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1. Introduction

We consider the following equation
ug = Jxu—u+ flu), (x,t)€R*x(0,+00) (1.1)
with the nonlocal dispersal operator (J * u — u)(x,t) = [ J(x — y) (u(y,t) — u(x,t)) dy. The kernel
R2
J € C(R?) satisfies

(J1) J > 0 is radial symmetric and has unit integral;

(J2) / J(r)e’dr < oo for some A > 0.
0

The nonlinearity f € C?(R) has only three zeros 0, a and 1, and satisfies

1
(F1) £/(0) <0, f'(a) > 0, /(1) < 0 and /f(u)du £0;
0

(F2) sup f'(s) < 1.
s€[0,1]

|z

2

Obviously, if J(x) = ﬁe‘ i for any given A\ > 0 or J(x) is compactly supported with symmetric
property, then it satisfies (J1)-(J2). Condition (F2) guarantees that the solution of the corresponding
Cauchy problem of (1.1) has the same regularity with its initial function [13].

Traveling waves of (1.1) are widely used to model nonlocal diffusion phenomena in fields such as
physics, chemistry, ecology and epidemiology. In one-dimensional space, traveling wave solutions have the
form u(z,t) = U(), £ = x + ct, where U is the wave profile and c¢ is the wave speed. It is referred to
[1,6,8,9,19,29] for the mathematical study on traveling waves of (1.1).
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Let
Ji(z) = | J(z,z2)dxs. (1.2)
/

Then under the condition (J1), J; is nonnegative and even, with unit integral on x € R. It is also not
difficult to prove that Jj(x) € L'(R) with the aid of condition (J2). Then under the condition (F1), the
following equation

— (LU =U)(E) +cU'(§) = fU(E)) =0, U'(§) >0, €R (1.3)

admits a unique (up to translation) solution U connecting 0 and 1. Moreover, U is of class C**1 if f is
of class C* for some k > 1, and its speed ¢ is given by

O%,_.

f(u)du
==

J (@) ag
— o0
which can be positive or negative [1]. We assume that ¢ > 0 in the present paper, and the case ¢ < 0
can be dealt with by a same way. Furthermore, the wave profile U and its derivative U’ have exponential
behaviors near +oo:
Bie n8 <1 - U < Aje ™M when £ — 400,

Bye®f < U < Age™¢ when £ — —o0, (1.4)
U'(€) < Azeslél, when [€] — 400,

where A;, B;, \i, 0;(i € {1,2,3}) are positive constants, see [9,10]. Following the technique as in [9, Section
1.5], we can also get that U” has exponential behavior near +oo.

Studies on the existence and stability of nonplanar traveling waves for the classical reaction diffusion
equations or systems are already quite a lot, see [2-5,11,12,16,17,20-23,26] and references therein for
scalar equations, and see [15,18,24,25,27,28] and references therein for reaction—diffusion systems. While
there are still few studies on nonplanar traveling waves of nonlocal dispersal equations. Chan and Wei
proved the existence of pyramidal traveling wave solutions for the fractional bistable equation [7], and Li
et al. proved the existence of pyramidal traveling wave solutions for the bistable nonlocal equation [14].
However, to the best of our knowledge, there is still no result about the stability of nonplanar traveling
wave solutions for the nonlocal dispersal equations. In the current paper, we aim to prove the existence
and stability of V-shaped traveling fronts for (1.1).

Since the curvature accelerates propagation of waves, it is naturally to assume that the speed s of
nonplanar traveling waves satisfies s > ¢. Without loss of generality, we also assume that the solutions
travel towards the xo—direction; thus, they have the form u(x,t) = u(z1, z2 + st,t), and u satisfies

(1.5)

B — (J#T— ) + stig, — f(@) =0, (2,) € R2 x (0, +00),
u(x,0) = up(x), = € R2.

Throughout this paper, we denote the solution of (1.5) by u(x,t;ug). In this paper, we first find a
nontrivial steady-state function V(x) of (1.5), i.e., V(x) satisfies

LWV]i=—(J*V =V)+5V,, — f(V)=0 in R? (1.6)
and then prove its stability.

Let m, = m/c and
v (x)=U (g(xg + m*|x1|)) = max {U (S(xz +m*x1)> U (g(l'g - m*xl))} . (1.7)

1<j<n



ZAMP Existence and stability of traveling curved fronts Page 3 of 18 90

Then, v~ (z) is a subsolution to (1.6). Actually, denote vj(x) := U(A; - @) with A; = £(m.,1). If we let
& = Ay with A a 2 x 2 orthonormal matrix whose first row is A;, then we have

/ J(@ — y)U(4; - y)dy = / JWU(A; - (2 — y))dy = / JATOUA; -z — &)d¢

R2 R2

RQ
- / JEOUA; @ — £)d€ = / J(ENTU(A; -z — 6)déy.
R2 R

See (1.2) for the definition of J;. It follows that

Lvj(@)] = = [(J + U(A;))(x) = U(A; - @)] + sUs, (4; - ) = f(U(4; - )
= —(LixU=U)(4; @) —cU'(A; - a) = f(U(4; - 2)) =0,
which means that vj(x) is a planar wave to (1.6). Similarly, denote v3(x) := U(A; - ) with A; =

£(—my, 1), and then, we can get f[v?(m)] = 0. Thus, v~ (z) is a subsolution.
Now we give the main results.

Theorem 1.1. (Existence) Assume (J1)-(J2) and (F1)-(F2) hold. For each s > ¢, (1.6) admits a solution
Vi(x) with 8., Vi(x) > 0 in R? and

lim sup |Vi(z) —v (x)| =0, 1.8
i sup |Vifa) o (@) (1)
v (x) < Vi(z) <1, xeR: (1.9)

Then u(x,t) = Vi(x1, 29 + st) is a traveling front of (1.1), whose global average speed tends to ¢ along
with time, 1i.e.,
diSt(Ltl s Lt2)

im
[tr—to| =00 |t1 — to

=c, (1.10)
where Ly represents the level set of u(x,t) at time t.

Theorem 1.2. (Stability) Let vy € C(R?,[0,1]) satisfy vo — v~ € L' (R?) and

lim sup |vg(x) — v~ (x)| =0,
R—+oog|>R

v () < vo(x), ¥V x € R
Then, we have
i [[of-t:v) — Vo)l a2y = 0.
Remark 1.3. (1.8) implies that Vi (x) has V-shaped level sets and behaves like planar traveling waves far
away in the space. The speed of Vi (x) is a semi-continuum, that is, s € (¢, +00), which is quite different

to classical bistable case, while (1.10) tells that the average speed of V() is unique and always equals
the planar wave’s speed c.

In the next section, we establish the existence result. The proof looks simpler than that of [14] but is
a little different. In Sect. 3, we obtain the stability result.

2. Existence of V-shaped traveling fronts

For any s > ¢, the equation

= Yy

1+ ¢z
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admits a unique solution () whose asymptotic line is y = m.|x| satisfying m.|z| < ¢(x), see [16].
Furthermore, there exist positive constants Ky, K1, Ko, K3 such that for all z € R,

max|¢'(2)] < Ko, (21)

max{|¢”(z)], [¢" ()|} < Kisech(yz), (2.2)
S

Kssech(vr) < ———= — ¢ < K3sech(yz), 2.3

ssech(2) £ sy e < Kiseeh(qa) (23)

s(p(x) — m.|z|)

(@) = 2AD Zmnelel)
s—cy/ 1+ ¢'(z)

87\/8?02>0.

po <p < ps, (2.4)

where p4 > 0 are constants and v = sm, =

2.1. Construction of a supersolution

By the assumption (F1), there exists a positive constant do € (0, 1) such that
— f(u) > Ky if |Ju] <28 or |1 —u| < 25, (2.5)
where r1 := 2 min{—f/(0), — f/(1)} > 0.

Lemma 2.1. There ezist a positive constant &5 and a positive function og (g) such that for any e € (0,eg)
and a € (0, (¢)), the function

+ 1
vi(z;e,0) =U 2 + (o) + esech(yaxy), (2.6)
L+ (¢'(aw1))?
is a supersolution to (1.6) and
lim sup |[v'(z;e,a) — v (2)] < 28, (2.7)
R—o0 |z|>R
v (x) <vh(x;6,a) for xR (2.8)

Proof. Assume « € (0,1) and write vt () instead of v™(x;e, @) throughout the proof. Denote

22+ Lo(az)
V1+ (¢ (ax1))?

then v™(x) can be rewritten as v (x) = U({(x)) + eo(x1). By the equation (1.3) and the definition of
£, we have

LT (x)] = —(Jxv" —v")(@) + 505,07 (2) — f(v7 (2))
= —(J+U(CO)(®) —e(J x0)(x) + (J1 + U)((()) + eo(x1)

S / z)) — ¢ / T T _ ’U+ ).
+ 1+(@,(M1))2U(C( ) = cU'(C(®)) + f(U(C(®))) = f(v" ()

and o(x1) = sech(yazx),

((x) =

Denote
[i= —(J+ UCEN@) + (h + U)C(@)), T = —e(J + 0)(®) + o (a1),
= — C) U'¢(x), IV = f(U((2))) — f(0" ().

IIT = i
( L+ (¢'(ax1))

Now we estimate the four terms.
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(1) Estimate of term I. Since J is radially symmetric, it is easy to see that

I=- / J@)U(C(x — y))dy + / (U (C(@) - p)dp.

R2 R
Let
o' (azy)
( \/1+ Otml))2 \/1+ arl))2 )
o' (az1) )
\/1+<«> (@12 /1+(¢' (az1))?
and € = Ay, where & = (u,v)T. Such an orthogonal transformation gives that p = % L+
prlaxy
1 . Th
T+ (aan? 22 et
/Jl(N)U(C@) — p)dp = /J(&)U(((a}) — p)dpdy
R R2
/
_ /J(AyT)U (C(m) P (Oéftl)yl + y22) dyldyz
R2 1+ (¢ (axy))
_ +l A
= /J(y)U (xQ v2 ¥ gelom) gpz(ml)yl) dy1dys.
2 1+ (¢ (axy))
Let

Ty —y2+ (1—1) (lw(awl) w’(axl)yl) +t- so(a(zr —y1))

V1+ (@ (ala —ty)?
and define F'(t) = —U(u*(t)),t € (0,1), and then, ( .9) can be written as

= / J(y) (~U (" (1) + U (7 (0))) dy = / J(y) (F(1) - F(0)) dy. (2.9)

R2 R2

Denote y (£) = a(z1 — ty1). Then, 17 (£) = A(t) + BO)u*(t), where B(t) = 2200 s gnq

A(t) = - (%@(0@1) - <P/(04$1)y1) + isﬁ(a(ml —y1)) _ ©" (y1(7))yi 7e(0,1).

L+ (¢ (11(t)) V1+ @y (0)

Furthermore, A;(t) = A(t)B(t), and thus, u},(t) = 2A(t)B(t) + (Bi(t) + B(t))u* (t), where
—a2y (0" (1 (1)* (1= (¢’ (n (1)) ) & ()" ) (14 (¢ (1))

2

p(t) =

By(t) =
[+ (@)
Following from (2.1)—(2.2), we have
|A(t)| < aKyisech(ya(zy — Ty1)),
|B(t)| < aKoK1|y1|sech(ya(z1 — ty1)),
1B;(t)| < &® K1 (1 + Ko)(1 4 K§)y?sech(ya(zy — tyr)).

Since F(1) — F(0) = +f t)F" (t)dt and

FI(t) = =U" (" () (), F"(t) = =U" (" (1)) (1 (£)* = U (17 (8)) e (1),
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we have
[=U (™ (1)) + U(p"(0))]
< [=U"(17(0)) (A(0) + B(0)p"(0))]
1
#] [a= o= o) (20 + 200000 + B0 6 0)?)
0
U () RADB) + (Bl0) + B0 (1) ]|
1
< Cyo(z1) (aKlyfe"”yll + aK0K1|y1|) + Cyo(xy) /(1 — 1) (onKlzy‘f
0
+402 Ko K2y |2 4+ 202 K2 K2y? 4+ o> K1 (1 + Ko)(1 + Kg))e”yl‘dt
< CyK*ao(er) (lyi| +4y7 + 4l [* + yi) 1), (2.10)
where K* = max{K, K}, KoK1, KoK}, KEK?, K1(1 + Ko)(1 + K3)} and
Cu = max{[|U" (1)]oo, [1U" (1)l |0 1T (1)l oo 11U ()1l | oo 11U ()12 | 3-
Here, || « ||cc is the supremum norm about p € R. And in the above estimate we use the inequality

sech(z + 1) < sechx; - el¥1l. Combining (2.9)(2.10) and the above estimates, we have

Il < CUK*QU(%)/J(Z/) (lya] + 493 + 41> + yi) e dy.
R2

Under the condition (J2), the integral [ J(y) (ly1| +4yf + 4|y1|> + y1) e?¥1ldy is bounded for some
R2

A > 0, and thus, there exists a constant C; > 0 such that
|| < Crao(xy).
(2) Estimate of term I7.

= / J(y) (0(z1 — 1) — (1)) dy
R2

= gya/,](y)a'(an — Oy1)y1dy,
RZ

x

. —T_
where 6 € (0,1). Since sech’z = sechx - o, we have

1) < erao(ar) [ Tl dy.
R2

Again the assumption (J2) guarantees that [ J(y)|y1 le71v1ldy is bounded for some A > 0, and thus, there
R2

exists a constant Cy > 0 such that
|[I1| < Coeyao(xy).
(3) Estimate of terms IIT and IV. By (2.3), we have

0 < Kaola)U'(((@)) < ( —— —c) V'),
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About the fourth term, we have
1V =~ (U((@)) + o) ) - o),

where 6 € (0,1).
In order to prove Z[vt(x)] > 0, we consider two cases.
Case 1. U(¢(x)) > 1 — &g or U(¢(x)) < do.

Then, —f' (U(C(w)) + éaa(a:l)) > k1 by (2.5), provided that 0 < & < §p. And thus

Lt (x)] > — (Cy + Cove) ao(zy) + kieo(z1) >0

o rore
for any « satisfying o < it

Case 2. o < U(¢(x)) < 1—dp.
Denote U, = ming (z)e(5y,1-6,) U'(z) and f* = max e[y ) |f'(z)]. We have

Lt (x)] > — (Cy + Cove) ao(x1) + Koo (21)Us —ef*o(z1) >0
provided that (Cy + Coy) a + ef* < KyU,. Let

KU, . KU,
ed = min{Léo, 2 }, af () = mln{ e 2 },

17 )
2f* C1 + Cay" 2(C1 + Cy)
then vT(z) is a supersolution if 0 < ¢ < ef and 0 < @ < o (). A similar argument to that of Taniguchi
[20, Lemma 7] yields (2.7)-(2.8). The proof is complete. O

2.2. Proof of the existence result

First, we establish the comparison principle. Define

BUC(R?) := {u : R* — R, u is bounded and uniformly continuous in R?}.

Theorem 2.2. Assume that (J1) and (F1)-(F2) hold. Let ug(x) and O,uo(x) belong to BUC(R?), and
then, the following Cauchy problem

Uy =J*U—u+ by, + f(1), (x,t)€R?x|0,00),
u(x,0) = up(x), z € R?

has a unique solution U(x,t;ug) € C(R? x [0,00),[0,2]), which is also differentiable with respect to xs.
Here, b € R is a nonzero constant. Moreover, if ug(x) is globally Lipschitz continuous, then u(x,t;ug) is
also a globally Lipschitz solution which is uniform in time.

Lemma 2.3. (Mazimum principle) Assume that (J1) hold and that @ € C(R? x [0,00)) is bounded and
differentiable with respect to xo. If U satisfies

Uy > J*U— U+ by, + K(z,t)u, (x,t) € R? x [0,00),
u(x,0) >0, = € R?,

where K(x,t) : R? x [0,00) — R is continuous and uniformly bounded, and b is a nonzero constant,

then U(z,t) > 0 for (z,t) € R? x [0,00). Furthermore, if u(x,0) # 0 for x € R?, then u(z,t) > 0 for

(z,t) € R? x (0,00).
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Lemma 2.4. (Comparison principle) Assume that (J1) holds and uy,us € C(R?x[0,00)) are both bounded
and differentiable with respect to xo. Denote Z;[u] = ur — (Jxu—u)+buy, — f(u), where f is continuously
differentiable with respect to u, f'(u) is uniformly bounded and b is a nonzero constant. If uy,us satisfy

Ziu] > Lilusl, (x,t) € R? x [0, 0),
ui(z,0) > uz(x,0), x€R?,
then uy; > ug on (x,t) € R? x [0,00). Furthermore, if ui(x,0) # us(x,0) for * € R?, then uy > uy for
(z,t) € R? x (0,00).
The proof of the above three results can be referred to [14]. Now we prove Theorem 1.1.

Proof of Theorem 1.1. After making a slight modification of the proof of [14, Theorem 1.1], we can prove
the existence of V, and (1.8)—(1.9). Now we focus on the proof of (1.10).
By the comparison principle, we have

v (21, 2o + st) < u(wm,t) = Vi(xy, 20 + st) < v (21,20 + st), V& € R% L € R, (2.11)

where v~ and vt are defined by (1.7) and (2.6), respectively. Fix a constant § € (0,1) and denote the
level sets of vE (1, 5 4 st) = 6 at time ¢ by L. Due to (2.11), the level sets L and L; do not intersect
each other at any time ¢. We know

Ly = {(01,97(@1,0)) € R 1 g~ (a1,6) = 2U(8) = mufan | - st
and
Lj:{(a:l,gﬂxl,t))ERQ:g 21,t) = /14 (ax,)2U (0 —co(x ))—Qp(le)—st}.
For convenience, we also denote
L; = {(xl,g(xl,t)) € R?: V,(x1,9(x1,t) + st) = 5}.
Since

0= ’U_(I‘]_,g_(x]_,t) + St) = 'U+(£L‘1,g+($]_,t) + St) > U_<.'L']_,g+($1,t) + St)7

we know ¢~ (z1,t) > g7 (x1,t) for all ;1 € R and ¢ € R by the monotonicity of v~ (z) on z. Similarly,
there hold g~ (z1,t) > g(z1,t) and g(x1,t) > g*(z1,t) for all z; € R and ¢ € R. In summary, there is

g (z1,t) > g(z1,t) > g7 (z1,t) for z; € R, t € R. (2.12)
Moreover, we know that
dist(L; , L) = inf e —y| < mf |g x1,t) — g~ (w1,1)]
xcL; ,yc L
< inf (‘ — 1+ |¢ (ax)PU0 —eo(x ))‘—&—W—m*uﬂ):o
z1€R «
holds for each fixed a > 0. Consequently, dist(L:, L;) = 0. Define
M*:= sup |g7(z1,t) — g (21,t)] > 0.
x1€RtER

Obviously, M* < +oo for each fixed . Now we take two moments ¢, to € R and assume s(to —t1) > M,
without loss of generality. Under the assumption s(ty — t1) > M., there holds g~ (z1,t2) < g*(z1,t1),
and thus, LZ does not intersect Ly, .

The inequality (2.12) means that the level set L; of u(z,t) is between those of LF for all z; € R at
any time t € R. Thus by the definition of M* and the choice of ¢; (i = 1,2), it is straightforward that

dist(Ly,, Ly, ) < dist(Ly,, Ly)). (2.13)
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To obtain dist(L; , Ltt), it is sufficient to consider all the perpendicular segments from L;; to Ly, except
those intersecting L;; once more. Now take an arbitrary point w; € L;; and find the corresponding
point & € L; such that the segment generated by x and x is perpendicular to L;,. We denote
this perpendicular segment by lw; ot Obviously, lx; ot is also perpendicular to L, and we denote their

intersection point by x5 . It follows immediately that ‘:132_ — a:l_’ = c|ty — t1|. Then for any x5 € Lt'g and
x; (i =1,2) chosen by this way, we have
dist(L; , L) = inf |zl —ax;
( 31 t2) mJELg‘ 2 1‘
= inf (|l —x;|+|zy —x]
it (Jaf o3 + o5 - =31)
o . + —_
= Jrlnf+ (|£l32 — Iy |+C|t2*t1|)
2 €LY,

= dist(Ly,, L) + c|to — t1] = clta — t1].
Here, | - | denotes the Euclidean norm in RY (N > 1). This fact and (2.13) yield that
lim diSt(Ltl s Lt2) <
lti—ta| oo [t1 — o

Now we prove that the average speed is not less than ¢. For any given point @; € L, (i = 1,2), draw a
line passing through x; and parallel to the zy axis. Necessarily, this line intersects L;, at a point, which
is still denoted by x; . Since x; € L, is arbitrary, «; is also arbitrary, and vice versa. Obviously,

o2 —@1| = |22 — @y | — |2] — 21
>l —x5 | — |5 —X2| — |T] — @
7‘ 1 2| | 2 2| ‘ 1 1| (2.14)
> |y — @y | - 2M,
Z C|t2 — t1| — 2M*
It follows from (2.14) that
i dist(Ly,, Ly, ) — m infz,er,, wocLy, T2 — 1|
|t1—t2|—>OO ‘tl - t2| |t1—t2‘—>00 |t1 - tQ‘
- i infm;eL;z,z;eL;z @y — x| —2M”
T |ti—ta|—o0 |t1 — t2|
> C|t2*t1|*2M*:C'
T |ti—ta|—o0 |t1 - tg‘
This implies the average speed is larger than or equal to ¢. This completes the proof. O

3. Stability of V-shaped traveling fronts in R?

This section establishes the stability result.

Lemma 3.1. For any M > 0, there exists a constant C > 0 such that
0p, V() > C and 0,07 (x) > C if |22 + mu|x1|| < M,
where V, and v are given by Theorem 1.1 and (2.6), respectively. Moreover, we have

lim sup vt (z) = lim sup O0x, V() = 0.
R=00 Jagtm. o || >R B0 |2y 4m. a1 ||2R
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Proof. The assertions about v™ are very straightforward. Now we prove the assertions about V. Since
0., Vi > 0 in R? it suffices to prove that for any sequence {(z,, z,)}n>1 C R? satisfying |(y, 2,)| — o0
and |z, + m.|z,|| < M, there is

lim O, Vi(xn,zn) > 0.

n—oo

Now we prove this result by contradiction. Assume lim,, o 05, Vi(z}, 2%) = 0 for a certain sequence
{(z%, 25)}n>1. Since v~ < V < vt in R? and notice that v~ is a subsolution, we have
802, Vil (r 2y = I Vi = Vi + F(Vi)l(as 22)
> JxvT = v+ fT) + f(V2) = f(07)|@y,=)
=Jxv —v + f )+ fF(V)Ve—v")+0v — v+|(1:“z;)
> 500,0" + (Vo) (Vi —07) + 07 — 0@z 2n),

(3.1)

where V; is between V. and v~. Under the condition |z} + m.|z}|| < M and |(z}, 2})| — oo, there must
be |z} | — oo, and thus,

2z, + plaxy) /o S i) | =0
n *|Yn - Y
1+ (¢ (azp)® 7

lim sech(yaz)) =0 and lim

n—oo n—o0

Then, it follows that
lim (v~ (2, 2%) — vt (2, 25)) =0,
n—oo

which further implies that
lim (Vi (z),25) —v (a), %)) =0.

n»=n n»n
n—oo

Let n — oo in (3.1), and then, we have

0 > liminf cU’ (g(z:; + m*lxii\) >0,

n—oo

which is a contradiction. Similarly,
$0p, Vi = J x V, = Vi + f(V4)
< vt v+ F) £ F(V) - f0)
= Jxvt ot 4+ f0F) + f(V) (Ve —0F) + 0T =0
< 80,0 + (V) (Ve —vT) +07 —ot,
and thus 9,,V, — 0 as |<(x2 + my|a1])| — oo. This completes the proof. O

Lemma 3.2. There exist positive constants p > 0,k > 0 and § € (0,dy) such that
ut(z,t) = Vi(x1, 22 + £+ pd(1 — e ")) + fe= "
is a supersolution, where £ € R is a constant and g is defined in (2.5).
Proof. Let L[u] = uy — (J % u — u) + s9,,u — f(u). Then, we have
Lut] = pdre "0, V, — dke™™ — (J % Vi = Vo) + 50, Vi — f(u™)
= pdre "0,, V. — dke " + (Vi) — f(u™)
=de " (prdy, Vi — & — f'(Vi + 10 ),

where 7 € (0,1). To prove the lemma, we argue as follows.
Case 1. |22 + mu|x1|| > Ro for some Ry > 0 large enough.
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Without loss of generality, assume that Ry > 0 is large enough such that Vi < dg or V., > 1 — J.
Then, we have

0< Vi471de ™ <25 0rl—2by<V,+7de " <1+6.
It then follows by (2.5) that
—f' (Vi + 707" > k.
Thus,
Lt > de " (—k — f/(Vi +7de™")) > de ™" (= + K1) > 0

provided that xk < k1.
Case 2. |23 + m.|x1|| < Ro.
In this case, it follows from Lemma 3.1 that 9,,Vi. > C := C(Ry). Thus,

Llut C—k— '
[u ]><p K ueféf?fao]‘f (U)>

MaxXye[0,1+46] |f’(u)|)

> dke "t (pC’ -1-
K

>0

max,efo,1450] | ()]

maxye(o,1450] |.f ()]
K

provided that p > 1 4 . Taking 0 < k < K1, p> 1+
the above two cases, we know < [uT] > 0 in R2. This completes the proof. g

and combining

The proof of the following lemma is very similar to that of Lemma 3.2, and we omit it here.
Lemma 3.3. There exist positive constants p > 0,5 >0 and 6 € (0,0d9) such that
wh(z,t) = v (w1, 20 + €+ pd(1 — e ")) + de =
is a supersolution, where & € R is a constant dy is defined in (2.5).
Lemma 3.4. If u(x,t;ug) is the solution of the Cauchy problem
ug = J*u—u— Sug, + f(u), x €R? t>0
{u(m,O) =up(x), = € R?,
where the initial function ug € C(R?) satisfies ug — v~ € L'(R?) and

lim sup |u v (x)] =0,
i s fuo(e) v (@)

then for any fired T > 0, we have

lim  sup |u(x,T;ug) — v (x)] = 0.
i s [uta Ti) —v” ()

Proof. Let w(x) =U (g(xg + ¢(21))). First we show that w — v~ € L'(R?). In fact,

/\w —v (x)|dx —/‘U xg—i—go(xl))) —U(g(mg—i-m*\xﬂ))‘dw
/ U (rs(@) + (1= (@) (@) = nle))de

< /Az@”‘*'”(”””“’”"(w)'(C(w) —n(x))dz

R2
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< ¢ (1 _ E) M+A3/e_)‘S‘Tg(””)JF(I_T)"(’”)‘da: < +oo,
s s J,
where 7 € (0,1), ¢(x) = £(22 + ©(x1)) and n(x) = £(22 + my|x1]). See (1.4) for Az, A3 and see (2.4) for
. It follows that w — ug € L'(R?). It is also not difficult to prove that

lim sup |w(x) —v (x)| =0.
i s fu(e) v (@)

Thus, it suffices to prove that

lim  sup |u(x, T;up) —w(x) =0
R—+4o00 |z|>R

for any given T' > 0. Let ®(«,t) := u(x, t;up) — w(x). Then, it satisfies
Oy =JxD— D — 50,0+ f(P,)P, x € R? t >0,
{ ®(x,0) = ug(x) — w(x), x € R?,
where ®, = 7u + (1 — 7)w with 7 € (0,1). Let ® be the solution of the following Cauchy problem
ét:J*é—é—sﬁxz‘i’—FM(i), xeR? t>0,
{ d(x,0) = |ug(z) —w(x)|, © € R?,

where M := max,¢c,1]|f'(v)|. By the maximum principle, d > 0 in R2. By the comparison principle, it
is easy to verify that

|®(x)| < O(x), Vo € R (3.2)

In the following, we estimate ®(x,t). Let U(x,t) = ®(xy1, 2o + st,t), then U satisfies

U, =J«U -0+ MV zecR? t>0, (33)

\IJ(.’B,O) - ‘UO(‘,B) - ’LU(:B)|, T < RQ' .

The solution of (3.3) can be expressed as

U(x,t) = eMt/S(xl —x,x9 — 2,t)¥(x, z,0)dzdz
]R?

=Mt / S(x,z,t)V(x; — x, 22 — 2,0)dzdz,
R2

where S(z,t) = e 'do(x) + Ki(x) is the fundamental solution of (3.3) with initial data dy, the Dirac
measure at zero and Ky(z) = [ et (e/®? — 1)e!®)¥dy with J the Fourier transform of J. Tt is not
R2

difficult to verify that |[S(x,t)||L1(r2) < 3. Then for any given T' > 0,

U(x,T) < M7 / + / |S(z, 2, T)|¥(x1 — x, 22 — 2,0)dadz.
(z,2)|SR  |(z,2)|>R
For any € > 0 small enough, there exist R; > 0 and Ry > 0 big enough such that
|S(z, 2, T)|¥(z1 — x,x2 — 2,0)dzdz
|(z,2)|>R1
< sup ¥(«,0) / |S(x, 2, T)|dzdz < -

x ER2 2€MT
[(z,2z)|>R1
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and
/ |S(z, 2, T)|¥(x1 — 2,22 — 2,0)dadz <

[(z,2)|<R1

2., .2 2
2MT Vai + x5 > Rs.

This implies that W(x,T) < ¢ for #7 + 25 > R3 and thus limp_ 4 o SUp,2, 425 p2 (2, T) = 0. Recall

(2, t) = U(x1, 29 — st,t) and we have limp_ 4 o SUP,2 4 22> R2 ®(x,T) = 0. Then, the proof completes
following (3.2). O

Lemma 3.5. The solution u(x,t;ug) of the Cauchy problem
up = Jxu—u— sOp,u+ f(u), £ € R >0, (3.4)
u(z,0) = ug(x), x € R?, '

depends continuously on the initial function uo(x). That is, if ui(x,t;up,1) and ua(x,t;up2) are two
solutions of (3.4) with initial values ug 1 and ug 2, respectively, then we have

sup [uy (@, t;uo,1) — ur (@, t;uo 2)| < A(t) sup [uo1(x) — uo2()|
zER? x cR2

for some A(t) depending only on t.

Proof. Let v(x,t) = u(xy,x2 + st). Then v(x,t) satisfies
o t) = J 5 0(, ) — o, 1) + [(0(,1)), @ € R, £ 0,
v(x,0) = ug(x), = € R

The above problem is equivalent to the following integral equation
t
v(x,t) = e Mug(x +/ (T xv—v)(x,s)+ po(x,s) + f(v(x,s))ds,
0

where p > 0 is a constant. Let w(x,t) := va(a,t) — vi(x, t), then it satisfies

w(a:,t) = 67/1,15 (UOJ(.’I}) — ’LLQQ((B))

t
n /e—u(t—s><J xw —w)(x,s) + pw(x, s) + [ (w:)w(x, s)ds
0
< sup |U0,1($) - UO,Q(:B)‘
x€R?

+ e (||| ) (s 8)] [ oo g2y ds

o

It then follows that

[[w(, )| Lo 2y < [uo,—

t
/ew(t*s) (B F Lo r2)) [Jw (e, 8)|| oo (r2yds
0

By the Gronwall’s inequality, we have

||w('7t)||Loc(]R2) S HUOJ — u072|‘Loc(R2) (1 —+ Clteclt) s

where Cy = 1+ || f'|| o (r2)- Let A(t) = 1+ Cite“!. Then, the proof is complete. O
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Now, define
Vi(z) = tlirgov(w,t;v+).
Then, V* satisfies
—(J*V* = V*) +50,,V* — f(V*) =0 in R?
And by the comparison principle, there holds
v (z) < Vi(z) < V*(x) < min{l,v" (x)}.

Lemma 3.6. V,(z) = V*(z) in R
Proof. Assume on the contrary that Vi(x) # V*(x) in R?. Then, they must be V,(z) < V*(z). By the
aid of (2.7), we can find a 6 > 0 small enough and a proper £ > 0 such that

V*(x) < Vi(x1,20 + &) + 0.
Then, the comparison principle yields

V*(x) <ut(x,t), V& € R? t> 0.

Letting t — oo in the above inequality, we have

V() < Vi1, 2+ € + pb).
Define

A= inf{\>0:V*(z) < Vi(wy, 22 + \), Ve € R?}.

Obviously A > 0 and V*(x) < V(21,22 + A). If A =0, then the proof is done. Thus, we assume A > 0
to derive a contradiction. It follows from v~ (z) < Vi(x) < V*(x) < v*(z) that

Jlim V*(2y, —men) = U(0) and i Vi(ay,—m.ay +A) = U (SA) > U(0),
which implies that there must be
V*(x) < Vi(wy, 20 + A), YV € R
By Lemma 3.1, there exists a constant R* > 0 large enough such that
sup 0z, Vi(z) < i (3.5)
|za+ma |z [|>R*—A 4p
Define
Q := {x € R?||zy + m.|z1|| < R*}.
Since

lim  sup (Vi(zy, 22 +A) = V*(x))
R—00|21>Rze0

> lim  sup (v (21,22 +A) — v ()
R—00 |z|>Rze

=1lim sup (v (zr,22+A)—v () +v (z) —v'(x))
R—00 |2|>Rze

= lim sup (v (z,22+A)—v (x))
R—00 |2|>Rzeq
= lim sup U’ (E(il'g + mylx| + TA)) ‘A > 0,
R—00 |z|>Rzen s s
there exists a o € (0,dp) small enough such that

V*(x) < V(1,20 + A —2p0o), Va € Q.
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For & € R\, by (3.5) we have
Vi(xy, 20 + A —2p0) — Vi(z1,22 + A) = Op, Vi(x1, 22 + A — 27p0) - (—2p0)
1

> L (“2p0) = -2
— - (=2po) = —-o.
>0 P 5

To sum up, there is
V*(x) < Vi(wy, 20 + A —2p0) + %0’, Vz € R%
Then by the comparison principle, we have
V*(x) <ut(x,t)
with € = A — 2po. Let t — oo in the above inequality, then we have
V*(x) < Vi(z1,22 + A — po),
which contradicts to the definition of A. Thus, A = 0 and the proof is complete. O

Now we show that the curved fronts V, are asymptotically stable under the condition that the initial
perturbation is positive.

Proof of Theorem 1.2. Denote v(x, t;vg) by v(x,t) for simplicity. On the one hand, since v~ (x) < vo(x),
by the comparison principle, we have

v (x) <oz, t;v7) <ov(x,t) < 1, Ve € RE ¢ > 0. (3.6)
On the other hand, a similar argument as [13, proposition 2.5] can deduce that
(e, t;v7) —v(y, t;07)| < Lle —yl, |vi(z,t;07) — oy, t07)] < Lz -y

for any z,y € R? and |v;| < C, where L and C are constants independent of &,y and ¢. Thus, we have

Jim [l 07) = Vel 2y = 0. (3.7)
Similarly, we have
Jim o 60%) = V(e ) = 0. (3.8)

(3.6) and (3.7) imply that it suffices to prove that for any ¢ > 0, there exists T > 0 such that
v(x,t) < Vi(x)+e fort>T"
Step 1. Let A* = sup, cg2 Oz, Vi(x), and take p > 0, > 0 as in Lemma 3.2. Then,
1
Vi(z1, 20 + pb) — Vi(z) = p(;/amQV*(xl,xg + po7)dT < pSA* < g
0
provided that § < ﬁ. In other words,

V(zy, 20 + pd) < Vi(z) + § Yz € R2, (3.9)
Step 2. Fix § > 0 in step 1. By (3.6), for any Ts > 0, we have
v(x,t;v7) <oz, t) <1, Ve € R%t > Ts > 0.

Following from Lemma 3.4, there exists a Rs > 0 such that

)
v(e,Ts) < v (x) + 3 for |x| > Rs. (3.10)
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Let a > 0 be small enough such that

4+ 1 0 1
v (2 ) o u (< ) 21— S orfel < s
T+ ¢(an)? sa ?

In other words, if « is chosen to satisfy

0 < a < min {oﬁ'(ﬁ, 9), cp(0
s

)
U-*(1- g) + Rs] } 7
then
vt(z) >1— g for |z < Rs. (3.11)
Combining the inequalities (3.10) and (3.11), we have
v(z, T5) < vt (x) + 6, Vo € R2
Then, Lemma 3.3 and the comparison principle yield that
v(e,t+Ts;v7) < v(x,t+Ts) < wt(x,t)

for t > 0. Denote w', := w™ (2, t) and applying the comparison principle again, we have

v(@, t' +t+ Ty;v7) <o, t' +t+ Tp) < v(z, t';w). (3.12)
Since v(zx,t;vT) converges monotonically to V*(x) as t — +oo, it follows from (3.8) that there exists a

t1 > 0 such that

sup fo(a, tiiv ) = V(1,22 + pb)| < 3.
rER? 3
where v9 = vt (21, 29 + pd). On the other hand, Lemma 3.5 yields that
sup |v(x, t1;ug) — v(z, t1; 00| < A(ty) sup |ug(x) — v°.
z€R? z€R2?
From the definition of w™, we know that there exists a 77 > 0 such that
A(ty) sup |w', — o™
x€R?

S%fortZTl.

Combining the above facts, we obtain that
|v(x, t1; wz_) —V*(x,z2 + pd)|
< |o(z, ti;wh) —v(z, t; 00| + |o(z, tr;0T0) — V(21,22 + pd)|
<€ + € 2
-3 3 3
for t > Ty and x € R2. Tt follows from (3.12) that
2e
v(@, t1 +t+Ts) < v(z, t;wh) <V (a1, 22 + pd) + 5
for t > T} and «© € R?. Take T* = t; + T} + T5. By Lemma 3.6, we have
2 2
(@, t) < V*(x1,za + pb) + 56 = Vi (21,22 + pb) + g

for t > T* and & € R?. Combining the above inequality and (3.9), we obtain
v(x,t) < Vi(x)+e forx € R% t>T*
This completes the proof. O
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