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Sign-changing solutions for Kirchhoff-type equations with indefinite nonlinearities

Zhiying Cui and Wei Shuai

Abstract. We are interested in the existence of sign-changing solutions for the following Kirchhoff-type equation

— (a +b / Vu|2dz> Au= (ht(z) + Ah~(2)) [uP72u, z€Q,
Q
u =0, z € 09,
where a,b > 0, Q C R3 is a bounded domain with smooth boundary, the potential h : Q@ — R is a sign-changing continuous
function, and A > 0 is a parameter. If p € (4,6), we prove the existence of least energy sign-changing solution wuy x, the
asymptotic behavior of up » as b — 07 or A — 400 are also analyzed. Moreover, if the set {x € Q: h(z) > 0} possesses
several disjoint components, we also prove the existence of multi-bump sign-changing solutions.
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1. Introduction

In the past decades, the following Kirchhoff-type equations
- a+b/|Vu|2da7 Au+V(z)u= f(z,u), =cR> (1.1)
R3

has been investigated by many authors, where V : R?* — R, f € C(R?® x R,R) and a,b > 0 are constants.
If V(x) = 0 and replace R? by a bounded domain  C R? in (1.1), we then obtain the following Kirchhoff
Dirichlet problem

- a—l—b/|Vu|2da: Au = f(z,u), x €9, (1.2)
Q

u =0, x € 0.

Equation (1.2) is related to the stationary analogue of the following equation

L

0%u P, FE ou |2 0%u

Por 7*%/\% dv ) 52, =0
0
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which is proposed by Kirchhoff in [19] as an extension of the classical D’Alembert’s wave equations for
free vibration of elastic strings. After the pioneer work of Lions [20], where a functional analysis approach
was proposed to the equation

Upp — a+b/|Vu|2dx Au = f(z,u), z €, (1.3)
Q

u =0, x € 09,

equation (1.3) began to call attention of several researchers, see [2,5,8] and the references therein.

Kirchhoff’s model takes into account the changes in length of the string produced by transverse
vibrations. In (1.2), u denotes the displacement, f(x,u) is the external force, b is the initial tension and a
is related to the intrinsic properties of the string. We point out that such nonlocal problems also appear
in other fields as biological systems, where u describes a process which depends on the average of itself,
for example, population density. For more mathematical and physical background of (1.2), we refer the
reader to the papers [1,2,5,15,16,19,21] and the references therein.

Mathematically, Eq. (1.1) is a nonlocal problem as the appearance of the nonlocal term [ |Vu|?drAu,

3

which implies that (1.1) is not a pointwise identity. This causes some mathematical difficulties which make
the study of (1.1) particularly interesting. A lot of interesting results on the existence of positive solutions,
multiple solutions, semiclassical state solutions and sign-changing solutions for (1.1) are obtained in last
decade, see for examples, [6,9,11,12,15-18,21,22,24,26-28] and the references therein.

In particular, Chen, Kuo and Wu [6] studied the following nonlinear Kirchhoff-type equation with
indefinite nonlinearity

- a+b/|Vu\2dx Au = N (2)|u|]??u + g(z)|ulP2u, z € Q, (1.4)
)

u =0, on 0,

where a,b > 0, Q is a smooth bounded domain in RY with 1 < ¢ < 2 < p < 2* (2* = 28 if
N >3, 2" = +o0 if N = 1,2), A > 0 is a parameter, the weight functions f,g € C(Q) satisfy fT(z) :=
max{f(z),0} # 0 and g*(z) := max{g(z),0} # 0. By using Nehari manifold and fibering map, the
authors proved the existence of multiple positive solutions for Eq. (1.4). We point out that Kirchoff-type
equations with potential well and indefinite nonlinearities were also investigated in [26,30].

Recently, Figueiredo et al [13] investigated ground states of elliptic problems over cones. As an appli-

cation, the authors [13] proved the following Kirchhoff-type equation

-M /|Vu\2dx Au = b(x)|u|""*u, z € Q,
) (1.5)

u e HHD),

has a positive ground state solution provided b+ (z) := max{b(z),0} # 0 and r € (4,6), where Q C R3 is
a bounded domain with smooth boundary, M : [0, +00) — [0, +00) is a monotone increasing C* function
such that M (0) :=mo >0 and ¢t — %(t) is increasing on (0, +00).

Based on the above results, a natural question is whether Eq. (1.5) has sign-changing solutions with
b(x) is a sign-changing function. The present paper is devoted to this aspect and partially answers this
question. More precisely, we devoted to study the existence of sign-changing solutions for the following
Kirchhoff-type equation
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et b/ [Vuldz | Au= (hF(z) + Ah(2)) [ulP~2u, =€ Q, (1.6)
Q

u =0, x € 01,

where a, b > 0, Q C R? is a bounded domain with smooth boundary, the potential h : @ — R is a
sign-changing continuous function, A > 0 is a parameter, and

h*(z) = max {h(z),0}, h~(x)=min{h(z),0}.

Throughout this paper, we denote H{(Q2) the usual Sobolev space equipped with the inner product
and norm

(u,v) = /Vqudx, ul = (u,u)/2.
Q

Define the energy functional I, » : H}(Q) — R by
2

ha =5 [vaar+ 3 [1vapar) =2 [ 0@+ 20 @) opas. (1)
Q Q Q

Obviously, the functional I, \ is well-defined and belongs to C'(Hj(€2),R). Moreover, for any u,¢ €
H}(Q), we have

(I\(u), @) = a/Vchpda:+b/|Vu|2dx/VuV<pda: - / (hT(z) + Ah™ (2)) |ulP~*updz. (1.8)
Q Q Q Q

In the case h(x) = 1, by constrained minimization method, Figueiredo and Nascimento [12] and Shuai
[25] proved the existence of least energy sign-changing solution for Eq. (1.6). The authors first proved the
following set

My = {u € Hi(Q), ut #0 and <Il’,7>\(u)7u+> = <I{,7A(u)7u_> = 0} (1.9)

is nonempty, which is a crucial step. Then, the authors sought a minimizer of the energy functional
I\ restricted on M, » and proved the minimizer is a sign-changing solution of (1.6) by quantitative
deformation lemma. In the first step, the authors proved that, for each u € H} () with u* # 0, there
exists a unique pair (s,t) € Ry x Ry such that sut +tu™ € M, 5, see Lemma 2.3 in [12] and Lemma 2.1
in [25]. However, if h(z) is a sign-changing continuous function, this fact does not hold for all u € H}(Q)
with u® # 0, but rather in some part of it. A direct observation is that, a necessary condition for u € Mz
isut,u” € A, where

A= {u e HY(Q)\ {0} : / (0" (2) + A~ (@) luldz > 0}. (1.10)
Q

Thus, the method that used in [12,25] cannot be applied to Eq. (1.6), we need some crucial modifications.
Our first main result can be stated as follows.

Theorem 1.1. Assume h : Q — R is a sign-changing continuous function, p € (4,6) and X\ > 0, then

Eq. (1.6) possesses one least energy sign-changing solution up x, which has precisely two nodal domains.
Moreover, Ib7>\(ub7>\) > 2cp,, where

= inf [ 1.11

co = Inf Ty x(u) (1.11)

b,A

and

No 1= {u € HE(Q)\ {0} 5 (1 5 (w), u) = 0. (1.12)
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Theorem 1.1 implies that, the energy of any sign-changing solution of Eq. (1.6) is larger than two
times the least energy, this property is called energy doubling by Weth in [29]. It is obvious that the least
energy of the sign-changing solution u; » obtained in Theorem 1.1 depends on b and X. We next focus on
the convergence property of uy » as b — 07 or A — +o0. Our main results in this direction can be stated
as follows.

Theorem 1.2. If the assumptions of Theorem 1.1 hold, for any sequence {b,} with b, — 0% as n — oo,
there exists a subsequence, still denoted by {b,}, such that up, x — ugx strongly in Hg(Q2) as n — oo,
where up, x denote the least energy sign-changing solution of Eq. (1.6) with b = b,, obtained by Theorem
1.1, and up,x is a least energy sign-changing solution of the following equation

{ —alAu = (ht(z) + A\h~(2)) [ulP~2u, z € Q,

u =0, on 082, (1.13)

which changes sign only once.

The proof of Theorem 1.2 includes three steps, we first prove {u;, »} is bounded in H{(£2), then we
prove up, \ — ugx strongly in Hg (), and we finally prove that ug_ is just a least energy sign-changing
solution of (1.13).

Theorem 1.3. If the assumptions of Theorem 1.1 hold, for any sequence {\,} with A\,, — 400 asn — oo,
there exists a subsequence, still denoted by {\,}, such that uy x, — u strongly in H}(Q) as n — oo, where
up,z, denote the least energy sign-changing solution of Eq. (1.6) with A = \,, obtained by Theorem 1.1,
and u is a least energy sign-changing solution of following equation

— a+b/|Vu|2dx Au = hT(2)|ulf2u, 2 € Q\ Q~,
4 (1.14)
u =0, xEN,
u =0, x € 0L
which changes sign only once, here Q™ :={x € Q | h(z) < 0}.

Next, we study the existence of multi-bump sign-changing solutions for Eq. (1.6). We now assume
h: € — R is a sign-changing continuous function satisfying
(h1) QT :={ze€Q|h(z)>0}=0\0;
(h2) the set QT is the union of k¥ (k > 2) open connected and disjoint Lipschitz components, that is
QF =Ur_,Q; and  dist(€,9Q;) >0 for i#j; i,5=1,2,... k. (1.15)
Theorem 1.4. Assume h : Q — R is a sign-changing continuous function and (h1)—(hs) hold. If p € (4,6),
then, for any non-empty subset T' C {1,2,...,k} with
'=ryulul's and I't NIy =@ for i#73,4,7=1,2,3, (1.16)
there exists a constant Ar > 0 such that for A > Ap, Eq. (1.6) has a sign-changing multi-bump solution
up,n, which possesses the following property: for any sequence {\,} with A\, — 400 as n — oo, there

exists a subsequence, still denoted by {\,}, such that uyx, — u strongly in H}(2) as n — oo, where u
solves the following equation

—|a+ b/ |Vul?dz | Au = bt (z)|uP~2u, z € Qr = UserQ,
O (1.17)
u = 07 xr E Q \ Q[‘,
u =0, x € 0.
Moreover, ul|q, is positive for i € T'1, ulq, s negative for i € I's, and ulq, changes sign exactly once for
1€Ts.
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If b = 0, Eq. (1.6) does not depend on the nonlocal term [ |Vu|*dzAu any more. In this case, Eq. (1.6)
Q

becomes to the following semilinear elliptic equation

{ —alAu = (h*(z) + A~ (2)) [ulP~2u, z € Q,

u=0, € 09, (1.18)

Under the conditions (hy)—(hs), separate the components of QT arbitrarily into three families, i.e.,

OF = (U_,@) U (U)21@5) U (UL @)

by using constrained minimization method, Girao and Gomes [14] proved the existence of multi-bump
nodal solution uy for Eq. (1.18) if A > 0 large enough. Moreover, for any sequence {\,} with \,, — 400
as m — 00, there exists a subsequence, still denoted by {\,}, such that uy, — u strongly in H}(Q) as
n — 00, where u solves the following equation

—alAu = ht(z)|ulP~%u, x € QF,
{uzO, reQ\ 0 (1.19)
here ulg, changes sign exactly once for i = 1,2,...,1, ulg, is positive for j = 1,2,...,J, ulg, =0 for

k=1,2,..., K. We refer the reader to [4] for multiple positive solutions for Eq. (1.18).

However, we cannot apply the same method that used in [14] to Eq. (1.6), because Kirchhoff-type
equation depends on the global information of its solution. Different from the method used in [14], we first
construct a special minimax value of the energy functional; Then, by careful analysis of the deformation
flow to the energy functional, we prove the existence of multi-bump sign-changing solutions for Eq. (1.6);
Finally, we show that the multi-bump sign-changing solutions are localized near the components of QF
and converge to the solutions (1.17) with prescribed sign properties. We remark that our method also
can be used to study the existence of multi-bump sign-changing solutions for Eq. (1.18).

The paper is organized as follows. In Sect. 2, we give some primarily results. In Sect.3, we prove
Theorems 1.1-1.3. In Sect. 4 and 5, we devote to proving Theorem 1.4.

2. Some preliminary results

In this section, we give some preliminary results.

Lemma 2.1. Assume h : Q — R is a sign-changing continuous function and p € (4,6). If u € A, then
there exists a unique t > 0 such that tu € Ny x, where A is defined by (1.10), Ny x is defined by (1.12).

Proof. For u € A, we define
V() = (I (tu), tu) = af? / Ve + bt / Ve
Q Q

- tp/ (h*(z) + A~ (2)) |ulPdz.
Q
Since u € A, then

/ (Rt (z) + Ah™ (2)) |u[Pdz > 0.
Q

Therefore, V,,(t) > 0 for ¢t > 0 small enough and V,,(¢) < 0 for ¢ < 0 large enough, since p € (4,6). Thus,
there exists to > 0 such that I} , (tou) = 0, that is tou € Nj x.
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Assume t1, to > 0 such that t1u, tou € Ny, that is
2

at? / |Vu|?dz + bt} /|Vu|2da: - t’f/ (h*(z) + Ah™ (2)) |ufPdz =0 (2.1)
Q Q Q
and
2
at3 / |Vu|*dz + bt /|Vu|2dx - tg/ (Rt (z) + Ah™ (2)) |ulPdz = 0. (2.2)
Q Q Q

It follows from (2.1) and (2.2) that

a ( L tlg) / Vulde = (274 — 874 / (W (@) + M (@) JulPde,
Q Q

G
which implies ¢ = t5. U

Lemma 2.2. Assume h: Q — R is a sign-changing continuous function and p € (4,6), if u € Hg(Q) with
ut € A, then there is a unique pair (s, t,) of positive numbers such that s,ut + t,u™ € My .

Proof. We prove the lemma by two steps.
—
Step 1: Define F (s,t) := (f1(s,t), f2(s,t)), where

fi(s,t) = as®[ut || + bs*{|ut||* + b5 {Jut|*]Ju||* — SP/ (hF(2) + Ah™ (2)) [u"[Pde,

! (2.3)
fa(s,t) = at®[lu |2 + bt*{lu™[|* + bs®¢?lut||*[u~||* — tp/ (W (2) + Ah™(2)) [u~[Pda.

Q

Since u* € A, then

/ (Rt (z) + Ah™ (2)) [ut[Pdz > 0 and / (h*(z) + Ah™ (2)) [u~ [Pdz > 0.
Q Q
We deduce that there exist 0 < r < R such that

{fl(r,t) >0 and f1(R,t) <0 forall ¢te[r,R],

fa(s,7) >0 and fa(s,R) <0 forall sé€ [r,R], (2:4)

since p € (4,6). Then, by using Miranda lemma [23], we conclude that there exists (sy,t,) € Ry x Ry
such that

fl(suvtu) =0 and fQ(Su;tu) = 07

which implies that s,u® + t,u™ € My z.

Step 2: We prove (s, t,) is unique.

Case 1: u € M, ). Suppose (5,%) # (1,1) be another pair of positive numbers such that sut +tu~ €
Mb,)\, then

as?||ut||? + b3t |JuT ||t + 0522 || uT || ||u" |2 = EP/ (h+(x) + /\h_(x)) lut|Pda,
Q

at?||u= || + ot |lu~||* + 65282 ||ut || ||u||? = fp/ (h"‘(:v) + )\h_(a:)) |u™ [Pda.
Q
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Without loss of generality, we assume 5 > > 0, then

1 12~ e _
a—z 1P + bllut |+ bl Pl > 57 4/ (R (z) + Ah™ () [ut|Pda,
1 Q
azz [l + bflu” I* + bl 2w ]* < f”"‘/ (" (2) + Ab™ (2)) [u” [Pda.
Q

Since u € My, we have

allu ™1 + blfut |t + bllut|*u]* = / (h" () + AR (@) [u " Pda,
Q
allu™|* + bllu” ||+ bl P w1 = / (h*(2) + AR~ (@) Ju” [Pda.
Q
Thus, we conclude that

o5 - 1) 112 = =) [ (07 + ) b,

352
Q

a <tQ - > Ju™[? < (#* — )Q/(th(x) + AR (2)) [u”|Pda,

which implies 1 > 5 > ¢ > 1. Thus, (5,¢) = (1,1).

Case 2: u &€ My, » but u* € A, then by Step 1, we know that there exists (s,,t,) € Ry x Ry such
that s,u™ + t,u™ € M . Assume that (s),,#,) € Ry x Ry also satisfying s, ut +t/,u~ € M, x. Hence
we have

—_

s t
lsuu+ + 2t,u” € Mz (2.5)
u tu
Since s,u™ + t,u” € My y, by the arguments of case 1, we deduce that
Sty
Su ty
Thus, s/, = s, and ¢, = t,,. O

Lemma 2.3. Assume h :  — R is a sign-changing continuous function and p € (4,6), suppose that
ut € A such that

alla [+ Bt [ bl PP < [ (6 @)+ A ) P
Q

alfu 2 bl [+ bt [P [P < [ (@) + A @) P
Q

Then the unique pair (Sy,t,) of positive numbers obtained in Lemma 2.2 satisfies 0 < Sy, t, < 1.

Proof. Suppose that s, > t, > 0, since s,u™ +t,u~ € My, then we have
2

as?||u™||? + bst /|Vu+| dz | +bsh /\Vuﬂ dz/|Vu |2dz

> as?||u™||? + bsi /|Vu+\2dx + bs t2/|Vu+\2dfc/|Vu |da
Q
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=sP / (Rt (z) + Ah™ (2)) |ut [Pda. (2.6)

On the other hand,
2
allu™||® +b /|Vu+|2d:c +b/ |Vu+|2dx/ |Vu™ |2 dz < / (h*(z) + Ah™(2)) [ut|Pdz.  (2.7)
Q Q Q Q
Combine (2.6) and (2.7), we then get

(5 1)l = (7 = 1) [ (o) )t
Q

u
Therefore, we must have s, < 1. Then the proof is completed. O

Lemma 2.4. Assume h : Q — R is a sign-changing continuous function and p € (4,6). If u™ € A, then the
vector (Sy, ty) which obtained in Lemma 2.2 is the unique mazimum point of the function ¢ : (Ry xRy) —
R defined by ¢(s,t) := I x(su™ + tu™).

Proof. From the proof of Lemma 2.2, (s,,t,) is the unique critical point of ¢ in R x R,.. Since p € (4, 6),
we deduce that ¢(s,t) — —oo unlformly as [(s,t)] — 400, so it is sufficient to check that the maximum
point is not achieved on the boundary of Ry x R,.

Fix t > 0, since

B(s,t) = I A(su™ +tu™)

as? 9 bst 9
= 7/\Vuﬂ dz + e /|Vu+\ dx —sp/ (Rt (z) + AR~ (2)) [utPdz
Q

Q Q
bs2t?
+ 82 /|Vu+|2dx/\Vu*\2dx
Q Q
2
%/|Vu |2dx+ /\Vu+|2dx —EP/(M(:E)HM(:E)) lu~[Pda
Q Q

is an increasing function with respect to s if s > 0 small enough, therefore the pair (0, #) is not a maximum
point of d) in R+ X R+. O

By Lemma 2.2, we now define
my, ) = inf {Ib)\(u) U € Mb,)\}. (2.8)
Lemma 2.5. Assume h: Q — R is a sign-changing continuous function and p € (4,6), then my x > 0 is
achieved.

Proof. For every u € My, we have (I} y(u),u) = 0. Then, by using Sobolev embedding theorem, one
gets
2

aljul? §a/\Vu|2d:c—|—b /|Vu|2dx :/(h+(x)+/\h7(x)) |u|Pdz

Q Q Q

< / W (@) |ulPde < 7 (@) =0 / jufPdz

Q Q
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< Cllulf”. (2.9)

Thus, there exists a constant o > 0 such that ||ul|? > . Therefore

1 1 1 1 1
I =1 — I > - = 2> (2 f h
boa(w) poa(u) p< by)\(u),u> > (2 p) allul|* > <2 p> ac, for each ue My,

which implies my \ > (% — %) aa > 0.

Let {u,} C My be a sequence such that Iy y(u,) — mp n. Then {u,} is bounded in H{(£2), up to
a subsequence, still denote by {u,}, such that u} — uzt)\ weakly in H}(Q). Since u, € M, 5, we have
(Ij \(up),ur) = 0, that is

a/|Vuf|2dx+b/|Vun\2dm/|Vu,jf|2dx:/(h*(x)—&-)\h*(x)) luZ [Pda. (2.10)
Q Q Q Q
Similar as (2.9) there exist a constant y > 0 such that ||u;f||? > u for all n € N. Since u,, € M, , thus

pe < [ @)+ € @) e < [0t @)t Pda.
Q Q
By the compactness of the embedding H}(Q) — L%(Q) for 2 < q < 6, we get

/h+(x)|ugfk|pdx > / (h*(z) + Ah™ (@) Jug, [Pde > p. (2.11)
Q Q

Hence, uif)\ € A. By the weak semicontinuity of norm, we have
a||uf,5||2+b/\Vub,>\\2dx/|Vugf>\|2dx < liminf {a||ufH2+b/|Vun|2dx/|Vuf|2dx}. (2.12)
Q Q Q Q

It follows from (2.10) that

aHu,:f)\HZ +b/|Vub,,\|2dx/|Vubi’>\\2dx < / (Rt (z) + Ah™(2)) \ui/\|pdx. (2.13)
Q Q Q
From (2.13) and Lemma 2.3, there exists (5,7) € (0, 1] x (0,1] such that

Up,y = EUZZ/\ +EUZ;A € My .

Hence

1
M < Tp A (Ub,\) = T\ (Tp,n) — ];UAA(%,A)’%,A}

1 1 1 1
= <2 — p> a/ |ﬂb7)\|2dl‘ + <4 — p> b /‘ﬂb,,\|2d$
Q Q
1 1 _ _ 1 1 _ _— 2
— (57 3) o Isuial? + Wougal?] + (5 = 5 ) o [Isutal + oo P
11 s ] (11
< (2 - p> a [HU;A” + [lug Al } + <4 - p> b {

1
< lim inf {Ib)\(un) - (1 )\(un),un>] =My x, (2.14)
phb

2

2
w2 + a2

n—oo

which implies that 5 = ¢ = 1. Thus, Up,\ = Up,\ and Ib7>\(ub7)\) = Mp,A- O
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3. Proof of Theorems 1.1-1.3.

The main aim of this section is to prove Theorems 1.1-1.3. We first prove that the minimizer u, x to the
minimization problem (2.8) is indeed a sign-changing solution of Eq. (1.6), that is, I; ,(up,x) = 0.

Proof of Theorem 1.1. Using the quantitative deformation lemma, we prove that I{,y)\(ub,x) =0.
It is clear that <I{,,A(ub7,\),u;)\) = 0= (I \(ubn)s uy\)- If (5,8) € Ry xRy and (s, ) # (1,1), it follows
from Lemma 2.4 that
]b,,\(su;r)\—i—tu;)\) < Ib’A(u;fA—i—u;)\) = M- (3.1)
If I \ (up,x) # 0, then there exist 6 > 0 and p > 0 such that

Iyl = p, for all o —up x|l < 36.
Let D :=(3,3) x (3,2) and g(s,t) := sy, + tu, . It follows from Lemma 2.4 again that

M, 1= max ly y 0 g < myp,\ (32)

For ¢ := min{(mp x — mwp1)/2,pd/8} and S := B(up,z,0), [see [31], Lemma 2.3] yields a deformation n
such that

(a) n(lu)=uifu¢ I;;([mw\ — 2e,mpx + 2¢]) N Sas;

(b) n(L, Ly NS) C IV

(e) Tpx(n(l,u)) < Ipa(u) for all u € H(Q).

It is clear that

max_Ip, x (n(1,9(s,t))) < myp . (3.3)
(s,t)eD

We now prove that n(1,g(D)) N M, # @, contradicting to the definition of my ». Let us define
h(s,t) :=n(1,g(s,t)) and

Uo(s,t) := (Ié)/\(su;f)\ +tu;;/\)ub+7k,fl§’/\(su;/\ + tub_’A)ub_’/\) ,

a(5,0) = (L (00D 1 600) 5 () 1 (510)).

Lemma 2.2 and the the degree theory now yields deg(%y, D,0) = 1. It follows from (3.2) that ¢ = h
on 9D. Consequently, we obtain deg(V¥q, D,0) =deg(¥q, D,0) = 1. Therefore, ¥;(sp,t9) = 0 for some
(so,t0) € D, so that n(1,g(so,t0)) = h(so,t0) € My, which is a contradiction. From this, up y is a
critical point of I, », and so, a sign-changing solution for equation (1.6).

Now, we show that us ) has exactly two nodal domains. The proof on the number of nodal domains
follows the arguments in Bartsch [3] and Castro et al. [7]. To this end, we assume by contradiction that

Up,\ = U1 + U2 + U3

with
u; #0, up >0, ug <0 and suppt(u;) Nsuppt(u;) =@, fori#j, 4,j=1,2,3
and
(Ip »(upx),ui) =0, fori=1,2,3. (3.4)
Setting v := uy + ug, we see that v+ = u; and v~ = uy, i.e. v¥ # 0. Then, we can conclude v+ € A. By

Lemma 2.2, there exists a unique pair (s,,t,) of positive numbers such that
spvT +t,vT € My,
or equivalently,

Sy + tyug € Mb’)\.
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And so,
Iy A(spur + tyuz) > mp . (3.5)
Moreover, using the fact that (I; ,(up,x),u;) = 0 for i = 1,2,3, it follows that

(Ij \(v),v) < 0.
From Lemma 2.3, we have that
(sv,ty) € (0,1] x (0,1].
On the other hand,

2
1 b
0= <Ib)\(Ub)\ /|V’U,3|2dx+* /|VU3|2CLT +1/|Vu1|2dm/|Vu3|2dx
Q Q
§/|VU2‘2dl‘/|V’UJ3|2d£L’*1/(h+($)+>\h7($)) |ug|Pdx

< Iy a(us3) /|Vu1\2d:c/|VU3|2dx—|— /|Vu2\2dx/|VU3|2dx (3.6)

Then, by using (3.4), we can calculate that

as? 1 1 _ t2
Iy A(svu1 + tyug) = T”||u1||2 + (4 - p) sfj/ (Rt (z) + Ah™(2)) |uy [Pz + % ||’LL2H2
ol

+ (i - ;) tfjﬂ/ (h* () + M~ (2)) Juz|Pda

1 1 _ a
sl + (5= 1) [ 0@+ M (@) o+ G ual?
Q

1 1

+ <4 - p) / (h*(x) + )xh*(x)) |ug|Pdx
= Ipa(u1) + Iy (u2) /|Vu1| dx/|Vu2\ dz

b
+1/|Vu1|2dx/|VU3|2dx+ Z/|vug\2‘dgc/|vu3|2dgc. (3.7)
Q Q Q Q

Then, from (3.5), (3.6) and (3.7), we have

mMp A <1 A(svul +t Ug) < I )\(ul) + I )\(UQ) + Ib A U3 /|Vu1\2dx/ |Vu2|2dx

b b
+§/|Vu1|2da:/\vu3|2dz+§/|Vu2|2dx/|Vu3|2dw
Q Q Q Q

= Iy A (up,n) = mp»,

which is a contradiction. This way, uz = 0, and uy » has exactly two nodal domains.
Recall that ¢, » and N, ) are defined by (1.11) and (1.12), respectively. Then, similar as the proof of
Lemma 2.5, for each b > 0, we can deduce that there exists v, ) € ./\/b)\ such that Ib7>\(vb7>\) =¢cp,» > 0. By
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Corollary 2.9 in [15], the critical points of the functional I, x on N ) are critical points of I, y in HL(Q),
we conclude that I{,’/\(vbv\) = 0. Thus, v, is a ground state solution of (1.6).

On the other hand, suppose that u; x = u;fA—i—u;,/\ is a least energy sign-changing solution for Eq. (1.6).
By Lemma 2.1, there is unique § > 0, ¢ > 0 such that
EUIA € Np» and fu;)\ € Mpa.
Then, by Lemma 2.4, we get
2¢p 5 < Ib7>\(§uIA) + Ib7,\(fub_,)\) < Ib7,\(§u2tA + ful;A) < Ib,,\(uz)\ + ub_)\) =mpx,

that is ms » > 2cp . This completes the proof. O

Now, we are in a situation to prove Theorem 1.2. In the following, we regard b > 0 as a parameter in
equation (1.6). We shall analyze the convergence property of uy » as b — 0F.

Proof of Theorem 1.2. For any b > 0 and A > 0, denote u, » € Hg(Q) the least energy sign-changing
solution of (1.6) obtained in Theorem 1.1, which changes sign only once.
Step 1. We claim that, for any sequence {b,} with b, — 0" as n — oo, {up, 1} is bounded in H{ ().
Choose a nonzero function ¢ € C§°(Q) with p* € A. Since p € (4,6), then, for any b € [0, 1], there
exists a pair (71, 72) of positive numbers, which does not depend on b, such that
2

at?||pt]|? + b7 / Vo |’ dz | + bB,1E73 — Tf/ (Rt (z) + A~ (2)) [T [Pdz < 0,
Q

Q
2

ati|le~||? + by /|V<p_|2dx + bB,TiTs — 7'5/ (h*(z) + Ah™(2)) ¢~ |Pdz < 0,
Q Q
where B, = [ |V |[*dz [ |V~ [*dz. In view of Lemma 2.2 and Lemma 2.3, for any b € [0, 1], there
Q o)

exists a unique pair (s, (b),t,(b)) € (0,1] x (0, 1] such that

@ 1= 8,(D)T19T +t,(b)T2p” € My . (3.8)
Thus, for any b € [0, 1], we have
_ 1 o
Iy A(upn) < Io (@) = Ipa(P) — i<Il/),)\(§0)a90>

- tel+ (3-1) / (h* (&) + M~ @) gPd

a, o 1 1)/+ _
—||@ +<— h(x)|@|Pdz
el (5-3) [

a a _ 1 1 _
< Sllmet P+ Zlme P+ (5= =) [ AT @) (Tl P + 3 le™[P) da
4 4 4 p
Q

IN

= CQ, (39)
where Cy does not depend on b. For n large enough, it follows that
1 a
Co+1>1Tp, r(up, n) = Ip, x(up, x) — Z<I1;m>\(ubn,)\);ubn,)\> > ZHubn,)\H2v (3.10)

which implies {uy, } is bounded in H{ ().
Step 2. There exists a subsequence of {b,}, still denoted by {b,,}, such that

up, x — up x weakly in Hj(€).



ZAMP Sign-changing solutions for Kirchhoff-type Page 13 of 26 150

Then, up x is a weak solution of (1.13). Since uy,, » is the least energy sign-changing solution of (1.6)
with b = b, then by the compactness of the embedding H}(Q) < L4(Q) for 2 < ¢ < 6, we deduce that

up, x — Ug,x strongly in H} () as n — oo. In fact,

b, x — o ||* = (Th, A(ub, 2) — 0.2 (w0, )5 ub, x — to,x) — b / |Vubn,x|2dir/VubmA (Vuy, ,» — Vug,x) dz
Q o

+ / <h+(x) + Ahi(l')> [|ubmx\p72ubm>\ - |U07)\‘p72u0’)\j| (ubn)\ — u07>\) d:L',
Q

and the right hand of last equality tend to zero as n — co. Then, by the same arguments as (2.11), we

conclude u(j)[A # 0, hence g » is sign-changing solution of equation (1.13).

Step 3. Suppose that vy is a least energy sign-changing solution of (1.13), the existence of vy was
proved by Vladimir in [32]. By Lemma 2.2, for each b, > 0, there is a unique pair (s, ,tp, ) of positive

numbers such that
$b, 05 +tb,v5 € My, a.

Then, we have
2

a(sbn)QHvarH2 + bn(sbn)4 /|Vv3r\2dx +bn(sbntbn)2/|Vv6r\2dx/ |Vva|2dx
Q Q Q

= (Sbn)p/(h+(x)+)\h_(x)) lug [Pd
Q

and
2

a(tbn)2||va|\2 + by (ty, ) /|Vva\2dm +bn(sbntbn)2/|Vv6r\2dx/|va|2dx
Q Q Q

— (t. )" / (W+(2) + A (@) |og Pde.
Q
Recall that v satisfies
allof P = [ (0" @)+ M~ (@) o e
Q
and

allog || = / (W*(2) + M~ (2)) vy Pde.
Q
Up to a subsequence, one can easily deduce that
(sp,,tp,) — (1,1), asn — oo.
It follows from (3.13) and Lemma 2.4 that
Toa(vo) < Toa(uon) = Tl T, x(up, 2) = 10,5
< lim Ty, x (sp,v5 +tb,v9) = Toa(vg +vg) = To.x(vo),

which implies ug  is a least energy sign-changing solution of Eq. (1.13). This completes the
Theorem 1.2.

(3.11)

(3.12)

(3.13)

(3.14)

proof of
O
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Proof of Theorem 1.5. For arbitrary b > 0, let u, \, € Hg(Q) is a least energy sign-changing solution for
Eq. (1.6) with A = X,,, which is obtained by Theorem 1.1. Obviously,

mp,o > mpy, for each A > 0. (3.15)
Therefore
mp0 > My x, = Iy, (Uupr,)

1
= Ipn, (upa,) — ;)<Il,;,)\n (up, ) Up,x,,)

2
1 1 1 1
— (-2 a/IVuz;AHIde—F - ——]b /\Vub/\n|2d$ )
2 p ' 4 p ’
o Q

which implies that {uy,} is bounded in H}(Q2). Up to a subsequence, we may suppose there exists
upo € HY(Q) such that up , — upo weakly in H} ().
Since {uy,», } is bounded in H}(€2), it follows from (3.15) that

)\n _ a b
—;/h (@) |up, [Pdz = Ty 5, (up,n,) — §/|Vub,xn|2d3«“— 1 /\Vub,xnfdﬂﬁ
Q

Q Q
1
+ f/th(x) lup.x, |” dz
p
Q
<C.
Therefore
1 _ - 1 .
—— [ A7 (@)|up,0/Pdz = liminf | —= [ h™(x)|up,z, |Pdx
Pa L Pa
1 An
:hﬂgf X —?/hf(xﬂub’)\n}pdz =0,
L Q

which implies up0 =0 on Q™.
On the other hand, since <Ié’)\n (up,an) — I{),o(ub,o), Up A, — Upo) = 0, then

a/\Vub,An —Vub’0|2dx+b/\Vub,>\n|2 dm/|Vub,>\n —Vub,0|2dx
Q Q Q

=b / |Vub’0|2dx - / |Vub7>\n ‘2 dx /Vuho (Vub)\" - Vubyo) dz (3.16)
Q Q Q
+ / (Rt (z) + Ah™(2)) (‘Ub,/\n‘piz Up A, — |Ub,0|p_2ub,0) (up,x, — up,0) dz,
Q

the right hand of (3.16) tend to zero as n — oo since up ), — upo weakly in H}(Q), which implies
Up.n — Up,o strongly in Hj (€2). Therefore

<Il;,0 (Ub,o) 750> = li,’{r_ligﬂll;,)\n (ub’)\n) a90> =0, for each pe H(% (Q)v
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which implies up o is a solution of Eq. (1.14). By a similar method that used in [25], one can prove the
existence of least energy sign-changing solution for equation (1.14). Suppose v, is a least energy sign-
changing solution for Eq. (1.14), by Lemma 2.2, for each A\, > 0, there exist a unique pair of positive
numbers (s, ,tx, ) such that

+ —
SxVpo TN Upo € M, -

That is

2
2|+ |2 4 + 2 2 + 2 _ 2
a(sx,) Hvb,o” +b(sx,) /|va,o| dz | +b(sr,tr,) /‘va’()’ dx/‘vvb,o‘ dx
Q Q Q
:S]Kn/(“(ﬂfﬂknh*(w)) o olPda, (3.17)
Q
and

2

2 2
a(tr,)?[lvgoll* + b (tr,)* /|va_,o|2d17 +b(5xntxn)2/lvvlio‘ dl’/‘vvb_,o‘ dx
Q

Q Q
=1, / (7 (@) + Anh™ () vy [P de, (3.18)
Q
Recall that v}fo satisfying
allof s+ Vg = [ 1t @lfoPds and el + gl = [0 @)loplrde. (319)
Q Q

It follows from (3.17)—(3.19) that

(sx,str,) — (1,1), asn — oo. (3.20)

Therefore, by (3.20) and Lemma 2.4, we can deduce that

Iy0 (v,0) < Ino (up0) = lim Iy, (upr,)
_ N B . (3.21)
< nlLITQlo Ib,An (S)\H”pr + tAwab,O) = Ib,O (vb,O + Ub,O) = Ib70 (Ub,O) .

Therefore, we conclude that wuy ¢ is a least energy sign-changing solution for Eq. (1.14), which changes
sign once. The proof is completed. O

4. A special minimax value for the energy functional

In this section, we assume h : Q — R is a sign-changing continuous function and (hy)—(hz) hold.
We first state a result on the existence of solutions for Eq. (1.17).

Theorem 4.1. (Theorem1.2, [10]) Suppose that 4 < p < 6 and (hy)—(hg2) hold. Then, for any non-empty
subset T C {1,2,...,k} satisfies (1.16), Eq. (1.17) has a nontrivial solution u € H}(Q) with ulg, is
positive for i € T'1, u|q, is negative for i € T'a, u|q, changes sign exactly once for i € I's, and u =0 on
O\ Qr. Furthermore, u is the least energy solution among all solutions with these sign properties, that
is, u achieves the following extremum

mr = inf {Ip(u)

u is a solution of (1.17) with u |q, is positive for i € I'1,ulq,is (4.1)
negative for i € I'y and u |q, changes sign exactly once for i € I's. '
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The functional It : HE(Qr) — R is defined by

Ir(u) == %/a\VUFderZ /|Vu\2d:c —/h+(x)\u|pdx. (4.2)

Qr Qr Qr

Without loss of generality, we next only consider the case I'y = {1}, I's = {2}, T's = {3} for simplicity.
In this case, I' = U?_,T"; = {1,2,3} and

Qr = U2, Q; with dist(Q;,Q;) >0 for i#j, i,j=1,2,3.
We can choose open sets Qf := {a: € Q dist(z,;) < p} for ¢+ = 1, 2,3 with smooth boundary such that
Q; CcCQf and  dist(, Q) >0 for i#j, i,j=1,2,3.
We denote Q° := U3_,Qf and define
2

-~ b 1
Iy a(u) == %/|Vu|2dx +2 /\Vu\de — 5/ (hT(2) + Ah™(2)) |ulPdz, uwe Hy(Q).  (4.3)
% ol Qe

Now, we consider the following constraint minimization problem

iy = inf Ip(u),
uEMy,

where

./T/l\b_)\ = {u € Hi(Q) | (IA{,’A(U),ui) =0fori=1,2,uf #0,u; #0
and (T} \(u), uf) = 0,05 #0}.

Combining the approach applied in Sect.2 in [10] and that used in the proof of Theorem 1.1, we
deduce that there exists vy € H}(Q) such that

@7,\(1},\) = T?L)\ and fé)/\(v,\) =0.
Proposition 4.2. Suppose A, — +00 as n — 0o and {vy, } C H}(QP) satisfying
La,(va,) =, and I (vx,) = 0.

then, up to a subsequence, there exists v € H}(QP) such that
(i) v, — v strongly in HE(Q), where we write vy, as v, for simplicity;

(1) v =0 in Q"\Qr and v is a solution to Eq. (1.17);
2

(4i1) fb)\ (vn)—>Ibo /|VU\2dx—|— /|V1}\ dz —/h+(x)|v|pdas.
Qr

Proof. Tt is easy to prove that {v,} is bounded in H}(Q?), since my, < mp. Then, up to a subsequence,
there exists v € Hj () such that

v, — v weakly in HE(Q°),
v, — v strongly in LI(Q*) for 2 < ¢ <6, (4.4)
v, — v for a.e. x € QP

We first prove v =0 in 2\ Qp. Set Q7 = {z € Q” : h(z) < 0}, since {vy,} is bounded in HJ(Q*), then
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2

—1/)\ h™(x )|vn\pdx—fb>\ (vn) —7/|an| dx—f /|V1}n| dz
p

Q/’
1
+ 7/h+(m)|vn|pdm <C. (4.5)
Ps
Therefore
_ o 1 _
—/h (2)|v[Pdz = lim inf —)\—/)\nh (2)|vp|Pdx| =0,
QF nQ’i

which indicates that v =0 on Q” . Thus, we conclude v = 0 in Q° \ Qr.
By using the fact <f{) A, (Un) — fé o(v), v, —v) =0 that

/|an V| dx—l—b/|V1}n| dx/\an Vol?dx

/\Vu|2dx—/|an|2dx /Vu (Vo, — Vv)do

+ / h (@) (|vp]P 20, — [0[P~0) (v, — v)da + / b ™ (2) [0 P20 (v, — v)da.
Qe Qe

Obviously, the right hand of the last equality tend to zero as n — oo, since {v,} is bounded in Hg ()
and v = 0 in Q°\Qr. Thus, v,, — v strongly in H}(Q”), and hence v is a solution of (1.17).
Finally, it is easy to conclude that (ii4) from (#)—(i7). O

Moreover, we have the following asymptotic behavior for my as A — +oo.

Lemma 4.3. There holds that
(i) 0<my <mr, for all A > 0;
(i) my — mp, as A — +oo.

Proof. The proof of point (i) is trivial, so we omit the detail.
Now, we are going to prove point (i7). Let {\,} be a sequence with \,, — +o00 as n — +oo. For each
An, there exists vy, € H} () with

Iy, (vx,) =i, and I, (vy,) = 0. (4.6)

We suppose, up to a subsequence, {fb,An (va, )} converges, since my, »,, < mr. By using similar arguments
as in Proposition 4.2, we know that there exists v € H{(€2?) such that
vy, — v strongly in H}(Q?) as n — +oo,

and (v]o,)F, (v]a,)”, (vla,)* # 0. Moreover,

M x, = Lo, (Ur,) = Ipo(v), (4.7)
and R R
0=1I4y,(0x,) = Iy (v) (4.8)
By the definition of mr, we have that
nllig»loo My A, = IAb,o(U) > mp. (4.9)

By conclusion (i) of this Lemma, we know that my , — mr as n — oo. O
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Next, we denote the solution of (1.17) given in Theorem 4.1 by v € H{ (), that is
v € Hy(Qr), Ir(v) =mr, Ip(v) =0, (4.10)

and vy = v|q, is positive, va = v|q, is negative, vz = v|q, changes sign exactly once. Obviously, there
exist constants 7o > 7 > 0 such that

mi < vl el ol g ]| < 7 (4.11)

We now define g : [3, 2]* — H}(Q) by

Yo(t1,ta, t3,ts) = t1v1 + tavg + tzvg + tgvg (4.12)
and
my := inf max [ t)), 4.13
A BN b ((t)) (4.13)
where

4
D= {nec (B‘;’} ,H&m)) (O <67+ 71, Glag)*, ()™ (rhag)® #0

22
Obviously, 79 € Xy, so Xy # @&. Thus m, is well-defined.

137"
and y=19 on 0 } (4.14)

Lemma 4.4. For any vy € S, there exists an 4-tuple t* = (t],t5,t5,t5) € D = (3, 2)* such that

(T (Y ()0 ), 7 (6%)) = (T A (V)| e), 95 (69)) = 0 and (I; ,(v(t")]aw), 75 (£7)) = 0,
where v;(t) = v(t)|qe fori=1,2,3.

Proof. For each v € Xy, let us define ¥ : [3, 3] — R? given by

(t) = (Tra (4(®)ler) 77 (1), Tya (1)) 5 (6), Thn (V(O)lee) 7 (8), Thx (1(B)ler) 25 (8) ) -
Denote
o(t) = (Thx (o(6)) tavr, Thx (0(6)) tavz, T (0(6)) tavf, Thx (0()) tav )

Obviously,

4
U(t) = Po(t) #0, for each te@(;,z) .

Therefore, we can verify that
deg(¥, D, 0) = deg(¥o,D,0) = 1.

This implies that there exists t* € (3, 3)* such that ¥(t*) = 0. O
Lemma 4.5. There holds that

(i) mx<my<mp forall A\ > 1;

(ii) my — mp as A\ — +00;

(iti) There exists eg > 0 such that Iy x(y(t)) < mp —eg for all X >0, v € £\ and t = (t1,t2,13,14) €
oL, 214,

272
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Proof. (i) Since v € Xy, we have

my < max Iy a(v(t)) = Ipa(v(1,1,1,1)) = mr,
tel}.5)

where we have used Lemma 2.2 in [10]. Recall that

My = inf Tpa(u).
uEMy, A

For each v € X, fix t* € (3, 2)* given by Lemma 4.4, then
fiin < Tpp (7(t)]e).
Therefore,

max Iy (7(t)) = Ta(v(t")|ar) > 7y, for each ~ € ¥y,

telz, 54
Thus,
my > Mmy.
(#4) Since my — mr by Lemma 4.3 (ii), we have
myx — mr as A\ — —4oo.
(iii) For t = (t1,t2,t3,t4) € O[3, 3]*, it holds v(t) = 7o(t) and hence
1 3]"
TAG0) = Toaln(®) Tor 6= (o tatata) €0 |3 3]
By Lemma 2.2 in [10], we know that (1,1,1,1) is the unique maximum point of ¢(t) = I o(70(t)), which
gives that
13"
272

where ¢ > 0 is a small constant. O

Iya(y(t)) <m —eo for t = (t1,tz,13,t4) €0 {

5. Proof of Theorem 1.4.

In this section, we prove Theorem 1.4. More precisely, we show that the existence of sign-changing multi-
bump solutions to Eq. (1.6) for large A, which converges to solutions of (1.17) with prescribed sign
properties as A — +o0.

Define

si={ueMr | In(w) =mr},
where
Mr = {ue B () | (), ula,) = 0,i = 1,2, (ulo,)* #0, (ul,)” #0,
and (Ip(u), (ulo,)*) = 0, (ula,)* #0}.

Obviously, S contains all least energy solutions of (1.17) with u|q, is positive, u|q, is negative, u|q,
changes sign exactly once. Moreover, we have the following Lemma.

Lemma 5.1. S is compact in Hg(Qr).
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Proof. Let {u,} C S, then {u,} is a bounded (PS),,. sequence of Ir. Since Ir satisfies (P.S)-condition,
up to a subsequence, we may suppose u, — U strongly in H}(Qr). It follows that u,, € Mr and
It (uso) = lim Ir(u,) = mp. Therefore, us € S. O

Lemma 5.2. Let d > 0 be a fized number and let {u,} C S¢ be a sequence. Then, up to a subsequence,
Up — ug € 8?4 weakly in HY(Q) as n — oo, where

St= {u € H}(Q) : disty(u,S) < d}
and dist denotes the distance in Hg ().

Proof. Since S is compact in HE (), then there exists a sequence {u,} C S such that
dist (up,S) = dist (up, Uy) < d.
By Lemma 5.1, there exists 4 € S such that, up to a subsequence, @, — u strongly in H} (). Hence,

dist (t,,u) < d for n large enough. Thus, {u,} is bounded and, up to a subsequence, u,, — uy weakly in
H (). Since Bag(u) is weakly closed in H} (), therefore, ug € Bog(u) C S2%. O

Lemma 5.3. Let d € (0,71), where 11 is given by (4.11). Suppose that there exist a sequence A, > 0 with
An — 400, and {u,} C S satisfying

lim Iy, (u,) <mp,  lim Iy (u,) = 0.
n—o0 n—oo 7"

Then, up to a subsequence, {u,} converges strongly in H(Q) to an element u € S.
Proof. Since nlLH;O Iy, (un) < mr and nlgrolo Iy 5, (un) = 0, we deduce that {|u,[|} and {I,,(u,)} are
bounded. Up to a subsequence, we may assume that
Iy, (up) — ¢ € (—o0, mp].
By using Proposition 4.2, there exists u € Hg (£2) such that
u, — u strongly in H}(Q), u=0in Q\ Qr and I, (un) — Ir(u). (5.1)

Moreover, u is a solution to the following equation

—|a+ b/ |Vul?dz | Au = hT(z)uP"%u, 2 € Qr,
Qp (52)
u = O’ X 6 Q \ QI‘,
u =0, x € 0N.
Since {u, } € 8% and d € (0,7;), we deduce that (u|q, )" # 0, (ula,)” # 0 and (u|g,)* # 0. Consequently,
Ir(u) > m. The conclusion Ir(u) = m follows from the fact that I, », (u,) — Ir(u) < mr, Thus, u € S
is proved. O

Lemma 5.4. Let 7 > 0 be as in Lemma 5.3. Then, for § € (0,d), there exist constants 0 < o < 1 and
A1 >0 such that || Iy \ (u)||g-1 > o for any u € I"{ N (85\8%) and A > A,.

Proof. We argue by contradiction. Suppose that there exist a number dy € (0,d), a positive sequence
. 5
{A\;} with X\; — 0, and a sequence of function {u;} C I;n;j N (8%\S7) such that

lim I,;Aj (uj) =0.

j—too
Up to a subsequence, we obtain

{Uj} C 860, hm Ib’)\]. (’LLJ) < mrp.
Jj—00
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Hence, we can apply Lemma 5.3 and assert that there exists u € S such that u; — u strongly in HLQ).

As a consequence, dist (u;,S) — 0 as j — +o0. This contradict the fact that u; ¢ S%. O
From now on, we fix a small constant § € (0,d) and corresponding constants 0 < o < 1 and A; >0

such that our Lemma 5.4 hold. For convenient, we next denote @ := [%, %]4

Lemma 5.5. There exist Ao > A1 and o > 0 such that for any X > Ao,

Ib’)\(’yo(tl,tg,t37t4)) Z my — « implies that ’yo(tl,tg,t37t4) S S% (53)

Proof. Assume by contradiction that there exist A, — oo, @, — 0 and (tgn), tén), tén), tfln)) € @ such that
Ton(o (857257, 657)) 2 i, — e and 5o (6", 857, 687, 47) ¢ S5, (5.4)

Passing to a subsequence, we may assume that (tgn),tgn),tgn),tin)) — (t1,1t2,13,t4) € Q. Then, Lemma
4.5 implies that

Ir(vo(ty, ta, t3,t4)) > Jim (my,, —an) = mr.
From Lemma 2.2 in [10], we can deduce that (1,%2,%3,74) = (1,1,1,1) and hence
T [o(y™, 1" 657 157) = 70(1,1,1,1)]| = 0.

However, 79(1,1,1,1) = v € S, which contradicts to (5.4). O
Next, we set
. a &p 1 2
= ) } 5.5
o mln{ 575300 (5.5)

where §, o are given in Lemma 5.4, « is from Lemma 5.5, ¢ is from Lemma 4.5 (iii). By Lemma 4.4,
there exists A3 > Ay such that
|mx —mr| < ag for all A > As. (5.6)

Proposition 5.6. For each A\ > Ag, there exists a critical point uy of Iy with uy € S° N L.

Proof. Fix A > Az. Assume by contradiction that there exists 0 < py < 1 such that ||} ,(u)|| > px on
S°NI)'". Then there exists a pseudo-gradient vector field T in Hg (€2) which is defined on a neighborhood
Zy of 82N ]b"_;f such that for any u € Z there holds
1T (u)]] < 2min{1, |15 x(u)]},
(T (w), T (w)) = min{1, || T 5 () [Tz (w)]]-
Let ¢ be a Lipschitz continuous function on H}(Q) such that 0 < ¢ < 1,9y = 1 on S° N I and

Pa =0 on H}(Q2)\Zx. Let &, be a Lipschitz continuous function on R such that 0 < &, <1, £4(¢t) = 1 if
[t —mr| < § and &\ (t) = 0if [t — mr| > a. Define

_ =0 (W)én Lo (w) T (u), if u € Zy,
ex(u) = {0, it ue HL(Q)\ 2. (5.7)
Then there exists a global solution 7y : H}(Q) x [0, +00) — H}(Q) for the initial value problem
d
@77)\(“7 0) = ek(n)\(uv 9))? 58
{m\(u,())u. (5.8)

It is easy to see that 7, has the following properties:
(1) na(u,0) =wif § =0 or u € HY(Q)\Zy or |l A (w) — mr| > a.
(2) | S (u.0)] < 2.
(3) %Ib,A(nA(zh 9)) = <Il§,>\(77>\(u’ 9))’ e/\(n)\(u’ 9))> <0. U



150 Page 22 of 26 Z. Cui and W. Shuai ZAMP

Claim 1. For any (t1,t2,t3,t4) € Q, there emists 0 = 0(ty,ta,t3,t4) € [0,+00) such that nx(yo(ty,tz,

t3,ta),0) € I,'\ ™0, where ag is given by (5.5).
Assume by contradiction that there exists (t1,t2,1t3,t4) € Q such that
I x(mx(0(t1. T2, 83, 1), 0)) > mr — ag

for any 6 > 0. Note that ag < «, we see, from Lemma 5.5, that vo(t1,ta,t3,t4) € S3. Moreover, since
Iy x(o(t1, ta,t3, ta)) < mp, we have, from the property (3) of nx, that

mp — ag < Iy x(Ma(yo(t1, t2,t3,t4),0)) < Iy x(Yo(t1, ta, t3,t4)) < mr

for @ > 0. This implies that Ex(Ip x(Ma(Yo(t1,t2,t3,t4),0))) = 1. If nx(yo(t1,t2,t3,t4),0) € S? for all
0 > 0, we can deduce that

Ux (M(o(t1,ta, ta,t4),0)) =1 and [T \(ma(yo(t1, t2, t3,t4),0)) ]| > pa
for all 8 > 0. It follows that

«
Iox (a (vo(ta, t2, ts, ), pj)) <mr— [ prdt <mr —aq,

A

O\QI\J‘Q

which is a contradiction. Thus, there exists 05 > 0 such that nx(yo(t1,ta,t3,t4),03) & S°. Note that
Yo(t1,ta,t3,t4) € 8%, there exist 0 < 01 < 05 < 03 such that
(ot t2.t3,14),01) € 983, a(o(t1, b2, 13, 14), 02) € OS°

and

m(Yo(tr, ta, t3,t4),0) € SO\ S% for all 0 € (61,0,).
By Lemma 5.4, we have that

(155 (ma(Y0(t1, 2, t3,t4),0))| > o for all 6 € (61,62).
By using property (2) of nx we have

)
5 < |Ima(yo(t1, t2, 3, ta), 02) — mr(yo(t1, ta, t3,ta),601)] < 2]02 — 04].
This implies that
IbJ\(n)\(P)/O(tlat23t3;t4)792))
02

d
< Dy x(ma(yo(t1,t2, t3,t4),0)) +/@Ib)\(n/\('}/o(tht27t37t4)79))(19
0

02

d

< Iy a(yo(t1,to, t3,t4)) +/@Ib,A(nA('YO(tlat27t37t4),9))(319

01
1
S mp — 0'2(02 — 91) S mpr — 1(50'2
< mpr — «p, (59)

which is a contradiction. Thus, we finish the proof of Claim 1.
Now, we can define

T(t1,t2,t3,ts) = inf {9 > 0: Iy a(ma(vo(ti,ta,ts,ta),0)) < mp — Oéo}
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and
W(tlat27t3,t4) = nA(’YO(tlat27t3at4)aT(tl’tQ’t37t4))'
Then (I’)\(”y(tl,tg,tg,@;)) <mr — aqg fO?” all (tl,tg,tg,t4) S Q

Claim 2. 7(t1,t2,t3,t4) = mx(Y0(t1,t2,t3,ta), T(t1, t2, t3,14)) € B.
For any (t1,ta,ts,t4) € 0Q, by (5.5)—(5.6), we have

Iy x(Yo(t1,ta, ts, ta)) < Ir(yo(ti,ta,ts,ts)) < mr —eo < mp — ao,
which z'mplies that T(tl,tz,tg,t4) =0 and thus 5(751,752,153,154) = Wo(tl,tg,tg,tzl) fOT’ (t17t27t3,t4) S 8@
By the definition of ¥y in (4.14), it suffices to prove that ||¥(t1, t2, t3,t4)|| < 6124711 for all (t1,ts,t3,t4) €
Q and T'(t1,ta,t3,t4) is continuous with respect to (t1,to,ts,ts).
For any (t1,t2,t3,t4) € Q, we have T(t1,t2,t3,t4) = 0 if I x(y0(t1,t2,t3,t4)) < mpr — g, and hence
Y(t1,ta, ts,ta) = vo(t1, ta, s, ta). By (4.11), we deduce that |¥(t1,ta,ts,t4)|| < 672 < 672 + 7.
On the other hand, if Iy x(Yo(t1,t2,t3,t4)) > mr — ag, we can deduce that
Iy x(o(t1,ta,ts, ta)) > my —
thus ’70(t1,t2,t3,t4) S Sg and
mr — ag < Iy x(Ma(y0(t1,t2,t3,t1),0)) < mr + ag, for all 0 € [0,T(t1,ta,t3,t4)).
This implies that
U x(a(yo(tr,ta,t3,14),0))) =1 for all 6 € [0,T(t1,t2,t3,t4)).

Now, we are going to prove that y(t1,to,t3,t4) € S°. Otherwise, if Y(t1,t2,t3,ts) & S°, similar to the
proof of Claim 1, we can find two constants 0 < 6y < 0y < T(t1,ta,ts3,ts) such that (5.9) hold. This
implies that Iy x(nx(Yo(t1,t2,t3,t4),02)) < mp — ag which contradicts to the definition of T (t1,t2,ts,t4).
Therefore,

Yt to,ts, ta) = ma(vo(ty, ta, ts, ta), T(t1, ta, t3, ta)) € S°.
Thus there exists u € S such that ||¥(t1,t2,t5,t4) — ul| < 6 < 7. It follows from (4.11) that

V(1 ta, ts, ta)|| < |lull + 71 < 672 + 71.
To prove the continuity of T(t1,ta,ts,t4), we fix arbitrarily (t1,ta,ts,t4) € Q. First, we assume that
Ip x(Y(t1,t2,t3,t4)) < mp — . In this case, we deduce directly that T(t1,t2,t3,t4) = 0 by the definition
of T(t1,ta,t3,t4), which gives that
Iy x(Yo(t1,t2,t3,t4)) < m — .
By the continuity of 7o, there exists v > 0 such that for any (s1, S2, S3,54) € Byr-(t1,ta,t3,14) N Q, we have
Iy 2 (v0(81, 82, 83, 84)) < mp — ag. Thus, T(s1, 82, 83,54) =0, and hence T is continuous at (t1,t2,t3,t4).
Now, we assume that I x(Y(t1,t2,t3,t4)) = mr—ag. From the previous proof we see that ¥(t1,ta,t3,t4) =
ma(yo(t1sta, ts, ta), T(t1, ta, t3, 1)) € S°, and so
T 5 (mx (Yo (t1, s 3, ta), T(t1, o, 3, 14))) || = pa > 0.

Thus for any w > 0, we have

[1;7)\(77/\(’}/0(251, t27 t37 t4)7 T(tla t25 t3a t4) + OJ)) <mr — ag.
By the continuity of nx, there exists r > 0 such that

Iy x(Ma(v0(81, 52, 83, 84), T (t1, t2, 13, t4) + w))) < mr — o,
for any (s1, 82, 83,84) € Br(t1,ta,t3,t4) N Q. Thus, T(s1,82,83,84) < T(t1,ta,t3,t4) +w. It follows that

0 S limsup T(81782783784) S T(tl,t27t37t4). (510)

(s1,52,83,84)—(t1,t2,t3,t4)
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If T(t1,ta, t3,t4) = 0, we immediately implies that
lim T(s1,52,83,84) = T(t1,t2,t3,t4).

(s1,52,83,54)—(t1,t2,t3,t4)

If T(t1,ta,t3,t4) > 0, we can similarly deduce that

Iva(T]A(’YO(Sla 52,53, 54)7 T(tla t2a t3a t4) - UJ)) > mr — Q.
fOT‘ any 0 < w < T(t17t27t3,t4).
By the continuity of nx again, we see that
lim inf T(81,827S3784) Z T(tl,tg,t3,t4). (511)
(s1,82,53,54)— (t1,t2,t3,t4)
1t follows from (5.10)—(5.11) that T is continuous at (t1,te,ts,ts). This completes the proof of Claim 2.
Thus, we have proved that ¥(t1,ta,t3,t4) € X and

max  I\(Y(t1,t2,t3,t4)) < mr — ayg,
(t1,t2,t3,t4)€Q AV (1 ta, 23, 1)) r 0

which contradicts the definition of my. This completes the proof. O

Proof of Theorem 1.4. We still prove Theorem 1.4 with T’y = {1}, Ty = {2} and I'; = {3}. For the
general T verifying (1.16), the proof is very similar and just needs a slight modification.

By Proposition 5.6, there exists a solution uy for Eq. (1.6) with uy € S° N I;n{ for all A > As.
Therefore, for any sequence {)\, } with A, — +00 as n — oo, there exists a sequence {u,} C H}(Q) such
that

Iy, (un) <mp, Iy (un) =0.

By using Lemma 5.3, we can deduce that uy, — u € S strongly in Hg(£2). Thus, we complete the proof
of Theorem 1.4. O
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