), which leads to
1 9 2
= [ ivatay <c( [ |vapay)r.
B(z,r) R3\ B,
Because of the monotonicity of u, implies that
1 1 2
- / |Vd|*dy < lim — / \Vd*dy < lim C( / |Vd[Pdy)P = 0.
T T—00 T T—00
B(z,r) B(z,r) R3\ B,

So Vd = 0 and d is a constant map. This completes the proof of Theorem 1.2.
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