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On the impact of spatial heterogeneity and drift rate in a three-patch two-species
Lotka—Volterra competition model over a stream
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Abstract. In this paper, we study a three-patch two-species Lotka—Volterra competition patch model over a stream network.
The individuals are subject to both random and directed movements, and the two species are assumed to be identical except
for the movement rates. The environment is heterogeneous, and the carrying capacity is lager in upstream locations. We
treat one species as a resident species and investigate whether the other species can invade or not. Our results show that the
spatial heterogeneity of environment and the magnitude of the drift rates have a large impact on the competition outcomes
of the stream species.
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1. Introduction

The species living in stream environment is subject to both passive random movement and directed drift
[47]. Intuitively, the drift will carry individuals to the downstream end, which may be crowded or hostile.
However, random dispersal may drive the individuals to the upper stream locations, which are usually
more favorable for the species [23]. Therefore, the joint impact of both undirectional and directed dispersal
rates on the population dynamics of the species is usually complicated and has attracted increasing
research interests recently [22,25,34,40-42,47].

Dispersal has profound effects on the distribution and abundance of organisms, and understanding
the mechanisms for the evolution of dispersal is a fundamental question related to dispersal [26]. In the
seminal works of Hastings [19] and Dockery et al. [15], it has been shown that in a spatially heterogeneous
environment, when two competing species are identical except for the random dispersal rate, evolution
of dispersal favors the species with a smaller dispersal rate. However, in an advective environment when
individuals are subject to both undirectional random dispersal and directed movement, species with a
faster dispersal rate can be selected [3,4,11].

Two-species reaction—diffusion—advection competition models of the following form have been proposed
to study the evolution of dispersal for stream species [28,34-36,38,43,48,49,51-53]:
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Fic. 1. A stream with three patches, where d is the random movement rate and ¢ is the directed drift rate. Patch 1 is the
upstream end, and patch 3 is the downstream end

up = diUge — g1y + ulr(z) —u — vl, O<x<l, t>0,
vy = doUps — qoUz + v[r(2) — u — ), O<z<l, t>0,
dluw(07t) - qlu(ovt) = dQ'Ux(Oat) - Q2U(Oat) = 07 t> 07 (11)

dluz(lat) - Q1u(lvt) = dQUx(lat) - QZU(lvt) =0, t >0,

u(z,0),v(x,0) > (#)0, O<z<l.

In [28,34,49], the authors have treated species u as a resident species and studied the conditions under
which the species u only semitrivial equilibrium is stable/unstable. Various results on the global dynamics
of (1.1) are presented in [36,38,43,52,53]. In particular, if r(x) is constant, the works [36,38,53] show
that the species with a larger diffusion rate and/or a smaller advection rate wins the competition. If r(x)
is a decreasing function, the authors in [37,52] use ¢; and ¢ as bifurcation parameters to study the global
dynamics of (1.1) and the related results will be discussed later (see Remark 3.14).

To study the evolution of dispersal in a river network, the authors in [23,24] propose and investigate
three-patch two-species Lotka—Volterra competition models. Let w = (u1, ua, u3) and v = (v1,v2,v3) be
the population density of two competing species, respectively, where u; and v; are the densities in patch
i. Suppose that the dispersal patterns of the individuals and the configuration of the patches are shown
in Fig. 1.

The competition patch model over the stream network in Fig. 1 (with 71 = ro = r3) in [23,24] is:

3
du; i + Ui .
dli = Z(dlDij + q1Qij)u; + iy <1 U - Y ) , 1=1,2,3, t>0,
i=1 !
3
dov; i+ i 1.2
=D ([ Diy + 3:Qi)v; + v (1— L ) i=123, t>0, 2
i=1 !
u(0) = uo > (#) 0, v(0) = vo > (#) 0,

where dy and dy are random movement rates; ¢; and ¢o are directed movement rates; r = (11,79, r3) is
the growth rate; k = (k1, ko, k3) is the carrying capacity; and two 3 x 3 matrices D = (D;;) and Q = (Qs;)
represent the random movement pattern and directed drift pattern of individuals, respectively, where

-110 ~100
pD=|1 211 ¢g=1|1-10]. (1.3)
0 1 -1 010



ZAMP On the impact of spatial heterogeneity Page 3 of 32 117

We can write the model as

duy Uq +'Ul)
=t — _(d, + u+du+7‘u(1_ ’
ddt ( 1 lh) 1 192 11 k1
o us +v
dii = (d1 + q1)ur — (2d1 + q1)us + diug + r2uz (1 a 2‘k22> ’
duis usz + vs
:d+qu—du+”‘(1_ ’
ddt (d+ q)uz = drug +73us ks

+
ﬂ:,(d2+q2)v1+d2v2+ﬁv1 <1U1 - ’ .
ddt Fa +
v el
d7t2=(d2+(J2)U1—(2d2+q2)“2+d2“3+r2U2 1= ka 2)7
dv U3z + v
T;:(d2+Q2)U2—d2U3+T3”3 (1_31633>7
u(0) = ug > (#) 0, v(0) = v > (%) 0.

We assume dy,ds,q1,q2 > 0 and 7;,k; > 0 for i = 1,2,3. We adopt the same assumption in [23] on
k = (ki, ko, k3):

(H) ki > ko > ks > 0.

Biologically, (H) means that the upstream locations are more favorable for both species.

Two-species Lotka—Volterra competition patch models have attracted many research interests recently.
Model (1.2) with n patches in spatially homogeneous environment (i.e., 74 = --- =7, and ky = -+ =
kn) has been considered in our earlier papers [7,10], but many techniques and results there cannot be
generalized to the situation when k; = - -+ = k,, is not assumed. The authors in [18,45] have studied the
global dynamics of model (1.2) with two patches and ¢ := g1 = ¢2. They have showed that there exists a
critical drift rate such that below it the species with a smaller dispersal rate wins the competition, while
above it the species with a larger dispersal rate wins. In a competition model with two patches, the authors
in [12,17,32] have showed that the species with more evenly distributed resources has less competition
advantage. In [8], the global dynamics of a Lotka—Volterra competition patch model is classified under
some assumptions on patches, which requires di/q;1 = da/ge in terms of (1.2). For more studies on
competition patch models, we refer to the works [2,5,6,27,30,33,44,46,50].

We will take an adaptive dynamics approach [14,16] to analyze (1.4) by viewing species u as the
resident species and species v as the mutant species. Model (1.4) has two semitrivial equilibria (u*,0)
and (0, v*). We fix parameters d; and ¢; and vary ds and ¢go. We show that there exists a curve ¢ = ¢ (d)
dividing the (da,g2)-plane into two regions such that (u*,0) is stable if and only if (da,q2) is above
the curve. Our results complement those in [23] by defining and analyzing the curve ¢ = ¢} (d) and
obtaining the global dynamics of model (1.4). In particular, we show that if ¢g; < ¢ the curve ¢ = ¢, (d)
is bounded (see Fig.3) and if ¢, > g it is unbounded (see Fig.4). This result is in sharp contrast with
the corresponding one for the model in spatially homogeneous environment (k; = ko = k3) [7], where the
curve ¢ = ¢ (d) is always unbounded. We give explicitly parameter ranges for competitive exclusion and
conditions for coexistence/bistability in three cases (1 < ¢, ¢ < @1 < g and g1 > q). Our results show
that the magnitude of the drift rates and the spatial heterogeneity of environment have a large impact
on the competition outcomes of the stream species.

Our paper is organized as follows. In Sect. 2, we list some preliminary results. In Sect. 3, we state the
main results on model (1.4). We give some conclusive remarks and numerical simulations in Sect. 4. The
proofs of the main results are presented in Sect. 5. In the Appendix, we show the relations of ¢, g, and qq.
These relations are implicitly included in the main results, and we prove them for reader’s convenience.
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2. Preliminary

Let A = (a;j)nxn be a square matrix with real entries, o(A) be the set of all eigenvalues of A, and s(A)
be the spectral bound of A, i.e., s(4) = max{ReA : A € o0(A)}. The matrix A is called irreducible if it
cannot be placed into block upper triangular form by simultaneous row and column permutations and
essentially nonnegative if a;; > 0 for all 1 <4,j < n and ¢ # j. By the Perron-Frobenius theorem, if A is
irreducible and essentially nonnegative, then s(A) is an eigenvalue of A (called the principal eigenvalue
of A), which is the unique eigenvalue associated with a nonnegative eigenvector. The following result on
the monotonicity of spectral bound can be found in [1,9]:

Lemma 2.1. Let A = (a;j)nxn be an irreducible and essentially nonnegative matriz and M = diag(m;) be
a real diagonal matriz. If s(A) = 0, then

d
— <
duS(MA+M) <0

for p € (0,00) and the inequality is strict except for the case my = - -+ = m,,. Moreover,

}LIE%]S(MA +M)= 121%xn{mi} and )LH;O s(MA+ M) = Zeimi,

n

where 6; € (0,1), 1 <14 <n, is determined by A and ZGZ' =1 (if A has each column sum equaling zero,
i=1

then @ = (01,...,0,)T is a positive eigenvector of A corresponding to eigenvalue 0).

Let m = (mq,ma2,m3) be a real vector. We write m > 0 if m; > 0 for all i = 1,2,3, and m > 0 if
m > 0 and m # 0. Matrix dD + ¢Q + diag(m;) is irreducible and essentially nonnegative for any d, ¢ > 0,
where D and @ are defined by (1.3). By the Perron—Frobenius theorem, s (dD + ¢q@Q + diag(m;)) is the
principal eigenvalue of the following eigenvalue problem:

3
Z(dDij +qQij) o5 +mid; = Aoy, i=1,2,3. (2.1)

j=1

We need to consider the following single-species patch model:

3
dl; = § (dDij + qQij)uj + riu; (1 - Z) ;o 1=1,2,3, >0,
=1 '

u(0) = ug > 0.
The global dynamics of (2.2) is as follows:

Lemma 2.2. Let D and Q be defined in (1.3), 7,k > 0, d > 0, and g > 0. Then, model (2.2) admits a
unique positive equilibrium u* > 0, which is globally asymptotically stable.

Proof. By [13,31,39], it suffices to show that 0 is unstable, i.e.,
s:=s(dD + ¢qQ + diag(r;)) > 0.

Let ¢7 = (¢1, 92, ¢3)T > 0 with 2?21 ¢; = 1 be the positive eigenvector of dD + ¢@Q + diag(r;) corre-
sponding to s. Multiplying (1,1, 1) to the left of dD¢ + qQ¢ + diag(r;)¢ = s¢, we get s = Z?=1 ri¢; > 0.
This proves the result. O

By Lemma 2.2, model (1.4) has two semitrivial equilibria (u*,0) and (0, v*), where u*(resp., v*) > 0
is the positive equilibrium of (2.2) with (d, q) replaced by (d1,¢1) (resp., (da,g2)). Linearizing model (1.4)
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at (u*,0), we can easily see that its stability is determined by the sign of A1 (da, g2, 1 — u*/k), which is
the principal eigenvalue of the following eigenvalue problem:

Ap1 = —(d2 + q2) 1 + dagpa + 11 (1 - ) o1,
Ap2 = (d2 + q2)¢1 — (2d2 + q2)¢2 + dags + 12 (1 - ) ¢2, (2.3)

A3 = (da + q2)p2 — dagpz + 13 (1 - ) @3-

In particular, (u*,0) is locally asymptotically stable if A; (d2,¢2,1 —u*/k) < 0 and unstable if
A1 (d2,q2,1 —u*/k) > 0. Here, we abuse the notation by denoting 1 —w*/k := (1 —uj/k1,1 —u}/ke, 1

3. Main results
We fix di,q1 > 0,7,k > 0 and view species u as the resident species and v as the mutant species. We

investigate the dynamics of model (1.4) varying (ds, g2). For this purpose, we divide the first quadrant of
the (d, ¢)-plane into six regions:

Cu ::{(d,q) iz gz i q)#(dl,qn},

G2 ={(d,q): 0<d<di,q>q},
Giai={ (@) a2t <4< B () # (@)}
! (3.1)
G21 :{ O<dgd170<qgZ];da(daq)#(dhql)}v
1
Gao :={(d,q): d>d1,0<q¢<q1},
G23 _{ 0<d§d1,21d<ngl,(d,q)#(dl,Ql)}
1

For readers’ convenience, we graph the six regions in Fig. 2.

3.1. Invasion curve

We consider the local stability of (u*,0) in this subsection. Biologically, if (u*,0) is stable, then a small
amount of species v cannot invade species u; if (u*, 0) is unstable, then a small amount of species v may
be able to invade species u. We prove that there exists a curve ¢ = ¢ (d) in the (d, ¢)-plane such that
(u*,0) is locally asymptotically stable if (da, ¢2) is above the curve and (u*,0) is unstable if it is below
the curve. To this end, we define
TED DR TN G A I
b oo, if 2?1 (1 ki 0, (3.2)
do, if >, 47 1—1,:—1 <0,

where d = dy > 0 is the unique root of A1 (d,0,1—u*/k) = 0 if 2?21 ri (1 —uj/k;) < 0 (see the existence
of dyp in Lemma 5.2). We have the following result about the local stability/instability of the semitrivial
equilibrium (u*,0):

Theorem 3.1. Suppose that (H) holds, r > 0, and di,q1 > 0. Then, there exists a continuous function
qg=q:(d):(0,d*) — Ry passing through (d1,q1) such that the following statements hold for model (1.4):
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F1G. 2. Illustration of the six regions of (d, ¢)-plane

(i) If (d2,q2) € S1, then the semitrivial equilibrium (u*,0) is locally asymptotically stable;
(ii) If (d2,q2) € Sa, then the semitrivial equilibrium (u*,0) is unstable.

Here, S1 U Sy is a partition of the first quadrant of the (d, q)-plane defined as follows:
S1:={(d,q): 0<d<d*, ¢>q,(d)}UST,

Sy :={(d,q): 0<d<d*, 0<q<q(d)}, )
where
ST:{{(d,q):dzd*, a> 0}, if d Foc, (3.4)
0, if d* = oo.

Remark 3.2. We call the curve in the first quadrant of (d, ¢)-plane defined by the function ¢ = ¢, (d) in
Theorem 3.1 the invasion curve. This curve consists with all the points (d, ¢;; (d)) such that A1 (d, ¢;; (d), 1—
u*/k) = 0, ie., (u*,0) is linearly neutrally stable. The invasion curve divides the first quadrant into
S1 U Sy, where S is the region above the curve and Ss is the region below it. By Theorem 3.1, (u*,0) is
locally asymptotically stable if (dz,¢2) € S7 and unstable if (da, g2) € Sa.

In the following of this paper, we denote

q:= min T—l(kl — kg), rj(kQ - kS) )
kil k?)
(3.5)
T T
7:=max{ — (ki — ka), == (ko — ks) ¢ -
kl k&

We take ¢ and g as the threshold values for the drift rates. Specifically, if a drift rate is below ¢ (above
q), we call it a slow (large) drift; if a drift rate is between ¢ and @, we call it an intermediate drz'ft. These
definitions coincide with those in [23] if r1 =79 = r3. It turns out that the magnitude of drift rate ¢; will
have a large impact on the shape of the invasion curve and the dynamics of the model.

We have the following result about the invasion curve:

Proposition 3.3. Suppose that (H) holds, r > 0, and d1,q1 > 0. Let S; and Ss be defined in Theorem
3.1. Then, the following statements hold:
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(1) G111 C S1 and Go1 C SQ,'
(ii) If 1 > q, then G12 C S1 and Gaa C Sa;
(111) ]f 1 < q, then Gi13 C S1 and Gasz C So

We explore further properties of the invasion curve:

Proposition 3.4. Suppose that (H) holds, r > 0, and dy,q1 > 0. Let ¢ = ¢, (d) : (0,d*) — Ry be defined
in Theorem 3.1. Then, the following statements hold:

(i) limg—o g} (d) = qo, where
uy us
(Iozmax{m (1_k1)’ 7“2( —kz)}; (3.6)

d* =dy and dhrfil* g, (d) =0; (3.7)

(ii) If q1 < gq, then

(iii) If ¢1 > q, then

d* =00 and lim ¢u(d)

d—oo d

=0 (3.8)

for some 0 € (0,q1/d1);
(iv) If ¢ < q <G, then (3.7) holds when Z?Zl ri (1 —ul/k;) <0, (3.8) holds with 0 € (0,q1/d1) when
Z?:l ri (1 —ul/k;) >0, and (3.8) holds with 6 = 0 when Z?Zl ri (1 —uf/k;) =0.

Remark 3.5. By Propositions 3.3 and 3.4, the invasion curve lies in G2 U G2 when the drift rate ¢ is
small, and it lies in G13 U Ga3 when ¢ is large. Moreover, if ¢; is small, the invasion curve is defined on a
bounded interval (0,dp); if ¢1 is large, it is defined on (0, 00) and has a slant asymptote ¢ = 6d for some

0 c (0,ql/d1).

3.2. Competitive exclusion

In this subsection, we study the global dynamics of model (1.4) and find some parameter ranges of (ds, g2)
such that competitive exclusion happens. The relations of ¢, § and gy are implicitly included in the results
below. However, for reader’s convenience, we include the proof in the Appendix.

Firstly, we consider the small drift case, i.e., q1 < q.

Theorem 3.6. Suppose that (H) holds, » > 0, and di,q1 > 0 with ¢ < q. Then, the following statements
hold:

(i) If (d2,q2) € Ga21 U Gas, then the semitrivial equilibrium (0,v*) of (1.4) is globally asymptotically
stable;
(ii) If (d2,q2) € G11UGT,UGh3, then the semitrivial equilibrium (u*,0) of (1.4) is globally asymptotically
stable.
Here, G745 is defined by

Gy = {(d2, q2) : (d2,q2) € G12,92 > G} (3.9)
Remark 3.7. Our results on model (1.4) for the small drift rate case are summarized in Fig. 3. We have
proved that competitive exclusion appears if (ds, ¢2) falls into the blue and yellow regions of Fig. 3.
Next, we consider the large drift case, i.e., g1 > q.

Theorem 3.8. Suppose that (H) holds, r > 0, and dy,q1 > 0 with g1 > q. Then, the following statements
hold:
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FIG. 3. Tllustration of the results for the case q1 < ¢. If (dz, g2) is above the curve q = ¢;; (d), then (u*,0) is stable; and
if (d2,g2) is under the curve, then (u*,0) is unstable. If (d2,g2) € G21 U Ga3, (0,v*) is globally asymptotically stable; if
(d2,q2) € G11 UG7y U G13, (u*,0) is globally asymptotically stable

(1) If (da,q2) € Ga1 UG22UG3s, then the semitrivial equilibrium (0,v*) is globally asymptotically stable;
(ii) If (da,q2) € G11 U G, then the semitrivial equilibrium (u*,0) is globally asymptotically stable.

Here, G54 is defined by
G353 ={(d2,q2) : (d2,q2) € Ga3,q2 < g} (3.10)

Remark 3.9. Our results on model (1.4) for the large drift rate case are summarized in Fig.4. Differ-
ent from the small drift rate case, the invasion curve is unbounded. Again, we are able to prove that
competitive exclusion happens if (da, g2) falls into the blue and yellow regions of Fig. 4.

Then, we consider the intermediate drift case, i.e., ¢ < ¢1 <, and we have the following results on
the global dynamics of model (1.4).

Theorem 3.10. Suppose that (H) holds, r > 0, and di,q1 > 0 with ¢ < q1 < q. Let Gy be defined by
(3.9) and G35 be defined by (3.10). Then, the following statements hold:

(i) If (d2,q2) € Ga1 U G, then the semitrivial equilibrium (0,v*) is globally asymptotically stable;

(ii) If (da,q2) € G11 U G5, then the semitrivial equilibrium (u*,0) is globally asymptotically stable.

Remark 3.11. Our results on model (1.4) for the intermediate drift rate case are summarized in Fig. 5.
In this case, the invasion curve may be defined on either a bounded or an unbounded interval. However,
we know that it must locate between the yellow and blue regions in Fig. 5, where competitive exclusion
happens.

In view of Theorems 3.6, 3.8, and 3.10, the global dynamics of model (1.4) in G1; UG2; is independent
of ¢p:
Corollary 3.12. Suppose that (H) holds, r > 0, and d1,q1 > 0. Then, the following statements hold:

(i) If (d2,q2) € Gy1, then the semitrivial equilibrium (u*,0) is globally asymptotically stable;
(ii) If (da,q2) € Ga1, then the semitrivial equilibrium (0,v*) is globally asymptotically stable.
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F1G. 4. Tllustration of the results for the case g1 > . If (d2, g2) is above the curve ¢ = ¢} (d), then (u*,0) is stable; and if
(d2, q2) is under the curve, then (u*,0) is unstable. If (d2,q2) € G21 U G22 U G34, (0,v*) is globally asymptotically stable;
and if (d2, ¢2) € G11 U G12, (u*,0) is globally asymptotically stable

Fi1G. 5. Tllustration of the results for the case ¢ < g1 <. If (d2,q2) € G21 U G35, (0,v*) is globally asymptotically stable;
and if (d2,q2) € G11 U G7,, (u*,0) is globally asymptotically stable

More importantly, we have the following result about the evolution of random dispersal and directed
drift rates.

Corollary 3.13. Suppose that (H) holds, v > 0, and d1,q1 > 0. Then, the following statements hold:
(i) Fiz dy = ds. If 1 < q2, then the semitrivial equilibrium (u*,0) is globally asymptotically stable; If
q1 > Ga2, then the semitrivial equilibrium (0,v*) is globally asymptotically stable;
(ii) Fiz q1 = q2 < q. If di < da, then the semitrivial equilibrium (u*,0) is globally asymptotically stable;
If dy > da, then the semitrivial equilibrium (0,v*) is globally asymptotically stable;
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(iil) Fix g1 = g2 > q. If d1 < da, then the semitrivial equilibrium (0,v*) is globally asymptotically stable;
If dy > da, then the semitrivial equilibrium (u*,0) is globally asymptotically stable.

Remark 3.14. By Corollary 3.13, the species with a smaller drift rate tends to have competitive advantage.
If the drift rate is small, the species with smaller random dispersal rate has competitive advantage; if the
drift rate is large, larger random dispersal rate is favored. We remark that Corollary 3.13 (i) was proved
in [37] for the PDE case, and the corresponding results of 3.13 (ii)—(iii) for the PDE case in [37] are as
follows: if d; > da, then there exists g(dy, ds) (resp. q(dy,ds)) such that (u*,0) (resp. (0,v*)) is globally
asymptotically stable for ¢; = ¢z > q(d1,dz) (vesp. q1 = q2 < q(d1,d2)).

3.3. Coexistence and bistability

If (da, g2) is in the blank regions of Figs. 3, 4 and 5, we show that bistability and coexistence may occur.
To this end, we explore the stability/instability of the semitrivial equilibrium (0, v*(ds, ¢2)) along the
invasion curve g = ¢ (dz2). Let

(3.11)

M(da) ==\ (dl,ql, 1-— ”*(dQ’q’j(dQ))) .

k

Then, A (d1) = 0, the semitrivial equilibrium (0, v*(d, ¢ (d2))) is stable if A (d2) < 0, and (0, v*(dy, g% (d2)))
is unstable if A1 (d2) > 0. The following result for the large drift case can be proved similarly as [7, Theorem
5.4], so we omit the proof here.

Theorem 3.15. Suppose that (H) holds, 7 > 0, and di,q1 > 0 with ¢1 > q. Let ¢ = ¢};(d) : (0,00) — R4
be defined in Theorem 3.1 and Proposition 3.4 (iii). Then, for any de > 0, the following statements hold:
(1) ]f 5\1(d2) < 0, then
*(d
4(dy) := inf {q >0: g>q,(d2) and M\ (dl,ql,l — v(kQ’Q)> > 0}

exists and satisfies
( ) fO’f’ dy < dl,

qy
3.12
u d2 d2> for dy > d;. ( )

Moreover, for any q2 € (g, (d2),4(dz)), both semitrivial equilibria (u*,0) and (0,v*) are locally
asymptotically stable and model (1.4) admits an unstable positive equilibrium.
(ii) [f )\1(d2) > 0, then

*(d
4(d2) := sup {q >0: g<q(ds) and M\ (dl,ql,l - v(kz,q)> < 0}

exists and satisfies

i(ds) € (flidg,q;;(@)) for dy < dy,
4(d2) € (q1,q3 (d2)) for dy > d;.

Moreover, for any g2 € (¢(d2),q;, (dz2)), both semitrivial equilibria (u*,0) and (0,v*) are unstable
and model (1.4) admits a stable positive equilibrium.

Remark 3.16. In (ii) when both semitrivial equilibria are unstable, we may conclude that the solutions
are uniform persistent. If ¢ < ¢1 < @ (the intermediate drift case), Theorem 3.15 (i)-(ii) holds for any
ds < di, and we omit the statement to save space here.
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The small drift rate case will be handled slightly different from the large drift rate case. For any 6 > 0,
by Lemma 2.1 and Proposition 3.3 (ii), the line ¢ = df and the invasion curve ¢ = ¢ (d) have exactly
one intersection point (d*(6),d*(9)#). So we can reparameterize the invasion curve as follows:

d = d*(0),
{q _ (0 = a* (69, 0 > 0. (3.13)

Let

A (0) =\ (dl,ql,l—’w>, 6> 0. (3.14)

Then, the semitrivial equilibrium (0, v* (d*(6),¢*(#))) is stable if A;(f) < 0 and unstable if A;(6) > 0.
Noticing that ¢} (d1) = g1, we have d*(q1/d1) = dy and

_ “(d
A (qr/dy) =M <d17Q1,1 - W) = 0.

k

Theorem 3.17. Suppose that (H) holds, > 0, and d1,q > 0 with 0 < q1 < q. Then, for any 0 > 0, the
following statements hold:

(i) If \(F) <0, then
*(0) = inf{d S0 d> d*(6) and M (dl,ql,l - ”(i’da)> > 0}

exists with d*(0) < d*(0) such that for any (dy,q2) with go = dof and d*(0) < dy < d*(0) both
semitrivial equilibria (u*,0) and (0,v*) are locally asymptotically stable and model (1.4) admits an
unstable positive equilibrium.

(if) If M(6) > 0, then

&*(9) = sup{d>0: d < d*(0) and A (dl,q1,1— 1}(:(19)> <0}

exists with d*(0) < d*(0) such that for any (dy,q2) with ¢o = dof and d*(0) < dy < d*(0) both
semitrivial equilibria (u*,0) and (0,v*) are unstable and model (1.4) admits a stable positive equi-
librium.

Moreover, d*(0) satisfies

(d*(0),d*(0)0) € Gra if 0> 1L,
dy (3.15)

(d*(0),d*(0)0) € Gay if 0< 0 < Zi.
1

Proof. We prove (i), and (ii) can be proved similarly. Fix 6 > 0. Suppose A;(f) < 0. Let
*(d,dd
A= {d>05 d > d*(@) and )\1 (dl,th /U(k’)> Z 0}

By Theorem 3.6 (i), (0,v*) is unstable or neutrally stable if (d2,¢2) € G11 U Gis, which yields A # 0.

Since A1(0) < 0, there exists g > 0 such that

v (d*(6) + €, 0(d" (6) + )
k

A1 (dhth— ) <0, for any 0 < € < €g.

Therefore, d*(0) exists with d*(0) < d*(0).
If (da, g2) satisfies g = d26 and d*(0) < dy < d*(0), by the definition of d*(¢), we have

A1 (dla(h,r - v*(dQ’qQ)) < 0’
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F1G. 6. Illustration of the main results for (1.4) with k1 = k2 = k3 in [7]. The blue cure is the invasion curve, which always
lies between the lines ¢ = q1 and ¢ = q1d/d;. Moreover, (u*, 0) is globally asymptotically stable if (dz2,¢2) € G1, and (0,v*)
is globally asymptotically stable if (dz2,q2) € G2

which means that (0, v*) is locally asymptotically stable. By Theorem 3.1, (u*,0) is also locally asymp-
totically stable. By the monotone dynamical system theory [20,21,46], model (1.4) admits an unstable
positive equilibrium. Finally, it is easy to see that (3.15) holds by Theorem 3.6. O

4. Discussions and numerical simulations

In this section, we discuss the results of the paper and present some numerical simulations.

4.1. Impact of spatial heterogeneity

If the environment is homogeneous, i.e., assumption (H) is replaced by ki = ko = k3, model (1.4) with n
patches has been investigated in our recent paper [7]. The main results in [7] are summarized in Fig. 6.
In particular, we prove that the invasion curve is between the lines ¢ = ¢; and ¢ = q1d/dy, (u*,0) is
globally asymptotically stable in G, and (0,v*) is globally asymptotically stable in Gg. These results
are independent of the magnitude of drift rate ¢; and are similar to the large drift rate case in this paper.
Biologically, the downstream end is crowded due to the drift and thereby less friendly compared with the
upstream end. If the environment perturbs from being uniformly distributed and the upstream locations
become advantageous, e.g., assumption (H) holds, then a larger drift rate may compensate for it. This
may explain why the homogeneous environment case is similar to the larger drift case in this paper.

4.2. Impact of drift rate

By Propositions 3.4 and 3.13, if the drift rate ¢; is small (¢; < ¢), the invasion curve ¢ = ¢ (d) is defined
on a bounded interval and the species with a smaller random dispersal rate is advantageous; if ¢, is large
(g1 > Q), the invasion curve is unbounded with a slant asymptote ¢ = 6d for some 6 > 0 and larger random
dispersal rate is favored. The results for the small drift rate case align with the ones in the seminal works
[15,19], which claim that the species with a smaller random dispersal rate will always out-compete the
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F1G. 7. The invasion curve for different values of q1. Here, k = (5,3,1), r = (1,2,1), and di = 1. The threshold values for
the drift rates are ¢ = 0.4 and q = 2

other one in a spatial heterogeneous environment, when both species randomly move in space and are
different only by the movement rate. When the drift rate becomes large, the outcomes of the competition
change dramatically, and the species with a larger dispersal rate may win the competition.

We numerically explore the impact of the drift rate ¢; on the shape of the invasion curve g = ¢ (d).
Fix k= (5,3,1),r = (1,2,1), and d; = 1. Then, we can compute the threshold values for the drift rates:
q = 0.4 and ¢ = 2. In Fig. 7, we plot the invasion curves for ¢; = 0.2,0.5,1.2,4. If ¢ = 0.2 or 0.5, the
invasion curves seem to be bounded with 044} (d1) < 0, which indicates that a smaller random dispersal
rate is favored when ¢; = ¢ and dy ~ ds. In sharp contrast, if d; = 1.2 or 4, the invasion curves seem to
be unbounded with dq¢;; (d1) > 0. This simulation also shows that the invasion curve can be bounded or
unbounded for the intermediate drift case (¢ < ¢1 < 7).

4.3. Bistability and coexistence phenomena

Let d1 = 1,1 = 1.5, » = (3,7,3), and k = (5,3,1). We graph the invasion curve (d*(9),¢*(9)) and
A(6) in Fig.8. The stability of (0,v*) when (dz,q2) = (d*(6),¢*(0)) is determined by the sign of A(6).
In Fig.8, we can see that :\(0) changes sign, which means that both bistability and coexistence are
possible. Indeed, if we choose (dz2,g2) = (3.088,1.239), which is slightly below the invasion curve, then
both (u*,0) and (0,v*) are locally asymptotically stable. As shown in Fig.9, if the initial data are
(u(0),v(0)) = ((0.1,0.1,0.1), (5,5,5)), then the solution of (1.4) converges to (0,v*); if the initial data
are (u(0),v(0)) = ((5,5,5),(0.1,0.1,0.1)), then the solution converges to (u*,0). Finally, we choose
(da,q2) = (10.28,0.03), which is slightly above the invasion curve ((u*, 0) is unstable). Since X is positive,
(0,v*) is also unstable, and the model has at least one stable positive equilibrium. We graph the solution
of (1.4) for initial data (u(0),v(0)) = ((5,5,5), (5,5,5)) and the solution seems to converge to a positive
equilibrium, see Fig. 10.
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F1G. 8. a The invasion curve (d*(0),¢*(0)) when d1 =1, ¢1 = 1.5, r = (3,7,3), and k = (5,3,1). b The sign of the curve

X1(0) determines the stability of (0,v*) when (dz, g2) = (d*(6), ¢*(0))
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F1G. 9. Solutions of (1.4) with dy =1, ¢1 = 1.5, d2 = 3.088, g2 = 1.239, r = (3,7,3), k = (5, 3,1). For a, b, the initial data
are u(0) = (0.1,0.1,0.1) and v (0) = (5,5, 5), and species v wins the competition; for ¢, d, the initial data are u (0) = (5,5, 5)
and v(0) = (0.1,0.1,0.1), and species w wins the competition

4.4. Evolutionarily singular strategies

We formulate a conjecture based on Corollary 3.13 about the existence of an evolutionarily stable strategy
(ESS) for the diffusion rate, which may distinguish the 2-patch model from the 3-patch model.

We fix g2 = ¢1 > 0 and view the diffusion rate as an evolutionary strategy of the species. By Corollary
3.13 when ¢ < @, we conjecture that there exists ¢ < ¢, < ¢* < @ such that if ¢ < ¢, then the slower
diffuser always wins the competition; if ¢ > ¢, then the faster diffuser prevails; if ¢; € (g«,q"), there
exists a unique d*(¢1) > 0 such that d; = d*(¢1) is an evolutionarily singular strategy with the asymptotic
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F1G. 10. Solution of (1.4) with d1 =1, g1 = 1.5, do2 = 10.28, g2 = 0.03, r = (3,7,3), k = (5,3, 1), and the initial data are
u(0) = (5,5,5) and v(0) = (5,5,5). The two species seem to coexist

limits:
lim d*(q1) =0, lim d"(q1)= +o0;
qlﬂqj q1—q*~

or

lim d*(q1) = +o0, lim d*(q1) =0.

q1—qx n—qt

Moreover, we conjecture that the singular strategy is an ESS in the former case but not in the latter case
(Fig. 11).
We provide some numerical evidence to support the conjecture below. Since

)\1 (dl,ql, 1-— u*/k) = O,
the sign of

aA1 (da q1, 1- u*/k)

S(di,q1) == ad

d=dy

is crucial to determine which strategy is favored when dy = d;: if S(dy, ¢1) < 0 the slow diffuser is favored;
if S(d1,q1) > 0 the faster diffuser is favored. By Corollary 3.13, S(dy,q1) changes signs. In particular,
if @ < ¢, S(d1,q1) <0 and if g1 > ¢, S(d1,q1) > 0. We numerically solve S(d1,q1) = 0 and plot the
solution in Fig. 11, which consists with a curve d; = d*(q1), where ¢1 € (g«, ¢*). In the left figure, the sign
of 8(d1, ¢1) changes from negative to positive when moving from above to below the curve. This suggests
that the diffusion rate d; = d* may be an ESS for ¢ € (¢«, ¢*). In the right figure, opposite phenomenon
appears when crossing the curve and we suspect that the singular strategy is not an ESS in this case.

We remark such an intermediate diffusion rate d; = d* as an ESS does not appear in the corresponding
2-patch model. For the 2-patch model, as proved in [18,45] (see [23, Theorem 1]), there exists a critical
value g, such that if g = g2 < g« then d; = 0 is an ESS; if ¢1 = ¢2 > ¢« then d; = oo is an ESS. We also
note that if ¢ = g in the 3-patch model, then the curve d; = d*(¢1) is a vertical line and an intermediate
ESS also does not exists (which is similar to the 2-patch case).

Finally, we conjecture that the results in this paper hold for the N-patch model. Our results for
3-patch model are based on the monotonicity of the semitrivial equilibrium (see Lemma 5.1 (iii)—(iv)),
which we cannot prove for the N-patch model. Similarly, if the movement rates among patches are not
homogeneous (i.e., the off-diagonal entries of D and @ are not 1s), it is also not trivial to show how the
movement rates affect the monotonicity of the semitrivial equilibrium.
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Fi1G. 11. The sign of S(d1,q1), where S(d1,¢1) < 0 in the dark blue region and S(di,¢1) > 0 in the light blue region. Left
figure: » = (3,7,3), k = (5,3,1); right F » = (50, 3,3), k = (5,3,1)

5. Proofs for the invasion curve

In this section, we present the proofs of the results on the invasion curve ¢}, (d). We begin with an analysis

on u*. A similar result of the following lemma when r; = ro = r3 except for the sign of Zf’zl ri (1 —uf/k;)
can be found in [23].

Lemma 5.1. Suppose that (H) holds, r > 0, di > 0, and ¢1 > 0. Then, the following statements on u*
hold:

(i) diuj — (di +q)u; <0 fori=1,2;
(i) uf < ki and uf > ks;

)
(i) If 1 > G, then uf < uj < uj and Zi’:l T (1 —
)

g
ook

)>0;
1_')<O

IS
S

ol

(iv) If @1 < gq, then uj > u3 > u3 and 23’21 T (1 -

Proof. By (1.4), we have

u*
dﬂﬁ; — (dl + ql)u’{ = —rlu’{ (1 1) R

i
u*
(s = a + )u5) = v = e+ ) = = (1 2. 6.1)
u*
diui — (d1 + qu)uj = rauj ( — ki”> :
3

Suppose to the contrary that diu3 — (di + ¢i1)uf > 0. Then, by the first equation of (5.1), we have
uy > wuj > kp. This, together with assumption (H) and the second equation of (5.1), implies that
dyu} — (dy + q1)uy > 0 and u} > k3, which contradicts the third equation of (5.1). Therefore, we have
dyul — (dy + ¢1)uf < 0. Similarly, we can prove dyuj — (di + ¢1)us < 0. This proves (i). By (i) and the
first and third equations of (5.1), we can easily obtain (ii).
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The proof of (iv) is similar to that of (iii), so we only prove (iii) here. Suppose ¢; > g. We rewrite
(5.1) as follows:

dy (uf — w3) — (da + ) (5 — ) = —rous (1 “) , (5.2)

Suppose to the contrary that uj > uj. Then, by the first equation of (5.2), we have k; — KL uj > 0.
™

Since ¢ > %(kl — k2), we obtain
1

k
k2>k17E2uTZu§.
T1
Then, by the second equation of (5.2), we get uj > u}. This, combined with ¢; > ;—3(142 — k3), yields
3

k3<1+ql) > ko > uj > uj,
r3

which contradicts the last equation of (5.2). This proves uj < uj.
Suppose to the contrary that uj > u}. Then, by the last equation of (5.2), we have u} > ks <1 + (11) .
T3

By ¢1 > @, we obtain
k
u§>u§>k3<1+q1> > kg > ky — DFL
T3 ™

Then, by the second equation of (5.2), we have u} > u3. By the first equation of (5.2), we get
0> di(uy —ui) = —riuj (1 o ul) > 0,

which is a contradiction. This proves uj < u3.
Dividing the ith equation of (5.2) by u}, we have

u*
—(d1 +q1) +d1u% +71 (1 -

k1
ut uh ud
d = 1) - (1=-=2 —2)=0 5.3
e (33 1) () () o >
us ud
d -2 d 1-2)=o0.
(1'F(11)u§ 1+?"3< k3>

Adding up the equations in (5.3), we obtain

Then, by (i) and uj < u} < u}, we have Z?=1 i (1 - Z—) > 0. This proves (iii). O
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5.1. Proof of Theorem 3.1

We prove the existence of the invasion curve ¢ = ¢ (d) in this subsection.

Lemma 5.2. Suppose that (H) holds, » > 0, and dy,q1 > 0. Then, the following statements hold about
the semitrivial equilibrium (u*,0) of (1.4):
(i) If2§:1 ri (L —ul/k;) > 0, then for any d > 0 there exists ¢} (d) > 0 such that Ay (d, ¢}, (d),1 — u*/k)
=0, M\ (d,q, 1 —u*/k) <0 for all ¢ > ¢ (d), and A1 (d,q,1 —u*/k) > 0 for all ¢ < g} (d);
(i) If Z?Zl ri (1 —ul/k;) <0, then there exists dg > 0 such that A\1(do,0,1 —u*/k) =0, A\1(d,0,1 —
u*/k) <0 for all d > dy, and A\1(d,0,1 —u*/k) > 0 for all d < dy. Moreover, the following results

hold:
(iiy) For any d € (0,dy), there exists ¢;(d) > 0 such that the statement in (i) holds;
(iip) For any d € [dg,00), we have A1(d,q,1 —u*/k) <0 for all ¢ > 0.

Proof. For simplicity, we denote \;(d,q) := A1 (d,q,1 —u*/k). An essential step of the proof is to show
the following claim.

Claim 1: Fixing d > 0, equation A;(d, ¢) = 0 has at most one root for g € [0, 00).
Proof of Claim: Let 1 be the positive eigenvector corresponding to A\ (d, ¢) with Z _1 ¥ = 1. Then, we
have

3 3
M(d, q)v; = dZDiﬂ/)j + QZQM%‘ + 7 (1 - ) Vi, 1=1,2,3. (5.5)
j=1 j=1
Differentiating (5.5) with respect to ¢ and denoting ’ = 9/dq, we obtain

3 3 3 %
u) ,
W+ My =d Y Dyt + D Qi +a ) Qi+ (1 - kz) vy, i=1,2,3. (5.6)

j=1 j=1 j=1
Multiplying (5.5) by ¥} and (5.6) by v; and taking the difference of them, we have
3 3
W7 = (dDij + qQiy) (i — i) + > Qijtbitdy, i =1,2,3. (5.7)
j=1 j=1

Motivated by [7, Eq. (3.7)], we introduce (81,32, 83) = (1,d/(d + q),d*/(d + ¢)*). Multiplying (5.7)
by §; and summing up in i, we obtain
2

d \'"! d
A Zﬁﬂ/ﬂ Z (d - q) <1,[}z + d—I—qd}H_l) ;. (5.8)

Suppose A1 (d, ¢) = 0 for some ¢ > 0. By Lemma 5.1 (ii), we see that

dipg — (d+ q)1 = =11 < - ?) <0,

1
de - (d+(j)¢2 = ¢3T1 (1 — ;) < 0.
3

Therefore, by (5.8), we have A'(d,§) < 0. This proves the claim.

According to the claim, whether the equation A;(d,q) = 0 has a root in ¢ is determined by the sign
of A1(d,0) and lim,_o A1 (d, q).

Claim 2: limg_,o M1(d,q) < 0.
Proof of claim: Adding up all the equations of (5.5), we have

M(dg) = iri (1 - Z) v, (5.9)

i=1
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which implies that A (d, ¢) is bounded for d, ¢ > 0. So up to a subsequence, we may assume lim,_.o ¥ = 1.
Dividing (5.5) by ¢ and taking ¢ — oo, we obtain

3
ZQZ]&] = 07 1= 172737
i1
which yields ¥ = (0,0,1)7. Then, taking ¢ — co in (5.9), we have
lim A (d,q) = 3 (1 - “3> <0,

q—00 ks

where we have used Lemma 5.1 (ii) in the last step. This proves the claim.
By Lemma 2.1, \1(d, 0) is strictly decreasing in d with

3
. u; . 1 u;
hr%)\(d,O) = max i (1 - kh) >0 and dli)rgo)\(d, 0) = 3 ;m (1 - k7,> )
where we have used Lemma 5.1 (ii) again to see that 1 —uj/ky > 0. Now, the desired results follow from
this and Claims 1 and 2. 0

We are ready to prove Theorem 3.1.

Proof of Theorem 3.1. Let dy be defined in Lemma 5.2, d* be defined by (3.2), and ¢ = ¢} (d) : (0,d*) —
R, be defined in Lemma 5.2. Then, Theorem 3.1 (i)—(ii) follows from Lemmas 5.1-5.2 and the fact
that the stability /instability of (u*,0) is determined by the sign of A\ (d, ¢, 1 — w*/k). The continuity of
q = ¢, (d) follows from 9\ (d, ¢}, (d),1 —u*/k) < 0 (Claim 1 of Lemma 5.2) and the implicit function
theorem. O

5.2. Proof of Propositions 3.3 and 3.4

First, we prove the following useful result:

Lemma 5.3. Suppose that (H) holds, » > 0, and di,q1 > 0. Then, we have

u*
)\1 <d27q271 - k) 7& 07

if one of the following conditions holds:
(i) (d2,q2) € G11 U Gar;
(ii) g1 > q and (da,q2) € G12 U Gaa;
(111) q1 < q and (dQ,QQ) (S G13 ] G23.
Proof. Suppose to the contrary that A; (d2,q2,1 —u*/k) = 0, and let ¢ > 0 be a corresponding eigen-
vector. Note that Ay (d1,¢q1,1 — u*/k) = 0 with a corresponding eigenvector u*. Let

fo=Ff=0, §o=3g3=0,

and

fi=dwuiy — (di+quj, §j =dagjrr — (d2+q2)dy, j=1,2. (5.10)

Then, we have

~ - u*
fi = fi-1=—rju; (1 - k]> , =123, (5.11a)

IS
S

Gj—Gj1=—T;0; (1 - kﬂ) . j=1,2,3. (5.11b)
J
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Using similar arguments as in [7, Lemma 5.7], we can show

5 ,
- &’
[(dy — d2)(dj41 — 65) — (01 — @2) 5] fj————=5 =0, (5.12)
jz:; ’ ’ T dy )
and
S 1y
[(d2 — dy)( —ul)— (g2 — q)u}| gj——— = 0. (5.13)
k=1 R 7 (d2 +q2)" ™
- d . . .
Indeed, multiplying (5.11a) by 7t a ¢;, and summing up from j =1 to j = 3, we have
1+

,Zr]u bj (1> <d16-l|iQ1)j
:i(fj i 1)¢J <d +q1>j

=t , , ) (5.14)
= fats <d1+ql> fod (d1+ql) +]z=; ! <d1+Q1> <¢J d1+(I1¢]+1>
2 &
= —;(d1¢j+1 —(dy + m)%)f;W,

- ~ d J
where we have used f3 = fo = 0 in the last step. Similarly, multiplying (5.11b) by ( 7 _ﬁ > u} and
1+aq
summing up from j =1 to j = 3, we obtain

S (- 8) () - Eoi

Taking the difference of (5.14) and (5.15), we obtain (5.12). Similarly, we can prove (5.13).

By Lemma 5.1 (i)-(ii) and (5.11b), we have f;,§; < 0 for j = 1,2. Now we obtain a contradiction for
each of (i)—(iii).

(i) We only consider the case (da,g2) € Ga1, since the case (ds,q2) € G11 can be studied similarly.
Suppose (da,q2) € Ga1. Then, we have dy < d1,qs < q1da/d1, and (d1,q1) # (da,q2). If di # da, then it
is easy to check that

5.15
dl + ql)j+1 ( )

9 42
di —ds ~ do
(This inequality can be found in [53, Lemma 2.4].) This, together with g1, go < 0, yields
(di — d2)(Bj+1 — ¢5) — (@1 — @2)¢; <0, j=1,2. (5.16)

If di = ds, then g1 > ¢ and (5.16) also holds. Then, by fl, fg < 0 and (5.12), we have

2 ~ &
z:: —d2)(¢j+1 — &) — (@1 — q2) 5] fjm =0,

which is a contradiction.
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(ii) We only need to obtain a contradiction for the case (da,g2) € Gag, since the case (da,q2) € G1o
can be studied similarly. Suppose (dz, ¢2) € Gaa. Then, we have ds > d; and g2 < ¢;. By Lemma 5.1 (i),
we have u} < uj < uj, which implies that

(do —di)(ujiq —uj) — (g2 — q)u; >0, j=1,2.

This, combined with g1, g2 < 0 and (5.13), gives a contradiction.

(iii) We only obtain a contradiction for the case (da2,q2) € Gas, since the case (dz2,q2) € G13 can be
studied similarly. Suppose (da, ¢2) € Gaz. Then, we have dy < dy, ¢2 < ¢1, and (d1,q1) # (d2,¢2). By
Lemma 5.1 (ii), we have u} > ub > w3, which implies that

(do —di)(ujiy —ui) — (g2 —q)uj >0, j=1,2.
This combined with g1, g2 < 0 and (5.13) gives a contradiction. O
We are ready to prove Propositions 3.3 and 3.4.

Proof of Proposition 3.3. (1) We only prove the case Ga; C S, (i.e., (u*,0) is unstable for (ds, ¢2) € Ga1),
since the case G11 C 51 can be proved similarly. To avoid confusion, we denote u* by uj. It is easy to
see that u; depends continuously on k.

Suppose (dz, g2) € Ga21. We need to prove that Ay (d2, g2, 1 — uj, /k) > 0. Suppose to the contrary that
A1 (d2,q2,1 —uj /k) < 0. By Lemma 5.3, we must have A (d2,¢2,1 —uj,/k) < 0. By [7, Theorem 4.2],
we have \q (dQ,qg, 1-— uz//k/) > 0, where k" = (k3, k3, k3).

Let A(s) := A\ (dg, q2,1 — uzl(s)/kl(s)), where ki(s) = sk + (1 — s)k’ satisfies (H) for any s € [0, 1].

Since
*

A1) =)\ (d2,Q271 - l;:) <0 and A(0) =X\ <d2,Q2, 1- 1;://) >0,

there exists sg € (0,1) such that A(sp) = 0, which contradicts Lemma 5.3.

(ll) By [7, Theorem 4.2], if (dg, QQ) S GQQ, then \; (dg, q2,1 — u,’;,/k') > O; and if (dQ,QQ) S G12, then
M (d2,q2,1 —uj, /k") < 0, where k" = (ks, ks, k3). Then, using similar arguments as (i), we can prove
(ii).

(iii) Let v be the positive eigenvector corresponding to A; := Ay (da,q1,1 — w*/k) with E?:1 P = 1.
Then, we have

3 3 *
U, .
M =da Y Digthj + a1y Qigthj +i (1 - kl) Yi, i=1,2,3. (5.17)

Jj=1 Jj=1

Differentiating (5.5) with respect to d2 and denoting ' = 9/9ds, we obtain
3 3 3 .
u ,
Wi + MY =do ;Ding’ + ;mej +a ; Qijy + i (1 - kz) Vi, i=1,2,3. (5.18)

Multiplying (5.17) by ¢} and (5.18) by ¢, and taking the difference of them, we have
3

3
W7 = (daDyj + q1 Qi) (Wi — Witby) + > Digtbindy, i =1,2,3. (5.19)

Jj=1 Jj=1

Similar to the proof of Lemma 5.2, let (81, B2, 33) = (1,d2/(d2 + q1),d3/(d2 + ¢1)?). Multiplying (5.19)
by 6; and adding up them in ¢, we obtain

3 2 i—1
/ 2 _ ds L dy -
Al ;ﬁiwi = Z <d2 i q1> ( Vi + &+ %H) (i — Yig1). (5.20)

i=1
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Note that A\ (di,q1,1 —u*/k) = 0 with a corresponding eigenvector (u},u},u3)?. Moreover, by Lemma
5.1, we have dyuj,, — (di 4+ q1)uj <0 for i = 1,2 and uj > u3 > u3. Then, it follows from (5.20) that

a)\l (d27Q1a 1- 'U,*/k)
dy

<0. (5.21)
d2:d1

This implies that Ay (do, q1,1 — u*/k) > 0if 0 < dy —dp < 1 and \; (dg,ql,l - UT) <0if0<do—d; <
1. Then, by Lemma 5.3, we have G13 C S1 and Ga3 C Ss. O

Remark 5.4. A similar inequality of (5.21) is proved in [23], and we include the proof for completeness
here.

Proof of Proposition 3.4. For any 0 < d < d*, let ¢ be the eigenvector corresponding to A (d, ¢ (d),
1—wu*/k) =0 with ¢ > 0 and 3°_ 4; = 1. Then,

3 3 *
u; .
dz Dijwj + q;: (d) ZQijwj —+7r; (1 — ];) % =0, +:=1,2,3. (5.22)

Jj=1 Jj=1

(i) Up to a subsequence, we may assume limg .ot = % for some 1 > 0 and Z?:1 ¥; = 1. We first
claim that ¢ (d) is bounded for d € (0,9) with ¢ < 1. If it is not true, then dividing (5.22) by ¢} (d) and
taking d — 0, we have

3
ZQiﬂ/;j =0, 1=1,2,3, (5.23)
j=1

which yields ¥ = (0,0,1)7. Adding up all the equations of (5.22) and taking d — 0 in (5.24), we have

3

S (15 ) di=o. (5.24)

i=1
and consequently, ks —uj = 0, which contradicts Lemma 5.1 (ii). This proves the claim. By the claim, up

to a subsequence, we may assume limg,o q*(0) = go €0, 09). Consequently, for sufficiently small ¢ > 0,
there exists d > 0 such that ¢} (d) < §o + € for all 0 < d < d. Tt follows from Lemma 5.2 that

M (d, Go+e1— ';) <0 (5.25)

for all 0 < d < d. Hence,
. - u”
glir(l))\l <d,q0 +e1— k)

—max{rl (121) (tjoJre),rQ( Z;) (tjoJre),rg( ZZ’)}go.

Since k3 — u3 = 0 and € > 0 was arbitrary,

max {7“1 (1 — Zi) —qo, T2 (1 — Z;) - (10} <0. (5.26)

Therefore, we have §p > go > 0. Similarly, we can prove Gy < go. This proves (i).

Now we prove (ii)—(iv). If we show that (3.7) holds when Z§=1 ri (1 —ul/k;) <0, (3.8) holds with
0 € (0,q1/dy) when 3°°_ 7 (1 —ui/ki) > 0, and (3.8) holds with § = 0 when 37 r; (1 —uf/k;) = 0.
Then, (iv) holds and (ii)—(iii) follow from Theorem 5.1 (iii)—(iv).
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By Lemma 5.2 (i), the function ¢ = ¢ (d) is defined for d € (0, c0) when Zg’zl ri (1 —uf/k;) > 0. We
claim that ¢} (d)/d is bounded for d € (§,00) for any fixed § > 1. If it is not true, up to a subsequence,
we may assume

*

gy (d)
dlggo d
for some % > 0 and 2?21 ¢; = 1. Then, dividing (5.22) by ¢ (d) and taking d — oo, we can obtain a
contradiction using similar arguments as in the proof of (i). Therefore, ¢ (d)/d is bounded for d € (4, 00).
Then, using similar arguments as in the proof of [7, Proposition 4.4], we can show that (3.8) holds with
0 € (0,q1/dy) when Z?Zl r; (1 —ul/k;) > 0, and (3.8) holds with § = 0 when E?:l ri (1 —uf/k;) =0.
By Lemma 5.2 (ii), the function ¢ = ¢}(d) is defined for d € (0,dy) when
Z?:I ri (1 —ul/k;) < 0. Using similar arguments as in (i), we can show that ¢} (d) is bounded for
d € (dg — 9,dp) for some § < 1. Then, up to a subsequence, we may assume

Jim g, (d) =n and lim ¢ =1

for some " > 0 and Zf’zl F = 1. Taking d — dp in (5.22), we see that

= o0 and dlim 1/):12)

3 3 .
* * ui ko .
do ZDijwj + nZQiﬂ/;j +ry (1 - k) YE=0, i=1,2,3, (5.27)
Jj=1 Jj=1
which yields A1 (do,n,1 —u*/k) = 0. By the proof of Lemma 5.2, A\; (do,q,1 —u*/k) = 0 has at most
one root for g € [0, 00). Since A1 (dp,0,1 —u*/k) = 0, we must have n = 0. This proves (3.7). O

6. Proofs for the competitive exclusion results

Let (u,v) be a positive equilibrium of model (1.4). Define
f0:f3:07 90293:07

fi = diujy1 — (di + q)uy, g5 = davjr1 — (da + q2)vs, j=1,2. (6.1
Clearly, we have
fi = fi1=—rjuy (1 - uj;rjvj) =123, (6.2)
and
95 —9j—1 = —T;V; (1 - w) , J=123. (6.3)
J

Then, we have the following result about the sign of f;,g;, 7 =1,2.

Lemma 6.1. Suppose that (H) holds, r > 0, and di,q1,d2,q2 > 0. If (u,v) is a positive equilibrium of
model (1.4), then we have f1, g1, f2,g92 < 0.

Proof. First we prove f; < 0. Suppose to the contrary that f; > 0. By (6.2) and (6.3), we have k1 —uq —
v1 <0 and g; > 0. Since f1,91 > 0, we have uy > uq and vy > v;1. This combined with (H) implies that
ky —ug — vy < 0. Then, by (6.2) and (6.3) again, we obtain that fs,g2 > 0 and k3 — us — vz < 0, which
contradicts (6.2) with j = 3. Therefore, we have f; < 0. Consequently, by (6.2) and (6.3) with j =1, we
have g; < 0. Using similar arguments, we can prove fs, gs < 0. O

The following result is similar to [7, Lemma 5.7] with j = 1 and j = n = 3 (see also the proof of
Lemma 5.3). Thus, we omit the proof.
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Lemma 6.2. Suppose that (H) holds, r > 0, and dy,q1,d2,q2 > 0. If (u,v) is a positive equilibrium of
model (1.4), then the following equations hold:

2 dgl-
; [(dy = d2)(vjt1 — vj) — (@1 — 42)v;] fjm =0, (6.4)
and
2 [(d2 — di)(uj1 — uy) — (g2 — q1)uy] dig—o (6.5)
p 2 1)(Uj41 j q2 — q1)uj| gk (d2 +q2)j+1 = 0. .

An essential step to prove the competitive exclusion results for model (1.4) is to show the nonexistence
of positive equilibrium:

Lemma 6.3. Suppose that (H) holds, r > 0, and di,¢q1 > 0. Let G}, and G35 be defined by (3.9) and
(3.10), respectively. Then, model (1.4) admits no positive equilibrium, if one of the following conditions
holds:
(i) (d2,q2) € G11 UGa1;
ii) ¢1 >7q and (d2,q2) € G12 U Ga2 U G335
(iii) B <g and (dg, q2) € G13UGa3 UGTs.
) ¢ <q1 <7 and (d2,q2) € Gy U G335

Proof. Suppose to the contrary that model (1.4) admits a positive equilibrium (u, v). Then, we will obtain
a contradiction for each of the cases (i)—(iv).

(i) We only consider the case (dz2,q2) € Ga21. Since the nonlinear terms of (1.4) are symmetric, the
case (da,q2) € G11 can be proved similarly. Suppose (dz,¢2) € Ga1. Then, we have dy < dy,q2 < ¢1d2/dy
and (d1,q1) # (da2,q2). First, we claim that

(dl — dg)(vj+1 — ’Uj) — (ql — QQ)Uj < 0 for 7 =12 (66)
Indeed if d; = da, then g1 > g2 and (6.6) holds. If dy > do, then it is easy to check that

=9 92
di —dos ~ do

(This inequality is in [53, Lemma 2.4]). This, combined with g, g2 < 0, proves (6.6). Then, by f1, fo <0
and (6.4), we have

di

B E——
(dy + q1)3+1

0< Z [(d1 — d2)(vj41 —vj) — (@1 — q2)vj] £

which is a contradiction.

(ii) We first consider the case (dg,q2) € Gaa. Since the nonlinear terms of (1.4) are symmetric, the
case (dz, q2) € G12 can be proved similarly. Suppose (da, g2) € Gaa. Then, ds > dy and g3 < ¢1. By (1.4),
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we have
di(ug —u1) = —riug (1 R Ul) ) (6.7a)
1 k1
G2 Ui+
da(vz — v1) = =101 (1 - - ) ) (6.7b)
1 k1
+
(d1 + q1)(u1 — ug) — d1(ug — ug) = —rausg (1 _ s vZ) , (6.7¢)
U + v
(d2 + q2)(v1 — v2) — da(v2 — v3) = —T2v2 (1 - 2k2 2) , (6.7d)
(d1 + q1)(ug — uz) = —rsus <1 + @ us U3> , (6.7¢)
r3 k3
(d2 + g2)(ve — v3) = —r3u3 (1 + 2 _ U?’—H}?’) : (6.7f)
r3 k3
Then, we show that u; < us < ug. Suppose to the contrary that u; > us. Then, by (6.7a), we see that
k k
U1+U1§/€1—(1171§7€1—Q271,
1 1

where we have used ¢ < ¢ in the last inequality. This, combined with (6.7b), implies that v; > vs.
Noticing that

.
@ >q> kf(’“ — ko),

we have

k
U2+U2§U1+U1§/€1—(1171<k27
1
and consequently uz < ug and v < vy by (6.7¢) and (6.7d). This, combined with ¢; > g, implies that

k
U3+U3<U2+U2<k2<k3+:7ql,
3

which contradicts (6.7e). Similarly, we can show that us < ug. So, u3 < us < ug, which leads to
(dg — dl)(uj‘+1 — Uj) — (QQ — ql)’U,j > O7 ] = 1,2.
Then, by Lemma 6.1 and (6.5), we have

@,
yrr

2
0> ; [(d2 — d1)(uwj+1 — uj) — (g2 — m)ug‘]gjm

j
which is a contradiction.
Now suppose that (dz,q2) € G33. Then, g2 < ¢ and (d1,q1) € G13, where

Chs = {(dyq): d>ds gz <q< %d’ (d.q) # (d2,42)}- (6.8)

Since the nonlinear terms of (1.4) are symmetric, this case can be proved similarly as the case (da, ¢2) €
G13 (the proof is immediately below).
(111) Suppose that (dQ,QQ) S G13. Then, we have dg > dl, q1 < q2 < qldz/dl, and (dl,(h) 75 (d2,(]2).
We show that u; > ug > uz. Suppose to the contrary that u; < us. Then, by (6.7a) and g2 > ¢1, we have
q1k1 q2k1

U +v1 >k ——— >k — —.
1 1
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This, combined with (6.7b), yields v; < v,. Noting that

r
@ <g< kfl(k‘l — ko),
1
we have
k
k2<k1—E§U1+’01§Ug+’U2.
T1

Then, by (6.7c) and (6.7d), we have uz > us and vz > vy. Since ¢1 < ¢, we have

kg—i-k%h < ko < ug +v9 < ugz + vs,
which contradicts (6.7e). Similarly, we can show ug > us. Therefore, we have u; > us > ug and
(d2 — di)(ujt1 —uj) — (g2 — q)uy; <0, j=1,2
Then, it follows from Lemma 6.1 and (6.5) that
dj

0< Z [(d2 —di)(ujr1 —uy) — (g2 — ql)uj]gjm

j=1

:0’

which is a contradiction.
For the case (dz, q2) € Gag, using similar arguments as above, we can obtain v1 > ve > vz, which leads
to

(di —da)(vj41 —vj) — (@1 — g2)v; <0, j=1,2.
This, combined with Lemma 6.1 and (6.4), implies that

dy

— L1 =0,
(di + q1)3+1

2
0< Y [(dy = do)(vjs1 — v5) = (@1 — q2)v5] f;

j=1
which is a contradiction. R
Next suppose that (da, g2) € Gi,. Then, g2 > G and (d1,q1) € G2, where

Glog = {(d,q) : d>d2,0<q<qga}.

Since the nonlinear terms of (1.4) are symmetric, this case can be proved similarly the case (da, ¢2) € Gaa
in (ii).

(iv) If (d2, g2) € G33, the proof is similar to the corresponding case in (ii). If (dg, ¢2) € G7,, the proof
is similar to the corresponding case in (iii). O

We are ready to prove Theorems 3.6, 3.8 and 3.10.

Proof of Theorem 3.6. (i) Suppose that ¢; < ¢ and (d2,q2) € Ga21 U Gas. By Lemma 6.3 (i) and (iii),
model (1.4) admits no positive equilibrium. By Theorem 3.3 (i) and (iii), (u*,0) is unstable. Then, it
follows from the monotone dynamical system theory [20,21,29,46] that (u*, 0) is globally asymptotically
stable.

(ii) Suppose that ¢; < g and (dz, ¢2) € G11 U Gf5. By Lemma 6.3 (i) and (iii), model (1.4) admits no
positive equilibrium. By the monotone dynamical system theory [20,21,29,46], it suffices to show that
(0,v*) is unstable. If (dy,q1) € G35, then ¢o > G and (dy,q1) € Ga = {(d,q) : d > d2,0 < q < @2}
Since the nonlinear terms of model (1.4) are symmetric, it follows from Proposition 3.3 (ii) that (0, v*)
is unstable. If (da, ¢q2) € G11, then (d1,q1) € Gs1, where

Gy = {(d,q>:o<dgd2,o<qg L4, (dg) #(dz,fh)}

Similarly, it follows from Proposition 3.3 (i) that (0, v*) is unstable.
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Finally, suppose that ¢; < ¢ and (da2,q2) € G13. By Proposition 3.3 (iii), (u*,0) is locally asymp-
totically stable. By Lemma 6.3 (iv), model (1.4) admits no positive equilibrium. If (0,v*) is locally
asymptotically stable, then model (1.4) admits one unstable positive steady state, which is a contradic-
tion. If (0, v*) is unstable, then the monotone dynamical system theory [20,21,29,46] implies that (u*, 0)
is globally asymptotically stable. If (0,v*) is neutrally stable, by [29, Theorem 1.4], (u*,0) is globally
asymptotically stable. This proves (ii). O

Proof of Theorems 3.8 and 3.10. We only need to prove the case (da,q2) € G35, since the other cases
can be proved using similar arguments in the proof of Theorem 3.6. If (d2,q2) € G%53, then g2 < ¢ and
(di,q1) € G1s, where

Grs={(dq): d>dyqo < q< j—zd, (d,q) # (d2, g)}-

Since the nonlinear terms of model (1.4) are symmetric, it follows from Theorem 3.6 (ii) that (0,v*) is
globally asymptotically stable. O
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Appendix

In the Appendix, we study the relations of g, ¢ and ¢o. For convenience, we recall the definition of 7, ¢
and qq:

r e
7 =max ] — (ki — k), — (ko — k3) }, (6.9a)
kq ks
. 1 3
q=min< — (k1 — ko), —(ka — k3) ¢, (6.9b)
= k1 ks

¢o = max {m (1 - Zi) ,T2 (1 - Zi) } . (6.9¢)

Lemma 6.4. Suppose that (H) holds, » > 0, and dy,q1 > 0. Then, the following statements hold:
(i) If 1 <gq, then qo > q1;

(11) [f q > 67 then qo0 < q1;

(iii) If 1 > q, then qo > gq;

(iv) If g1 <74, then qo < 7.

Proof. By (5.10) and (5.11) and Lemma 5.1 (i), we have

f1 = dluz — (dl + ql)uf = 77‘1’[1,*1( <1 — k‘i) <0, (610&)

~ u*

fo= d1u§ — (d2 + qz)u§ =73 (1 — k3> <0, (6.10b)
3

fo— i =—rau3 (1 - Zﬁ) ; (6.10c)

2
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which will be used in the proof below.
(i) By Lemma 5.1 (iv), we have uj > u} > u}. This, together with (6.9c) and (6.10a), implies that

* d * d * *
go > 11 (1_1“):( 1+(11)@il 1U =d; (1_>+q1>q1 (6.11)
kq Uy ul
(ii) By Lemma 5.1 (iii), we have u] < uj < u}. Then, by (6.10a) again, we obtain
1 (1—u1) =d; (1—u) +q1 <4q1. (6.12)
k’l Ul
By (6.10c), we obtain that
Y < _ U§> ((dy + q)us — dyus) + fu
k *
2 2 (6.13)

=d; (1—) +£+Q1 <q1,
u u3

where we have used (6.10c) and v} < u} in the last step. It follows from (6.9¢), (6.12) and (6.13) that

qo < q1-
(iii) We divide the proof into three cases:

(A1) uj < ko, (A2) uj >u3, (A3) ko <uj <uj.
For case (A1), we see from (6.9b) and (6.9¢c) that

U;l
>r — > q.
qo = 1( k1>>k1(k1 k2)—q

For case (A2), we see from (6.9¢) and (6.10a) that

u* *
(10>7”1< —k1>=d1<1—>+q1>m>q
1 Ul

Now we consider (A3). Suppose to the contrary that go < g. This, combined with (6.9b) and (6.9¢c),
yields

(1)) <0 <a< 2 (ko — ks). (6.14)
k1 =" k3
Noticing that uj > ko, we see from (6.10c) that
~ ~ u*
o = a0 =)~ (4 a5 = ) = —rau (1= 12) >0 (6.15)
Since uj < u}, we see from (6.15) that u} < uj. Then, we have
0> fo> fi and ky < ul < ub <uj, (6.16)
which yields
L —f{. (6.17)
u3 Uy
This, together with (6.16), (6.10a) and (6.10b), implies that
uj f fo rs, ., 3
1—-—=)=—2>—-""="=(uf —kg) > — (ks — k
”( kl) W Ty R (TR > (e k)

which contradicts (6.14). Therefore, o > ¢ for case (A3).
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(iv) We first show that

r ( - “1> <73, (6.18)
k1

and the proof is divided into three cases:
(B1) uj > ko, (B2) uj <wul, (B3) ko> uj > ul.

For case (B1), we have

uik T1 _
1-9) gy — k) <7
r1< kl) < kl(k‘1 ko) <7

For case (B2), we see from (6.10a) that

uj u3
71 (1_kl>:d1 (1—@;>+Q1SQ1 <q. (619)
1 1

For case (B3), using similar arguments as the above case (A3), we have
O>f1>f2 and ko > uj > uj > uj.

This, combined with (6.10a) and (6.10b), implies that

Tl(l—qlf):—fl<—fi<—fi:’l“3(u3— ><r3(/€2—k‘3)§q.
1

ES
Up Uy Us

Then, we show that

- ( - “2> <7, (6.20)
ko

and the proof is also divided into three cases:
(C1) wi <wjz, (C2) uj>us>ke, (C3) uj>uj and kg > uj.

For case (C1), we see from (6.13) that
For case (C2), we have

For case (C3), we see from (6.10) that

7’2( —%):fl_*f? <—é<—é:r—3(u§—k3)<2—3(k2—k3)§q.
3

ud us uy ks
By (6.18) and (6.20), we see that (iv) holds. O

Remark 6.5. By ¢ < g and Lemma 6.4, we see that if g1 < g, then q1 < qo < q; if g1 > G, then ¢ < qo < q1;
and if ¢ < ¢q1 <7, then ¢ < qo <7q.
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