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Abstract. In this paper, we study normalized solutions of the fractional Schrodinger equation with a critical nonlinearity

{(—A)Su = u+ |u|P2u + |u|% 2y

J u?=a?
RN

where N > 2, s5€ (0,1),a>0,2<p<2f= 21\2]72 and (—A)? is the fractional Laplace operator. We prove the existence

of the normalized solutions under different conditions on a, p, s and N.
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1. Introduction and main results

In this paper, we study normalized solutions for the fractional Schrodinger equation with a critical
252
s

(=A)*u = Au+ [u|P~?u + |u|? 2u

[ u? =a?, (1.1)
RN

where 0 < s <1,a >0, N >2,2<p<2f=2N/(N —2s) and the fractional Laplacian (—A)® is defined
by

s ~ C(N,s) u(z+y) +ulz —y) — 2u(x)
(=A)’u(z) = —TP.V. / NS dy
@),
= NsPV/| |N+2qy
with a positive constant C'(N, s). For convenience, we normalize the factor C(g’s) =1.

The study of (1.1) originates from investigating the standing wave solutions of the following fractional
Schrédinger equation with nonlinearities

i22 = (=A)*® — f(|®))®, (z,t) € RV xRF,
J et 0pas = (12)

 Birkhiuser
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where 0 < s <1, N > 2,2 < p < 28 = 2N/N — 25, f(t) = t*"2 4 t*~2 and i denotes the imaginary
unit. To search for standing wave solutions ®(z,t) = e~ u(x) for (1.2), one leads to problem (1.1).
In quantum mechanics, for the wave function ® = ®(z,t) : RY x RT — C, |®(x,t)|? represents the
probability density of the particles appearing in space x at time t¢. For single particle system, physicists

are interested in normalized solutions, that is, solutions satisfying [ |®(x,t)|*dz = 1. For n body system
RN
of Bose-Einstein condensate (see [3]), the wave function for the whole condensate is ¢(z,t) = /n®(x,t)
and the wave function is normalized according to the total number of the particles, i.e., [ |¢(z,t)*dz = n.
RN

The operator (—A)® arises in physics, biology, chemistry and finance and can be seen as the infinitesi-
mal generators of Lévy stable diffusion process (see [1,2]). And, (—A+m?2)2 appears naturally in quantum
mechanics, where m is the mass of the particle under consideration; see [17]. The study of nonlinear equa-
tions involving a fractional Laplacian has attracted much attention from many mathematicians working
in different fields. Caffarelli et al investigated a fractional Laplacian with free boundary conditions; see
[7,8]. Chang and Gonzdlez [9] investigated this operator which also appears in conformal geometry. Sil-
vestre [23] studies the regularity problems for the obstacle problem of the fractional Laplacian. Felmer,
Quaas and Tan [14] studied the existence, regularity and symmetry of positive solutions to the fractional
Schrodinger equations in the whole space. In [11], Coti Zelati and Nolasco obtained the existence of a
ground state of some fractional Schrodinger equation involving the operator (—A + mQ)% appearing in
quantum mechanics. We refer to [6,13] for more details on the fractional operator and applications.

Normalized solutions to Schrédinger equations, that is, equations similar to (1.1) as s = 1, where
the energy is unbounded from below on the L?-constraint, were first studied in the paper [16]. For quite
a long time, it is the only one in this aspect. More recently, however, problems of this type received
much attention, e.g., see [22] and the references therein. For problem (1.1), p = 2+ %5 is the L2-critical
exponent. But the appearance of the critical term |u 2072y in (1.1) implies that the energy functional
is always unbounded below whether p is smaller or larger than the L?-critical exponent p = 2 + %. In
the recent paper [18], the authors deal with the existence of normalized ground states for the fractional
Schrédinger equations with combined nonlinearities as follows:

(—A)*u = A+ [ulP2u+ [u|T%u  in RY, /u2 =a’ (1.3)
RN

But they only consider the Sobolev sub-critical case p,q < 2%. They found that the exponents p and
q affect the geometry of the corresponding energy functional and the solvability of the above problem.
Indeed, they obtained the following results.

e In the purely L?-subcritical case 2 < ¢ < p < 2+ 4—]\?, problem (1.3) admits a ground state for any
a > 0;
e In the purely L2-subcritical case 2 + % < q < p < 2% problem (1.3) admits a radial solution for
any a > 0;
o If2 < g < p = 2 + %7 then problem (1.3) admits a positive radial minimizer for any a €
(0,( [ |@n,pl?)2), where the function Qn,, appears in (1.4);
RN

o If 2+ %5 = q < p < 2%, then problem (1.3) admits a radial solution for any a € (0,a(s, N, p,q)),
where a(s, N, p, q) is some constant;

o If 2 < g < 2+ % < p < 2% then problem (1.3) admits two radial solutions for any a €
(0,a(s, N,p,q)), where a(s, N,p,q) is some constant.

Motivated by the above paper, the paper [21] where the normalized ground states for NLS equations
in the Sobolev critical case were considered and the pioneering work of Brezis and Nirenberg [5] on
investigating Sobolev critical component problem with a lower term perturbation, we address the problem
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(1.1):
(=A)*u = Au+ |[uP~%u + [u/*2u in RV, /u2 =a?

for some A € R, where 2 < p < 2}.

In order to state our main results, we need to know some of the constants from the following fractional
Gagliardo—Nirenberg—Sobolev (GNS) inequality. That is, there exists a best constant C(s, N, p) depending
on s, N and p such that for any v € H*(RY),

1=7p,s s p.s
[ulp, < C(s, N,p)uls' ™77 (—A) Buf3” (1.4)

where v, s = N(Q’;;Q) . The constant C(s, N, p) can be achieved by Qn ,; see [15]. For the problem obtained
from (1.1) by removing the critical exponent term, we obtain one of its normalized solutions by rescaling
Qnp. From v, op =2, we get p =2+ 4—15 which is called the L?-critical exponent for the problem (1.1).

The main results of this paper are as follows.

Theorem 1.1. Let N > 2, s € (0,1), 2 < p < 2+ 3 and assume that 0 < a < min{ay, az} where

1
2—p7p,s p(1=7p,s)

*

ai 2;—2
2% _ 9 2*S2 (2 — pryp.s
a; - p( s - ) s~s *( Pp, ) (15)
20(s, N, p) (25 = pps) \ 2025 = Pp.s)
and
MENE= N )
) 22% s Vp,sS&°

o = : : , 1.6

’ Np,sC(s, N, p)(25 — pp,s) <2 — Pp,s (1.6)

where Sy is defined in (2.1). Then problem (1.1) has a couple of solutions (uq, \s) € S(a) x R. Moreover,

E(ug) = uen\}f(a) E(u) = uegl(i)Jr E(u) = ulensz E(u), (1.7)

for some suitable small constant k > 0, where V (a) is the Pohozaev manifold defined in Lemma 2.1, the
set V(a)t is defined in (3.2) and

A = {u € S(a) : H(_A)%UHL?(RN) < k/’} .

Theorem 1.2. Let N >2, s € (0,1), N> >8s?, p=2+ % and assume that 0 < a < ag where

1

= (o) 8

Then problem (1.1) has a couple of solutions (ug, Aq) € S(a) X R such that

E(ug) = inf E(u)= inf F
(U ) uelg(a) (U) UGgl(a)* (U)

where V(a)~ is defined in (3.2).
Theorem 1.3. Let N >2, s € (0,1), N> >8s?, p>2+ % and assume that 0 < a < ay where

a1 = (p5) T S (1.9)
Then problem (1.1) has a couple of solutions (ug, Aq) € S(a) X R such that

E(u,)= inf E(w)= inf BE(u).
<u) uEH\}(a) (’LL) ue%}l(a)— (U)
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Remark 1.4. The threshold a4 in Theorem 1.3 is finite. Actually we can relax to ay = o0 as 2 < N < 4s;
we refer to Remark 5.3 for more details.

Dimension N = 1 also admits a Sobolev critical exponent for the problem (1.3) if s < . But the
compact embedding Hf (RY) — LP(R™) we need in our proofs only holds for N > 2 and p € (2,2?). For
convenience, in this paper we only deal with the case N > 2, although the case N = 1 can also be dealt
with by combining some other techniques.

For the proofs of the theorems here, we borrow the main strategy in [21], including the decomposition
of corresponding Pohozave manifold into three disjoint submanifolds. But extra difficulties still occur and
more complicated calculations are needed due to the nonlocal nature of the problem. For example, in
the proofs Theorem 1.2 and Theorem 1.3, in order to control the Gagliardo seminorm of wu., pointwise
estimates on u. are not enough. We need additional skills different from [21] for the estimates of ||uc||p.
Moreover, the condition N? > 8s? is crucial to obtain that the mountain pass level is strictly less than
the threshold and the proof is different from the one for the corresponding Laplacian equation in [21].

2. Preliminaries

To prove our theorems, we need some notations and useful preliminary results.

Throughout this paper, we denote B, the open ball of radius r with center at 0 in R, and | - |, the
usual norm of the space LP(RY) for p > 1. Let H = H*(RY) and || - || be its norm. A generic positive
constant is denoted by C, C4, or Cs..., which may change from line to line. Let H = H x R with the usual
scalar product

(e =Cm+ (e
and the corresponding norm

ICNE =117 +1- &
We denote the best constant of the imbedding D*2(RN) — L% (RY) by
[(=A)zuf3

1 3
ueDs2(RNN\{0}  |ul3.

S, = : (2.1)

where D*2(R™) denotes the completion of the space C2°(RY) with the norm

Hu”DSaZ(RN) = |(—A)%u\2-

Ii is well-known that S, is achieved by

N—2s
) = (2.2)
xr = T N_32s° .
(€2 + |z[2) 7"

where ¢ > 0 is a parameter [12].
Solutions of (1.1) can be obtained as the critical points of associated energy functional

/ / N / ke
5 / (o)
&

defined on the constraint manifold

a) ={ue H¥RY) : U(u) = —a*},
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where W(u) =1 [ u? and
RN

|1. _ y|N+2s

H3(RY) = uELQ(RN):/\(—A)gu(x)F:/ / (u(z) — u(y))” dxdy < oo
RN

R2N

endowed with the natural norm

fulfy = [lu@P+ [ 18P,

In this paper, we only need to find the critical points of the functional E on HZ(RY)( S(a), since
HERN) = {u e H*(RY) : u(x) = u(|z|)} is a natural constraint (e.g., see [24]). It is also well-known that
HE(RYN) is compactly embedded into LP(RY) for any p € (2,2%).

In this paper, the useful fiber map preserving the L?-norm

TxU = e%u(erx), for a.e. z € RY,
which was firstly introduced in [16], is also used. By direct calculation, we have
rxuls = Jul3, |7xulh =PI |ufh
and
(—2)% (T xu)[3 = €*7[(=A) Zul3.
Define a auxiliary functional I : H — R by

epS%LSTl |p 6258T
ulP —

1 s
I(u,7) = E(T*u) = 562$T|(—A)5u|§ —

The Pohozaev identity plays an important role in our discussion. We give it in the following lemma;
for more details, see [10,16].

Lemma 2.1. Let (u,A) € S(a) x R be a weak solution of problem (1.1). Then u belongs to the set
V(a) 2 {uec H*(RY): P(u) =0}
where

s 27
P(u) = |(=A)2ulf — yp,slulh — [ul5:-

We define ¢, (7) = I(u,7) for any u € S(a) and 7 € R. Then

(pu) (7) = 5 (371 (= 8) Ful3 — o7 ulf — €7
23
2% |

Lemma 2.2. For any u € S(a), 7 € R is a critical point of v, (7) if and only if Txu € V(a). Particularly,
u € V(a) if and only if 0 is a critical point for ¢, (7).

23
2

= s (I(=2)F (rx ) 2 = ppalr wull — |7

Therefore, we have

Remark 2.3.
The map (u,7) € H— 7xu € H is continuous; (2.3)

see [4, Lemma3.5].
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3. L2-subcritical perturbation case

In this section, we deal with the L2?-subcritical perturbation case 2 < p < %s + 2 and give the proof of
Theorem 1.1. As in [18,21,22], we firstly consider a decomposition of V(a). In view of Lemma 2.2, we
define the following sets:

V(a)* ={ueV(a): 2(-2)5ul} > pod Jull + 2iJul3: }
—{u € V(a): (¢)"(0) > 0} (3.1)

2
2

V(a)” ={ue Vi) : 2(-2)5ulf < p2 Julf + 2 Jul5: }
={u € V(a): (v.)"(0) <0}. (3.2)

V(@) = {ue Vi) : 2(=2)5ul} = py2 Jul + 2 u
= {u € V(a> : (‘pu)//(()) = 0}7

It is clearly that
V(a)=V(a)TuV(a)’UV(a)".

Lemma 3.1. Let2 <p < 4—1\‘; + 2 and a < aq, where

1
2—p7p,s p(1=7p,s)
2¥ -2

25
p(2 —2) 2155 (2 — p’)’p,s)
QC(SaNap)(2: _erPaS) 2(2: _p’}/p,s)

Ckli

Then V(a)? =0 and V(a) is a smooth manifold of codimension 2 in H*(RY).
Proof. Suppose on the contrary that V(a)" # ). Taking u € V(a)°, we have
s | 12n
{2|<—A>zu|§ = 075 lulp + 23 ul3;
(=8)2ulf = yp,sfulf + |u
Combining the above equalities with (1.4) and (2.1), we deduce that

s 27— 27 2% —pyp.s s 2

(-8)hulf = HoEe il < 2 )
—PVp,s)Os

ulp < C(s,N,p)vp,s;sgj;sa<1ws>p|(fA)%u|gv«sp.

2;
2:

*
s

s 2% — s
|(7A)2u|% = Vp,s 52;—7;

By the fact py,,s < 2 and the above inequality, we obtain that

0% 2—pip,s
27 2F—2
a(177P=5)p Z (2: — 2) 22552 (2 B p’)/p,s)
7P7SC(S’Nap)(22 _p'Yp,s) 2(2: _p’)/;ms)
2—pp,s
25 25 -2
p(Z ~2) 2355 2= pp.s) _ (=P

T 2C(s, N,p)(25 —pps) \ 2025 — pps)

which contradicts to a < a;.
Next we verify that V' (a) is a smooth manifold of codimension 2 in H. Notice that

V(a) = {u € H: F(u) = (P(u), [ul3 - a®) = (0,0)},
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where P and G(u) = |ul3 — a? are of class C! in H. It suffices to prove that for any u € V(a) the range
of F'(u) is R?. Since

F'(u)v = / 2(—A)2u(—A)2v — py, o |ulP2uv — 2wl ~2uw, / 2uv
RN RN
for any v € H and F'(u)u = (b,2a?) for b = (2 — p)yps|ulb — (25 — p)|u|3§ <0 (by u € V(a)), we have
that F’(u) is not surjective if and only if
22 = b 2uv, Vv e H.

[ 28y = P — 23 =

RN RN

Hence, u is a solution of the following equation

272y in RV,

b _
2(=A)u = ut pypslul’u+ 2u
We can easily conclude that the following Pohozaev type identity

s x| |2n
2|(=A)2ul3 = pyp.sulp + 23 ul3:z,

which is a contradiction to the fact that u € V(a). O

By the fractional GNS inequality (1.4), we deduce that for every u € H*(RY)(S(a)

1 s |2_C(S,N,p)a 1

B(u) 2 5|(=A)2ul; I |(—A) Bufy — [CSEXTHS (3-3)

22

2: 552

In order to explore the geometry of the functional E(u), we introduce a function h : RT — R related to
the right-hand side of (3.3)

.1 2 _ Map*p'}’p,stp%ﬁs _ 1 - t2:
2 p 2: 8%
Since py, s < 2 < 2%, it is easy to see that h(0T) = 0~ and h(+o0) = —oo0.

Lemma 3.2. Assume that a < a1, where oy is defined in (1.5). Then the function h has a local strict
minimum at negative level and a global strict maximum at positive level, and there exist two positive
constants Ry > Ry, both depending on a, such that h(Ry) = h(R1) = 0 and h(t) > 0 if and only if
t e (Ro, Rl)

Proof. Notice that

h(t) = tPrss 1t2_p7p‘s _ ;t2z_p’)’p,s _ Mafo—mp,s
23
2 21557 b
So, we have h(t) > 0 if and only if g(¢) > 0 for ¢t > 0, where
gt) = Loppe 1 porpmy Map—mp,s
2% :
2 2557 b

Since
J(t) = 2= PVps y1-pype _ 2 - pzszs {21
2 2557
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we have that g is strictly increasing on (0,t;) and decreasing (t;, +00) where

21 B
t = 2:55° (2 —pp,s)
2(2; - p’yp,s)
The maximum value of g on (0, +00) is
2 Et
2% 9 2552 (2 — pyps C(s,N,p) ._
g(tl) _ (*s ) Elad *( Pp, ) _ (8 p) aP~Pp.s
2(2; = p1p.s) 2(25 —pp.s) p
_CEND) prie  CEND) o,

- p ! P

Since a < aq, there exist two constants Ry and R such that
<0,t € (0,Ry) or (Ry,+00),
h(t) = 0, t= RO or Rl,
>0, t € (Ro, Ry).
It follows that h(t) has a global maximum at positive level in (Ro, R;) and, by the fact that h(07) =07,
a local minimum at negative level in (0, Rg). By a direct calculation

PYp,s—1

1 *

h/(t) — t}”’)’p,s—l <t2—p’Yp,s _ T:tQS_P"/p,s _ Vp)SC(S,N)p)aP_P"/pys) f(t)
Ss?

and

2F — ;o
F(0) = (2 = prp )7 — SRR,
St
it is easy to see that h/(t) = 0 if and only if f = 0 for ¢ > 0, and f is strictly increasing on (0,%2),
decreasing on (t2, +00) where

2 T2
Ss* (2 = pyp,s)
ty = | 25 Bed
25— Ppes

Thus, f has at most two zeros on (0,+00), which are necessarily the previously found local minimum

and the global maximum of h. O
By the properties of the function h, we give the following lemma.

Lemma 3.3. Let 2 < p < 3 + 2 and a < ay. Then for every u € S(a), ¢, (1) has two critical points

Su < ty € R and two zeros ¢, < d,, with s, < ¢, < t, < d,. Moreover,

(1) syxu € V(a)T and ty,*xu € V(a)~, and if Txu € V(a), then either T = sy or T = ty;
(2) [(=A)2(T*u)|3 < Ry for every T < ¢, and

E(sy*u) =min {E(t*u): 7 € R and [(=A)*(r*u)|3 < R} < 0; (3.4)
(3) we have
E(t,*u) =max{E(r*u): 7 € R} >0, (3.5)

and @, (T) is strictly decreasing and concave on (t,,+00);
(4) the maps u € V(a) — s, € R and u € V(a) — t, € R are of class C'.
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Proof. First, we show that ¢, (7) has at least two critical points. From (3.3), we have
pu(r) = B(Txu) 2 h(|(=A)3 (7 * u)|2) = h(e*7|(—=A) 2 ul2).
By Lemma 3.2, we deduce that ¢, (7) > 0 on (§(Ro),&(R1)) where

¢(R) = 8B~ 2102g (=A)2ul>
s

Combining ¢, (—o0) = 07, ¢,(+00) = —oo and noticing that ¢, (7) is a C? function, we deduce that

¢ (7) has at least two critical points s, < t,, with s, a local minimum point on (—o00,&(Ry)) at negative

level and t, a global maximum point at positive level. By the arguments similar to those in Lemma 3.2,

we can get that ¢, (7) have no other critical points. Then (3.5) holds and (3.4) follows from

|(=2)% (s x u)|3 = €| (= A) Fuff < e H°|(—A)Ful < Ro. (3.6)

By the minimality of s,, (¢u)”(s4) > 0. Recalling that V(a)? = (), we obtain that s, xu € V(a)™.
Similarly, we have ¢, xu € V(a)~.

Moreover, noticing that ¢, (s,) < 0, ¢y (t,) > 0 and ¢, (+00) = —o0, we can deduce that ¢, (7) has
two zeros ¢, < d,, with s, < ¢, < t, < d,. It is easy to verify that ¢, (7) have no other zeros; otherwise,

©u(7) will has a third critical point.
(pu)"(7) = 5% (2627 |(= ) Ful} = py e 3.

Since
we have that (¢,)"”(—oc0) = 0. Combining (¢,)"(s4) > 0 and (¢,)" (t,) < 0, we deduce that (¢q,)”(7)
has two zeroes, which implies that ¢, (7) has two inflection points. Arguing as before, (., )" (7) has exactly
two inflection points. So ¢, (7) is strictly decreasing and concave on (t,, +00).

It remains to prove that the maps u € V(a) — s, € R and u € V(a) — t, € R are of class C1.
Here, we apply the implicit function theorem to the C* function ®(7,u) = (p,)'(7) and use the facts
that ®(s,,u) = 0 and 9,(®(s,,u) > 0. Hence, u € V(a) — s, € R is of class C'. The proof for
u € V(a) — t, € R is similarly given. O

ulh — 2k |y

For k > 0, we define
Ap={ue S(a): [(—A)2uly < k} and m(a) = }lrg) E.
As an immediate corollary, we have
Corollary 3.4. supy )+ E <0 <infy(q)- E and V(a)* C Ag,.
Furthermore, we have the following lemma.
Lemma 3.5. —oco < m(a) = infy () E' = infy )+ £ <0 and

m(a) < inf F
ARrg\ARg—p

for p >0 small enough.

Proof. For u € Ag,, by (3.3), one has
E(u) > h(](=A)2uly) > min h(t) > —oc.
t€[0,Ro]
Moreover, by (3.6), we have m(a) < 0. By the above corollary, we know m(a) < infy 4+ E. On the other
hand, if u € Ag,, we have s, xu € V(a)". Hence, by (3.4), we have m(a) > infy (,)+ E. From the above
corollary, we get that 0 < infy(,)- F, which implies that

inf £= inf E.
V(a) V(a)*
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Finally by the continuity of h and h(Ry) = 0, there exists p > 0 such that h(t) > m(a)/2 on [Ro—p, Ro].
Therefore,

E(u) > h(|(~A)Fuly) > ™

> 5 > m(a),

for any u € Ar,\ARr,—p, which completes the proof. O

Proof of Theorem 1.1. Take a minimizing sequence {w,} C H[)S(a) for E|a, . We can assume that

{w,} C H, are radially decreasing for every n. Otherwise, we replace w,, by |w,|*, which is the Schwarz

rearrangement of |w,|. By Lemma 3.3, there exists a sequence {s,, } such that s,, *w, € V(a)™ and

E(sw, *wy) < E(w,) for every n. Besides, by Lemma 3.5, we obtain that s, *w, € Ag,\Ar,—,.- Thus,

{Wn = sw, *wy} is a new minimizing sequence for E| 4, with w, € H,NV(a)* and [(=A)2w,[z < Ro—p.
By Ekeland’s variational principle, there exists a new minimizing sequence {u, } satisfying

lun, —@p] — 0, asn— oo,
E(u,) — m(a), asn — oo, 3.7)
P(uy) — 0, as n — 0o,
E's)(un) — 0, asn — oo.
Now, from its last property in (3.7), we apply the Lagrange multipliers rule to {u,}. Then there exists a
sequence {\,} C R such that

E'(up) — AV (u,) — 0 in H L (3.8)

Since {u,} C Ag,, we deduce that there exists u, € H,(RY) such that, up to a subsequence, u,, — u, in
H.
Step 1: We prove that, up to a subsequence, \,, — A < 0.

Since {uy} is bounded in H, by (3.8), we have

E (up)tn — AV (un )ty = 0, (1). (3.9)
Therefore,
Anltnly = |(=A) 2 uy 3 — unlp — |un|§§ + on(1). (3.10)

Using the fact |u,|3 = a® and {u,} is bounded in H, we deduce that {\,} is bounded. Hence, up to
subsequence, A\, — A € R. By noticing that P(u,) — 0, (3.10) and the embedding H,.(RY) — LP(RY)
is compact for p € (2,2%), we have

2%
2%)
n— o0 s

= (s = Dualp <0, (3.11)

Aa? = lim (|(=A)2u,|s — [Unlh — |un

with A = 0 if and only if u, = 0. Therefore, we only need to prove that u, # 0. We assume by contradiction
that u, = 0. Up to a subsequence, let |(—=A)2u,|3 — I € R. Since P(u,) — 0 and u,, — 0 in LP(RY),
then we have |un|§i — 1. By (2.1), one has

l
< —.
_SS

W)
m*""

(1)
So, we have

N
=0 or [ >82.
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If [ > 0, we have

(@) + 0n(1) = Elun) = B(n) — 5 P(un) + 0 (1)
= Z-A) unl3 + 0,1)

S
= Nl + On(l),

which contradicts to m(a) < 0 in Lemma 3.5. If | = 0, we have

;E — 0,
implying that E(u,) — 0, which is also a contradiction to m(a) < 0.
Step 2: Since A\ < 0, we can define an equivalent norm of H, that is

||u||2:/\(fA)%u|2da;f)\/|u|2dz.
RN

RN

Since u, — u, in H, applying the Lebesgue convergence theorem to (3.8), one has

/(fA)%ua(fA)%v - A / U — |u|P 72w — |ug)? “2uqv =0, VYve H. (3.12)
RN RN

It follows from the Pohozaev identity that P(u,) = 0. Let v,, = u,, — u, — 0, by Brezis—Lieb lemma we
have

{KQﬁvﬂ%jKAﬁuM%KAﬁu@+OM”? (3.13)

o
Qz« + On(l)

2 2
lvnlas = lunl3: — [u

Since P(u,) = P(uy,) — P(uy) — 0 and u,, — u in LP(RY), we obtain |[(—A)2v,|2 = |vn|§ff + o,(1). Up
to subsequence, we assume that

s 2*
[(=A) 2[5 = |val52 — L.

So, we have
N
=0, or [ >S2.

Ifl > SS%, by (3.13), we deduce that

m(a) = lim E(u,)= lim (E(ua) + §|(—A)21}n\§ — —|vn 3%)
=E(u )+il>E(u )+35%
- a N - a N s -

N
Step 3: We prove that [ > S2¢ will lead to a contradiction.
We first give a lower bounded estimate on E(u,). By (1.4), we have

1
E(ug) = E(ug) — 2—*P(ua)
S
S s 1 Vps — ) ) p.s
> N|(—A)2ua|§ — (2; — %)C(S,N,p)ap PYp,s (_A)zua|12)“f -
Define
1 s _
m(t) = —¢2 — (= — YO (s, N, p)al—PVestPhous

N p 2k
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By a direct calculation, we have that m(t) is strictly decreasing on (0,¢3) and increasing on (ts,4+00),
where

tgfmp,s _ ﬁ(l _ pys

2s'p 2%

)PYp,sC (s, N, p)aP 7w,

Hence, the minimum of m(t) on (0, 400) is

Pp,s —p, 1 Vp,s 2TPIp,s Np'}/p,s PYp.s
t = (1 — =22 P—P7Vp,s N - — = 27 ) 2-pp,s |
) = (1= 2222 (aornac(o, N (3 - 2y ) T (R

Define

1
2=P¥p.s ) p(I—7p,s)

N
. 22%s Vp $S52°
Qo = 5 : . 3.14

N’Yp,sO(Sanp)@z *p'Yp,s) <2 — PYp,s ( )

N
Since a < ay, we have that m(t) > —%:52° on (0, +00). Moreover, by Step 2, we have m(a) > 0, which
is a contradiction.

Step 3: We complete the proof at this step.

o9
5% From
:

27
2: |Ua

From the discussion of Step 2, only I = 0 is possible. Therefore, we obtain that |u,
(3.12), we get that

E'(ug)ug — AV (ug)ug = 0.

Subtracting the left hand of (3.9) from that of the above equality and using the fact that |u,|, — |uglp,
we have that [u,||* — [lu,|/*. In view of u, — u, in H, we have u, — u, in H. Since E(u,) = infy(q) E,
we deduce that u, is a ground state. Besides, by Lemma 3.5, we have

E(ua) - ueigtga) E(u) B ueigfm E(U)

4. L3-critical perturbation case

In the section, we consider the case p = 2 + 4—1\‘; and prove Theorem 1.2. First, we prove that I(u,s) has

the mountain pass geometry on S,.(a) x R in the following lemmas, where S,.(a) = HS(RY) (N S(a).

Lemma 4.1. Assume that p =2+ %S and 0 < a < as, where

1

= (P N\
2C(s,N,p)

is defined in (1.8). Then there exist two constants ko > ki > 0 such that

P(u), E(u) >0 for all u € Ag,, and 0< sup E(u) < inf E(u)
UGAkl ueBk‘Z

where
A= {ue S(@) ¢ [(~A)ul e, < K}
B ={uc S.(a): |(-A)2u|3 = 2k}.

¥
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Proof. Let k > 0 be arbitrary fixed and suppose that u,v € S,(a) are such that |[(—A)2u|3 < k and
|(—=A)2v|3 = ck where ¢ > 0 is determined later. Then, in view of (1.4) and py, s = 2, we have

s _ s 1 s 9*
P(u) 2 [(—=A)3ul} — (s, N, p)yp.a?2|(~A) 3 ul} — —|(~A)Ful5
Ss
2 _9 s 19 1 s 27
> (1—C(s,N.p)=a")|(=A) 2ul} — —|(-A)2ul3,
b S
N S ]. S
B() > S|~y sl - CONB o aysugg - s
P 2:8.7
s 1 s *
> ~(1—C(s, N,p)=a? )| (=A)3uf3 — ——|(-A)uly,
25552
and
1 s
B(v) = B(u) 2 B(v) = 5](=A)#ul3
1 2 25 . 1
251~ C(s,N.p)-aP2)2k? — S k% — §k2
p 2552
1 2 23 .
> 31 —-C(s,N,p)=aP " H)c? 13 k* - 672*1523.
2 p 2+5.7

In view of the definition of a3, we can take ¢ > 0 such that ¢ > I

I SR
e NI e Since a < as, hence,

for ks > k1 > 0 small enough, we have

P(u), E(u) >0 for all z € Ay,, and 0< sup E(u) < inf E(u).
u€Ag, u€ By

O

Next, we give characterizations of the mountain pass levels for I(7,u) and E(u). E? denotes the closed
set {u € S.(a) : E(u) < d}.

Proposition 4.2. Under the assumptions p = 2 + 4—]5 and 0 < a < ag, let

or(a) = inf max I(7(t))

fer, t€(0,1]
with
T, = {7 € C([0,1], S,(a) x R) : 7§(0) € (A, ,0), 7i(1) € (E°,0)},
and
or(a) = nf e En(t))
with

Ty = {n € C([0,1],5,(a)) : 7(0) € Ay,, n(1) € E°}.
Then, we have

or(a) = o.(a).
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Proof. Since T, x {0} C T, we have that 7, (a) < o,(a). So, it remains to prove o,(a) < o,(a). For any
1(t) = (m(t),m2(t)) € La, set n(t) = 72(t) * 71 (t). Then n(t) € I'y and

I(7(t) = 7 7 (1)) = .
Jnax (n(t)) tren[gﬁ]E(nz(t)*m(t)) tgl[gﬁ]E(n(t))

It shows that o,.(a) > o,(a). O
In the following proposition, we give the existence of a (PS)z, (4) sequence for I(u, s), whose proof can

be given by standard arguments by using Ekeland Variational principle and constructing pseudo-gradient
flows [19].

Proposition 4.3. [16, Proposition2.2] Let {g,} C T, be such that
— 1
I(gn <o, —.
s 19,(1) <7 (0) +
Then there exists a sequence {(un,7n)} C S(a) x R such that
(1) I(un,Ta) € [or(a) — 5, 00(a) + 3.];
(2) minte[o,l] H(Uan) - gn(t)HH < %;’

(3) 17150y xR (un, )| < % ice.

2
[(I" (tny Tn ), 2)m-1 x| < %HZ”H
for all
ZAS T(un,v'n) = {(21,22) € H: (up, 21)2 = 0}.
Proposition 4.4. Under the assumptions p = 2+ % and 0 < a < ag, there exists a sequence {v,} C Sy(a)
such that

(1) E(v,) — or(a), as n — oo;
(2) P(vn) — 0, as n — oo
(3) E's,(a)(vn) — 0, as n — oo, i.e.,
(B (vn), h)g—1xu| — 0
uniformly for all h € Ty, , ||h|| <1, where T, = {h € H : (vn, h) 2 = 0}.

Proof. By Proposition 4.2, 5,(a) = o,(a). Pick {gn = ((gn)1,0)} C I'y such that
— 1
I(gn <o, —.
s 9,(0) <7 (0) +

It follows from Proposition 4.3 that there exists a sequence {(uy,,7,)} C Sr(a) x R such that, as n — oo,
one has

I(up, ) — or(a), (4.1)
Tn — 0, (4.2)
O I (up, ) — 0. (4.3)

Let v, = 7y * up,. Then E(v,) = I(uy, ) and, by (4.1), (1) holds. For the proof of (2), we notice that

Orl(Up,Th) =5 (eQ‘"” A)2u,l3 — Vp,s€ TP un [ — e n 3)
2%
:5( Tn*un)| —'yp7s\7n*un|§f|Tn*un )
=sP(v )

which, by (4.3), implies (2).
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For the proof of (3), let h,, € T,,. We have
Un — Un ))(hn(x) B h’n y)
(E' (), hon) pr—1 551 = / / Sl ()

R2N

= [ @ P 2on@hae) - [ foule)
J

RN

2:720n(x)hn(m)

_ e / / (t0n() = Un () (hule™™2) = hu(e~™y))e "

|z — y|N+2s

R2N

_ gt / [ ()P 2t () (e~ e 5"

2 2)7'7,,
— |un
Nty

Setting Ay (z) = e 2" hy(e~ ™), then

<Il(un’7—n)a (/HWO»H*lXH = <E/<’UTL)’ hn>H*1><H-

N1y
2

n(z)hn (e7™x)e”

It is easy to see that

(un(x),?zn(x»y = /un(x)ed\;m hn(e” ™)

RN

BN
= /vn(x)hn(x) = 0.
B3

So, we have that (ﬁn(l‘), 0) € T(uan). On the other hand,

1 (), 0) = ([T ()]
= |hn(2)[3 + €72 | Vha(2)[3
< Ollha(2)]%,
where the last inequality holds by (4.2). Thus, (3) is proved. O

Let m,(a) = inf, ey, (o) E(u), where V,.(a) = V(a) () S(a). We have the following relationship between
or(a) and m.(a).

Lemma 4.5. Under the assumptions p = 2 + 4—]\‘; and 0 < a < ag, we have that

my(a)= _inf  B(u) = 0,(a) > 0,

where V,.(a)” =V (a)” () Sr(a).
Proof. Step 1: We claim that for every u € S,.(a), there exists a unique t,, € R such that t, xu € V,.(a),

where ¢, is the strict maximum point for the function ¢, (s) = I(u, s) = E(sxu) on (0, +00) on a positive
level. Moreover, V,.(a) = V,.(a)~.
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The existence of ¢, follows from Lemma 2.2. The uniqueness is from the following reasoning. Noticing

that
27
2

() (1) = 5 (26| (-8)ulf =y Per Tl - 2

combining with (¢,) (t,) = 0, we have

(u)"(tu) = —5(27 = 2)[u

By noticing that 0 < a < as, it is clear that ¢, (—00) = 07 and ¢, (+00) = —oco. Hence, ¢, (7) has a
global maximum point at a positive level.
Step 2: We claim that E(u) < 0 implies P(u) < 0.

Let E(u) < 0. Since (¢y)" (ty) < 0, we know that ¢, is strictly decreasing and concave on (t,, +00).
Since ¢,,(0) = E(0xu) = E(u) < 0, by the properties of the function ¢,,(s) presented in Step 1, we have
that t,, < 0. Moreover, since

Pty xu) = (¢u) (ty) =0 and P(u) = P(0xu) = (¢,) (0),
we have that P(u) < 0.
Step 3: 0,.(a) = m.(a).
Let u € Sy(a). We take 7= << 0 and 77 >> 0 such that 7~ *u € Ay, and E(77 *u) < 0, respectively.
Then we define a path

2
2; < O-

Nu:t€0,1] = (1—t)7" +tr7)xu €T, (4.4)
By the definition of ,(a), we have

Jnax E(nu(t)) > op(a).

So, we have m,(a) > o,(a) by Step 1. On the other hand, for any 7(t) = (7(t),72(t)) € Ly, we consider
the function

P(t
Since 72(0) %171 (0)) = m (0) € Ag, and 72

P(n2(t) *m(t) € R.
1)*7]1(1

)= U
( ) =mn1(1) € E°, hence by Lemma 4.1, we deduce that
P(0) = P(i1(0)) > 0,
and using the result in Step 2,
P(1) = P(fi(1)) < 0.
By (2.3), the function P(t) is continuous and hence we deduce that there exists £ € (0,1) such that
P(t) = 0, which implies that 73 (¥) x 71 (¢)) € V;-(a). Therefore,
I(n(t)) = E(na(t)xn(t)) > f F
oo 171(t) = max E(R(t) xm(t) > inf  E(u).
So, we infer that o,.(a) = o.(a) > m,(a).
Step 4: At this step, we prove that o,.(a) > 0.
If u € V,.(a), then P(u) = 0. By GNS inequality (1.4), we deduce that

(1-C(s, Np>2ap 2)(~A)5uf2 < —|(~A)FufZ

2%
Ss?
Noticing a < ag, this implies that there exists ¢ > 0 such that infy, () |(=A)3u|2 > 6. Then, in view of
PYp,s = 2, for any u € V,.(a), we have that

1 s s 2s LY
-5 Pu) = N|(—A)2U|§ + ])W|U|p =50

Thus, o,(a) > 0. O
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In the following lemma, we give an upper bound estimate for the mountain pass level o.,.(a).

N
Lemma 4.6. Let N? > 8s%, p=2+% and 0 < a < a3. Then o,(a) < £S2°, where S, is defined in (2.1).

Proof. Let ¢(x) € C(B2(0)) be a radial cutoff function such that 0 < ¢(z) <1 and ¢(x) =1 on By(0).
We take u. = ¢(z)U, and

Ue

Ve =a € S(a)N H;,

B |us|2
where U, is defined in (2.2). In the following, we take e = 1 and define
Ky =|(-A)20.5, K2 =|Us

b, Kz =|Uif3, Ki=|Uifp.
It is obvious that K3 /K5 = Ss. As proved in [20], u. satisfies the following useful estimates:
[(=A)2u|d = K1 + 0N ™) and  |ucf3. = Ko+ O(eY). (4.5)

K32 +0(eN-2%), N > 4s,
luc|3 = { Cswe**|loge| + O(e2%), N = 4s, (4.6)
CoweN=2 4+ 0(e%), N < ds,

where w is the area of the unit sphere in R, For |uc[b, we have the following estimate:

N—2s

p
e 2
UEPZ/ N—2s P T Pdx
= | <(€2+|x|2) 2 ) (@)

p
o 1
= V- / L) en)Pda
PR

p
s “2s 1
_ K4€N7P(N2 2s) +€N7P(N22 ) / <( N25> |<,0(5$) _ 1|pdx.
RN

L [af?) 2

By N? > 8s? and p =2+ %, it is easy to obtain that p > % Therefore,

1 )p
oz lp(ex) — 1|Pdx
/ <<1+|x|> :

_ N—l—p(N—Qs)d _ w N—p(N—Zs).
w/r r —(N725)p7N€
1/e

Thus,

fuclfy = eV (K 4 OV 2N ) (4.7)
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Define the following function on (—oo, +00)

62257 o
o,
* s

2S

1 s
M(CINEA

. 1
Yo (1) = o () + 5\7 *Vep =
Then

W (1) = 5e*T|(=A) B3 — se2 o5

It is easy to see that 1,_(7) has a unique critical point 7., which is a strict maximum point such that

1
ST, |(—A)%U5|2 e
50 ( el (4.8)

|ve 2%

and the maximum level of ,_(7) is

= 2
b (re) = <|<A>|> s <|<A>|>
B ’ N |’U6 gf: N |Ue gz
23
s (Ki+0@EN"2)\%2 s N~ o
N <K’2+O(5N) = §5F +0E™) (49)

as € — 0, where the estimates in (4.5) are used. Next, we give an upper bound estimate for the function
o, (1) = I(ve, T) on (—o00,400). Note that

25

).

80;5 (1) =s (628T|(_A)%Ua|g — Yp,s€’F0T

Obviously, ¢,_(7) has a unique critical point 7. ; and in view of py, s = 2, we have

ve b — 62:ST|U5

(25257 _ [(=A)2ve]3 2 |vel}
2; 27
|ve 2% p |”s|2§
2 —A)zv.|3
>(1- fC'(S,N,p)a’FQ)%.
D |ve |25
Combining (4.9) with the above inequality, we obtain
1
sup ¢y, (1) < sup ¢y, (1) — *625T5’1|'Ua|§
R R p
s X _
S Nssgs +O(€N 28)
2 *2
1 2\ (=23 7
——(1-==C(s,N,p)a” 5 [P
p |vel32
5 N
< NSSQS +O(eN~2)
(2 LAl
- —AQ)2Ug 5" U
- = (1 — C(S,N,p)ap_2> ab=? B =0 (4.10)
p p 71

)
|ue 2r |uely

By the facts (4.6), (4.7) and a simple calculation, we have

CeN-(N=29)(14+3)- %7 _ & N > 4s

|u5|£ ‘usg 2s " 1 ’
3 = 2 > CeN-WN=29)(1+5)=5|loge|~2 = C|loge|~2, N = 4s, (4.11)

‘UE‘Q |u6|2N CEN—(N—2S)(1+2WS)—2WS(N—2S) _ 058]%2 —2s N < 4s.
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Moreover, in view of a < ag, putting (4.5) and (4.11) into (4.10), we obtain that
s N
v ~ 557
Sup ¢ A1) <y

As in (4.4), we define a path
Mo, 1t €[0,1] = (1 —=t)7~ +t77) % v, € T,.

Therefore,

S N
r(a) < E(n,_ (t) = v < =57,
my(a) < Jnax (0. (1)) SUp (1)<

O

Proof of Theorem 1.2. Choosing a PS sequence {u,} as in Proposition 4.4 and applying the Lagrange
multipliers rule to (3) of Proposition 4.4, there exists a sequence {\,} C R such that
E'(un) — MV (u,) — 0 in H™' and E(u,) — o.(a) asn — ooc. (4.12)
As in the proof of Theorem 1.1, we obtain, up to a subsequence,
Ap = A<0 asn— oo
Uy, — Uy € H asn — oo;
Uy — Ug € LP(R) asn — oo

and P(u,) = 0. Denote v,, = u,, — u, — 0. By the similar equalities as in (3.13), we can assume that, up
to a subsequence,

s 2%
|(=A)20n]3 = Jvnl5: — L.

So, we have
N
=0 or [ >52.

N
If I > S2°, we deduce by the similar equalities as in (3.13), that

1 s 1 *
or(a) = lim E(u,) = lim (E(ua) + = 1(=A)2v,]3 — —|v, §s>

n— o0 n— o0 2 2:

—E(u)+il>E(u)+iS%
- a N - a N s -

On the other hand, E(u,) = E(ug) — 3P(uq) = %|uq ; > 0. Moreover, by combining with Lemma 4.6,
we get a contradiction. This implies that w, — u, in H by the similar arguments as in the end of the
proof of Theorem 1.1. Let m(a) = inf,cv (o) £(u). As at the Step 1 of the proof of Lemma 4.5, it is easy
to obtain V' (a) = V(a)~. Finally, we prove that m(a) = m,(a).

Since V,.(a) C V(a), we obtain m(a) < m,(a). It remains to prove that m(a) > m,(a). Otherwise, we
assume that there exists w € V(a)\S,(a) such that

E(w) < ‘}TIEE)E(U) (4.13)

Then we let v = |w|*. By the properties of the Schwarz rearrangement, we know that
E(w) < E(w) and P(v) < P(w)=0.

If P(v) = 0, it contradicts to (4.13). If P(v) < 0, noticing that (¢,)'(0) = P(v) < 0 and the claim of
step 1 of the proof of Lemma 4.5, we get that ¢, < 0, which still leads to a contradiction. In fact, since
ty xv € Vi(a) and (4.13), one has
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E(w) < E(ty,*xv) = E(t, xv) — %P(tv * V)

2% st
2% se“s St w 2% _ ezgst“E(w) < E(w)
s

So,

E(uq) = ov(a) = mr(a) = m(a) = ei%) E(u) = uegl(f(’l . E(u)

and u, is a ground state. O

5. L2-supercritical perturbation case

In this section, we deal with the case 2% > p > 2 + 4—]5 and prove Theorem 1.3. For convenience, we still

use the notations and definitions in Sect. 4.

Lemma 5.1. Let 27 >p > 2+ %, Then we have
(1) there exists a sequence {u,} C Sy(a) such that

E(up) — or(a) asn — oo,
P(u,) — 0 asn — oo,

E'ls, (a)(un) — 0 as n — oo;

(2) o,(a) =my(a) >0, where m,(a) = inf,cy, ) E(u) and o,(a) = inf,cr, max,ep,1] E(n(t))
where

Lo = {n € C([0,1],5:(a) : n(0) € A, n(1) € E%}.

Proof. Noticing that

1 . C(s,N,p) ,_ s s s 2
E(u) 2 S|(=A)2uf; — —=—==a" " |(=A) Fuly™" — —|(=A)uly,
2% S5?
s _ el s 1 s *
Plu) > |(~A)3ul} — C(s, N, p)a" " o (~A) Full"" — ——|(—A)3ul?,
Ss?
and also recalling that py, s > 2, the results follow from the similar arguments of Lemma 4.1, Propositions
4.2-4.4 and Lemma 4.5. g

In the following lemma, we give an upper bound estimate for the mountain pass level o,.(a).

Lemma 5.2. Let N2 > 8s2, 2% > p > 2 + % and 0 < a < a4, where ay is defined in (1.9). Then
N
or(a) < §52°, where Sy is defined in (2.1).
N
Proof. We define, as in Lemma 4.6, u. and v.. It suffices to prove that supg ¢, (1) < #95°. It is easy to
see that ¢,_(7) has a unique critical point 7. and
62287—5’1 |vs|§% _ GQSTE’I ‘(7A)%”UE|§ _ ,yp’sepsvp,s‘rag |U€|§ < 6257'5,1 |(7A)5v5|§

It follows that

1

. [GSEP AR
eST 1 S <2* .

|vel32
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Combining the above inequality with py, s > 2, we deduce that

(2;—2)87'511 _ |(_A)%’U5‘% _ (p’Yp,s_Q)STe,l |’UE|£
e = S — pee —
|U5 2% ‘Ua 2%
PYp,s—2
s s 2% 3
1A (=)l T el
sl PR o o
|ve |23 |ve |53 |ve |33
PYp,s —2
27 -2 s — 27 -2 s =
_ |U6|zb |(7A)2us|% — |u5127 § |u€|£ |Us|26 |(7A)2u5|% .
- — * ,S *__ *
a2s—2 e gs S q25—p e 3 aQI*Q\uE 3
2% -2 s — _
_ |u8 2b |(—A)§u5|% ‘(—A)% |% o ’Yp7sa(1 7”‘5)p|ue‘g (5 1)
o a22*2 | |2§ Uela 2:(Plp,s—2) 1 ) . .
2F_2 —
% |ue 2 ‘UE‘IQJ Tres

We claim that there exists 9 > 0 small enough and a positive constant C' = C(s, N, p, a) such that

e2i7257e1 > Olu, 3‘:72 for any 0 < € < gg. (5.2)

Indeed, by (4.5), (4.6) and (4.7), there exist positive constants C7, Co and C3 depending on N, s and p
such that

s 1
(=8)2ucls 2 Cry o 2 uels; = G, (5.3)
2
and
(N —2)
Wy [Ce R gy N > s
€ (N —2s) (A—vp,s) A—=vp,s)
(17Vp = < 03€N7pf7p5(17’\/17,5) ]0g5|*# = C’3|]0g5|7%, N =4s, (5.4)
p,s
|u6|2 C36N7M7M(17’yp’5) = C3g(%+25*%)p+2N’%j N < 4s.

For N > 4s, by (5.1) and (5.3), it is sufficient to verify that

2(2§:P’Yp,s) 2:(7)1;7.372) a )
_ () Zucly 77 fuely T Juely
Yp,sa TP < il (5.5)

Using the interpolation inequalities, we have that

e
(=A)2u.], [te]gx 27 luc 5
:
|ue [p
2(2% —pyp,s) 2% (pyp,s —2) a )
s 2% 2 3% 3 — s
> [(=A)2uel, ™ |ue 2 lucly 7%
> EHIED) 2Gi-p)
|ue 2x " uely ™
2(2% —pp,s) 2% (p—pyp,s)

[(A) ey :<<—A>3us|%>

2% (p—p7p,s) ‘ue

|ue] o e :

_ Sé%(l_"/p,s)p +O(EN_28)~

Therefore, (5.5) holds by a < ay.
For N = 4s, it easy to obtain (5.2) by (5.1), (5.3), (5.4) and the fact 0 <, , < L.
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For N < 4s, it suffices to prove that from (]Z—s +2s— 2M)p+2N — ];[—: > 0. From N? > 8s%, we can
deduce that

N? 3N 1
— +2s— — = —(N —25)(N —4s) < 0.
4s +es 2 45( ) )
So,
N2 3N N? N2 3N N?
S 425 IN-— > ([ 42s— T )2rpoN - =o.
(4s+s 2)p+ 2s <4s+8 2)S+ 2s
Finally, we estimate upper bound for ¢,,_(7) on R. By (4.9) and (5.5)
1
sup ¢y, (1) < sup iy, (1) — —ePFreTe y B
R R b
s N C aPluc[h
— 75523 +0 €N72s — 2l PYp,s — 17C€1p
N ( ) p| 6|2 ‘UEIZQ]
_ S ¥y o@ENy o Pluelp
= NSS + O(E ) |u5|127(1_’yp'5)’
where C' > 0 is independent of . Similarly as in (5.4), we have that
» 045N7M*P5(1*"/p,s) =Cly, N > 4s,
U —2s —p,s —p,s
2 iV log e - oS, N — s,
fuely™ ™ CyeN- 2T PO (o) — 0Vl H2s= P2V -0 N < 45,

N
for a constant Cy > 0, hence we can infer that supg ¢, (7) < %S¢° for any € > 0 small enough. The
result follows. [

Proof of Theorem 1.2. We can proceed exactly as in the proof of Theorem, using Lemma 5.1 and Lemma
5.2.

N
Remark 5.3. Actually 0,(a) < £52° for any 0 < a < oo when N < 4s (see the proof of Lemma 5.2).
Thus, Theorem 1.3 holds for any 0 < a < oo when N < 4s. O
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