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Abstract. Distinct Tuberculosis models with one features of age structure and spatial diffusion have been put forward;
however, few Tuberculosis models take all two into account. The main objective of this work is to analyse the recent result
(the transmission dynamics) on the long-time behaviour of solutions to the model arising from the spreading of Tuberculosis
with the fast and slow progression. Such model is traditionally given by ordinary differential equation system. Here, the local
diffusion term, which is used to represent the random walk of the population in a connected domain, and age-since-infection,
which is employed to describe the contamination process, are introduced. First, one obtains the well-posedness of the model.
Second, one denotes the basic reproduction number through the spectral radius of a compact positive linear operator, which
determines the dichotomy of disease persistence and extinction. Third, one proves the global dynamics of the model.
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1. Introduction

1.1. Research background and current situation

Tuberculosis is a bacterial disease caused by Mycobacterium tuberculosis and is usually acquired through
airborne infection from active Tuberculosis cases [1-3]. In [3,4], Blower et al. formulate and analyse

mathematical models describing the transmission dynamics of untreated tuberculosis epidemics. It was
assumed in [3,4] that infected individuals remain non-infectious until they develop disease by one of
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two pathogenic mechanisms: direct progression or endogenous reactivation. Two types of tuberculosis
contribute to the incidence rate of tuberculosis disease: one type of tuberculosis develops through direct
progression soon after infection which is named fast progression and the other type of tuberculosis develops
through endogenous reactivation in the latently infected individuals which is named slow progression.

As everyone knows, Tuberculosis is a familiar and deadly infectious disease, which has developed into
a chronic infectious disease threatening human health all over the world. In 2016, an estimated 10 million
400 thousand cases of Tuberculosis were equivalent to 140 cases per 100 thousand population. At the
same time, the proportion of people suffering from Tuberculosis and dying of the disease (fatality rate)
is 16%. Hence, Tuberculosis has become a social and public health issue of global concern [5].

Overall, half of those affected by Tuberculosis face catastrophic costs (more than 20% of household
income) due to Tuberculosis and are distributed in 16 countries, ranging from 19 to 83%. For drug-
resistant Tuberculosis patients, this proportion rose to 80%. In most of the countries surveyed, the
poorest households are more than 20% more likely to face catastrophic costs. Tuberculosis is a poor
disease. The most at risk are often those who have the most problems with access to health services and
are most adversely affected by the high out of pocket costs of health care. If there are no strong mitigation
measures, including social protection, a higher proportion of Tuberculosis patients and their families will
face a risk of catastrophic costs [6].

Many mathematical models have been become the helpful tools attempting to obtain a better under-
standing of the spread and control of Tuberculosis. For the past few years, many scholars have done a lot
of research on the transmission mechanism and prevention strategy of Tuberculosis, such as [7-13].

Now, age is one of the most significant and fashionable variables constituting a population. In short, at
the individual level, many internal variables inevitably account on age, since different ages mean different
reproductive and survival abilities, as well as different behaviours. Therefore, with a deeper understanding
of age, some age-dependent Tuberculosis models have been proposed, analysed and studied, such as [14—
17]. Besides, at different age stages, the effects of Tuberculosis transmission are various, which is another
important and key factor that needs necessarily to be included in modelling this Tuberculosis transmission
process.

Because the population distribute heterogeneously in diverse spatial location in the real life and they
will move or diffuse for many reasons, there is increasing testimony that environmental heterogeneity and
individual motility have momentous influence on the spread of Tuberculosis.

Owing to the uneven distribution of people in different spatial locations in real life, and the migration
or spread of people due to a variety of reasons, more and more evidence in epidemiology shows that
environmental heterogeneity and individual initiative have an significant impact on the spread of infectious
diseases [18,19]. In recent years, the global behaviour of the spatial diffusion system for Tuberculosis and
other diseases has attracted extensive attention and become one of the research hotspots. Spatial diffusion
is an intrinsic properties for studying the roles of spatial heterogeneity on Tuberculosis mechanisms and
transmission routes and can lead to rich dynamics. Based on this reality, one generalizes (1.1)—(1.7) by
taking account of the case that individuals move or diffuse around on the spatial habitat z € Q@ C R”
with smooth boundary 0f). However, there are relatively few works on Tuberculosis models with both of
the infection age and spatial diffusion.

1.2. Mathematical model

Inspired by the above discussions, in this article, one will do with the following spatially diffusive Tu-
berculosis model version possessing age-since-infection which is generalization of the model investigated
in [5] for the first time to allow for individuals moving around on the spatial habitat z € Q C R™ with
smooth boundary 92, and is very necessary and reasonable. In order to consider the dynamical struc-
ture of Tuberculosis model, the total population is decomposed into four compartments: the susceptible
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gS(e0)[” Bl@)i(x,t,a)da

5 1-¢)S(x, t)J'()*“’ L(a)i(x,t, a)da> 7

E(x,t) < R(x,1)

ﬂ yl w(a) | | d(a) ‘u

F1G. 1. The transfer diagram of system (1.1)—(1.7)

compartment (S) (individuals not infected but capable of infection), the exposed compartment (E) (indi-
viduals infected but not yet infectious, i.e. undetected non-symptomatic (latent) carriers), the infectious
compartment (/) (individuals capable of transmitting the disease to susceptibles, i.e. symptomatic infec-
tious individuals), and the removed compartment (R) (individuals who have died or who have recovered
with permanent immunity). One assumes that the total population is constant and confined to a bounded
spatial domain 2 in R™ with smooth boundary 9f.

Let i(x, t, a) be the density function of the infected population, where x is a point of space in €2, ¢ is the
time elapsed since the beginning of the Tuberculosis, and a is the infective age (i.e. the time elapsed since
acquiring the infection), S(z,t), E(x,t), I(z,t), and R(z,t) be the density functions of the compartment
(S), (E), (I), and (R), individually, 7 be the length of the incubation period and 7 the length of the
disease duration. Evidently,

T T+7
E(x,t) = /i(x,t,a)da,](x,t) = / i(z,t,a)da.
0 T
Remark 1.1. These formulas are applicable only to the case where the incubation period is constant.

Moreover, the age a in (1.3) is different from that in the above formulas, that is the age a in (1.3) stands
for the age from which the individual became infected and the incubation period is not included in a.

If one takes time frames that are comparable with the life span of the infectious individuals into
consideration, then one can hypothesize that the length of the disease duration will be infinite. Namely,

+o0
I(z,t) = / i(z,t,a)da,
0
and the total population N(z,t) is given by
+oo
N(z,t) = S(x,t) + E(x,t) + / i(z,t,a)da + R(x,t).
0

Obviously , the travel of latent individuals demonstrating no symptoms can spread the Tuberculosis
geographically which makes Tuberculosis harder to control.

The transfer diagram of the model is shown in Fig. 1. The transfer diagram leads to the following
system of reaction—diffusion equations.

+oo

0 02

aS(x,t) = DlﬁS(I,t) +9—S(x,t) / B(a)i(z,t,a)da — pS(z,t), (1.1)
0
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slow progression

2 s
%E(m,t) = DQ%E(ﬂj,t) +(1—¢q)S(x,t) / B(a)i(z,t,a)da —(pu+e)E(x,t), (1.2)
0
(; n 5)) i, 1,0) = Dy i, t,) — Ba) + paa) + d(a) (a1, ), (1.3)
+oo
i(x,t,0) = ¢S(x,1) / B(a)i(x,t,a)da +eE(z,t), (1.4)
0
fast progression
0 & o
S R(r.t) = Dy R(r.t) + / ~(a)i(e, t, a)da — pR(x,t), (1.5)
0

corresponding to initial data

[S(x,0), E(x,0),i(x,0,a), R(z,0)]

= [901(1')7WQ(x)a@S(xaa)vcpél(m)}7a ZO,.’E 697 (16)
and the homogeneous Neumann boundary condition
0 0 0 . 0
%S(x,t) = a—nE(m,t) = a—nz(aj,t,a) = a—nR(m,t) =0,z € 0N. (1.7)

All the parameters of system (1.1)—(1.7) are positive constants.

> D, is the diffusion coefficient of susceptible individuals.

> § is the constant recruitment rate of the population (comprising the birth and immigration).

> B(a) is the transmission coefficient of Tuberculosis which relies upon age-since-infection a, and
B(-) € L*=(0,+00).

> p is the natural death rate independent of age-since-infection a of population.

> Dy is the diffusion coefficient of undetected non-symptomatic (latent) carriers.

> ¢ is the proportion of disease by fast progression.

> ¢ is the progression rate from the exposed individuals to the infected individuals.

> Djs is the diffusion coefficient of symptomatic infectious individuals with age-since-infection a.

> v(a) is the recovery rate which depends on age-since-infection a, and (-) € L*(0, +00).

> 11 (a) is the natural death rate which accounts upon age-since-infection a, and p(-) € L°°(0, +00).
> d(a) is the additional death rate induced by the Tuberculosis which relies on age-since-infection
a, and d(-) € L*(0, +00).

> i(x,t,0) is used to reflect the resources fluxing into compartment, because the infection occurs at
age 0.

> € R” is a spatial habitat with smooth boundary 0f2.

> n is the outward normal to 9, where Q is bounded and connected.

> 6% is the differentiation along the outward unit normal n.

The homogeneous Neumann boundary conditions indicate that there is no population flux across the
boundary 9f2.

Since the first four equations of system (1.1)—(1.7) are independent of R(x,t), one only needs to
consider the following system:

+oo

0 02

aS(x,t) = DlﬁS(I,t) +9—S(x,t) / B(a)i(z,t,a)da — pS(z,t), (1.8)
0
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slow progression

2 s
%E(m,t) = DQ%E(ﬂj,t) + (1 —q)S(z,t) / Bla)i(x,t,a)da —(p + ) E(x,t), (1.9)
0
(; n 5)) i, 1,0) = Dy i, t,) — Ba) + paa) + d(a) (a1, ), (1.10)
+oo
i(z,t,0) = ¢S(x,t) / B(a)i(x,t,a)da +eE(z,t), (1.11)
0

fast progression

associating with initial data
[S(2,0), E(z,0),i(z,0,a)]

= [cpl(l’),<p2(x),g03(m,a)],aZO,o: €, (112)
and the homogeneous Neumann boundary condition
0 0 0 .
a—nS(xﬂf) = a—nE(x,t) = %z(x,ua) =0,z € 00. (1.13)

For systems (1.8)—(1.13), there are two main reduction forms as below:

(1) Spatially diffusive Tuberculosis model.

If i(x, t,a) = i(x,t) which is not relying upon the age parameter, then systems (1.8)—(1.13) will reduce
to the spatially diffusive Tuberculosis model as follows:

%S(m,t) =D, ;—;S(%t) +09—BS(x, t)i(x,t) — pS(z,t), (1.14)
%E(m,t) = DQ%E(.’L‘,t) + (1 —q)BS(z,t)i(z,t) — (u+¢e)E(x,t), (1.15)
%i(m,t} = Dg%i(it,t) + ¢BS(z,t)i(x,t) + eE(z,t) — (v + p + d) i(z, 1), (1.16)

relating to initial data
[S(z,0), E(x,0),i(z,0)]

= [‘pl('r% 902(37)7 ()03(33)} RS Qa (117)
and the homogeneous Neumann boundary condition
0 0 0 .
%S(:r,t) = 8—nE(x,t) = a—nz(x,t) =0,z € 0. (1.18)

(2) Age-dependent Tuberculosis model.
If i(z,t,a) = i(t,a) which is not depending upon the spatial variable, then systems (1.8)—(1.13) will
reduce to the age-dependent Tuberculosis model as follows:
—+oo

%S(t) =6 —S(t) / B(a)i(t, a)da — pS(t), (1.19)
0
o0
9 By = (1- s() / Bla)i(t,a)da — (u+ <) E(t) (1.20)
ot ’ ’ '
0

<§t + ;) i(t,a) = — [y(a) + p(a) + d(a)] i(t, a), (1.21)
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+oo
i(t,0) = ¢qS(t) / B(a)i(t)da + eE(t), (1.22)
0
S(0) = Sy > 0,E(0) = Eg > 0,i(t,-) =ig € L*((0, +00),R). (1.23)

For systems (1.14)—(1.18) and (1.19)—(1.23), nowdays, there have some good results. Namely, in [20],
authors obtain that there exist a traveling wave solutions (T'WS) for the model if the threshold number
Ro > 1 and ¢ > ¢*, where ¢* is the minimum wave speed by using sub-super solution method, Schauders
fixed point theorem and Lyapunov functional. In [3], authors show that the transmission dynamics of
the disease is fully determined by the basic reproduction number. Besides, authors establish the local
stability of a disease-free steady state and an endemic steady state of the model by analysing corre-
sponding characteristic equations. Meanwhile, authors prove the system is uniformly persistent when the
basic reproduction number is greater than unity by using the persistence theory for infinite dimensional
system. Finally, authors verify that the global dynamics of the system is completely determined by the
basic reproduction number by constructing suitable Lyapunov functionals and using LaSalles invariance
principle. The major task of this article is to explore the transmission dynamics of system (1.8)—(1.13).

One organizes this manuscript below.

> One gives the well-posedness of system (1.8)—(1.13) in part 2.

> One denotes the basic reproduction number of system (1.8)—(1.13) in part 3.
>> One discusses the local dynamics of system (1.8)—(1.13) in part 4.

>> One considers the disease persistence of system (1.8)—(1.13) in part 5.

> One studies the global dynamics of system (1.8)—(1.13) in part 6.

> One provides some discussions in part 7.

2. Well-posedness

Consider Banach spaces

def def

Xq

C(LR), X L' (R, Xy),

which are equipped with the norm

+oo

ef
e (-, a)ly, da, Vé € Xy,n€ X,

€lx, = sup [£(2)], [Inllx,

€9
v 0

Next, the positive cones of X;, Xy are defined by X{, XJ. Let

[v(s)+p1(s)+d(s)]ds
x(a) =e ,

O =g

G : X; — X1 be the C semigroup generated by Dg% subject to the homogeneous Neumann boundary
condition. According to [21], one has

mmmmw=/cwww«wm Vi S 0,6 € X,
Q

where G(y,x,t) is the Green function. Due to [22], one knows that G is compact and strongly positive
for V¢t > 0. Via directly solving the equations (1.10) by the way of the characteristic line t — a = ¢ (as
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t<a
(1,0)
>
0,a) a

Fi1G. 2. The characteristic line

shown in Fig. 2), where ¢ is a constant, we have

x(a) [ G(y,a,2)i(y,t —a,0)dy, t—a>0,z€Q,
i(z,t,a) = Q2

X)((éa_)t) ({G(y,t,fﬁ)@g(y, a— t)dya a—t2> 0,$ € Q.

Set
def

jla,t) == i(x,t,0),
then substituting (2.1) into systems (1.8)—(1.13) derives

0 2 1. 1

ES(x,t) D, WS(x,t) +d - gj(it,t) + 6€E(z,t) — pS(z,t),
0 0? 1—gq. 1

aE(x,t) = DzWE(x,t) + Tj(:l?,t) - <u + qe) E(x,t),

J(x,t) = qgS(x,t) [h(x,t) + ha(x,t)] + eE(x, t),
associating with initial data
[S(,0), E(x,0),j(x,0)]
“+o0
— [p1(0) e2la)ar(a) [ Blaealoada+zpa(a) | a2 0w €0

0

and the homogeneous Neumann boundary condition

0 0

0 .
a—nS(x,t) = %E(:U,t) = a—n](x,t) =0,z € 09

with

muw:/ﬁwn@/amm@mm—wwm,
0 Q

+oo
MW”=/ﬁ@M

>:z(a—)t) /G(y,x,t)g;g(y,a — t)dyda.
Q

Next, one concentrates on the well-posedness of system (2.2)—(2.6).

Page 7 of 32
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Theorem 2.1. For ¥(¢1,¢2,¢3) € X x X§ x XJ, system (2.2)—(2.6) exists an only solution (S, E,j) on
ﬁ X [07 tmax)7 tmax < +00.

Proof. Set
_def

XS C (Xla [O max)) 7tmax S +OO,

which is taken the norm

def
‘|77||x3 —e Sup |77(7t)‘x1 7tmax S +007V77 S X3-
0<t<tmax

Solving Egs. (2.2), (2.3) in (z,t) € Q X [0, tmax); tmax < +00, one gets
t

ﬂaohggn+!£fﬁ(wzé@JJQW§;ﬂ%@+;dﬂ%@<mm, (2.7)
E(x,t) = ha(x,t) + % /e“(t“)zé(y, x,t —a)j(a,y)dyda, (2.8)
Jj(x,t) = qS(x,t) [h(x,t) + ha(x,t)] + eE(x, t), (2.9)

where

g
h’ l‘t _6 Hf/ y,xt(ﬂ1 )dy7
0

s

ha(z,t) = e~ (50" / Gy, = )pa()dy

0

with G G are the Green function concerning D, 2 507 Dy 2 5z subject to the homogeneous Neumann
boundary condition. Substituting Eqgs. (2.7), (2.8) into (2.9) allows us to denote H : X5 — X3 as:

H[j(x,t)](x,t)
Il ghs(2,t) [ha (. t) + ho(z,t)]

/ (e / Gly,a,t [6—19@, )+$eE<y7a> dyda [y (z,1) + ha(z, )]

1— -
+e h4(£c,t)+Tq/e*“(t*“)/G(y,x,tfa)j(y,a)dyda . (2.10)

For convenience, one lets

1 1
hs(x,t) = / / (y,z,t—a {5 - gj(y,a) + 55E(y,a) dyda,
Q

t

1— .

ho(et) =+ [0 [ Gyt - a)jta. apdyda,
73 Q

then (2.10) becomes

H[j(x, )] (2, 1) =g [ha (2, t) + hs (2, )] [h (2, 1) + ha(z, )]
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+ e [ha(z,t) + hg(z, )] .
Via standard procedures, so as to yield a strict contraction mapping H in X3, one puts

. . ~ def . .
J1.d2 € X5,] == j1 — jo.
Then one has

[Hja) = Hljal| = |ahaha (5) +Bs () baia) + s (i) (5) +<he (5)

< ‘(qhs + hs)h1 + hshy +5}~16‘ - sup |7(s,0)|
0<s<t Xy
where
. t
B5(m,t) = —f/e_”(t_“) /G’(y,x,t — a)j(y,a)dyda,
¢ 0 Q
t
(e.t) = [ (@) [ Gly.z.adyda,
0 Q
. t
hs(z,t) = —f/e_“(t_“) /G’(y,x,t — a)dyda,
1 0 Q
t
~ 1— q —u(t—a) ~
he(x,t) = —— [ e # G(y,z,t — a)dyda.
7 0 Q
Let
C(tmax) def sup ‘(qh?) + hS)iLl + BShl + EBG 7tmax S +OO,
0<t<tmax X1
then

|H[j ] - HUZ]'X:; < C(tmax) ‘.71 _j2|X3 atmax < 4o00.

Select 0 < tax < 1 small enough such that C(tmax) < 1. Thus, H is a strict contraction in X3. According
to the theorem 9.23 (i.e. contraction mapping theorem) of [23], one finishes the proof of this theorem.
O

Theorem 2.2. For ¥(¢1,¢2,¢3) € X{ x X5 x X7, the solution (S, E,j) of system (2.2)—(2.6) meets
S>0,E>0,7>00nQx[0,tmax), tmax < +00.

Proof. For Vn € Xs, define
t

A, 1) 2L / Bla)x(a) / Gy, z,a)a(y, t — a)dyda.
Q

0

And then, A : X9 — X, is the positive linear operator in the sense that A (Xj) C X3 . Noting that
hi(z,t) can be expressed by A(n). Then for (z,t) € Q X [0, tmax), tmax < +00, one gains
0 0?
D5(01) > D12 5(r, 1) — S 1) [Al) + ol 1) + 4],
0 0?
5 L(,1) = Dag5 B2, 1) + (1 = ¢)5(x,2) [A(n) + ha(2,1)] — (e + 1) E(2, 1),
j(x,t) = qS(x,t) [A(n) + ha(z,1)] + e E(x, 1),
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relating with initial data

[S(x,0), E(x,0), j(x,0)]

“+o0o
o1(2), 0a2(2), 491 () / B(a)gs(z, a)da + epa(a) | 1a > 0,2 € O,
0

and the homogeneous Neumann boundary condition

3] 0 0 .
6—nS(x,t) = %E(x,t) = 8—n](x,t) =0,z € 0.

Owing to the continuity and boundedness of A(n) + ho(z,t) + p, one attains
S(x,t) >0 on Qx [0, tmax), tmax < +00.
Proceed to the next step, for (z,t) € Q x [0, tmax), tmax < +00, one obtains
0 0?

(,%S(x,t) > Dle(%t) — S(z,t) [A(n) + ha(x,t) + u],
%E(x,t) > DQ%E(m,t) — (e +p)E(z,t),

j(x,t) = qS(x,t) [A(n) + ha(z,1)] + e E(x, 1),
associating with initial data

1(2,0), B(z,0), j(x,0)
+oo
= |p1(2), pa(a), a1 () / Ba)ps(a, a)da + epa(a) | La > 0,2 € Q,
0

and the homogeneous Neumann boundary condition

0 0 0
= t)= —FE(z,t) = —j(x,t) = Q.
Consequently,
E(x,t) >0,J(z,t) >0 on Q x [0, tmax), tmax < +00.
One finishes the proof of this theorem. O

Theorem 2.3. For V(p1,p2,¢3) € XT x XJ x X7, the solution (S, E,j) of system (2.2)—(2.6) is bounded
in % [0, tmax), tmax < +00.

Proof. According to system (1.8)—(1.13), one obtains

“+oo

0 0 0.

aS(m,t) + aE(x,t) + / az(w,t, a)da
0

2

+oo
= Dig (o) +5 - 5(.0) [ Bla)iCe.t.a)da
0

+oo
2
— 82,6+ DS Ewt) + (1= 08(0) [ Bla)ite.ta)do
0
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+002

— (n+e)E(x,t) + D3 / 882 i(z,t,a)da

0
+oo +o00

- / [v(a) + pi(a) + d(a)]i(x, t,a)da — / %i(x,t,a)da
0 0

2 2

0 0
= DlizS(x,t) +D272

o0?
o pe E(x,t)+ D3 / @z(m,t,a)da
0

— 4S(z,t) / B(a)i(z,t, a)da + 6 — pS(x, 1) — (4 + ) E(x, )

+oo

+oo
— / [v(a) + p1(a) + d(a)] i(z, t, a)da — / %i(m, t,a)da
0 0

0? 0?
< DlﬁS(Cb,t) + D272

0? .
e pe E(xz,t) + D / @z(ac,t,a)da
0

+oo
+d—p {S(m,t) + E(z,t) + / i(x,t,a)da] .

Page 11 of 32 227

Noting the homogeneous Neumann boundary conditions of system (1.8)—(1.13) and employing the Gauss

formula, one derives

o2 s
/Dlﬁ ItdI—/DQ thdx—/Dg/aQ(I,t,a)dadx*O
Q

0

/[ a:t—l—gExt /8 xta)da]dm
Q
</{6—u [S(w,t)—l—E(m,t)—i— ymi(x,t,a)da] }dx

It follows that

Q 0
=0|Q| — uN(1).
Hence, if
N(t) > =19,
then
AN (t)
I <0
In addition, one finds the ODE
A _ 510 - ui )
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with general solution

5 = 20 + [Nm) -2 m@

ZAMP

where N (0) shows the initial value of total population in region €. Via utilizing the standard comparison

theorem, one finds out for all ¢ > 0,
if

Therefore,

- {(S,E,z’)|N < % Ql}

is positive invariant for system (2.2)—(2.6), where || is the volume of €. One finishes the proof of this

theorem.

3. Basic reproduction number

Apparently, systems (1.8)—(1.13) admit the disease-free equilibrium Py = (Sp,0,0) with Sy =
earizing system (1.8)—(1.13) near such equilibrium in disease invasion phase, one has

2

ot

2
(5 + 55 ) ot = Do, = B(a) + pafa) + d(a) i, t.0)

] = é i a)i(z,t,a)da x
i(o,0) = 42 | syt a)da+ <E(. ),

coresponding with initial data
[E(x,0),i(z,0,a)]
= [502(‘@)7903(1"0)] ,a> 0,7 €,

and the homogeneous Neumann boundary condition

0

According to the above results, one finds

0 .
a—nz(aj,t, a) =0,z € 9.

>

t
% b/ﬁ / (y,z,a)j(y,t — a)dyda

t

(1- .
sl-g) /e‘“(t‘“)/G(yvas,t—a)j(y,a)dyda-
Q

0

5 E(@.t) = Do Et) + (1= 98(0) [ Ba)ite.ta)da — (u+ )E(z.)

O

S Lin-
“w
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ZAMP

Making the Laplace transformation to (3.6), one gets

+oo

L[j] 2L / e~ jdt

0
—+o00 t
q ¢ .
= — e B(a)x(a) | Gly,z,a)j(y,t — a)dydadt
o]

+oo L
M / 67>\t/efu(t7a)/é(y,x,tfa)j(y,a)dydadt.

q
0 0 Q

+

Hence, after multiple interchanging the order of integration, one derives
t

)
q /,6 —Aa/G(y71~7a’)/j(y’t)dtdyda
0
+oo t
iUt ) / euaj(y,a)/é(y,a:,tfa)/efwwdtdyda-
q
0 Q 0

Setting A = 0, one figures out

yooj(t,x)dt = % +/ooﬁ(a)x(a) Q/ G(a,z,y) j j(t,y)dtdyda

0 0 0
t

s(qu) e’“’j(a,y)/é(tfa,:c,y)/efl‘tdtdyda.
Q 0

+

O\JSF

So, due to the discussions of [24], the operator Q : X; — Xj can be regarded as the next-generation

operator,

Qln)(x) L 9 / Bla / Gy, 7, a)(y)dyda

t

Q
(1- q —ut
jly.a) | Gly,z,t — e *dtdyda
0 Q 0
(5
= ﬁ a)x G(y,x,a)n(y)dyda
0 Q
+oo
/e / (y, z,a)n(y)dydtda
a

:qd/ﬂ /Gy,xa y)dyda
1]
Q

1—q

o\g
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+oo
+Q / efﬂa/é(y,x,a)n(y)dyda. (3.7)
0 Q

For operator Q, one obtains the following result.
Theorem 3.1. The operator Q is strictly positive and compact.

Proof. The positivity of the operator Q is apparent. In order to yield the compactness of the operator
Q, one needs the two steps as below.

First step The operator Q is uniformly bounded.

Choosing a bounded sequence {1, }, cy in X1 with {n,}y, <K for some K > 0. Denoting a sequence

{Cn}neN by

def

Cn Ky,

Thus, for all n € N and = € €, one has

q6K
/5 )!G(y,x,a)dyda

+M / eiﬂa/é(y,x,a)dyda.
q
Q

Go a step further, one finds out that {(,}, <y is uniformly bounded.
Second step The sequence {(, },,cy is equi-continuous.
For Vz,z € €, one yields

[Gn (@) = Gn (B)] = [ Qi () — Qi (2)]

IN

“+o0
1) N
o / Bla)x / (g, 2,0) — Gy, & a)| mn (y)dyda
0
+o0o

+Q// (y.2,0) ~ G(y,2,)| . (y)dyda

0

IN

Q
oK
qTess sup,>o0(a / /|G y,z,a) — G(y, Z,a)| dyda

(1-¢K
c(1-gK /e ““/‘ (y,z,a) — G(y, 2, a)| dyda.

Owing to the compactness of the operator W and the uniform continuity of G(y, z,a) and G(y, z, a),
there exists 0 > 0 such that

|G(y,x,a) _G(yv-’i‘aa” < 1

— )

20ess.sup,>o0(a Kf x(a)da ||

~ ~ N 9
G(y»xva) - G(yvxva)’ S ++a

20K f e~ Hadq
0
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VE> 0, |z — 2| < 0, y € Q. For this 4, &,
|Co (@) — G (2)] < &, for all|z — 2| < 6,
namely, the sequence {(,}, oy is equi-continuous. One finishes the proof of this theorem. g
According to [24], one denotes that the basic reproduction number of (2.2)—(2.6) is
Ro=1(Q),

where r (Q) is the spectral radius of Q. Theorem 3.1 together with Krein-Rutman theorem [25] indicates
that the basic reproduction number Ry is the unique positive eigenvalue of Q associating with a positive
eigenvector. Without losing generality, substituting n(z) = 1 > 0 into (3.7) and applying

/G(yax, )dy = 1,/G(y,x, )dy = 1,

Q Q
one has
o)
Q[l]:q—[] /ﬁa (a /G (y, x,a)dyda
a 0
+€(1_Tq/e”“/(¥y,xa y)dyda

a1 —on T

_ ol /ﬂ e qq)[ ) /e*ﬂada. (3.8)

0

Thereby, Ro =T (Q) can be eXpllCltly eXpressed by
1—
_© / B(a)x(a)d e(l-q) q)

Nowadays, one can easily figures out that Ry is a threshold value for the existence of a positive space
independent endemic steady state P, = [Si, E.,i.(a)] of the original system (1.8)—(1.13), which is a
solution of the following equations:

0=4§-25, / B(a)i.(a)da — uSy, (3.9)
0=(1—-g)S. / B(a)i(a)da — (i + )E., (3.10)
digff) =~ (@) + (@) + (@) (o), (.11)

0) = ¢S, /ﬁ a)da + ¢F,. (3.12)
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Theorem 3.2. Assume that Ry > 1, then the original system (1.8)—(1.13) has a space independent endemic
steady state P, =[Sy, Ex,i.(a)], which is a solution of (3.9)—(3.1

2), where

S* — foj c 3

(e +qu) Of B(a)x(a)da

S(e+an) | Blayy(ada— u(u+ <)
E, = 0

e(n+e)
46(c + au) Zfooﬁ(a)x(a)da o)
- e(e + qp) ’
x(a) |8 + qn) +Of°°ﬂ<a>x<a>da o)
ix(a) =

w+e

4. Local dynamics

This part will prove that Py is locally asymptotically stable if Ry < 1 and P, are locally asymptotically
stable if Ry > 1.

Theorem 4.1. (1) The disease-free equilibrium Py = (Sp,0,0) with Sy = % is locally asymptotically stable
if Rp < 1;

(2) The space independent endemic steady state P. =[Sk, Ex, 4 (a)] is locally asymptotically stable if
Ry > 1.

Proof. First step One proves (1). Set
S(x,t) = S(x,t) — So, E(x,t) = E(x,t),i(x,t,a) = i(x,t,a),
then the linearized equation of system (1.8)—(1.13) near Py = (Sp,0,0) reads as:

%S(a: t) = Dlaa (z,t) — So / Bla)i(z,t,a)da — uS(z,t), (4.1)

0 —E(x,t) = Dgs—zE(m t)+(1—gq) So ﬂ i(z,t,a)da — (pu +€)E(x, 1), (4.2)

ot
(;+Qi)ﬂmt®=J%§;Hat@—www+um@+dwnﬂ@u@, (4.3)
i(,t,0) = ¢So / B(a)i(z,t,a)da + cE(x,t), (4.4)

relating with initial data

F@ﬁ)(m@ @Oaﬂ
= [Sol(x) - S(),QDQ(Z')7§03($,(Z)] ,a Z O,$ S Qa (45)
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and the homogeneous Neumann boundary condition

0 & 0 - 0 -~
a—nS(:at) = a—nE(x,t) = %z(x,ua) =0,z € 00

(4.6)

Because the linear system contains 3‘9—;2, one introduces the related theory from [19]. Define 0,k = 1,2, - -

be the eigenvalues of operator —68722 on a bounded set Q with boundary condition (1.13), that is to say,

82
WV(J?) = —bv(z), k=1,2,--
xXr

Thus,
0=6y< b1 <y <---,
associating to which, there is the space of eigenfunctions in C(2), defined by E (6;) ,k = 1,2,
{wpm|m =1,2,--- ,dimE () ,k=1,2,---}
be the orthogonal basis of FE (0;),k =1,2,---. Make further efforts, put
Yim = {cwkmlc € R®,m =1,2,- - dimE () , k= 1,2,--- },

then
4o dimE(6y,)
Y=PYiYi= P Yimm=12- dimE k) k=12,
k=0 m=1

Note that the parabolic equation

0 02
au(%t) @U(l’»t),
0

exists the exponential solution

Substituting

[S(l‘,t), E(x,t)j(ac,t, a)} = et [p(l)(ac),pg(x),pg(;v,a)]

into system (4.1)—(4.6), one has

—+o0
spY(x) = —D16rpl (x) — So / B(a)pl(z,a)da — ppl (x),
0

“+o00
$3(x) = ~Dabpl(@) + (1 — 0)So / B(a)p(z, a)da — (i + €)p(x),
0
0 xT,a
a0+ 28D g 8(e.0) — Bla) + m(@) + d(@)] e, 0)

+oo
2(z,0) = S0 / B(a)p(z, a)da + epd(x),
0

associating with initial data

[5’(337 0), E(z,0),i(z,0, a)}

-« +. Define
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= [p1(z) — So, p2(2), p3(z,a)],a > 0,2 € Q, (4.11)
and the homogeneous Neumann boundary condition
Jd - 0 ~ 0 -
a—nS(x,t) = 8—HE(:c,t) = %z(x,t,a) =0,z € 0. (4.12)
Solving equation (4.9), one yields
Pz, a) = p3(x,0)x(a)e ", x(a) = x(a)e Pt k=12 ... (4.13)

Substituting (4.13), (4.8) into (4.10), one derives

+oo
#(2,0) = 45 / B(a)d(x, 0)F(a)eda — Dabpd(z)
0 .
+(1— )5 / B(a)pd(z, 0)F(a)e=da — (1 +6)pd(x)
+oc0 ’
s / B(a)p(x, 0)%(a)e=%da — Dabpl(x) — (11 + )pd(x)
0

+oo
<So / B(a)pd(z, 0)F(a)e*da
0

SLA®). (4.14)
Clearly,
—+o00
() = =580 [ Bla)pie 0%(@)e da
0

<0.

If (4.14) has a unique real positive root g, one gets
5 +o00
1=— / B(a)x(a)e”“*da
I
0
+o0

<— /ﬂ(a)x(a)da—i—g(lﬂgtz)

= R07

which leads to a contradiction. Thus, all roots of (4.14) are negative. If (4.14) has complex roots in the
form of ¢ = 2’ £+ y'¢ with 2’ > 0, one obtains

which creats a contradiction. Thereform, the disease-free equilibrium Py = (Sp,0,0) with Sy = % is locally
asymptotically stable if Ry < 1.
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Second step One proves (2). Let

S(z,t) = S(x,t) — S,, E(x,t) = E(x,t) — E,,i(z,t,a) = i(z,t,a) — i.(a),
then the linearized equation of system (1.8)—(1.13) around P, = [S., E., i.(a)] reads as:

+oo

0 0% 4 ~ N
aS(at) =Dy @S’(w,t) - S, / Bla)i(z,t,a)da — pS(x,t),
0
0 02 o
aE(%t) = DQ@E(.T,t) + (1 —¢q)S. / B(a)i(z,t,a)da — (u+ &) E(x,t),

0

((% + 88a> /i\(gc,ua) = Dg%/i\(l'?t,a) — [v(a) + p1(a) + d(a)ﬁ(x,t, a),

+oo
i(x,t,0) = ¢S, /,B(aﬁ(%t,a)da—i—aﬁ(x,t),
0

conresponding with initial data

~

[S(,0), B(2,0),i(x,0,0)]
= [p1(z) = S, p2(x) — Ex, p3(x,a) —ix(a)],a > 0,2 € Q,

and the homogeneous Neumann boundary condition

d = 0 ~ 0~
%S(x,t) = %E(:ﬁ,t) = %z(x,t,a) =0,z € 0.

Homoplastically, substituting

~ ~ o~

S(CL‘, t)v E(xv t)v Z(.’L’, t a’):| = e [pl (x)’ pg(w), ,03(;10, a’)}
into system (4.15)—(4.20), one gets

+oo
$p1(x) = —Dr0gpi () — S. / B(a)pa(z, a)da — upr (),
0

+oo
sp2(x) = —=Dabip2(x) + (1 — q) S, / B(a)ps(x, a)da — (p 4 €)pa(x),

sps(,a) + PUED — —Dyfypa(,0) ~ Bla) + pa(a) + d(a)] (e, ),

“+o0
pale.0) =4S, [ Blayps(a,a)da+ zpa(o)
0

associating with initial data

o~

§(x, 0),E(m,0),z(m,0, a)}
= [p1(z) — Si, p2(2) — Es, p3(7,a) —ix(a)] ,a > 0,z € Q,

and the homogeneous Neumann boundary condition

J 5 0 d ~
a—nS(ac,t) = a—nE(x,t) = %z(x,ta) =0,z € 0.
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(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)
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Solving the equation (4.23), one yields
p3(x,a) = p3(x,0)X(a)e % %(a) = x(a)e P30k =1,2,-.. . (4.27)

Plugging (4.27) into systems (4.21)—(4.26), one gets that the characteristic equation of system (1.8)—(1.13)
at P, =[Sk, Ex,ix(a)] is

pw(Ro—1)E(s) = (D10x + pRo +<)[E(s) = 1] =0,k =1,2,-- -,

where
+oo
E(c) =S« [ Bla)x(a)e *"da.
/

Hence,
(§ —+ Dlgk —+ M) E(() — (C + Dlak —+ ,uRo) = 0, k‘ = 1, 2, st (428)
Assume that (4.28) has a positive real root ¢, due to Ry > 1, then one yields

(<) = S+ D10y + nRo
S+ D10y +
S1k=1,2, . (4.29)

(1]

Evidently, Z/(s) < 0. This manifests

which creates a contradiction with (4.29). Therefore, the total real roots of (4.28) are negative.
Suppose that (4.28) has complex roots ¢ = & &+ y”"i with 2" > 0, then

(2" £9"i 4+ D10 + p) Z (2" £9"i) — (2" £ y"i + D10y + pRo) =0,k =1,2,--- .

Furthermore, one obtains

(" + D10k + pRo) (2" + D16y + p) +y"*

(I”+D19k+u)2+y”2
>1,k=1,2,---. (4.30)

Re[Z (2" £ y"i)] =

On the other side,

Re [E (2" £y"i)] < E(0)
<1,

which leads to a contradiction with (4.30). Consequently, the space independent endemic steady state
P. =[S, E.,i.(a)] is locally asymptotically stable if Ry > 1. One finishes the proof of this theorem. O
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5. Disease persistence

In this part, one will demonstrate the disease persistence when Ry > 1. First, one rewrites

X’(Céajt) [ Gy, t,z)es(y,a—t)dy, a—t>0,z€Q,

(x,,0) = Q 5.1
@B =0 (@) [ Gl a )it —a,00dy, t—a> 0z €. (5-1)
Q

Next, one gives the first result of this portion.

Theorem 5.1. For ¥(¢1, 92, ¢3) € X{ x X§ x XJ, system (2.2)-(2.6) denotes a continuous semiflow

de .
(I)((pat) :f [S ((pla at) ,E((PQ, at) s ((p?n 7t)] S XT X X; X X;th 2 0.

Proof. ForVmr >0,t>0,a >0, z € (Q, set
Sp(x,t) =Sz, + 1), jr(x,t) = j(z, 7+ t),ix(x,t,a) = i(z, 7 +1,a),

then
D gty = Dr 8wt 46— L) + Le Bl t) — puSu(t) (5.2)
ot~ Ox2 7T O A e
2

%Eﬁ(z,t) - Dg%Eﬂ(x,t) n 1quﬂ(z,t) - <M + 25) En(z,1), (5.3)

+oo
Jr(x,t) = ¢Sy (x,t) / B(a)ig(z,t,a)da + eEy(x,t), (5.4)

0

associating with initial data

[Sﬁ(x70)7 Eﬂ(xa O),jﬂ'(x’o)]

+oo
= |Prrlapan(a).ain(@) [ B@gas(@a)da +epan(o)| az 0.0 e 0 (5.5)
0
and the homogeneous Neumann boundary condition
0 0 0
— S (2,t) = — Ex(z,t) = —j(2,t) = 0, Q. 5.6
- Su(2,) = 5Bl t) = 2 ja(,t) = 0,2 €D (56)
And then, (5.1) becomes
%fG(var+taz)¢3(yaa_t_ﬂ-)dya CL—tZEIGQ»
in(2,t,a) = ¢ 5.7
! (I a) X(a) f G(y,a,x)jﬂ(y,t —a, O)dy7 t—a> X S Q ( )
Q
In addition, for V@ > 0, a >t > 0, = € €0, one gets
s [Gly,m2)ps(y,a—t—m)dy, a—t>mreQ,
ir(2,0,a —1t) = & (5.8)

xla—t) [Gy,a—t,2)j-(y,t —a,0)dy, ©™>a—t>0,z€.
Q
According to the property of G, one derives

_xla) R
X(a—t)Q/G(y’t’ )ix (Y, t,0)dy
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L))fG(y’ﬂ+t7$)903(y7a—t—’f(')dy7 a—t27T79€€Q7
Q

x(a—t—m
= 5.9
(@) [ Gy 0.2)ix .1 ~ .01y, Pra-tz0aeq >
Q
Combining with (5.7) and (5.9), one can yield
X>(<a((i)t) f G(ya t: I)(p3(y7 a— tv O)dya a—t2= 07 S Q7
ir(x,t,a) = @ (5.10)

X((J,) fG(ya a>$)j7r(y7t - a)dy7 t—a> 0,.17 e 0.
Q

Thus, from (5.2)—(5.6) and (5.10), one has
@ [S(',W),E(',Tl’),’l.(~7~77T),t] = [Sﬂ'(t)7E7T(t)7Z7T(77t)]
:(I)(5017§02790337r+t)7v’” Z O;tZO

Therefore, the time continuity of ® follows from theorem 2.1-2.3. One finishes the proof of this theorem.

O
Theorem 5.2. If p € U, Ry > 1, then there exists w > 0, such that
lim sup ‘](7 t)‘xl > w,
t—-+4o00
where
—+o0
def + + +
U == 1 (p1,92,903) € X{ x X3 x X3 |qp1() [ B()p2(,a)da+eps() > 0 for some x € Q
0
Proof. According to the expression of Ry, opting w > 0, such that
5 +o0 (1 )
q0 —w / e(l—gq
Bla)x(a)da + ——= > 1. (5.11)
H J g

Presume
Jjlx,t) <w, Ve e Qt >t >0,

then due to (5.11), one obtains that there exist enough small A > 0 and sufficiently large to > ¢, such
that

+oo
~ de — _ -~ _ 1—
R D22 [y wten)] [ plapy(ayeda+ S0
0

u 1q
> 1. (5.12)
Therefore, one has
0
2
> Dl@ [S(z,t) + E(x,t)] + ¢6 —w — u[S(x,t) + E(z,t)] on [ta, +00) x £ (5.13)

Solving (5.13) and employing comparison principle, one obtains
q0 —w
I

1S(z,) + E(z, )] > [1 —emmlta=t) ] on [ty 400) x Q. (5.14)
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Combining theorem 5.1 and (5.14), and letting S(z, t2), E(x,t2), j(x,t2) with t2 = 0 be initial conditions,
we have

(1)
¢
90 —w —p(ta—t1) .
> 1—e7#iz7h ] Bla)x(a) | G(y,z,a)j(y,t —a)dyda on [t2, +00) X . (5.15)
a 0 Q
Clearly,
+oo
L) 2L [ et
0
< 4o00,Vr € Q.
Denote
N [ .
L[j](2) == min L[j]

According to (5.15), one gets
L{j] (%)
q0 — w
I

>

+oo t
{1 - e_“(tz_tl)] / e M /ﬂ(a)x(a)/G(y,m,a)j(y,t — a)dydadt on [t2, +00) X Q.
0 0 Q

Thus, after multiple interchanging the order of integration, one obtains

+o0 +oo
0 —w
Llj] @) >* 1—e =t [ ga)y(a)e ™ | Gly,z,a) | e Mj(y,t)dtdyda

> RL[j] (&) on [ty, +00) x Q,

which creates a contradiction with (5.12). The second claim directly follows from (5.14). One finishes the
proof of this theorem. O

According to theorem 5.2, one will prove the strong | - |x,-persistence.

Theorem 5.3. If o € U, Ry > 1, then there exists w' > 0, such that

limsup |7 (-,)[x, > o',

t——+o0
where
+oo
de
v L (o1, 92, 03) € XT x XJ x X;’qgal(-) / B()a(-ya)da + ep3(-) > 0, for some x € Q
0

Proof. Hypothesize that

limsup [j (-, t)|x, <, for some w’ > 0.
t——+oo

And then, owing to theorem 5.2, one indicates that there exist increasing sequences {tu}f:of, {tgl};;olo,
{tgl}liolo with t1; > t19 > t13,1 =1,2,--- , +00 and decreasing sequence {t4l}l+:°1° with l lim ¢4 = 0. And
——+00

they also meet

‘] ('7t31)|X1 >w7t:t3l7l:172a"' 7"‘00’ (516)
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J (¢ tan)lx, = w,t =t 1 =1,2,--- , +o00, (5.17)
‘j ('7t11)|X1 <ty < wvt = t2l7l = 1727' ©, F00, (518)
7 (¢ )lx, <w,té€ (ta,tu),l=1,2, -, +o0, (5.19)

and set {S,},2%, {E},2, {011, denote

e S (- ta) € Xy, By el E(ta) € Xy, gi(',tm) €Xy,l=1,2,-- , 4o0.

Due to (2.7)-(2.9), (2.10) and using the Arzela—Ascoli theorem, one gets that there exists (S, Ey, j«) €
X{ x X7 x X, such that

liminf S; = S,,liminf £} = E,, liminf j; = j,.
l—+o0 l—+o0

l—+4oc0

Put (§, E,;) be a solution of (2.2)-(2.6) with
p1(1) = S.(2), pa(2) = Eu(2), p3(2,a) = x(a) / Gy, z,a)j-(y)dy,Ya = 0,z € Q.
Q

Because @3 accounts upon (5.1) and due to theorem 5.2, one gets that there exists ¢’ > 0, w” > 0, such
that

5(-,#)

j('vt)

Sw,t = t/, (5.20)
X1

. >w” 0 <t <t (5.21)
1

Set
~ def ~
Ju (7t) —.]('7t21+t)al: 1a2a"' , +00,

then it follows from the semiflow property that

51l ('7t/)

. >w,t =1, (5.22)

Ju (-,t)

. Sw’ >ty 0<t <t (5.23)
1
for enough large [. In contrast, for

B2 b — b1 =12, o0,

it follows from (5.16)—(5.19) that

Ju( 1) swt=t, (5.24)
X1
Ju (1) . >0 >ty 0<t <t 1=1,2,- +00. (5.25)
Obviously, it leads to a contradiction between (5.22)-(5.23) and (5.24)—(5.25). Here, one completes the
proof of limsup |5 (-, t)|x, > w’, for some constant w’ > 0. One finishes the proof of this theorem. O
t——+oo

6. Global dynamics

The main aim of this portion is to prove that Py is globally asymptotically stable if Ry < 1 and P is
globally asymptotically stable if Ry > 1.
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Theorem 6.1. (1) The disease-free equilibrium Py = (S, 0,0) with So = < is globally asymptotically stable
if Ro <1;

(2) The space-independent endemic steady state P, =[Sk, Ex,ix(a)] is globally asymptotically stable if
Ry > 1.

Proof. First step One proves (1). Denote the following Lyapunov functional

/ [Vs(z,t) + Vi(x, t)] da

Q

def

VPo (t)

with
def

Vs(z,t) A[S(x,t), So] (x,1)

= S(m,t) —So—SoIn S(.’I?,t)
So

=0,

VS (z,t), S € XT,A [S(z,t),S(x,t)] (z,t) =0,
+oo

Vi(z,t) def /I’(a)z'(:mt,a)da,

clearly, I'(a) meets

then

Moreover,

“+o0
Vi(z,t) = /F(t+a /G y,t, x)ps(y,a)dyda
0

+/F(t—a)x(t—a)/G(y,t—a,z)j(y,a)dyda. (6.1)
Q
Thus,

Vi) =1(0) [ 60,00, 1)y
Q
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+
o\‘*

dI‘t—
9) tfa/Gy,tfaac i(y,a)dyda

x(t—a) /aG Yt =0, (y,a)dyda

Q

+
’1
~
\

@

|
+ O — . T —

3

(= a) + pua(t — a) + d(t — )] Tt — a)x(t — a) / Gyt — a,2)j(y, a)dyda
Q

AT (t + a) x t+a
dt

+

+

o\g o\-é- o
=
_|_

/G y,t,x)p3(y, a)dyda

(t+a) [O0G(y,t,x)
a) X /

X(a) ot ®3 (y7 a’)dyda’

Y(t+a)+p(t+a)+d(t+a)T(t+ a)X(;(—Z)a) ! G(y,t,x)e3(y, a)dyda

+oo
, dl(a) 0? ,
=T(0)j(z,t) + — |v(a) + pi(a) +d(a) — D3~ | '(a) ¢ i(x,t,a)da.
0/ { da [ ox } }
Therefore,
dVPO _ /‘VS Oy, 5 S dx—/[l—F(O)]j(m,t)dx

Q

// {505 ( ) { (a) + pa(a) +d(a) — Dsaa;} F(a)}i(w,ua)dadx. (6.2)

Accordingly, one has

dV; VS(x,t)|?
P° . /' ' S AL dx—/(l—RO)j(x,t)dz
Q
if Ry < 1. In summary, {Fp} is the largest invariant set such that %%(t) = 0, and according to the

invariance principle in [26], one knows that Py is globally attractive.
Second step One proves (2). Define the Lyapunov functional as follows

Vi (1) 2 / (Vs (1) + Vi, )] e

with
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then

Besides,

with

Thus,
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VS(z,t),S. € XT, A[S(x,t),S(x,t)] (z,t) =0,
+o0o
Vi, 1) 2t / 2()A [i(2, 1, a), ir (a)] (2, )da,

0
+oo
2(a) = ! m)x(m)dm
=) = = / S.B(x)x(m)dm,
o - - S(x,t) — S. 9 w[S(z,t) — S,]7
&Vs(x,t) = Dlwwsw,ﬂ BT —
1 S(z,t) — Sk . i(xz,t,0)5,
U eX)
N i«(0) i(x,t,0)  i.(0)S,
q q qS(z,t)’
t +o0
Vi(z,t) = [ B(t —a)Auy,vi]dyda + [ Z(t + a)A [ug, vs] dyda
/ /

i = x(t - a) / Gly,t — a,2)i(y, a,0)dy, vr = in(t — a),
Q

~ x(t+a)

Uy = @) Q/G(y,t,:c)go;g(y,a)dy,m =i, (t+ a).

9 Gie.t) = 2(0)A

t
/ G(y,O,x)i(y,a,O)dy,i*(O)] s [ EE D Ao da
Q 0

ot
Jrood’_(t—’— )
+ / %A[ug,vg}da
0
t
= aG(yvt B a7x) . 0A [’U,l,’l)l]
+/~(t a)x(t a)/ 5 i(y,a,0)dy o da
0 Q
t
8A [U171)1]

- /E(t— a) [yt —a)+ pi(t —a) +d(t — a) ulea

8A [uh ’Ul]

d
81}1 “

Et—a)[yt—a)+pi(t —a)+d(t—a)i(t—a)

8A [’UQ, 7.)2]

d
8u2 “

X(Ha)/aG(y’t’x)ws(y,a)dy

ot
Q

227
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0A
- / E(t+a)[y(t—a)+pm(t—a)+d(t—a)] W%da
0 2
+o0o A
- [ 2+ abt- 0+ ple— o+ do-ali oo
0 2
Owing to
aA [’U,7 ’U] aA [’U,7 1)] .
“ ou R ov =A [u’ ’U] )
one has
O ~

/ G<y7o7x>i<y,a,0>dy,z'*<o>]
Q

8’11,1
Q

E(t+a)

/

+/tz(ta)x(ta)/wi(y’a,o)dym s, 1),
i
/

X(t+a)/3G(y,t,x) OA [ug, v9]
(@ 5 Pa(ya)dy 00 da.

Q
Denote the unit semigroup

(T(0) ) () L / Gy, 0, 2)p3(y)dy,
Q

then
0G 0?
— =D G
ot 2922
0Au,v] 1Y
ou u
Furthermore, one gets
—+oo

Then, it follows that

da.

— Dt —a)+m(t—a)+d(t —a)] E(a)} Ali(z,t,a),ix(a)] da

ZAMP
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“+o0o
= 5. [ B(m)x(m)dr.
/

Consequently, one derives

+oo

%Vi(x,t):s* / B(m)x () dmA [i(z, £,0), i (0)]
0
+oo

+/E(a)D2;;i(x,t,a) {1— _i-(a) ]da

i(z,t,a)

+oo
_ / S.B8(a)A[i(z, 1, a), ir(a)] da. (6.4)

Put
V(z,t) = Vs(x,t) + Vi(z,t),
then uniting with (6.3) and (6.4), one yields

0 - _S(x,t) - S, 92
i(2,t,0)S,  .(0)S,

qS(z,1) - qS(z,1)

w[S(x,t) — S*]2
S(x,t)

+i4(0) —i(x,t,0)

“+o0
+ 8. / B(r)x(m)dr A iz, ¢, 0), i. (0)]
0
+oo

+/E(a)D2§;i(x,t,a) {1— _ix(a) }da

i(z,t,a)
0
—+oo
- / 5.5(a)A [i(z,t,a), i.(a)] da
0

Proceed to the next step, one has

d - _S(a,t) - S, 9 w[S(z,t) —S,0%  i(x,t,0)5,
gV (@t = Di—gr =525 — g0 5 PEER))
oSG.p) O
“+o0o
. _; _; ni(x,t, 0)
+ 8. / B [ie,1,0) = .(0) — 1. (0) 1 0
+oo

+/E(a)Dzaa;2i(:1:,t,a) [1 i-(a) }da

i(z,t,a)
0
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“+o0

- / S.5(a) [i(x,t,a) —i.(a) —is(a)In i(?’t’a)] da. 6.5)

ix(a)
0

By computations, one can get

S ;]ooﬁ(a)i*(a) [1 - m} da =0.

And then, (6.5) can be transformed into

0 S(z,t) — S, 9? 1[S(z,t) — S,
atv( =D S(z,t) a2 preRlC S(z,t)
i(,t,0)8,  i.(0)S. L) — i(,£,0)

¢S(x,t)  qS(x,1)

i(z, t, 0)}

+oo
+&/ﬁ@MWMﬁumm—Mm—Mmmiw>

2

+00 P
+ / E(G,)DQ@
0

i(z,t,a) {1 _ (@) ]da

i(z,t,a)

S n St (0)i(x, t,a) 1 Si.(0)i(x,t,a)

S*
_ 0/ S*ﬁ(a) {2 — S(z, 1) +In S(x.9) S.iz. 1, 0)in(a) n S.i(z,t,0)i.(a) (6.6)

Therefore, integrating (6.6) over €2, one has

dVp, (t) IVS(, //: , |VZ t,a)?
T =-DiS. e V5P D = m’a) dadz

S S*]de

m)x(m)dm |i(x,t,0) — iy (0) — iy ni@’t’o) x
+S*Q/O//6’( () [i(2,,0) = i.(0) = i.(0)1 |

i+(0)

_Q/ 7 s st St ) f ot
<0,

where h[s] = 1 — s+ Ins,s € Ry has the properties that h(s) < 0 while s > 0 and h(s) reaches the
global minimum 0 at s = 1. In summary, {P,} is the largest invariant set such that %;(t) =0, and due
to the invariance principle in [26], one gets that P, is globally attractive. One finishes the proof of this

theorem. O

7. Discussions

In this study, one considers the Tuberculosis model with the fast and slow progression, where age structure
and spatial diffusion are introduced. Although the basic reproduction number is independent of the
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diffusion coefficients Dy, D2 and D3 and the dynamics of this model is similar to the model (1.19)—(1.23)
without spatial diffusions, the process and method of solving and proving are different from models (1.19)—
(1.23) without spatial diffusions. The difficulty in obtaining the dynamics of this model is the construction
of Lyapunov functional when proving global asymptotic stability. It is a pity that this spatial diffusion
is the Laplace (local) diffusion describing the random walk of the population in a connected domain.
Nevertheless, in modern time many infectious diseases are spread geographically by long-distance travel
such as air travel [27]. Tt seems that the Laplace (local) diffusion is unsuitable to model the spatial
spread of infectious diseases through this phnomenon [28,29]. Hence, some scholars propose convolution
(nonlocal) diffusion to describe the long-distance dispersal [30,31]. And then, one discusses the new type
of Tuberculosis model, namely age-dependent Tuberculosis model with convolution (nonlocal) diffusion.
One puts these in the future.
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