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Blowup time estimates for the heat equation with a nonlocal boundary condition

Heqgian Lu, Bei Hu and Zhengce Zhang

Abstract. We study the blowup time for the heat equation u; = Aw in a bounded domain Q C R™(n > 2) with the nonlocal

boundary condition, where the normal derivative du/d7 = [uPdz on one part of boundary I'1 C 92 for some p > 1, while
Q
Ou /07 = 0 on the rest part of the boundary. By constructing suitable auxiliary functions and analyzing the representation

formula of u, we establish the finite time blowup of the solution and get both upper and lower bounds for the blowup time
in terms of the parameter p, the initial value ug(z) and the volume of I'y. In many other studies, they require the convexity
of the domain €2 and only deal with the case I'1 = 9. In this article, we remove the convexity assumption and consider
the problem with 'y C 9.
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1. Introduction

In this paper, we consider the blowup time for the heat equation with the nonlocal boundary condition

ug(x,t) = Au(z, t), (x,t) € Q x (0,17,

Ou(x,t)

———= = [ uP(z,t)dz, (z,t) €Ty x(0,T],

0
! Q/ (1.1)

Ou(z,t)

Tﬁ,—o, (I,t)GFQX(O,T},

U(Z‘,O) = Uo(l’), S Qv

where  is a bounded open subset in R™ (n > 2) with C? boundary 92, T’y and 'y are two disjoint
relatively open subsets of 92 with T; UTy = 09, and T'; NTy = aI; € C! (i = 1,2), 7j(x) is the unit
outward normal vector at x € dQ and p > 1. The initial value uo(z) € C*(Q) is a nonnegative and
nontrivial function. The normal derivative on the boundary is given by

Ou(x,t)
o
where x. = x — eij(z). The condition 9Q € C? guarantees that x. € {2 when ¢ is positive and sufficiently
small.

Various phenomena in the natural sciences and engineering lead to the nonclassical mathematical mod-
els subject to nonlocal boundary conditions, which unify the information inside of the spatial domain to
define the values on the boundary. In [1], Bicadze and Samarskii introduced and systematically investi-
gated a certain class of spatial nonlocal problems for elliptic differential equations by using the Green’s
function. Later on, a large amount of works have been carried out on the study of nonlocal boundary

= lim, g+ Du(z., ) - ii(x), (2,t) € 92 x (0,7, (1.2)

 Birkhiuser
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problems for different types of differential equations. To investigate the permeation pathway of single-ion
channel, Levitt [15] provided a mathematical model in which the concentration of the ion satisfies a dif-
fusion equation with a nonlocal boundary condition. In [20], McGill and Schumaker generalized Levitt’s
model to construct a nonlocal boundary condition with an extra flux for the steady-state concentration
C(z) of ion. On the other hand, parabolic equations with nonlocal boundary conditions are also discussed
in many physical applications. For example, in the study of dynamics behavior of the heat conduction
within linear thermoelasticity, by considering a slab —I < x < [ which is made of homogeneous, isotropic
material and which undergoes a motion in which the displacement vector is parallel to the z-axis, Day
[4,5] deduced that the entropy per unit volume, u(zx,t), satisfies

(1) = Qgy (2, 1), (z,1) € (—1,1) x (0,7,

u(—l,t):/lfl(z)u(z,t)dz, te (0,1,
.

u(l t) = / Fao(2)ulz ) dz, te (0,1,

u(z,0) :_;O(x), e (=1,1).

This model has been developed by Friedman [9], Deng [7] and Pao [21-23] to some more general types
of reaction—diffusion equations. Friedman [9] extended Day’s result to general parabolic equations in
n-dimensional space subject to the following nonlocal boundary condition:

u(w,t)z/f(x,z)u(zi)dz.
Q

There he used a contraction method to establish the existence and uniqueness of solutions and derived
the monotonic decay property of u(z,t). In [7], Deng proved the comparison principle for the same kind
of problem and showed the local existence by the method of upper and lower solutions. He also discussed
the decay property of the solution. In [21-23], Pao investigated a class of reaction—diffusion equations
subject to the following boundary condition:
Ou(,?) +u(z,t) = /K(x,z)u(z,t) dz.
Q

(7)) 817’
Under some assumptions on K (z, z), he proved that the solution converges to the one of the corresponding
steady-state problems.

After that, initial boundary value problems with nonlocal boundary conditions have been studied by
many authors, and various properties, including blowup, global solvability and qualitative behavior of
solutions near blowup time have attracted considerable interest. Yin [27] discussed a class of parabolic
equations subject to nonlocal Neumann boundary conditions and investigated under what assumptions
the solutions blow up or exist globally. The long-time behavior of solutions and convergence to a linear
problem are also derived. Marras and Vernier Piro [19] considered blowup solutions to a class of reaction—
diffusion equations under nonlocal Neumann boundary conditions and obtained upper bounds for the
blowup time. Moreover, under the hypothesis of convexity of Q C R3, a lower bound for the blowup time
is derived by constructing an auxiliary function and using differential inequality technique. The similar
idea is also applied in more generalized problems (see [8,18,24]). For other contributions in reaction—
diffusion equations with nonlocal boundary conditions, we refer to [2,10,11,16,17] and references therein.
Some numerical results are provided in [6,28].

Despite numerous papers in this area, there have not been many articles that deal with problem (1.1).
One distinct feature is that the normal derivative is not continuous along the boundary. As far as we
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know, the blowup time estimates, which are determined by the parameter p, the initial value ug(z) and
the volume of I'y, have been considered rarely.

The main purpose of this paper is to study problem (1.1) in any smooth bounded domain Q C R"™(n >
2). Our methods are mainly motivated by the ideas of [13,14,26]; meanwhile, we also employ some results
which are developed by [3,25]. First, we prove the local existence and uniqueness of solutions by the
contraction mapping principle. Next, we establish the finite time blowup of the solution and get an
explicit formula of the upper bound for the blowup time. Finally, by analyzing the representation formula
of the solution u(x,t) and utilizing the properties of Green’s function, we obtain the lower bound for the
blowup time in terms of the parameter p, the initial value ug(z) and the volume of T'y. More specifically,
we conclude that

(1) Let ug(z) and |I'y| be fixed. If p — 17, then the order of the upper and lower bounds for the blowup
time is (p — 1)~!. This fact implies that the order of —1 is optimal.

(2) Let p > 1 and |I'y| be fixed. If max . ug(x) — 0T, then the order of the lower bound for the blowup
time is (maxxeﬁ uo(a:))l_p. This order is sharp, because the upper bound is proved to be of order
(max,cq o (:c))lfp as long as ug(x) is comparable to max, g uo(x).

(3) Let p > 1 and ug(z) be fixed. If |T'y| > 0, then the upper bound for the blowup time is shown to be
of order |T';|~". In addition, if |I'y| — 0, the order of the lower bound is ['y|~!/1In (1 + 1/|T';|) for
n =2 and |I‘1|7ﬁ for n > 3.

Remark 1.1. The set (Ty NTy) x (0,7] is a zero measure set. Even though there will be a discontinuity
of the first order derivatives on this set, there is no impact on the definition of a weak solution of (1.1).
By the standard parabolic regularity theory, the weak solution is actually Clon (Q\T1NTy) x (0,7].
The value of the normal derivative on the set (I'1 N I'2) x (0,77 is actually irrelevant. Nonetheless, one
can show that for any (z,t) € (I'1 NIT'2) x (0,7, du/07 exists and

a“g;” _ %/up(z,t) dz; (1.3)

Q
its proof is an application of the Green’s function. Since its value is irrelevant, we shall not include the
proof of (1.3) in this paper.

A weak subsolution (and a supersolution) of (1.1) is defined in the usual manner:

Definition 1.1. For any T > 0, a function u(z,t) € C (Q x [0,77) is called a weak solution (subsolution,
supersolution) of problem (1.1) if for any ¢ € (0,7] and any ¢ € C*! (Q x [0,#]) (with ¢ > 0), it satisfies

/ (u(y, )6(y.£) — uo(y)d(y,0)) dy — / / (65 + Ad) (4, s)uly, s) dy ds

Q
_<,>//¢y, /upzsdzdes—// uly, s 8¢y’)d5d

0 90
Definition 1.2. We define

T* =sup {T > 0 : there exists a solution of (1.1) on Q x [0,77]}
to be the maximal existence time for (1.1). We say T* = 0 if local in time existence is not valid.

This paper is organized in the following manner. In Sect. 2, we state some well-known results of Green’s
function and the representation formula of the solution u(x,t) from the potential theory, and then, we
establish the local existence and uniqueness of solutions. In Sect. 3, we establish the finite time blowup
of the solution and obtain an upper bound for the blowup time. In Sect. 4, we estimate the lower bound
for the blowup time, which is the primary contribution of this paper.
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2. Preliminaries
2.1. Green’s function

The Neumann Green’s function G is well defined from the classical single-layer potential theory. Specif-

ically, we call a function Gy(x,t,y,s) defined on {(z,t,y,s) : x,y € Q,t,s € R,;s < t} the Neumann
Green’s function for the heat operator

Ltz = 8t - A:va
if it satisfies
OGN (z,t,y,8) = ArGn(,t,y, s), reN t>s,
t
—8GN(z,#,y,s) =0, €0, t>s,
on

lim; o+ Gy (2, t,y,8) =6(x —y), in distributional sense

for any fixed s € R and y € Q. Here are some well-known properties from the classical single-layer
potential theory.

Lemma 2.1. Let Q C R" be a bounded domain with C? boundary 0. The unique Neumann Green’s
function Gy (x,t,y,s) for the heat operator has the following properties.
(1) Gn(z,t,y,s) is C? inz and y (z,y € Q), and C* int and s (s < t).
(2) For any x,y € Q and s < t, G(x,t,y,s) is nonnegative and satisfies
Gn(z,t,y,8) = Gn(x,t —s,94,0) and Gn(z,t,y,s) =Gn(y,t,x,s).

(3) For any x € Q and s < t,

/GN(JJ,ty,S) dy = 1.
Q

(4) Forxz,y € Q, 0 < t—s < 1, (here we actually only require O to be Lipschitz), there exist C' > 0,¢ > 0
such that [3, (1.3)],

C clz — y|?

(5) Suppose that ug € L= (), g € L>=(0Q x (0,T)) and is piecewise continuous. Then, the weak solution
of

Oy = Aju, (z,t) € 2 x(0,T),
aug;, D g (m1)eonx(0,T),
u(z,0) = up(x), x €
is given by, forx € Q, t > 0,
t
u(e.t) = [ Gulot.0ua)dy+ [ [ Gulartin.s)oy,9)dS, ds. (22)
o) 0 80

It satisfies u € C°(Q x (0,T)) N C(Q x (0,T)). At any point z* € Q where ug is continuous, u(x,t) is
continuous at (x*,0), and at any point (x*,t*) € 9 x (0,T) where g is Holder continuous, u is C in a
neighborhood of this point.
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Applying part (2) and part (5) of this lemma to our system (1.1), assuming [u”(z,¢)dz to be con-
Q

tinuous (which will be established in the existence theorem), we find that, for z € Q, t > 0,
¢

u(z,t) = /GN(w,t,y,O)uo(y) dy+//GN(x,t,y,s)/up(z,s)dzdSy ds, (2.3)
Q r Q

0

and using 7' as the new initial data, for z € Q, t > 0,

(@, T +1) = / G (e, t,y, 0)uly, T) dy

Q
¢
+//GN(x,t,y,s)/up(z,T—i-s)dzdSyds.
0T Q

2.2. Local existence and uniqueness

We establish the local existence and uniqueness of solutions to problem (1.1). Although the argument is
more or less standard, we state it here for completeness.

Theorem 2.1. The mazimal existence time T for (1.1) is positive, and there exists a unique nonnegative
solution u € C*' (2 x (0,7%)) N C (2 x [0,T*)). Moreover, if T* < oo, then

lu(-,t)||pe — 00 as t— T (2.5)
Proof. We prove the local existence via the contraction mapping principle. Take 7" > 0, B > 0 and
Br = C (2 x [0,T]) be equipped with the maximum norm: ||v|| = maxg, o,7y|v| for any v € Br, then By

is a Banach space and By g = {v € By : ||v|| < B} is also a Banach space. For each v € By p, the linear
problem

ug(x,t) = Au(x, t), (z,t) € Q x (0,7T),
Ou(z,t) " N
—— = [ (v")P(2,t)dz = V(t), (z,t) €Ty x(0,T],
0
v o
aug?, Do, (z,t) € Ty x (0, 7],
u(z,0) = uo(x), r e

admits a unique solution u(z,t) € C*! (Q x (0,T7]) N C (2 x [0,7]), which is given by the single-layer
potential (2.2), for x € Q, t > 0,

t
u(z,t) = / G (.t 0)uo(y) dy + / / G (z.t,y,5)V(s) S, ds.
Q 0,

From the fundamental estimate (2.1) on Green’s function for Lipschitz domains, we have, for any B > 0,
0<Tp<land 0<T < Ty,

1 —
lu(z,t)] < C + CBPTZ, (x,t) € Q% [0,T].
If we choose B and Ty < 1 such that
B=4C and T,< B~ %,
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then we get |lu|| < B. This shows that the mapping . r
Mr(v) =u

maps Bz p into itself.
To prove that .#Z 1 is a contraction on By g, we take v1,v2 € By p and define by uy,us the corre-
sponding solutions. Then, for any (z,t) € Q x [0, 7], we have

ui (x,t) — us(z, )] < CT2||V; — 2llL<jo, 1) S CpBY %Hvl_?&Ha
luy (2, 1) (z,t)] < OTz||Vy — Va| < CpBPTIT

which implies that .# 1 is a contraction if T is sufficiently small. Thus, .# 1 has a unique fixed point in
Br . Now, if u(x,t) is the unique fixed point of By g, then the standard regularity theory of parabolic
PDE implies that u(x,t) € C*1 (Q x (0,T])NC (ﬁ X [O,T])7 and by maximum principle u(x,t) > 0 for

all z € Q and ¢ > 0. Tt is therefore /(u+)p(z,t) dz = /up(z,t) dz, and thus, u is also a nonnegative

Q Q
classical solution of problem (1.1).

Since the solution is obtained by the contraction mapping principle, it is unique in By . Suppose u is
a solution obtained by the contraction mapping principle, then by our argument ||u|| < %B. Suppose v €
C?H(Q % (0,T])NC (Q x [0,T7) is another solution. Since ||v(-,0)[ 2~ < 4B, by continuity, [vllc@ < B
for 0 < t < Ty for some Ty € (0,7]. Repeating the above arguments, we find that u(z,t) = v(x,t) for
z € 0,0 <t < Ty But then [|v(-,T1)|| = |lu(-,T1)| L~ < 3B, and the uniqueness interval can further
be extended. It follows that if the maximal uniqueness interval is [0, 7} ), then it must coincide with [0, T').

If lfimgup llu(-, t)|| L < oo, then by De Giorgi-Nash-Moser estimates [12, Section 3.4], tl_igg* u(z,t) =

u(z, T*) exists and is Holder continuous on 2. Thus, we can extend the existence time T* to some T" > T*
using the argument above, which contradicts the definition of 7*. Therefore, (2.5) holds. 0

Remark 2.1. From Theorem 2.1, we conclude that if the solution is bounded all the time, it exists globally.
Thus, the estimate of T™ is reduced to calculating the blowup time for the L°° norm of the solution.

3. Upper bound for the blowup time

In this section, we get the finite time blowup of the solution and give an upper bound for the blowup
time. Our main result of this section reads as follows.

Theorem 3.1. Let u(x,t) be the solution of (1.1) and T™* be the maximal existence time, then
1-p

. Q!
T < m Q/uo(z)dz ) (3.1)

Proof. The function h(t) £ J u(z,t) dz is continuous in ¢, and the Holder’s inequality implies that
Q
/up(z,t) dz > Q' PhP (1),
Q
Using this estimate and taking the test function ¢ = 1 in the definition of the weak solution, we obtain
t
h(t) = h(0) + \Fl\IQ\l’p/h”(s)ds £H®E), 0<t<T

0



ZAMP Blowup time estimates for the heat equation Page 7 of 15 60
It follows that H'(t) > |T1||Q|*"PHP(t) and H(0) = h(0). Integrating over [0,7] (T < T*), we get

0< H'"P(T) < H'7(0) - (p— DTILL [

Hence,
(0] QP
H 7?7(0)=————h""7(0).
e-om O - O
Letting T' — T —, we complete the proof. O

4. Lower bound for the blowup time

The primary contribution of this paper is to derive the lower bound for the blowup time 7™ which is
based on representation formulas (2.3) and (2.4). In order to obtain a lower bound for 7%, we study how
fast the solution u can grow. For this purpose, we define

My = maxug(x) and M(t) = sup  u(y, s). (4.1)
z€EQ (y,8)€Q%[0,¢]

The first result of the lower bound for the blowup time T™* is presented below.

Theorem 4.1. Let T* be the mazimal existence time for (1.1). Then for any a € (0,1/(n — 1)), there
exists a constant C = C(n, «, Q) such that

C _
——— (@M~ ry

2
- ) e i (2Mo)P Ty > 1,
.

(4.2)

PRt (1 n ((QMO)P—1 |r1|a)”‘“”“> L if (2Mo)P T e < 1.

Remark 4.1. From Theorems 3.1 and 4.1 , we have the relationship between p and T when ug(x) and
[Ty | are fixed as p — 17; namely, we deduce from (3.1) and (4.2) that

Cilp =)' <T < Colp—1)7H,
which implies that this order of —1 is optimal.

Remark 4.2. Note that
2 2
(@M~ ryf) T > <1+ (2ar)" " T ) ”)

thus, in both cases, we always have

C _ e (=
T > ——n (1+ ((2MO)” ! |F1|a) e ) (4.3)

p—

Proof of Theorem j.1. For any j € N, we choose M; = 2/ My. Define Tj to be the first time that M (t)
arrives at M; and t; = T; — Tj_y. Since u(z,t) € C*' (2 x (0,7%)) N C (2 x [0,T™)), we find

T; =min{t > 0: M(t) = M;}.
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Applying the representation formula (2.4), we derive

U;(J?,Tj) :/GN(xvtj7y7O)u(y7Tj—1)dy

tj
+//GN(x,tj,y,s)/up(z,Tj_l+s)dzdSyds
Q

(4.4)
<M, 1/GN (x,t;,y, )dy+|Q|Mp//GN (x,t;,y,s)dS, ds
01y
tj
= J;l+|Q|MJ’-’//GN(x,tj,y,s)dSyds,
0Ty

where the last equality is obtained by Lemma 2.1. Assume that ¢; < 1. By virtue of the fundamental
estimate (2.1) and the Hoélder’s inequality, for any « € (0,1/(n — 1)), we find

ts

//GN z,t5,y,s)dS, ds

<c | [ e —yl® y|2 s, d
— 5 -3 exp t — Sy S

_ yl2

=C exp dsS, ds

- lz—yl> ¢ o (4:5)
<C’|F1|a/s*5 /exp{—' } ds, ds
s 11—«
0 r,
t ) j e
<C’|F1|O‘/s*% /exp{—x_m- c }dSy ds
S l-a
0 a0
tj
n n—1\1l-@
<C’|F1|°‘/5_7 (CST) ds
0
1+(1—n)a

<ct; T o|n

Combining this with (4.4), we obtain

1+(1—n)o
’U,(l‘,Tj) < Mj,1 + CMth] 2 ‘Flla,

which implies

1—n)a

14(
M; < My +CMPt, > |Ty]%,
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i.e., (recalling that M; = 27 M),

2
tj=C (Zj(P‘l)Mg‘1|rl|a> TR

Consequently, for any j € N, we have
_ 2
t] > min {17 C (2j(p71)Mé)—l|F1|a) T+(I-n)a } .

Thus,

> J(p—1) e =y T
=3t > CZmin{l, 9~ TH(=ma <M§’1|1“1|°‘) S } (4.6)

j=1 j=1
The remaining task is to provide a lower bound for the right-hand side of (4.6). If

2
T+ (1-n)a

__2(p=1) p—1 .
27 TH(I=ma (MO Ty ) <1, (4.7)

then

o0 2
. _ 2i(p-1) 4 EEE=tE=Dr
) mln{l,Q ST (M{; |F1|O‘>

Jj=1
> 2j(p—1) RET¢ =T
_ _2i(p— _ I+(I—n)o
_ —a p—1 @
fE 27 T+ (1-n) <Mo |F1| )
j=1

__2(p=1)
27 I+ (I-n)a

2

-1 o TIiF(1-n)a

= — 2(p—1) (M(Z)) |F1| ) (48)
1 —2 T+@-mn)a

__2(p—1)
2T IF(I-n)a

S INTTTE IR

In (2 1+(17n)a>
1+ (1-n)
2(p—1)In2

(MS‘HFﬁOfﬁ

-2
((QMO)pfl |1—‘1|Q) T+H(I—n)a )

Otherwise, if (4.7) is not true, then for any 3 € (0,1/2], there exists Jz > 1 such that

2J5(p—1)

e O

)*ﬁ 2(Jp+1) )

-2
>6 and 92 T TRG=Zwa (Mg_1|rl|a> T+(A—n)a < ﬁ

Thus, we get

14+ (1—n)a 1 1 ~Fama
> Tl mma, 20y Ty | .
72 9(p—1)In2 n(’g <( o)" ] )

Notice 7! € [2,00) and

2
T+(1—n)a

>1

)

__2(p—1) _
2T TF(I—n)a (7\45 1|1"1|0¢)
we have

1+(1—n)a 1 RREze=n T
S S Y <2M r=lp a) .
B 2(p_1)1n2 Il( + ( 0) | 1|
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It follows that

oo 2
2j(p—1) _ - —
E min {1, 27 T+(1-n)a (Mg 1|F1|a) T+ n)a}

j=1
Je e . - e 49
>Zmin{1, 9~ T (Mg |F1|a) } > Js- 8 (4.9)
j=1
2
S <1 + (Mo T ) ”“"’“) .
Substituting (4.8), (4.9) into (4.6), respectively, we get (4.2). O

Comparing (3.1) and (4.2), we notice that 7™ shrinks to zero when M, is sufficiently large, which
complies intuitively with the reality.

We next investigate the asymptotic behavior of T* when My — 0 or [I';| — 07. We begin with an
elementary calculus result.

Lemma 4.1. Fiz any p > 1 and sg > 0, set ¢, = (p — 1)P~/pP and define a function q : [sg,00) — R by
q(s) = (s —s0) /sP (s = so), then

(1) For any qo € [0, cps(l)fp], there exists a unique s € [so, pso/(p — 1)] such that q(s) = qo.

(2) For any qo > cps(l)_p, there does not exist s > sg such that q(s) = qo-

Proof. A straightforward computation shows that

/ _ (1 - p)s ~+ Pso

(5)=—m
It follows that ¢(s) is strictly increasing on the interval [sg, pso/(p — 1)] and strictly decreasing on the
interval [pso/(p —1),00). In addition, maxs>s,q(s) = ¢(5)|s=ps,/(p—1) = ¢psy; therefore, conclusions (1)
and (2) hold. O

The following estimate of Neumann Green’s function will play an important role in establishing the
lower bound for the blowup time when My — 0% or |I'y| — 0F.

Lemma 4.2. There exists C = C(n,Q) such that for any x € Q and t € (0, 1],

t 1
n1 if n>3,

r
//GN(x,t,y,s)dSydsg ¢l (4.10)
0 ! C|F1|1H(1+1/|F1|), if n=2.

Proof. This is a result of the fundamental estimate (2.1) on Green’s function, and the detailed proof can
be carried out by a similar way as in the proof of [25, Lemmas 2.7 and 2.10], so we omit it. O

Now, we are in a position to establish the lower bound for the blowup time when My, — 0" or
Ty — 0t.

Theorem 4.2. Let u(x,t) be the solution of (1.1). Suppose T* is the maximal existence time and define

ME~UT [T if >3,
= ) (4.11)
Then, there exist constants Qo = Qo(n, Q) and C = C(n,Q) such that if Q@ < Qo/p, then
s ¢ (4.12)

(r—1Q
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Remark 4.3. According to Theorems 3.1 and 4.2, we draw two conclusions.
(1) The relationship between My and T*: let p > 1 and |I'y| be fixed, if My — 0T, then we deduce from
(4.12) that
T > C, M, P,

This order is sharp because (3.1) implies T < CgMol ~P provided the initial value satisfies, for
example, cMy < ug(x) < My for some ¢ > 0.

(2) The relationship between |T'y| and T*: let p > 1 and ug(z) be fixed, if |T;| — 0T, then it follows
from (3.1) that

T < 3Ty 7h

In addition, (4.12) implies that T™* is at least of order |I';|~!/In (1 + 1/|T1|) for n = 2 and |F1|_ﬁ
for n > 3.

Proof of Theorem 4.2. We shall prove Theorem 4.2 in three steps below. Step 1. We claim that for any
T €0, 7*) and 0 < t < min{1,T* — T}, there exists a fixed constant C* = C*(n, ) such that

M(T+6) = M(T) _ 4 [ €7Dy, if n>3,
Me(T+t) C*IDy|In(14+1/|04]), if n=2.

Indeed, by virtue of the representation formula (2.4), for any 7' € [0,7*) and 0 < ¢t < min{l,T* — T}, we
have

(4.13)

w(z, T + 1) = / Gz, t,y,0)uly, T) dy

Q
t
+//GN(x,t,y,s)/up(z,T—i—s)dzdSyds
01,

Q
t

M) [ Gt 0 dy +1007T+0) [ [ Gl tips)ds, s
Q 0 Iy

t
(D) + 00T +0) [ [ Gulantiy.s)ds, ds,
0 Iy

where the last equality is derived by Lemma 2.1. Combining the above inequality with Lemma 4.2, we
get (4.13).
Step 2. Based on Lemma 4.1, we construct a strictly increasing sequence {M; }]oio.

o Define My as in (4.1). Given that pc, > 1/e for all p > 1 (see (4.16)), we first assume
Cp
Q < ﬁ7
ie., 2Mé’717 < ¢p, then we construct a sequence by induction. Suppose M;_; has been constructed

for some j > 1.
o If 2M;-’:11fy < ¢p, then we define M; € (M;_1, pM;_1/(p—1)] to be the unique solution such that

(4.14)

o If 2M J’-’:ll’y > ¢p, we stop this construction and denote the term to be M, namely, M represents
the first term with 2M? 'y > ¢,.
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¢ Define
j—L
M; = (p> My,  Vj>L+1.
p—1
For any j € N, we define T; = min{t > 0 : M (t) = M;} and denote t; = T; — T;_1 to be the time spent
in the jth step. In particular, Ty = 0. In light of (4.14), we have L > 1. We next show
. V1i<j<L (4.15)
In fact, for any 1 < j < L, if t; < 1, using (4.13) with 7' =T} _; and ¢t = t;, we have
J

which contradicts to the choice of M; (1 < j < L). Thus, (4.15) holds.

Step 3. We first show that the integer L is finite. From the above construction, {Mj}fzo is a strictly
increasing sequence and

My = Mj_y +2MPy > M; 1 (1+2M5™"'y) > Mo(1+2M§ ') — 00 as j — oo,

tp=1

which implies 2M f > cp when j is sufficiently large. Therefore, the integer L is finite.
Now, we proceed to derive a lower bound for L. The above construction in Step 2 implies,

IMP 1y <ec, and 2MPTly > ¢,
In addition, for any 1 < j < L, we have
Mj_1 = M; —2MPy = My (1-2M7 7',

which implies

—1 —1 -1 \?
2MP Ly = 2MP 1y (1 —2M? 7)
The function pc), is decreasing for p > 1 and thus

1
— =l < < 1 =1, 1<p<oo. 4.16
¢ = Jim pe, <pep < lim pey p<oo (4.16)

Moreover, the function (p — 1)¢, is increasing for p > 1, then

1
0= lim (p—Dep < (p—1Dep < lim (p—1)e, =—, 1< p<oo.
p—1+ p—00 e
Therefore, if we set § = min{1/2, ¢,}, and assume that 2M£71'y < 1/2, namely,
1
< 0 4.17
Q< (4.17)

then there exists 1 < Lg < L such that
oMP < B and  2MP'y > .
Moreover, for any 0 < j < Lo, we define z; = 2Mf;_1j7, then
wo=2M} 'y >4 and m=2M} 1y <G,
and
T =Tj 1 (1—xj,1)p_1, V1< j < L.
Notice that {z; }JLL is a decreasing positive sequence and z; < (

wi=zia(l—z ) 2o [1-2p— D], V2<5< Lo
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Notice that

—_

P
1=2(p—Daja21-2p-1DF>1-2p-e>1->>-

we derive
1 1 _ L, 2 1
vj o wim[1-2p—Daja] oz 1=20p—Daja 2

for any 2 < j < Lg. Therefore,

N
+
=X
s
|
=
=
=
X

1 1
< — —1)(Lo—1). 4.1
o <o TR (-1 (419)

Since (noticing that e ~ 2.718 < 3)
: ) e () e ) e
—<f<w= S| — S| — =,
3p g (MLol AV R ’ p—1 Poop

_ 1 NN e
- 1 — p—1 2 _— 1 —_ — = 717.
71 =20 (1= a0) 3p ( p) 3

we deduce

Substituting the above inequality and zr, = 2M£’71'y into (4.19), we get
1 3
— < —+8(p—1 (Lo —1) <9 +8(p—1)(Log—1),
oy S g (p=1)(Lo—1) <9p+8(p—1)(Lo—1)

i.e.

It follows from (4.15) and L > L that

oo L
1 1
T*th'>gt-2L2 -9 | +1.
el Sp—1) <2M517 p)

By virtue of the definition of @ and v, we have Mé’_lfy = C*Q. If we choose

1
< —, 4.20
@ 36C*p ( )
then
1 1 1 1 C
£ > - NI T 4.21
-7 (500~ 100) " = moe = 12 gD 2
Therefore, in view of (4.14), (4.17), (4.20), taking
— i ¢ 11 N
(o = min { 20" 40~ 360*])} P= 360+
we complete the proof of Theorem 4.2. O

The heat equation in a bounded domain with a nonlocal boundary condition is considered in this
paper. As an immediate consequence of the potential theory and the contraction mapping principle, the
local existence and uniqueness of the solution are established. The primary results of this paper are on the
blowup behavior of the system. Based on the representation formula of the solution and the properties
of the Neumann Green’s function, both upper and lower bounds for the blowup time T* (also called the
maximal existence time) are obtained. Some interesting asymptotic behavior of the blowup time 7% is
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characterized as p — 17, max_ g uo(z) — 0" or [T'1| — 07. In contrast to some results in this area in the
literature, our lower bound estimate for the blowup time does not require the convexity of the domain.
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