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Stability and large time decay for the three-dimensional magneto-micropolar equations
with mixed partial viscosity
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Abstract. This paper focuses on the stability problem and decay estimates for two classes of three-dimensional (3D) magneto-
micropolar equations with mixed partial viscosity. When pug = v3 = y1 = 72 = 0 and xAwu replaced by xu in (1.2), by fully
exploiting the structure of the system, and the method of bootstrapping argument, we prove the global stability of solutions
to this system with initial data small in H2(R3). Furthermore, for these global solutions with initial data in H*(R3) (s > 3)
being large, we obtain their global H*(R?) (s > 3) bound which is independent of time. In addition, we obtain the global
existence of solutions for small initial data and the decay estimates of these solutions to 3D magneto-micropolar equations
with mixed partial viscosity [namely puz =1 = v2 = 0 and xAu replaced by xu in (1.2)].
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1. Introduction

The three-dimensional (3D) incompressible magneto-micropolar fluid equations can be written as

Ou— (p+ x)Au+u-Vu+Vr=b-Vb+ 2xV X w,

Ob —vAb+u-Vb=0b-Vu,

Oyw — YAw +u - Vw — kVV - w + 4dyw = 2xV X u, (1.1)
V-u=0, V-b=0,

u(z,0) = up(x),w(z,0) = wo(x),b(z,0) = bo(x),

where (7,t) € R3 x RY, u = (uy(2,t), uz(2,t), uz(z,t)) denote the velocity of fluid, b = (by(x,t), ba(z,1),
b3(x,t)) the magnetic field, w = (w1 (z,t),ws(x,t),ws(x,t)) the microrotational velocity, m# = 7(x,t) the
pressure, and p, x and % are, respectively, kinematic viscosity, vortex viscosity and magnetic Reynolds
number. v and k are angular viscosities. The magneto-micropolar fluid equations usually describe the
motion of aggregates of small solid ferromagnetic particles relative to viscous magnetic fluids under the
action of magnetic fields, such as saltwater, ester and fluorocarbon [1,2]. Tt has attracted the atten-
tion of many physicists and mathematicians due to its important physical background, rich phenomena,
mathematical complexity and challenges.

To the full magneto-micropolar fluid equations (1.1), Galdi and Rionero [3] stated the theorem of
existence and uniqueness of strong solutions, but without proof. Ahmadi and Shaninpoor [2] studied the
stability of solutions for the system. By using the spectral Galerkin method, Rojas-Medar [4] established
the local existence and uniqueness of strong solutions. Ortega-Torres and Rojas-Medar [5] proved the
global existence of strong solutions with small initial data. For the weak solution, Rojas-Medar and
Boldrini [6] established the local existence in two and three dimensions by using the Galerkin method
and also proved the uniqueness in the 2D case. The global existence of smooth solutions and the global
regularity of weak solutions are important topics in the study field of magneto-micropolar fluid equations.
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The blow-up criteria for smooth solutions and regularity criteria of weak solutions were obtained in
different function spaces, such as Morrey—Campanato space, Besov space and homogeneous Besov space,
which we may refer to [7-11]. Recently, based on Serrin’s type non-blow-up criterion established by [7],
Wang and Gu [12] have proved the global existence of a class of smooth solutions, which ensures the L3
norm is large.

In this paper, we aim at the following three-dimensional (3D) magneto-micropolar fluid equations
with mixed partial viscosity

Ot — p1011U — phoOoott — p3033u — XAu +u - Vu+ Vr =b-Vb+ 2xV X w,

8tb — 1/181117 — 1/282213 — 1/3833() +u- Vb=1b- Vu,

Oyw — 11011w — V200w — ¥3033w + U - Vw — KVV - w + 4dxyw = 2xV X u, (1.2)
V-u=0, V-b=0,

u(z,0) = up(x),w(x,0) = wo(x),b(x,0) = bo(x).

If

U1 =H2 = U3 =W, V1 =Va=V3 =V, 71 =72=73=7,

then the (1.2) reduces to the standard 3D magneto-micropolar equations (1.1). For notational convenience,
we will write 01, 02 and 05 for 0,,, 0y, and 0,,, respectively.

The focus on this paper will be on the global stability problem of 3D magneto-micropolar equations
(1.2) with mixed partial viscosity. Firstly, we consider the case: 3 = o = p, v1 = Vo = v, 73 = 7,
3 =v3 =71 =y =0, and xAu replaced by yu. Therefore, (1.2) reduce to

O — pApu+ xu+u-Vu+Vr=b-Vb+ 2xV X w,

8ib — vARD +u- Vb =b- Vu,

Oyw — 033w +u - Vw — kVV - w + 4dxw = 2xV X u, (1.3)
V-u=0, V-b=0,

u(z,0) = ug(z),w(x,0) = wo(x),b(x,0) = bo(x).

Here A}, = 8%1 + 8%2, and we use Vj, := (01,02), up := (u1,u2) and by := (b1, b2) for the horizontal
gradient, horizontal components of velocity and magnetic field, respectively.

So far, to our best knowledge, the previous well-posedness results on (1.3) mainly focus on the two-
dimensional system. Liu [13] proved the global regularity result for the 2D incompressible magneto-
micropolar system with the horizontal kinematic dissipation by 0,4, , the horizontal magnetic diffusion
by 0z,,, and the spin dissipation by the fractional operator (—A)Y (v > 1). For more well-posedness results
to the 2D magneto-micropolar equations with partial dissipation, one refers to [14-18] and the references
therein. In addition, when b = 0 and y = 0, then system (1.1) becomes magnetohydrodynamic (MHD)
equations. The existence of small data global solutions to the 3D MHD equations with mixed partial
dissipation and magnetic diffusion was obtained by Wang and Wang [19]. Wu and Zhu in [20] proved the
global stability of perturbations near the steady solution to the 3D MHD equations with only horizontal
velocity dissipation and vertical magnetic diffusion. Recently, Wang and Wang [21] have investigated the
global existence of smooth solutions to 3D magneto-micropolar fluid equations with mixed partial viscosity
(namely ju1, p12,v2,7v3, V1,2 > 0, pu3 = y1 = v3 = 0, or puy, fia, ¥2,73,V2,v3 > 0, g = 71 = v1 = 0, or
[ H2s V1, Y2 V1, V2 > 0, s = y3 = vg = 0, or g, pig, V1,72, V2,8 > 0, p3 = 3 = v1 = 0 in (1.2)); Wang
and Li [22] proved the global well-posedness of 3D magneto-micropolar equations with mixed partial
viscosity near an equilibrium. Shang and Zhai [23] proved the stability problem to the 3D anisotropic
magnetohydrodynamic (MHD) equations (namely (1.3) with w =0 and x = 0).

Motivated by the ideas in [23], we focus on the global stability of the system (1.3), and the first result
is the global stability of solutions the system (1.3) in H?(R?) and the uniform boundedness for time of
these global solutions in H*(R?), as stated in the following theorem.
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Theorem 1.1. Let > 0, x > 0, v > 0 and k > 0. Assume (ug,bo,wo) € H*(R?) with V - ug = 0 and
V by = 0. Then there exists € > 0 such that, if

lwoll 22y + [1boll a2 (rs) + llwoll 2 (rsy < €, (1.4)
and p > 4x and v > 4x. Then (1.3) has a unique global solution (u,b,w) € L>(0,00; H?(R3)) satisfying
[l 2@y + 10| a2 @3y + [lw(@)]| a2 @3y < Ce, (1.5)

and

a2 + 1612 + llw ()l
t

+ / (IVhu(m)1Z2 + [Vab(7) Iz + 105w (7) Iz + llw(7)I[F2) dr
0
< C(lluollFzz + lIboll 7= + llwoll2), (1.6)

for some constant C > 0 and for all t > 0.
Furthermore, if (ug, by, wo) € H*(R3), s > 3 and (1.4) hold, then the global solution (u,b,w) obeys for
all t >0,

()12 @) + 16OFr @) + 0170 g
t

ter [ (170 ey + IV By oy + 100 ) dr
0

< €. (Jluo sy + 0l asy + lwollr- e ) (L.7)

where ¢; = min{ 5, v,y — 4x,4x — %} and the constant Cs depends on u, X, v, K, v and the initial
data.

Compared with the magnitude of research conducted on the well-posedness problem for the 3D
Magneto-micropolar equations with partial dissipation, the large time behavior for the partial dissi-
pation cases also has attracted considerable attention from the community of mathematical fields (see,
e.g., [24-33]). This is an important issue in the fields of partial differential equations. It is well known that
the L? decay problem of weak solutions to the 3D Navier-Stokes equations, i.e., (1.1) with w = 0 and
b = 0, was proposed by the celebrated work of Leray [34]. By introducing the elegant method of Fourier
splitting, Schonbek [35,36] successfully established the optimal time decay rate of weak solutions of the
Navier-Stokes equations, see also [37,38]. Recently, by the structure to (1.1) and the Fourier splitting
method, Li and Shang [39] have established the decay estimates for weak solutions of (1.1) and obtained
the same rates as those of the 3D Navier—Stokes equations.

Recently, Shang and Gu [40,41] have proved the 2D magneto-micropolar equations with only micro-
rotational dissipation and magneto diffusion. Li [42] proved the L2-decay estimates for global solution
and their derivative for 2D magneto-micropolar equation with partial dissipation (namely vAb replace
by v0yyb1 + v0ygb2). Niu and Shang [43] proved the magneto-micropolar equations only have velocity
dissipation and magnetic diffusion (namely (1.1) with v = 0).

Next, we consider the case: pig = pio = p, 11 = V9 = V3 =V, y3 =7, i3 =71 = 72 = 0 and xAu
replaced by yu. Therefore, (1.2) reduce to

Oyu — pApu+ xu+u-Vu+Vr=b-Vb+2xV X w,
Otb—vAb+u-Vb=0b-Vu,

Oyw — 033w +u - Vw — kVV - w + 4dxw = 2xV X u, (1.8)
V-u=0, V-b=0,

’LL(SC,O) = ’U,O(SC),W(I,O) = wO(I)ab(an) = bO(x)a
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Before giving the decay results of the solutions for (1.8), we first consider the global stability of
solutions to system (1.8), as the following theorem.

Theorem 1.2. Let p > 0, x > 0, v > 0 and k > 0. Assume (ug,bo,wo) € H*(R?) with V - ug = 0 and
V by = 0. Then there exists € > 0 such that, if

lwoll 22y + [1boll a2 (rs) + llwoll r2(rsy <€, (1.9)
and > 4x and v > 4x. Then (1.8) has a unique global solution (u,b,w) € L>(0,00; H?(R?)) satisfying
) sy + D)2y + [0 (8)ll2esy < e (1.10)

and

a7z + 1612 + llw (@)l
t
+/ IVhu(r)l[32 + lu(r) 32 + [IVO(7) 32 + 1050 () [F72 + w() 1 F2) dr
0

< C(lluollz> + IlbollZz2 + llwoll2), (1.11)
for some constant C > 0 and for all t > 0.
Furthermore, if (ug, by, wo) € H*(R3), s > 3 and (1.9) hold, then the global solution (u,b,w) obeys for
allt >0,
lu()re sy + 10O 1 o) + I )1 @)
¢
tn [ (170 3y + 1) By + VB By + 00y )
0

< Cy (Jluoll3ye ey + IbolFraey + ol rs) ) (1.12)
where c; = min{ %, §,v,v — 8x,4x — %} and the constant Cy depends on u, x, v, K, v and the initial
data.

Remark 1.3. The proof of Theorem 1.2 is similar to the proof of Theorem 1.1; then, we omit the details.

At last, using the delicate a priori estimates and the properties of the heat operator, we can establish
the following decay results for the global solutions established in Theorem 1.2. More precisely, we have
the following theorem.

Theorem 1.4. Let (ug,wo) € H*(R3), by € L*(R?) N H2(R?) with V -ug = V - by = 0. Let (u,b,w) be a
global solution to system (1.8), and assume that

p>Aax, v > 167)(,
and
luoll zr2(rs) + [[boll 2 (re) + llwol|rr2ws) < e (1.13)
Then, the following decay properties hold:
o)l < CA+)75,  [Vb(H)||rs < CA+1)7F. (1.14)
Moreover, for any 0 < a < %, the following decay properties hold:
IV2b(t)|| 2 < C(14t)” BT, (1.15)
lu@llze + @)z < OO+ 1)~ T+, (1.16)

51

IVu()llzz + V()] < C(1+ 1) s+ iEse, (1.17)

)
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where the constant C depends on p, x, v, k, v and the initial data.

The rest of this paper is divided into two sections. Sect. 2 proves Theorem 1.1 while Sect. 1.4 is devoted
to verifying Theorem 1.4. Throughout this manuscript, to simplify the notations, we will write [ fdz for

J fdx, || fllze for [[f|loems). We write || f]|zz  with j = 1,2,3 for the LP-norm with respect to ; on R
R3 !

and | fllzz , with j,k =1,2,3 for the LP-norm with respect to (z;, k) on R2. We also write | fllzr for
J g
the [|f| .z ,, to shorten the notation. In addition, the anisotropic norm || f{|zrza = ||| fllzs, |2z is also

frequently used.

2. The proof of Theorem 1.1

This section focuses its attention on the proof of Theorem 1.1. As preparations, we state three important
lemmas, which are frequently used. The first lemma provides an upper bound for the LP-norm of a one-
dimensional (1D) function, which serves as a basic ingredient for an anisotropic upper bound (see, e.g.,
[44]).

Lemma 2.1. Let 2 < p < o0 and A = (—A)’% be the Zygmund operator. Then there exists a positive

constant C such that, for any 1D functions f € H*(R) with s > % — %,

1-1(3-3 L3-1)

S(l 1) S s
T Pee I A I [t
In particular, if p= 00 and s = 1, then any f = f(x3) € H(R) satisfies

1 1
Hf”LOO(]R) < Hf||iz(R)||axaf||z2(R)~

The second lemma provides an anisotropic upper bound for the integral of a triple product (see, e.g.,
[20]). Tt is a very powerful tool in dealing with anisotropic equations.

Lemma 2.2. Assume that f, O1f, Oof, 0102f, g, Oag, h, Osh € L*(R3). Then

/Ifghldx < ClfIZ200f 172 gl Z2 10291172 1a 72 | ORI 7 -
R3

1 1 1 1 1 1
/|fgh|dw S CNfNZ 00 f 1 £ 102 £ 12110102 f (1 2 gl 2 | O gl 72 (1]l 2
R3

The third lemma states Minkowski’s inequality. It is an elementary tool that allows us to estimate the
Lebesgue norm with a large index first followed by the Lebesgue norm with a smaller index (see, e.g.,
[45,46]).

Lemma 2.3. Let (X1, p1) and (Xa, p2) be two measure spaces. Let f be a nonnegative measurable function
over X1 x Xs. For all 1 <p < q < 00, we have

H||f('7$2)||L"(X1,.u1)HLQ(XQ,M) < HHf(:El, M La(Xs,u2) HLP(X1,M) .
In particular, for a nonnegative measurable function f over R™ x R™ and for 1 < p < q < 00,
11z @) || oy < M Nza@e) || o oy -

Next, we are ready to prove Theorem 1.1. The general approach to establish the global existence and
regularity results consists of two main steps. The first step assesses the local (in time) well-posedness
while the second extends the local solution into a global one by obtaining global (in time) a priori bounds.
For the system (1.3) concerned here, the local well-posedness follows from a standard approach such as
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the contraction mapping principle or successive approximations (see, e.g., [47]). Therefore, the effort of
proving the Theorem 1.1 is mainly devoted to the global a priori bounds for ||(u, b, w)|| gz and ||(w, b,w)|| g
with s > 3.

Proof of Theorem 1.1. For the sake of clarity, we divide the proof into two parts.
(1) This part proves (1.5) of Theorem 1.1. Firstly, we examine the global a priori L?- bound as follows.

Proposition 2.4. Let >0, x > 0, v > 0 and xk > 0. Assume (ug, by, wp) € L*(R?) with V - ug = 0 and
V-by =0. If u > 4x and v > 4x, then the corresponding solution (u,b,w) of (1.3) obeys the following
uniform bounds, for any t > 0

d
= (lu@®ll72 + 167> + lw®)Z2) + ullVaulze + 20 Vabl7z + 2(y — 4x) 1|07

dt
_ 16x*

+2(4x )wlz= <0, (2.1)

or

lu(@) 122 + D)L + llw(®)]72
t

+2¢ / (IVru(DIZ2 + IVRb(T)I[72 + 10sw(T) 17 + llw()]72) dr
0
< luollzz + bollZ + llwollZ-, (2.2)

where ¢ = min{ 5, v,y — 4x, 4x — 7162(2}-

Proof of Proposition 2.4. Taking the L?-inner product to (1.3) with (u,b,w), by integrating by parts, we
have

| &

1
537 IOIZz + B@IZ: + lw®)lZ2) + pllVaulzs + xlulzz +v[Vabl72

(o]

t
+9105wl|72 + dxllwliz> + &IV - wliz,

= 4x/V X u - wdx

= 4X/(82U3 — Osug, Jsuy — Orus, O1us — Oouy) - wdx

= 4X/ ((O2ug — Ozug)wy + (O3u1 — Oruz)ws + (O1ug — dauy )ws) da

= 4x/((92u3w1 — O1ugwy + Orusws — Oouqws)da — 4y /(u183w2 - u283w1)dx

< g(llazualliz +lovus)|Z: + |01uzlze + [02u]l72) + Qgiz(llwllliz +llwzllZe +2lwslZ2)
+x(lullze + lluzlz2) + 4x(105w2 )22 + [|05w1]122)
< B9l + 225 ol + s + 4l
where we have used the facts that

/qu-wdx:/wa-udx,

/b-Vb-uda:—!—/b-Vu-bdx:O.
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Then we have

d
7 (I®lZz + @7 + lw®l72) + plIVaulze + 20 VabliZz: + 20y — 4)l|0sw] 72

+2(4x — w32 <0,

16>
—)

1
which immediately yields (2.1). Integrating the above inequality in [0, t], we can get (2.2) immediately.
O

Applying 07 with k = 1,2,3 to (1.3)1, (1.3)2 and (1.3)3, dotting the results by d7u, 97b and diw,
respectively, integrating in space domain and adding them together, we obtain

3 3 3
1d
% Y (1Ru®lF2 + I10RbD 172 + 1070 (DNF2) + 1 Y IVadRullZa +x D 10ullz.
k=1 k=1 k=1

[\]

3 3 3
+ VZ IVAORbIT2 + v Y 10305wllFz +4x Y 0fwliz: + 1D 07V - wlZ:

k=1 k=1 k=1 k=1

3 3 3
= —Z/a,f(u -Vu) - Zudz + Z/aﬁ(b-w) - Pudzx + 2XZ/V x 2w - udz
k=1 k=1 k=1
3 3 3
- Z/a,ﬁ(u - Vb) - 92bdx + Z/ag(b V) - 92bdx — Z/a,z(u - Vw) - dwdz
k=1 k=1 k=1

3
+2Xz/Vx6£u-6iwdx
= M1+M2+M3+M4+M5+M6+M7. (23)

Due to the divergence free condition V - u = 0, we have

3
Z/u - Voiu - Ofudr = 0.
k=1

Thus, we can rewrite M; as

3 3 2
My =— ZZ Z (2) /8guj8j5‘,§7au - Ofudz

k=1j=1a=1
2 2 9
=— Ofu;0;07 “u - Ofudr — ( >/5‘§‘u-3482_0‘u~5‘§udx
>33 (o) o >3(2) [ o
2. /2
-3 <a> / OSu30302~ “u - Dudx
a=1

= My + Mo + M3,

2) _ 2!

o) = ao—an is the binomial coefficient.

where (
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We first bound Mj1. To do this, applying Lemma 2.2, we drive that

2

3 2
My =— Z Z Z <z> /5?uj3jai_au . 6£udz

k=1j=1a=1

2 3 2
1 1 1 1 1 1
<O >0 D N8us 210507 w72 110508 ull 1211020,08 “ull £ ll0fu 210107 ul 7

k=1j=1a=1
< Cllull g2V nul|72-

Again applying Lemma 2.2, yields

2 2
My = — Z Z (2) /8§‘uj8j8§_o‘u - O3udw

j=la=1

S e 13 19 Ao 1 (9. 52—0n 3 T L TP
SCZZH83ujHL2H8183uj||L2||8j53 ull7211030;05 “ul| ;2|05 ul 72 | 0205 ul| £ »

j=1a=1
< Cllull 2 [Vl

We cannot estimate the term Mj3 directly. To bound it, the strategy is to use the divergence free
condition V - u = 0 to convert dsuz to —V}, - up, and using Lemma 2.2. Then it can be bounded by

2

M3 = _Z( )/83 u30305 “u - Ojudw
2
— Z (a) /ag‘*lvh . uhaga;f’*“u - agud;v
a=1

: a—1 % fe% % 3—a % 33—« % 2 % 2 %
<C E |05 vhuh||L2||83 thh”L?”ag u||L2||8183 UHL2||83U||L2“82a3u||/:2
a=1

< Cllull =V null3e.

Therefore, we obtain
My < Cllull g2 |V il -

By integrating by parts, Holder’s inequality and the Young inequality, we have
3 3
Ms + M7 = 2XZ/V X 6£w-8ﬁudx+2x2/v x O - Ofwdx
=1 k=
3
= 4XZ/V x 02u - Ofwdx

3
<M 16x
<35 Z IVrdRul72 + —> Z 187wll7 + XZ |195ull7= + 4XZ 18507 wl|72-
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By using the same method as M7, we have

3 2
M4 = - Z Z Z (i) /6‘,‘3‘uj0j8,3_°‘b . ((ﬁbdl‘

k=1j=1a=1
3 2 9
I Ty -
k=1j=1a=1 j=1a=1
2 /2
- <a> / 05u30505 b - O3bdx
a=1
2 3 2 ) ) ) ) ) )
SO N N10R w1205 05w |1 22110507 bl 22 1020;07 b 221070 22 1|01 07D] 2.
k=1j=1a=1

2 2
+C YD N05us11 72101051172 10;05 072 11050;05 bl £ 105072 9205b | 2

j=la=1

2
1 1 1 . 1 1 1
+C Y 105 Viunl| 721108 Vil £ 110501 221101050l 72 193117 102050 ;.-

a=1
1 1 1 3
< Clblla=l|Vaull a2 IV abl g2 + Cllull F2 11| Fr2 [V hwll 772 |V | 772
< C(llullmz + 16l =) (IVhullFz + [V abl F2)-

Note that

3 3
Z/b-vaZb-a,fuderZ/b-va,%u-a,%bdx:o,
k=1 k=1

then the estimates similar as M7, we have

My + Ms = ZZZ( )(/akbaa2 . 6kudx+/8kb682 oy - 8kbdx>

k=1j=1a=1
< O(llullm= + 16l &) (IVhull B2 + [V ab F2)-

Finally, we consider Mg,
3
Mg = —Z/@i(u - Vw) - Ofwdz

3 3 2
=-> >3 (Z) / Opu;0;0; “w - Rwda

k=1j=1a=1
B 7122121 ( > /akuja Ok Giode = 2121 (Z> /8§‘ujaj8§—aw - Q3wdz
=1j=1a= j=la

= Me1 + Mes.
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Applying the Young inequality, Lemma 2.2 and the fact that || f|| - ®s) < C||f]|m2(®s), we obtain

2 3 2
Mg =-> >3 <2> /a;:ujaja,ﬁ*% - Opwda
k=1j=1a=1 a
2 3 2 3
=-2)" Z/akujajakw Ofwda =Y Z/a,zujajw - Q2wdx
k=1j=1 k=1 j=1
2 3
<O N10ku;l L~ 1050k L2 | 07w ]| 2
k=1 j=1
2 3 1 1 1 1 1 1
+ O Y 10%us 1 E 1001w 1 E 105w £ 1050001 £ 107w 22 103 050 72
k=1 j=1

1 1
< C|Vaullgzllwlize + Cllwllm ([Vhul gzl 72 105wl 772)

< Cllwllaz(IVaulge + llollze + 105w]72)-

Similarly as Mgy, by Lemma 2.2, the Young inequality and Hoélder’s inequality yield

3 2
Mg = — Z Z (2) /5‘?uj3j8§_aw - Q2wdx

j=1la=1
= -2 / D3u - VOsw - O3wdx — /8§u -Vw - djwdz
1 1 1 1 2 1 3 1
< C|05ul| 2, (101 03ul| 2. || VOsw|| 2. || VD3 0o | 2. | 93w |2 || 3w | 2
1 1 1 1
+ C|03ul 210103l 2. | Vwl| 22 | VOswl| 22| 03w | 2 (|03 0w |

1 1 1 1 1 1 1 1
< Cllullza 10vull Fz llwll Zr2 105wl a2 |w 72 + Cllul| Z2 01wl 72 lwll 72 [| 05w Fr2 Ml £r2

< Cllull = + lwllz=) (1050132 + w2 + [ Viullz2)-
Then we have
Mg < C(l[ullm= + llwlla2) (105wl F2 + lwliFe + [ VaullFe)-
Inserting these above estimates in (2.3), we infer that

1d<
5@ > (07u®)7z + 10672 + 07w (®)]172)
k=1

3
+er Y (IVadiullts + VadRblZa + 8:08w 72 + 107w 72)
k=1
< Clllullrz + bl 2 + ol m2) (105w Fr2 + lwllFre + [Vnulldze + [ Vablle), (2.4)
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where ¢; = min{§, v,y — 4x,4x — %Xz}
Adding (2.1) and (2.4) up, and integrating the result in [0,¢], we find

lu(®)llF2 + 161 + llw @)l
t

+2¢ / (IVru(m) 32 + 1VRb(T) 72 + [10sw(T) [ + lw(T)|72) dr
0

t
< Jluoll3z= + I1bollZ2 + llwoll32 + C/(HU(T)||H2 +1o(m) |2 + lleo(7) | 22)
0

< ([0sw(D) Iz + ()32 + IVhu(r) 32 + IVab(7)|I32) dr-
Let
B(t) = sup {[[u(m)llz + [6(0)]IZ: + lw(r)[3}
0<r<t
¢
+2a / (195w (7) 32 + lw (P12 + I Vau() 2 + [V rb(7)[1F2) dr.
0
Then (2.5) implies
E(t) < E(0) + CoE? (t).

Now we can start to show (1.5), by using the bootstrapping argument. By choosing e <

we have
B(0) < —
~ 3203
To initial the bootstrapping argument, we assume that
1
Et) < —.
)< ic3
Then (2.7)—(2.9) imply
5
Elt) < —s.
"= 503

This completes the proof (1.5). Substituting (1.5) with e < 2% into (2.5), we have

lu(®) 2 + 16 12 + llw ()]
t
+ / (IVru(m) 7 + VRO + 10sw(T) 12 + llw(T)72) dr
0

< C(lluollz + l1boll3z2 + llwoll72)-

(2.6)

(2.7)

- in (1.4),

(2.8)

(2.9)

(2.10)

(2.11)

(2) Next we start to show (1.7). At the beginning of the proof, we show the uniform bound for these

global solutions in H3(R3) as follows.

Proposition 2.5. Let > 0, x > 0, v > 0 and £ > 0. Assume (uo,bg,wp) € H3(R3) with V - ug = 0,
V by =0 and (1.4) hold. If u > 4x and v > 4x, then the global solution (u,b,w) of (1.3) obeys for all
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t>0,

lu(®)1Zs + 15015 + llw(®)]1Frs
t

+ / (IVnu(m) s + VRO [s + 10sw(T) s + llw(T)3gs) dr

0
< (JJuoll%s + Iboll%s + ||w0||§13)6C(Hu(1Hi,ﬁll%\li,ﬁl\wal\iz)
< Cs([[uoll3s + IlbollZs + lwoll3s) (2.12)

proof of Proposition 2.5. Applying 97 with k = 1,2,3 to (1.3)1, (1.3)2 and (1.3), taking the L?-inner
product with d3u, 93b and djw, respectively, and adding the results up, we have

| =

T Y (10u®lF2 + 102D 17 + 1080 ONF2) + 1Y IVadulla +x D 10ullZ.
k=1 k=1 k=1

3 3 3 3
+ > IVROEblITe +7 ) 1050wl 72 + 4x D 03wllTe + £ Y IRV - wll7

k=1 k=1 k=1 k=1
3 3 3
= —Z/a,?;(u V) - udz + Z/a,f(b-vz)) - OPudx + ZXZ/V X Bfw - Budx
k=1 k=1 k=1
3 3 3
- Z/@i’(u -Vb) - Opbdx + Z/@g(b - Vu) - Opbdx — Z/a;”;(u -Vw) - Owdr
k=1 k=1 k=1
3
+2XZ/V x Opu - Opwdx
k=1

:= N1+ No + N3 + Ny + N5 + Ng + Ny (2.13)

Thus, we can rewrite N; as

3
Ny =— Z/a,?;(u - Vu) - Opudz
k=1

- ii i (2) /5?%@'3}3_% ) 8I§)de - i i <z) /agujajag’_au . 3§udx

k=1j=1a=1 j=la=1

. /3
= <a> / OSu39303 - Aduda
a=1

= N1 + Nig + Niz.
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Applying the Young inequality, Lemma 2.2 and the fact that || f|| - ®s) < C||f]|m2(®s), we obtain

2 3 3

Np=-> >3 (i) / ;0,08 “u - Bpudz

k=1j=1a=1

2 3 2 3 3
3 3 e —«
k=1j=1 k=1j=1a=2
2 3
<O > N0wuyllne=10;07ull 2 05wl 2
k=1j=1
& & 2 e 3 1o} 3 3—a 3 3—a 3 3 3 3 3
+ O YD N0Fus 2210507 w17 10505l 72 1020;07 ull 22 |05l 72 0183wl £
k=1j=1a=2
< Cllull s IV pull 2|V iul| s
C1
< o2 IVhullfs + ClIVaulF: ull s,
128
and
2 3 3
Ny = Z Z ( > /3§uj8j8§’_au - O3udx
j=la=1 «
2 2 3 3
= —32/83uj8j6§u . 8§udx - Z Z <a> /agujﬁjag’_au . agudx
Jj=1 j=1a=2
2 1 1 2 1 3 1 3 1 3 1
< O 1105wl 72 10105u51 7210505 ul £ 10,03l 2. |03 ull £ 0205 ull £
j=1
& & a 3 « 3 3—a, || d—a |13 3% 3. 1%
+CY D 105wl 72101055172 10;05 ull £ 10,03~ ull 2. |03 ull 2. 9205 ul| 7

j=1a=2

C1
< @IIVWII%S + C|[Vnul F|ull 3

Using the divergence free condition V - u = 0, together with Lemma 2.2 and the Young inequality, we
have

3
=50 [
a=1

/3
(a> /8§‘U3333§_0‘u . 8§udx

3/3huh3§u~8§udx7 Z
< Cl|0hun || 2. 1100nun 2, 11032, 10208 2, | 03 ul| 2, | 0,02 2
< Cll0nunll L2 10s0nunll L2 1030l L2 a0l Lo 3l L w0l

a=2
3

C aafla % aaafla % 84705 % 8847(! % 83 % 883 %
+ ZH 3 htn | 72110505 hun| 221105 “ull 22110205~ “ul| 72 (|05 ul| 72 |01 05 ul| 2

a=2

C1
< TogIVrullis + ClIVaullglulfs.

Then we have

C1
Ni < S Vnullis + ClIVaulfra .
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Due to the divergence free condition V - b = 0, we have

3 3
Z/b.va;jb.a;zjudx+Z/b-va,?;u.agbdx:o.
k=1 k=1

Then applying the same strategy as above, we get
3 3
Ny + N5 = Z/a,?;(b - Vb) - Ojudx + Z/a;j(b - Vu) - 0ibdx
k=1 k=1

3 3 3
=> > (Z) < / ORb;0;0% b - Bfudz + / 02,0,05 " u agbdx>

k=1j=1a=1
C1
< T IVnullts + 1Vblls) + CUIVnullzz + [Vrbll=) (lulls + [Bl1zs).

Similarly, we have
3
Ny =-— Z/@;Z’(u -Vb) - 9pbdx
k=1

3 3 3 3
=-> 3> (a) /a,gujaja;j*% - Obd

k=1j=1a=1

C1
< E(thullés + [Vabll7s) + CUIVnulFz + [ Vabll3) ([l 3 + 110l17s)-

By the Young inequality and Holder’s inequality, we get
3 3
N3 + Ny = 2XZ/V X a,iw~a,§udx+2><2/v x O - Bwda
k=1 k=1
3
= 4XZ/V x Opu - Opwdx
k=1

<

=

3 3 3 3
16>
Do IVROulZe + —= > 108wliFz + x> 0FulFz +4x D 0508wl|7--
k=1 - k=1 k=1
Next, we consider Ng,

3
Ng = — Z/@g(u VW) - dfwdz
k=1

3 3 3
=-> >3 (2) / Opu;0;08 “w - Dpwda

k=1j=1a=1
2 3 3 3 3 3 ;

= — 8au‘8-83_°‘w-33wdx— < )/aau‘a'ag_QW-ag’wdx
1;;0;<O‘)/kjjk k ;;a 3 UjU;03 3

:= Ng1 + Nega.

ZAMP
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We can rewrite Ngj as:

2 3 3
Ne1 = — ZZ Z (2) /5‘,‘3‘uj3j8,§_aw - Owdx

k=1 j=1 a=1
2 3 3 2 3 3 3

=33 (3) fowito otur =333 (2 [ orusoi-o ot
k=1j5=1 k=1j=1 a=2

= Ne11 + Ne12-

For Ngi1, by the Young inequality and Hoélder inequality, we have

2 3
Ng11 = —SZZ/Gkujaja,%w . 8,Z’wdx
k=1 j=1
2 3
< O3S 19k~ 1007l 2 10l

k=1j=1
< C||Viul g2 w3

C1
< @IIwII%s + O([Vaullz lwl ),

where we also used the fact that || f||ze®s) < C| f||z2rs). By Lemma 2.2 and the Young inequality, we
have

2 3 3
Ngi2 = — ZZ Z (i) /3§uj8j8,§’_aw - Qwdx

k=1j=1 a=2
: > 1o 3 1o 3 3—a 3 3—a 3 3 3 3 3

<O Y IoRul 0007l 321V 0wl 22102V 0}~ w| Ea |l 2110507l 7

k=1 a=2

1 1 1 1 1 1
< CIVhull g IV iull Fs lwl] frz loll s [l 7ra 03wl £
C1

< C(IVaullize + )l + 55 (105llzrs + [Vaul ).

Then, we have

a1
N < C(IVnullfra + llllzr) wlzrs + 351wl + 105wl + [ VaullZrs)-
Similarly,
3.3, /3
e £ () et
j=1la=1
3.3, /3 3
- Z Z ( ) /8§éu7'aja§7aw - Jjwda — 32/83uj8ja§bd - Dwda
=1a—2 \¥ ' = '

T T SR S D BNV EL
SCE 105u;] 7210105 u; || 72 [[VO5 ™ “wl| 72|05 VO3~ “wl| 72 [|05w] 2 [| 0205w 7 »
a=2

+ Cl|wl| s || 03w || 2 | O3w]| s

C1
< Clllullfrs + lwlzza) w7z + 195w lr2) + 35 (195w 70 + IV nullfys).
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Combining the estimates Ng; and Ngy yields

Ne < 1*6 (lliFrs + 19swllZrs + [Vl Frs)

+C(lwlifrs + lullzs)IVRullZre + lwlFe + 105wllF2)-

Inserting the above bounds into (2.13), and combining with (2.1), one obtains

d
2 e® s + 16O + lw®)170)
+e1 (IVaullygs + 11Vabllzs + 105wl Es + llwllZs)
< C (lullzrs + 101z + llwliFs) (195wl + lwllZe + I Vaulze + 1 Vabllze) - (2.14)

This together with Gronwall’s inequality and (1.6) implies

[u(®)lfzs + 16O 15 + llw (@)l
t

+a / (IVhu(m) s + 1VRb(T) s + 10sw(T) s + llw(7)7gs ) dr
0

< (Jluoll%s + boll%ys + llwol|2ys)eC oz Hllbolz2+lwollZ2)

< Cllluollzzs + llbollzzs + llwo I 7a)- (2.15)

We set C3 = C, which is (2.12).
O

To complete the proof of (1.7), we use the induction for s. The case s = 3 has been proved in Proposition
2.5. Assume that for s > 3,

a7 + 10O 17— + w77
+ 01/ IV hu(m)[Fge—s + [V Fems + 1850 (T)[Fems + lw(T) 7o) dT
0

< Cs—1(fluollFre—r + [[boll 7o+ + llwoll7e—1)- (2.16)

If we have

lu(®) Iz + 16O Zs + lw(®)17
t
+o / (IVru() s + IVab(T) 3 + 1050 ()1 Frs + lw()1F-) dr
0
< Cs(lluollz + l1bollZrs + lwollZre), (2.17)

then we yield the desired estimate (1.7). Next, we need to verify that (2.17) is correct. Applying 05 with
k=1,2,3to (1.3)1, (1.3)2 and (1.3)s, taking the L?-inner product with dfu, 9ib and d§w, respectively,
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and adding the results up, we have

3 3 3
1 d S S S
@ Z (logu(l72 + 1026172 + 105w (B)72) + 1Y IVadfulze +x D 10ful72
=1 k=1 k=1
3 3 3
+ VZ IVRODIT2 +7 D 1050507 +4x Y 05wz + £ 07V - w7
k=1 k=1 k=1 k=1

3 3 3
= —Z/a;(u - Vu) - Ofudz + Z/a;(b-vz)) . a,gudx+2XZ/v x Ofw - O udz
k=1 k=1 k=1
3 3 3
- Z/a,g(u V) - O%bda + Z/@,ﬁ(b V) - 95bdz — Z/a,z(u V) - Owda
k=1 k=1 k=1

3
+2xZ/V X Opu - Opwdx

=N+ o+ J3+Jds+ J5+ Jg + Jr. (2.18)

Since the estimate method is very similar to N7 - N7 in the proof of Proposition 2.5, we omit the details
for simplicity and have

cl
Ji+Js < E(HVWH%S + Vrbll7e) + CUVRullzr -1 + [V rbllFe—) (lullFre + 116117 ),

C
2+ J5 < —1(||th|\§qs +VabliEre) + CUIVrull oo + I Vabl3a—n) (lullZre + (1B,

Js+Jr< 5 Z IV hOgullZ X Z 10fwll7= + XZ 105 ull7> + 4XZ 10303w1Z2,

and
C1
Jo < T6(||vhu|‘§is + lwllzrs + ll0swllFs)
+ COVulyemn + 105 s + leolym) ul + o)

Inserting the above bounds into (2.18), and combining with (2.1), we have

i(IIU( iz + 107 + lw®lZ-)
+e1 (IVhulldre + IVabllze + 105wl + llwliZ-)
< C (lulifrs + 18l + lwliZrs) (10swllzems + Iwllzems + IVaulFrems + [ VablFre) - (2.19)
This together with Gronwall’s inequality and (2.16) implies

a1z + 16Oz + o (®)]17

t

+a / (IVnu(m)Fs + Va3 + 185w ()| Fs + lw(r)[1 ) dr
0
< (luollFrs + 11bollFrs + lwollFre) exp{CCs—1(luolFre—s + 1bollFe—1 + llwollFre—1)}
= OllHs OllHs OllHs p s—1 Ol gs—1 0l ggs—1 0l gs—1

< CulluollFr + llbollZrs + llwollFre ),

where Cy is dependent on p, x, v, £ and the initial data, which is (2.17).
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We now briefly explain the uniqueness at the HZ2-level, which can be quickly established. Let
(™ bW MY and (u® ;b3 W) be two solutions of (1.3) in the regularity class, for 7' > 0,
(M b W) (W@ W@ e L0, T; H*(R?)). (2.20)
Their difference (i, b, @) with
a=u® —u®  p=pM _p@ G =uw® 3
satisfies

Oyt +u) - Vi + i - Vu® + xi = =V + pApi+ b Vb +b- Vb + 2V x @,
b+ uD - Vb +1-Vb® = vApb+ bV . Vi +b- Vu®),

o0 +uM Vo + i - Vw® + 4x@ = 40330 + kVV - @ 4+ 2xV X @,
V-u=0,V-b=0,

a(z,0) = 0,&(x,0) = 0,b(z,0) = 0,

where 7 = 71 — 7 with #() and 7(®) being the pressure corresponding to uM and u®, respectively.
Taking the L2-inner product to the above system with @, b and @, respectively, we obtain

1d,, " ~ i . .
5 3 Ua®IZ: + 16@IZe + 1@ONZ2) + plVralZs + vIViblLs + 0517

+xlla@li: + &IV - @7 + dxll@7
:/E-Vb(2> -adx—/a-vu@)-adx—/a-vz)@)-Bd:c+/z}-vu<2>-5dx

—/ﬂ-Vw(Q)-&dx+2x/vxab-adx+2x/V><a-chx
=L 4L+ Is+Is+ Iy + I + I. (2.21)

Applying Holder’s inequality, Lemma 2.1, Lemma 2.2, Gagliardo—Nirenberg inequality and the Young
inequality yields

I :/B-Vb(2) ~adz
< ||l~)||L;41L§3 ||Vb(2)||L§L;g ||ﬂ||L;41La2n3

< |ellea]| , (190 ess
z3

lallzs

L}, L3,

~ 1 ~ 1
< |18l 19511

@2 @) il 2 iz
I [l A el % A e
SN AR PRI
C1 - 7 7 -
< T UIVnil e + [VabI32) + Cl® I (181132 + l2).

Similarly, we have

I, = —/a~w<2> - adx
< Hﬁ||2L;§L§3||V“(2)||LﬁL%
1 1
< Cllil| g2 | Vui]| 2 [ Vel | 2.]|0s Va2,

C1 ~ -
< ﬁ”vhu\\%z + Cllu® 32|72,
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13:—/ﬁ~Vb(2)~Bdsc

IN

lillzsze IV6 22 po 1Bl 22,
e TERI) B2 B2
< Cllall L [Vrall 22167 216l 22 Vbl £2

C1 ~ 7 7 -
TeUVnalge + IVablLe) + CIo P 5= (bl + lallZ2),

A

= /B'Vu(2)~5dx
< HEHL;‘Lng||vu(2)||L$LL;%HBHL‘}LL§3
B 19 Bl (e ellB R 19 B
< OOl 2:11VRblIZ2 1w [ 2Bl £ [V DI 22
C1 ~ ~
< EllvhbH% + Cllu® |3 [1b]132,
and

I5:—/11-Vw(2)-&)dw

x

< ||71||L;§L353||VW(2)||L;1LL?3 ol 2z 2ge
~13 -~ )3 @3 (|~1% ~ 113
< Cllallz:lIVaal 22 Ve 22 VVaw = [ 22 @11 72 1050117 2
1 .3 ! !
< Cllal 2 llo® N a2 (1Vaal 32 + 12112 + 19521 72)
C1 - ~ - -
< T6(||Vh“”2L2 + (105072 + D] 72) + Cllaall72 |lw™® (|-
Finally, we consider I and I7, by Holder’s inequality and the Young inequality, and yield

16—|—I7:2x/v><LD~12dx—|—2x/V><€L-Cudx

:4x/Vxﬂ~chx

162

H ~ ~ - ~
< SIVaillz: + IDNZ + xllalls + 4x(10s@ 17

Substituting the above estimates into (2.21), it infers that
d, . ~ - - = - -
a(\lu(t)ﬂiz @122 + 1@(®)122) + er(IVaalZe + [Vablzz + 050122 + @]/72)
< (lu® 32 + 10PN Fr2 + @ N g2) (1 Z2 + 18172 + 21172), (2.22)
where ¢; = min{4, v,y —4x,4x — %} Since (u®,b®) W) is in the regularity class (2.20), we obtain
for any T > 0,

T
/(Hu(z)(t)llfqz + [0 ()72 + lw® () 372)dt < C(T) < oo (2.23)
0

Then, (2.22) together with Gronwall’s inequality and (2.23) leads to for any T > 0,
[a(®)12: +1b®)1Z: + otz <0, Vi€ 0,7,

which implies the uniqueness. Thus, we complete the proof of Theorem 1.1.
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3. The proof of Theorem 1.4

This section is devoted to the proof of Theorem 1.4. Since the proof is slightly long, we divide it into four
propositions for clarity. The strategy is as follows: As preparations, we first establish the H' estimates
for (u,w,b) in Proposition 3.1. Secondly, we will show the following preliminary estimate ||Vu(¢)|/zz +
Vb0l 2 + [Ve®)ll2 < CL+1)72, [u@®)]zz + lw®)]z < CO+ )78, )]z < C(1+1)74 and
[Vb(t)||2 < C(1+1t)~% in Propositions 3.2 and 3.5. We give the improve decay estimates || V2b(t)| 2 <
C(1+t)~ %122 and |Ju(t)|| > + [lw(t)]|z> < C(14¢)~ 6 T16@ in Proposition 3.7. Finally, we obtain the
decay estimate | Vu(t)| .2 + |[Vw(t)||z2 < C(1 4 t)~ 52T in Proposition 3.8, and thus, the proof of
Theorem 1.4 is completed.

Proposition 3.1. Let the assumptions stated in Theorem 1.4 and (1.13) hold. Then for all t > 0, (u,w,b)
obey the following uniform bounds

lu()lI72 + [6OIZ2 + llo(®)]1Z:

¢
+ 202/ IVru(DIZ2 + lu@®lce + V()72 + 105w (r)[[Z2 + llw(r)]172) dr
0
< [luollZz + lIbollZ2 + llwolZ2 (3.1)
and
IVu®)lIZ: + IVOIZ2 + IV (®)]Z:
¢
+ e /(||VVW(T)||%2 + V()72 + 1V20(7) |72 + [ VOsw(r) |72 + [V (7)|[72)dr
0
< (IVuoliZs + [ Vbol3 + [Vapl2.) eC ol 1ol e, (3.2)
where c; = min{ %, X, v, V—IG—X 4y 16;(2}.

Proof. Taking the L2-inner product of (1.8) with u, w and b, respectively, and then adding the resulting
equations together, we yield

1d (
2dt
+7l10swlZz + AxllwlZz + sV - w1z

= 4)(/V X u - wdz. (3.3)

lu()lIZz + 1BOIZ + lw®NZ2) + sl VaulZ + xlulfe + v VoL,

Applying the Young inequality and Holder’s inequality, we obtain

16x

16> 3
i [V xuwdo < B9l + =l + o llulze + = ol

Inserting this bound into (3.3) and then integrating in time, we yield the desired bound (3.1).
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Now we turn to proof (3.2). Applying dy with &k =1,2,3 to (1.8)1, (1.8)2 and (1.8)3, dotting the results
by Oxu, Oxb and Oyw, respectively, integrating in space domain and adding them together, we obtain

1d<
532 [Oku(®)]2 + |0xb() |72 + |Okw(t)]72) +uZIIVh6kUIIL2 +XZII3WIIL2
k=1

k=1 k=1
3

3 3 3
+ 0 S Vb3 + S 1050wl Ze +4x S 0hwlZe + & S 110kY - wlf2s
k=1 k=1 k=1 k=1

3 3 3
= 72/8k(u - V) - Opudz + Z/ak(z»vz)) . akudmeZ/v X Opw - Opudz
k=1 k=1 k=1
3 3 3
—E:/@mrvm-mwm+§:/bﬂhvm.mwx—E:/&mrvm.mwm
k=1 k=1 k=1

3
+2XZ/V X Opu - Opwdz
= A1+ As+ Az + Ag + As + Ag + A7 (3.4)

Using the divergence free condition V - u = 0, together with Lemma 2.2 and the Young inequality, one
infers

ZZ/akuja u - Opudx

k=1j=1
= —ZZ/@;CUJG U - 5‘kudx— /33%8 U - 83udx—/83U383u Ozudx
k=1 j=1
23 1 1 1 1 1 1
<CY D N10ku; 1211000k | 2o 1950 2 92050l 22 || O] 2. || s Dl 2
k=1 j=1

2
1 1 1 1 1 1
+ 2 1105172 10105051 £ 105l £ 1050wl 72 1B ull £ 10205 £

j=1
1 1 1 1 1 1
+ Hf’)hwzllia||833hUh||22||83UI|22||8233UI|22H33UI|22H3153UH22

< CVulZa [ ViulFe + HVVhUIILz

Similarly,

3
Ag = — Z/&k(u - Vw) - Opwdz

= _ZZ/B’“UJ@ w - 8kwdm— /83%6 w - Ogwdx

k=1 j=1
2 3

1 1 1 1 1 1
<CY Y N0kugl|Zall0n O | 21050122 102000 2. [ Oxw | 22 1050k 2.
k=1j=1



110 Page 22 of 39 M. Li ZAMP

3
1 1 1 1 1 1
+ 3 105u; 1 2110105051172 1050121105050 22 195w | 221192050 72

j=1
C2
C(IVull7e + IVl Z2) (IVaullze + 10w]|7 + lwllFr2) + @(vahUH%Z + [ Voswl72),

and

—~ Z/@k(u - Vb) - dpbdx

C(IVulli + [VblI72) V03 + (IIVthIILz + [IV2b]172).
Due to

3 3
Z/b-V@kb~8kudm+Z/b~V8ku~8kbd:z::O,
k=1 k=1

then, we have
3 3
Ay + Ag = Z/akb.vz;.akudx+2/akb-vu.akbdx

< C(IVullz2 + [IVBlIZ2) VBl + (”vvhuHL2 +IIV2l[72).
By the Young inequality, we have

3
16 16
g+ Ar < 537 I9ndkulEe + = < Zuak 72 + XZHak 72 + XZnasakwan

k=1
Inserting the above estimates into (3.4), we 1nfer that

1d Iz X
5@ (IVu@®l72 + IVB(DI7 + IVe(®)]I72) + 5||VhVu||%z + ZHWH%Z
16x 162
+ V2072 + (v — —)Ilaavw\lm + (4x - M) IVwlZz +&IVV - w7

C
< g(IIVVhUHiz + V2% + [VOswl|Z2)
+C(IVu®)[Z2 + VOO 122 + Vo @12 (IVrullFe + V032 + 10swlFe + lwlF2),

2
where c; = min{§, %, v,y — 16—’“ yAdx — IGTX} Then applying Gronwall’s inequality, we obtain

t
IVu®)llZz + IVBOIL2 + V()72 + c2 / (VR Vu(n)IZe + [IVu(r) |72
0
HIVE()IZ2 + 105V (n)[ 12 + [IVew(7)lIZ2) dr
< (IVuollz= + [ Vbol|72 + [ VwolZ2)
t

X exp /(IIVW(T)H%{z VO F + 1 Vsw(r) 7 + lw(r)]7)dr
0

< (||VU0||2L2 + || Vboll22 + ||Von%2) eC(HuoH?{z-‘erOHi;z-ﬁ-“wo“?{z)7 (3.5)
where we used (1.11) in the last step. O

With Proposition 3.1 at our disposal, we now start to prove our decay estimates.
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Proposition 3.2. Let the assumptions stated in Theorem 1.4 hold. Then
IVu(®)llzz + [VO@)]22 + [Ve®)z2 < O +1)72. (36)
Proof. Using (3.5) and (1.11), for 0 < s < ¢, we have
IVu)lZ: + IVO)Z + Ve (t)ll7-
< (IVu()lF2 + IVb(s)[32 + [ Veo(s) [F2) e Mol ttoluz tliolizs), (3.7)
By (3.1) and (3.2), we have

/”Vb(T)H%?dT < C(lluollZz + llwollZ + lIbollZ2), (3.8)
0
/IIVw(T)Hiz + V()| Z2dr < C(lluollF= + llwollFr2 + 1boll72)- (3.9)

0
Integrating (3.7) in (%,¢) with respect to s, together with (3.8)—(3.9), we obtain
t([Vu®)|Z2 + IVO®)1Z> + [V (®)lIZ2)

t

< 2¢Cluollz2+1bollZ2+lwol32) / (IVu(s)[72 + [IVb(s) 172 + Ve (s)[|72) ds

13
2

IN

C.
Therefore, for t > 1, we have
IVu®)|Zz + IVO@)[1Z: + [Vw(t)lf < Ct7H < O+ (3.10)
For 0 < t < 1, it follows from (3.2); we have
IVu®)lz2 + IVb@®)lZ: + [Vet)7 < C < C(L+1)7" (3.11)

Then (3.10) and (3.11) yield (3.6).
U

To give the decay estimates for (u,w,b) and to improve the decay estimate for Vb, we recall the
following estimate for the heat operator (see, e.g., [48]).

Lemma 3.3. Let m>0,a >0 and 1 <p < q< +4o0. Then for anyt > 0,
_m_3.1_1
V™A fll Lamsy < Ct™ 272570 £l Lo rs), (3.12)
where

_lz—y?

"3 f(z) = (dmat) ! / =7 f(y)dy.

R3

And the following calculus inequalities (see, e.g., [49,50]) involving fractional differential operators A®
with s > 0 and

KoF(6) = |6 7€), f(6) = / e~ f(z)da.

R3
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Lemma 3.4. Let s > 0. Let 1 < r < 00 and + = pil—l—qil = p%—l—q% with p2, 1 € (1,00) and p1, g2 € [1, +0o0].
Then

IA(FDN e < C(flLr [IA°gllLar + [[A° fll ez lgll 2oz ),

where C'is constant depending on the indices s, v, p1, q1, P2 and qs.

Now, we can start to establish the desired decay estimates.

Proposition 3.5. Let the assumptions stated in Theorem 1.4 hold. Then
()]l 2 + lw(®)]z2 < C(L+1)7¢, (3.13)

b2 < C(L+1)"%, ||[Vb(t)||r2 < C(1+1t) 1. (3.14)

Proof. Taking the L?-inner product to the first and the third equations of (1.8) with u and w, respectively,
and adding the resulting equations together, we obtain
1d (
2dt
:/b-Vb-udx+4x/V X u - wdx
162 16x

Iz 3X
< OV elull s + g\IVhUII%z + TIIwIIiz + IIIUII%z + 7||33wHi2, (3.15)

lu®)lZ + llw®)l72) + ulVaulZe + xllulZs +vl0swlz> + dxlwllie + sV - wll72

where we have used Sobolev’s inequality. Set ¢ = min{%, 8x — %}.Then integrating (3.15) in time, we
yield

lu(®)l|72 + w1z
t
—ct 2 2 —c(t—s) 2 3 3
< e “(lluollzz + llwollz2) +C [ e IVb(s) |22 [[u(s) |22 I Vu(s)] F2ds
0

< e Mluglliz + lwolli2) + C(Q1 + Q) (3.16)

where

Q1= /e‘c(t‘s)IIVb(S)lliz||u(8)||§z||VU(S)IIEzds,
0

t
Q2= /efc(t’s)IIVb(S)llizIIU(S)IIEQIIVU(S)IIEzd&

By (3.1) and (3.2), we get

Q1< Ce % / [Vb(s)||2.ds < Ce™ 7. (3.17)
0
Set
M) = sup {(1+ )2 (|Vu(s)l|z2 + [Ve(s)| 2 + [IVB(s)] 2}

0<s<t
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Then

Qs < C/\/l%(t)/e*c(t’s)(l + s)*%nu(s)nizds. (3.18)
Set
N () = sup {(1+5)5([[u(s)] 2 + [lw(s)l|z2)}-

0<s<t
Inserting (3.17), (3.18) into (3.16), we obtain
N2(t) < C(L+1t) " 5e T + CM3 (N3 (1).

Then Young’s inequality and M (t) < C lead to the desired result.
To get the decay estimate of b, we write the second equation of (1.8) into integral form.

b(t) = "2y + | "2 (b Vu — u - Vb)(s)ds

_ el/At bO +

/
/

t
VA=) (b @y — u @ b)(s)ds + / VAt h@u—uab)(s)ds,  (3.19)
%

where f ® g = (fig;) defines the tensor product. By Lemma 3.3, for 0 < ¢ < 1, we have

"2l 2 < C|lbol| L2,

and for ¢ > 1,
le"A"bol| 2 < Ct= % [lbo | 1.
Therefore, for any t > 0,
€A e < C(t+ 1)1, (3.20)

Again applying Lemma 3.3, together with (3.13), we obtain for ¢t > 1,

t

3
/Ve”A(tfs)(b ®u—u®b)(s)ds
0

L2

<C[(t—5)"2"3(b@u—u®b)(s)|pds

<O [ (t—)75b(s)] 2 [lu(s) ] r2ds

-

(t—s)"1(1+s) ds. (3.21)

IA

(=) o o
ol 1ol Wl

C
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Using Lemma 3.3 and the Gagliardo—Nirenberg inequality, together with (3.6) and (3.13), for any ¢ > 0,
we yield

¢
/ Ver2t=9) (b @ u — u @ b)(s)ds

L2

t
< C/(t_ $)17%5 (b @ u — u®b)(s)| Lrds

t
= C/ (t = )4~ [b(5) 20 u(s)l| v s

—P
P

t 1_3 3-p 3p=3 3p 3p=3
SC/@—SV 2 (lu(s) 2 (IVu(s)[| 27 [16()I 2 1 Vb(s)]| 3" ds
%

t

t

2
15—2p

<O +1t) 12, (3.22)

with % <p< }—‘;’ Taking the L?-norm for space to (3.19), together with (3.20)-(3.22), we obtain for any
t>1,

Ib(t)][z2 < C(t+1)"% +C(1+1)
<C(t+1)74.

Note that for 0 < ¢t < 1, (3.1) implies

_13 15-2
2

T C(1 )

oo

(3.23)

16()llz> < C,

then we immediately obtain the first decay estimate (3.14).
Now we turn to the decay estimate of Vb. Applying V to (3.19),

Vb(t) = Vet + /VQe”A(t_S)(b Qu—u®b)(s)ds
0

t
+ /VQe"A(t_s)(b ®@u—u®b)(s)ds. (3.24)
:

By Lemma 3.3, for 0 < t < 1, we have

IVe"24bo |12 < C||Vbol| 2,
and for t > 1,

[Verhol 2 < O HJbo]| 1.
Therefore, for any t > 0,

Ve A2 < C(t +1)7 %, (3.25)
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Using Lemma 3.3, together with (3.13) and (3.23), we have for any ¢t > 1,

t

2

/V26”A(t_s) b@u—u®b)(s)ds
0 12

<C (=93 (b®u—u®b)(s)ds

<C [t =) b(s)] 2 |Juls)| r2ds

=} =}
e Wl

7

< /tfs Z1+s)*%ds.
0
C(1+

1) i
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(3.26)

Applying Lemmas 3.3 and 3.4, together with (3.6), (3.13) and (3.23), for any ¢t > 0, we yield

/Vge”A(t_s)(b Qu—u®b)(s)ds

L2
t

= /A‘5V26”A(t_s)/\6(b® u—u®b)(s)ds
3 L2
< C/(t — s)_¥||Aﬁ(b®u —u®Db)(s)| r2ds

t
2
t

< C/(t = 5)7 7% (IAPB(s) |z [uls) | 2o + [A7u(s)]| 2 [b(s) | £+)ds

|

t

<C [t-97F (Jul LTl L1015 195

x
2

()2 1Vb) o )12 I u(s) 1 37) ds

t

< M) [(— 5% () B D4 (4 s) B D) as

t
2

< C(14t)sP %

(3.27)
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where we set 0 < 3 < 4707 then,
C+1)if~ 8 <o+)7?
Taking the L2-inner for space to (3.24), together with (3.25) - (3.27), for t > 1, we obtain
V()2 <CE+1)" 5 +C(L+1) T+ C(L+ 1) 8 <C(1+)". (3.28)
To improve the decay rates of || Vb| 12, when ¢ > 1, we insert (3.28) into (3.27). Set

Mu(t) = Oiggt{(l + 8)[IVo(#)|| =}

Then, we have

t

/V%”A(Fs) b@u—u®b)(s)ds

e+

L2

20 ) 3 In(s)IAs 346
<C/ (t—s)" IIU( )15 IVu(s)| = l0() 152 19()l1

I 57 ds

t

<emHOMIT () [(t- 0 149 s

e+

+OME(OMETE () /(t _ 5 (14 s)

< CO(1+1)88 %, (3.29)

B_ 13
37 asds

where 0 < 3 < 1. Together with (3.25), (3.26) and (3.29), for ¢ > 1, we have

5

V()2 <CEt+1)"F +C(L+1) 5+ C(L+1)sP 5B <C(141t) 5.

Note that for 0 < ¢ < 1, (3.2) implies

[Vb(#)]L> < C.
Thus, we obtain the second decay estimate in (3.14).
O
Proposition 3.6. Let the assumption stated in Theorem 1.4 hold. Then
lu®)llz2 + lw®llz2 < CL+1H7. (3.30)

Proof. By the Young inequality, we have

1 1
CIVb| s lull 2 Vullz < Xull3a + CIVbI .Vl ..

-8
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Inserting it into (3.15),

1d Y 16x2
Iq% (lu®ll72 + lo@®172) + pl Vaullz: + gIIuII%z + (4x —

8 2
< Ol Vol [Vl 7.
<C+1t) 5.

NwlZe

(3.31)
Set c3 = min{%, 8y — %} Integrating (3.31) in time, we obtain

()72 + llo ()72

t
< e (ol + onlfe) +C [ I(1 45 R as

0

t

2
— e (fluo |22 + [lwo|%e) + c/e*%(t*% +s) s

0
t

+ C/efc“"*(t*s)(l + s)f%ds

t

2
<Ce 4 CeF +O1+1) %
<Cl+t) =,

(3.32)
which immediately implies the desired bound. Thus, the proof of Proposition 3.6 is completed.

O

Finally, with Propositions 3.2, 3.5 and 3.6 at our disposal, we can improve the L? decay for (u,w) and
(Vu,Vw), and obtain the decay for V2b in L.

Proposition 3.7. Let the assumptions stated in Theorem 1.4 hold. Then for any 0 < a < i, we have
V()22 < C(1L+ )+, (3:33)

Ju(®) 122 + lw(®)lz2 < Ot ¥+, (3:3)
Proof. Firstly, we establish the decay estimate of V2b. Applying V? to (3.19), we have

V2h(t) = V2 Ay + | V32U (b @ u — u @ b)(s)ds

S — ..

t
+ /Vge”A(t_s)(b ®@u—u®b)(s)ds.

2

(3.35)
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By Lemma 3.3, for 0 < ¢t < 1, we have

IV2e"24bo|| 12 < C|[V2bol 12,
and for t > 1,

V262 o[ 2 < O R Jbo | 1.
Therefore, for any t > 0,

V26" Aty 2 < C(t + 1) 5.

Using Lemma 3.3, together with (3.23) and (3.30), we have for any ¢t > 1,

t

2

/V?’e”A(FS) b@u—u®b)(s)ds
0

L2
< [t-9 i pou-uo b
0
< [t 9 p)elu(s)12ds
0

< / t—s)"3(1+s) T2ds.
0

<C(+1t)"1.
Applying Lemmas 3.3 and 3.4, for any ¢ > 0, we yield

t
/VSeVA(tfs) b@u—u®b)(s)ds
t
2 2
t

= /Afavzel’A(tfs)AaV(b ®u—u®b)(s)ds

t
2 L2

Sc/ﬁ—sr%ﬂmﬂﬂw®u—u®wwmmm

<C/t—8‘*lMM(ﬂW%@mrﬂm”%@mwwmmmS

§F1+F2;

ZAMP

(3.36)

(3.37)

(3.38)
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where we set 0 < a < 1. Then by using Gagliardo-Nirenberg inequality, (1.11), (3.14) and (3.30), we
have

ﬂzc/wﬂr%ﬂM”MﬂmM@th

scju—@”f<

SO/@—$J¥mmwma+@Jﬁ%%-

i-% i+s g
()55 192u(s) |3 16(s) 112 Vb(3)11 2 )ds

X

N[

e
e
X
Blon
jol
V2]

65

<C’/t—s = 1—|—s)% Tasds

MRy

IN

C(1+ )20 %,

—~
—_

Next, we consider Fy, set

Mo(t) = sup {(1+s) 2R V2p(s)| 12}

0<s<t

then we have
B =0 [ 9 Ao (o) s

SC/@—$J$UW)M2WV2UMfWM)EmVM@ﬁQ®

-
-

X

PN
o
N[

X
ol
o,
V)

<c/ (t— )53 |[V20(s) | £ F (1 4 5) 2G50

t
<emiti /(t )5 (14 5)"CHerRIE+D-BHagg
t
2

< OMSTE )1+ 1) CEeF R R,
Inserting F; and F3 into (3.38), and combining (3.36), (3.37) and (3.38), when ¢ > 1, we have

Ma(t) < C(1 +t)_£_% 5 +C(1+t)" 1" ot

+<
2

+C+ C/\/é (1+ t)*(*%a+%)(g+%>—%+ga7}ia+%
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where 0 < a < i. Through calculation, it can be seen that when 0 < a < i

(1T, 65\ (T, a) 8 T 17 6
12 48 8 2 96 8 12 48
17, 1 291

T T RY 3 0

fzfga+@<0 and 7975a+@<0
4 12 48 ’ 4 12 48 '
Then for the ¢ > 1, by the Young inequality we yield
Mz(t) <C.

Note that for 0 < ¢ < 1, (1.11) implies
IV2b(t)l| = < C.

Thus, we obtain (3.33).
Finally, with (3.33) at our disposal, we can turn to establish the decay estimate (3.34). Again applying
Hoélder’s inequality, we obtain

/ b- Vb < [bl] e [ Vbl| = [l s

1 1
< OIIVblZa llull 22 Vul 72, (3.39)
and
[ < B VBl
1 1
< ClIbl 22 1V0l1 22 V20 ] 2 [l 2 (3.40)
Inserting (3.39) and (3.40) into (3.15) and integrating in time yields
lu®)72 + lw (@172 < Ce™" + Z1 + Za, (3.41)
where

%
Zy = C/e’c(t’s)IIVb(S)llizIIU(S)IIEzIIVU(S)IIEzdsa
0

t
1 1
Zy=C / &=t o]| 2, [ V0l| 22 928 2 Ju] 2 ds.

2

Applying Hélder’s inequality, together with (3.1) and (3.2), we obtain
7y <Ce 7. (3.42)
Set

Ni(t) = sup {(1+ ) G 5O (Ju(s)|| 2 + lw(s)]|2)}-
0<s<t

Then (3.14), (3.30) and (3.33) yield

157

t
a2 [0
%

17
8

“ds. (3.43)
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Inserting (3.42) and (3.43) into (3.41), we get
NE(t) < C+ CNi(t),
since for any t > 0, (1 + )8 ~16®e~% < C. Then the Young inequality yields
M(t) <C,
which implies (3.34). Thus, the proof of Proposition 3.7 is completed. O

Proposition 3.8. Let the assumptions stated in Theorem 1.4 hold. Then for any 0 < a < * 7, we have

51

IVu®)||z2 + |[Vw®)|z2 < C(1+t) st (3.44)

Proof. Applying 0y with k =1,2,3 to (1.8); and (1.8)3, dotting the results by dxu and Jxw, respectively,
integrating in space domain and adding them together, we obtain

3
1d
532 [Ovu(t)|[ 72 + [|Opw(t)72) +MZ IV 8gul[7 2 +XZ [0k ul7
k=1 k=1 k=1
3 3
+WZ 1050k 72 +4x Y 10kwlFs + £ Y 106V - wl[7
k=1 k=1 k=1

3 3 3
=— Z/@k(u - Vu) - Opudzx + Z/ak(b - Vb) - Opudx + QXZ/V X Opw - Opudx
k=1 k=1 k=1
3 3
- Z/@k(u -Vw) - Opwdzx + 2XZ/V X Opu - Opwdx
k=1 k=1

= D1 -+ D2 + Dg + D4 + D5. (345)

Using the divergence free condition V - u = 0, together with Lemma 2.2 and the Young inequality, we
have

ZZ/@ku]a u - Opudx

k=1 j=1
= —ZZ/@kuja U - akud:c— /agujﬁ U - 83Ud1‘7/33’d383u Jzudx
k=1j5=1
23 1 1 1 1 1 1
<CY D N0ku;l 711000k | 72 10501 7 102050l 72 O £ | D3Ok 7
k=1j=1

2
1 1 1 1 1 1
+ 3 105u;l1 72 1010551 £ 105l 211030 ull 2 1 Osul £ 9205 -

j=1
1 1 1 1 1 1
+ |Onunl| L2 1030nunl L2 105wl L2 | 020 ull £ (| O3ul| L2 |01 05l .

< C(IVnull 2 Vull 22 + [Vull 2 [Viul £2) IV Vil .-
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Similarly,

3
Dy = Z/ak(b-w) - Opuda
k=1
1 1
< OV L2 (V0] 2 |V V | 72 IV ull 22 + [1B]] 2= [ V]| 22),
3

Dy = —Z/@k(u -Vw) - Opwdz

< ClIVaull 22 IV Vhul 22 [Vl 22 105Vwl 2. (V0] 22l VWl 22 + 105wl 7211 V5wl ).

By the Young inequality, we have
1 5 16X 3x 16X
D3+ Ds <5 kz_: IVndkulze + —> Z 1OkwlZ2 + = Z 1Okl Ze + == Z 1050k 22

Inserting the above estimates into (3.45), we infer that

Q—-‘Q_‘

p X
- (IVu@IlZ: + IVw@lIZ) + SIVaVulze + Z1IVullz:

16 16
—=)l0sVwllfa + (4x = ;‘) Vw22 + 5| VV - w]|22

[N

+ (v -

< C|[Vull 2 VTl 2
1 1
+ OVl L2 (IVO] L2 [V Vrull 22 [Vl 22 + 1[b]| oo [| V]| 2)
1 1 1 1
+ CIVaul 22 IV Vrull 221V L2 05 Vel 22 V2wl 7.

Then integrating the above inequality in time, set ¢ = min{%,8x — %}, we yield

[Vu(®)[l72 + [[Vw ()7
< €7Ct(||vuO||%2 + HVWOHZL?) + C(J1 + Jo + Jg), (3.46)

where

—c(t=s) 3 3
e Vull 2 IV Vil 2 ds,

=~
I

CNV20(8) (|12 (IV0() | L2 IV V u() | E I Vuls) | 72 + [1b(s) ]| L= Vu(s) 22 )ds,

H
o\ S—__

1 1 1 1
e~ | Vhu(s) |12 IV Vau(s)l| 22 [ Ve () 12195 Vew(s) [ 72| VEw(s) || F2ds

ey
I
o—_
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Finally, we need consider J; - J3, respectively. Applying the Gagliardo— Nirenberg inequality, (3.2) and
(3.34), we have,

% t
3 2 b 3
i = / e[ Vu(s) |7V Vnu(s) | F2ds + / e V()| IV Vnu(s) | 2ds
)
t
2
_ct
< Ce9 /||u(s)||H2(||Vu(s)||i2 + IV Vhu(s)|22)ds

t

—c(t—s) 2 2 2
€ [ eI us) | VP u(s) s

1ole+

<Ce™ % 4O +1) T ta,
where C'is dependent on u, x, v, £ and the initial data ||(ug, by, wo)|| gz. For Ja,
t

Jo = /e‘c(t‘s)IIVQb(S)HLzIIVb(S)IILQIIVth(S)IIEzIIVU(S)HEzdS

0
t

[T 5 96 s
0
= Jo1 + Jag.

Using the Young inequality, (3.1), (3.2), (3.14) and (3.34), we obtain

t

2

1 1
Jo1 = /676(“5)HVQb(S)IILQIIVb(S) |22 [VVru(s)l| L2 [[Vuls)| z2ds

t
1 1
+/ CNT20(8) 2 Vo(8) |2 IV V()| £ [ Vu(s) [ £2ds

< /e_c(t_‘“’)IIb(S)HHz(IIVb(S)II%z +IVVau(s)[[Z2 + IVu(s)[1Z2)ds
0

t

+/e‘c(t“")IIVQb(S)HLzIIVb(S)IILzllvvhU(S)IlfzIIW(S)HEzdS
t
o [ eett=s $ s
< Ce™= +/6 I NV20(5) |2 V() |2 [V u() [ 72 llu(s) 1 £ ds
t

<Ce % + /e*C(t*S)(l )i 169 s
t
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and

Jaz2 = /6":@’5)IIVQb(S)IIL‘zIIb(S)HLmHVU(S)IIL?dS
0

t
+ [ I a1 V(s s

t
2

< /e_c“_s)IIb(S)IIH2(||V2b(S)IIQLz + [ Vu(s)|[72)ds
0

t
+/6_C“_s)||b(8)lliaIIVzb(S)IIEIIVU(S)IIEzIIVQU(S)IIEQdS

t

2

t
<Ce %+ C/e‘c(t‘s)(l +s) AT R (B i) g

S
ST

c

<Ce 2 +((

23248 + 29869 a

+ t)_ 6144

—_

Then, we have

Iy
hey
Ry
<

23248 + 289 a
9

Jy < Ce™ 7 +C(1+1t)" o4O +t)
77 4+ 17 o

<Ce 7 +C(A+1t) % ,

+1

)
ol

5

o)
Y

s
Ry
=
<

o
o)
)

where 0 < a < i. Similarly,

Jy = /e’c“’s)IIth(s)IlzzIIVth(s)IlfzIIVw(s)IILzH@st(s)IIZz||V2w(s)llfzds
0

t

+/e’c(t’s)IIVhU(S)IIEzIIVVhU(S)IIEzIIVW(S)Ilm||33VW(S)IIEz||V2w(8)llfzds

B

i
2

< /e_c“_s)IIU(S)IIZzHw(S)Ilzz(IIVhU(S)IIiz +10sVw(s) L2 + [IVw(s)[72)ds

0
t

+C/€_C(t_s)||vu(8)||fz||Vvhu(8)||32||Vw(8)||L2||V2w(s)||L2dS
t
_ct —c(t—s) 3 2 3 i 2 2
<Ce 2 +C [e w122 1V7w(s) |72 luls) £ [IV-uls)| 1 .ds
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51

< Ce™% + C(1+ t)—(%—ma).
Inserting J1—J3 into (3.46), we obtain
V)22 + Vo (t)]7-

47 471 471+51

< Ce_%t + C(l +t)_2sg+%°‘ + C(l _A,_t)_zss"'%o‘ < C(l +t>_256 Ga %,

which implies (3.44). Thus, the proof of Proposition 3.8 is completed. O
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