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Boundedness and finite-time blow-up in a quasilinear parabolic—elliptic—elliptic
attraction—repulsion chemotaxis system

Yutaro Chiyo and Tomomi Yokota

Abstract. This paper deals with the quasilinear attraction-repulsion chemotaxis system

ue =V ((u+1)""1Vu — xu(u+ 1)P~2Vv + Eu(u + 1) 2Vw) + f(u),
0=Av+ au— P,
0=Aw+ yu — dw

in a bounded domain 2 C R™ (n € N) with smooth boundary 92, where m,p,q € R, x,&, o, 8,7,6 > 0 are constants, and f
is a function of logistic type such as f(u) = Au — pu® with X\, > 0 and k > 1, provided that the case f(u) = 0 is included
in the study of boundedness, whereas k is sufficiently close to 1 in considering blow-up in the radially symmetric setting.
In the case that £ = 0 and f(u) = 0, global existence and boundedness have already been proved under the condition
p<m+ % Also, in the case that m = 1, p = ¢ = 2 and f is a function of logistic type, finite-time blow-up has already
been established by assuming xya — £+ > 0. This paper classifies boundedness and blow-up into the cases p < g and p > ¢
without any condition for the sign of xa — £y and the case p = ¢ with ya — &y < 0 or xa — &y > 0.
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1. Introduction

Background. Chemotaxis is the property of cells to move in a directional manner in response to concen-
tration gradients of chemical substances. One of the systems of partial differential equations describing
such phenomena was proposed by Keller—Segel [23] as

U =V - (Vu — Xqu),

vy = Av + au — P,
where y, a, 3 > 0 are constants, and the functions u and v idealize the cell density and the concentration
of the chemoattractant, respectively. After that, many types of chemotaxis systems have been studied

(see e.g., Osaki—Yagi [35], Bellomo et al. [2], Arumugam—Tyagi [1]). From the point of view of modeling,
it is significant to analyze quasilinear systems such as the system

uy =V ((u+1)""'Vu — xu(u+ 1)P~2Vv),
vy = Av + au — v,

where m, p € R. This system has been proposed by Painter—Hillen [36] and has been investigated in some
literatures (see e.g., Cieslak [7], Tao-Winkler [41]; cf. also [20] for the degenerate version of the system).
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In another direction, to describe the aggregation of microglial cells in Alzheimer’s disease Luca et al. [29]
proposed the attraction—repulsion chemotaxis system

ug =V - (Vu — xuVv Jrquw),
vy = Av + au — Pv,
wy = Aw + yu — dw,

where x, &, «, 3,7,0 > 0 are constants. This is also a specialized system introduced in [36, Sect. 3.3] in
order to represent the quorum sensing effect that cells keep away from a repulsive chemical substance. In
this system the functions u, v and w represent the cell density, the concentration of the chemoattractant
and chemorepellent, respectively. The above attraction—repulsion chemotaxis system has also been actively
studied as detailed in later. Here we emphasize that it is meaningful to consider the system with diffusion,
attraction and repulsion terms involving nonlinearities, that is,

u =V - ((u+1)""'Vu — xu(u+ 1)P72Vv + u(u + 1)172Vuw),

vy = Av + au — P,

wy = Aw + yu — dw.
In the present paper, in order to gain a first insight towards a mathematical analysis of this system, we
will reduce the system to the parabolic—elliptic—elliptic version. The reduction seems to be reasonable
because the diffusion of chemical substances are faster than that of cells. Thus we can approximate the
system by its parabolic—elliptic—elliptic version.
Problem. In this paper we consider the quasilinear parabolic—elliptic—elliptic attraction—repulsion chemo-
taxis system with initial and boundary conditions,

u =V - ((u+1)""'Vu — yu(u+ 1)P 72V + &u(u + 1)772Vw) + f(u),
0= Av+ au — pv,

0= Aw+ yu — dw, (1.1)
Vu . V|89 = VU . V|6Q = V’U} . UI@Q = 0,
U(,O) = Ug,

where Q2 C R™ (n € N) is a bounded domain with smooth boundary 92, m,p,q € R, x,&, «, 3,7, > 0
are constants, v is the outward normal vector to 952,

ug € C°(Q), wp>0inQ and wug #0. (1.2)

Moreover, we assume that

e m,p€EeR, flu) < Xou— pou™ (Ao, o > 0, £ > 1) in the consideration of boundedness, provided that
if Kk =1, then \g = pp, which covers the case f(u) = 0;
em>1,p>1, f(u) = A]|z|))u — p(Jz|)u” (k > 1) in the study of blow-up, where

Q=Br(0) CR" (neN, n>3)with R >0, (1.3)
A > 0and A p e C(0, R)), (1.4)
w(r) < pgr® for all r € [0, R] with some pq > 0 and a > 0. (1.5)

Attraction vs. repulsion. As to the system (1.1) with p = ¢ = 2, it is known that boundedness and
blow-up are classified by the sign of ya — v (see e.g., Tao-Wang [40]). Here boundedness (including
global existence), which expresses that |[u(-,t)|[z~) < C for all t > 0 with some C' > 0, implies
absence of chemotactic collapse, whereas finite-time blow-up (blow-up for short), which means that
lim ~7 [|u(-,t)|| Lo (@) = oo with some T € (0,00), describes the concentration of cells. On the other
hand, to the best of our knowledge, no results are available for boundedness and blow-up in (1.1) with
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p # 2, g # 2. Here the powers p, ¢ imply the strengths of the effects of attraction, which promotes blow-up,
and repulsion, which induces boundedness. Thus we can naturally guess as follows.

Boundedness and blow-up can be classified by the size of the powers p, g.

In the following we discuss this expectation. As will be explained later, in the case £ = 0 in (1.1) it is
known that boundedness holds in the case

2
p<m+ﬁ, (1.6)

and blow-up occurs in the opposite case. In view of the first equation in (1.1), the condition (1.6) implies
that the effect of diffusion “plus %” is stronger than the one of attraction.
In the case £ # 0 the system (1.1) involves the repulsion term which is expected to work in contrast
to the attraction term. Therefore the question arises whether the repulsion term is useful for deriving

boundedness, that is,

when p < q, does boundedness in (1.1)hold without assuming (1.6)? (Q1)

In the opposite case p > ¢ that the effect of attraction is more dominant than that of repulsion, we raise
the following question.

When p > q, does blow-up in (1.1) occur? (Q2)

Furthermore, in the case p = ¢ that the effects of attraction and repulsion are balanced, the following
question arises.

When p = q, are boundedness and blow-up in (1.1.) (Q3)

classified by conditions for the coefficients in the equations?

Overview of related works. Before giving answers to the above three questions, we summarize the previous
studies related to each case.
We first focus on the reduced system without repulsion term,

{ut =V ((u+ 1™V = xu(u+ 1) Vo) + f(u),

(1.7)
Tvy = Av + au — Po,

where m,p € R, x,a,8 >0, 7 € {0,1} are constants and f is a function. In the case 7 = 1, boundedness
was shown in [19,41,44,53]. More precisely, Tao—Winkler [41] derived boundedness when 2 C R™ (n € N)
is a convex domain, f(u) =0 and p < m + % holds; after that, the convexity of Q) was removed by [19].
Conversely, when p > m+% and n > 2, it is known that boundedness breaks down in some cases. Indeed,
existence of unbounded solutions was shown by Winkler [45]; finite-time blow-up was proved by Winkler
[47] in the case n > 3, m = 1, p = 2, and by Cieslak—Stinner [9,10] in the case m > 1 or p > 2. Also,
infinite-time blow-up was shown by Cieslak—Stinner [11] under the condition p > m + %, p <+ "2—'5,
m<1-— % and p < 1; after that, Winkler [49] derived infinite-time blow-up by assuming the condition
p>m—+ %, m<1— % and p < 1. Besides, in the critical case p = m+ %, boundedness and blow-up were
classified by the condition for initial data ([4,21,25,30]). For the system in which the second equation
of (1.7) is replaced by 0 = Av — M + u, where M := Iﬁl\ J uo, the picture in this regard is much more
Q

complete. Indeed, in the case p = 2, CieSlak—Winkler [12] showed boundedness and finite-time blow-up
under the condition 2 < m + % and 2 > m + %, respectively; after that, Cieslak—Laurencot [8] studied
finite-time blow-up in the case 0 < m + % < 2. Also, Winkler-Djie [51] derived boundedness under
the condition p < m + % and m < 1 and showed finite-time blow-up under the condition p > m + 2

n’

m < 1 and p > 1. Moreover, in the case f(u) < A — pu® (A >0, p > 0, k > 1), global existence of
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classical solutions was established by Zheng [53] under the condition that p < min{x — 1,m + 2}, or
that p = k if p > 0 is sufficiently large. On the other hand, in the case 7 = 0, boundedness was studied
in [27,37,43,52]. Particularly, in the case Q@ = R™ (n € N), Sugiyama-Kunii [37] proved boundedness
of weak solutions in the system (1.7) of a degenerate type. More precisely, in the literature the authors
dealt with the case that f(u) =0, m > 1,p > 2 and p < min{m + 1,m + %} Also, in the case that
7=0,p=2and f(u) < A—pu® (A >0, p >0, k> 1), boundedness was verified by Wang et al. [43]
under the condition that m > 2 — % if kK € (1,2), or p > p* if kK > 2 with some p* > 0. In contrast,
when 7 =0, m =1, p = 2 and f(u) = du— pu” (A € R, p > 0, kK > 1), Winkler [48] established
finite-time blow-up; after that, the result was extended to the cases p € (1,2), p =2 and p > 1 in [39],
[3] and [38], respectively. On the other hand, in the case 7 = 1 some related works for the system (1.7)
with signal-dependent sensitivity function x(v), that is, the system in which the first equation of (1.7)
is replaced by u; = V- ((u 4 1)""'Vu — u(u + 1)P=2x(v)Vv) + f(u) can be found in [13,15,17,22]. For
instance, when 7 = 1, m = 1, p = 2, x(v) = ¥ and f(u) = 0, Fujie [15] showed boundedness in (1.7)

under the condition 0 < x < \/g
We next shift our focus to the attraction-repulsion system

uy =V - (Vu— xuVo + &uVw) + f(u),
0= Av+ au — P, (1.8)
0=Aw+~yu — dw,

where x,&,a,0,7,6 > 0. In the case f(u) = du — pu™ (A € R, p > 0, K > 1), finite-time blow-up
was recently proved in [5] via the method in [48] when « is sufficiently closed to 1 and ya — &y > 0
holds. Moreover, some related works deriving boundedness can be found in [18,31-34], whereas finite-
time blow-up was shown in [24]. Particularly, in the two-dimensional setting, Fujie-Suzuki [18] established
boundedness in the fully parabolic version of (1.8) under the condition that 5 = §, xa — &y > 0 and
luoll L1 (o) < ﬁ; note that the authors relaxed the condition for ug in the radially symmetric setting
and removed the condition 8 = §. Also, Nagai—Yamada [34] proved global existence of solutions under the
condition that o = v =1, x —&§ > 0 and |lug||z1 () = % in the two-dimensional setting; after that, the
authors investigated boundedness of solutions in [33]. On the other hand, in the three-dimensional and
radially symmetric settings, existence of solutions blowing up in finite time to the fully parabolic version
of (1.8) was established by Lankeit [24] under the conditions that ya — &y > 0 and that [Juol/z1(q) = M
with some M > 0. We can also refer to [6,26,28] for the study of (1.8) with nonlinear diffusion and
signal-dependent sensitivity.

In summary, the results on boundedness and blow-up in the system (1.1) were obtained as follows:
Boundedness was derived in the case £ = 0 under the condition p < m + %; blow-up was proved only for
the simplified system (1.8) under the condition xa — &y > 0. However, in previous studies, the positive
and negative effects of repulsion have not been utilized, e.g., in the cases p < g and p > ¢q. The purpose
of this paper is to classify boundedness and blow-up in the generalized system (1.1) by the size of the
powers p, q. It is unknown whether the analysis of such a complex model can be applied to an example
in other models, e.g., tumor invasion models of Chaplain—Anderson type [16].

Main results. Before explaining our results, we mention the expected answers to the questions (Q1)—(Q3).
As to the questions (Q1) and (Q2), we can give affirmative answers. Also, regard to the question (Q3),
we can classify boundedness and blow-up according to the sign of xa — &v. In the following we briefly
state the main results which give the answers to the questions. The precise statements and their proofs

will be given in Sects. 3 and 4.

(I) If p < g, then, for all initial data, the system (1.1) possesses a global bounded classical solution
which is unique (Theorem 3.1).

() If p = g and ya— &y < 0, then, for all initial data, the system (1.1) admits a unique global bounded
classical solution (Theorem 3.5).
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(I) If p > g, then there exist initial data such that the corresponding solutions blow up in finite time in
the radial framework (Theorem 4.1).

(IV) If p = g and ya — &y > 0, then there exist initial data such that the system (1.1) possesses solutions
blow up in finite time in the radial framework (Theorem 4.4).

Strategies for proving boundedness and blow-up. The strategy in boundedness is to establish the differ-
ential inequality

% (u+1)7 < —cl(/<u+ 1)”)% +e (1.9)

Q Q

with some o > n, ¢1, 2,01 > 0. The key to the derivation of (1.9) is to take advantage of the effect of repul-
sion. More precisely, we will estimate positive terms like ya [ u” P2 by the negative term —&vy [ u? 472,
Q

Q
On the other hand, the cornerstone of the proof of finite-time blow-up is the derivation of the differential
inequality

¢ (s0,t) > c3s5 202 (s0, ) — casl?, (1.10)

where c¢3,¢q,02,035 > 0 are constants. Here the moment-type functional ¢ is defined as ¢(so,t) :=
1
sn

S0
[ s7b(so—s)U(s,t) ds, where U is the mass accumulation function given by U(s,t) := [ p"~lu(p,t)dp for
0 0

$>0,t>0andbe (0,1). To derive the inequality (1.10) we utilize the attraction term. More precisely,
the key is to handle a term derived from the repulsion term by exploiting the effect of attraction.
Plan of the paper. This paper is organized as follows. In Sect. 2 we collect some preliminary facts about
local existence in (1.1), and a lemma which asserts that an L7-estimate for « implies boundedness, as well
as an inequality which will be used later. Section 3 is devoted to establishing results on global existence
and boundedness. In Sect. 4 we give and prove results on finite-time blow-up.

Throughout this paper, we denote by c; generic positive constants, which will be sometimes specified
by ¢;(e) depending on small parameters ¢ > 0.

2. Preliminaries

We first give a result on local existence in (1.1), which can be proved by standard arguments based on
the contraction mapping principle (see e.g., [12,41,42]).

Lemma 2.1. Let Q@ C R" (n € N) be a bounded domain with smooth boundary and let m,p,q € R,
X, &, B,7,6 > 0. Assume that f(u) < M — pu” (k> 1), where X\, u € C°(Q). Then for all ug satisfying
the condition (1.2) there exists Tiax € (0,00] such that (1.1) admits a unique classical solution (u,v,w)
such that

u € COQ x [0, Tinax)) N C*H(Q x (0, Tiax)), 2.1)
v, w € Nysy CO[0, Timax); WH?(Q)) N C%H(Q x (0, Tinax))- '
Moreover,
if Tmax < 00, then t/h%gax u(-, )| oo () = o0 (2.2)

Particularly, in the case that f(u) = A(|z|)u — p(|z|)u” (k > 1) and the conditions (1.8), (1.4) hold, if
ug is further assumed to be radially symmetric, then there exists Timax € (0,00] such that (1.1) possesses
a unique radially symmetric classical solution (u,v,w) satisfying (2.1) and (2.2).

We next give the following lemma, which provides a strategy to prove global existence and bounded-
ness.
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Lemma 2.2. Let Q@ C R" (n € N) be a bounded domain with smooth boundary and let m,p,q € R,
X, & 0, 8,7,0 > 0. Assume that ug satisfies (1.2) and that f(u) < dou — pou” (k > 1, Ao, o > 0),
provided that if k = 1, then \g = po. Denote by (u,v,w) the local classical solution of (1.1) given in
Lemma 2.1 and by Tmax € (0,00] its mazimal existence time. If for some o > n,

sup [Ju(+,?)| Lo (o) < oo, (2.3)
t€(0,Timax)
then we have
sup |[u(+t)[[ (o) < oo (2.4)
t€(0,Tmax)

Proof. Applying [46, Lemma 2.4 (ii) with @ = 0 and p = o0] along with (2.3) with o > n yields

IVl S e (14 sup ut)lze@) < e, (2.5)
t€(0,Tmax)

IV, Ollee) Ses(14 sup o) < e (2.6)
t€(0,Tmax)

for all t € (0,Tmax). Thanks to [41, Lemma A.1l], we can see from (2.3), (2.5) and (2.6) that (2.4)
holds. O

We finally state an inequality which will be used repeatedly.
Lemma 2.3. Let £ > 1. Then for all e > 0,
(z+1)'<(1+e)z +0C. (z>0),
where Ce == (1 +¢)((1+ 5)@%1 — 1)_([_1).

Proof. Owing to the convexity of the function y +— 5* on [, 00) we have

1 ¢
1 1 =1
(x+1)" = 71-(1+a)ﬁ11x+ 1-— — |- (+5)1 i
(14¢e)et (I+eg)e1 (I+e)e1 -1
¢
1 ¢ 1 1+e)eT
< st s (1o ) | EEIT
(14e)et (I+e)e1 (I+e)e1 -1
=1 +e)zt+ L+e
(1+e)7 —1)7Y
which leads to the desired inequality. O

3. Global existence and boundedness

In this section we assume that

Q C R™*(n € N) is a bounded domain with smooth boundary,
(A1) { m,p,q €R X, &, 3,7,0 >0,
flw) < Mu — pou(Ao, o > 0,k > 1), provided that if kK = 1, then Ao = po,

where the last condition covers the case f(u) = 0. We will prove global existence and boundedness in
(1.1) in the two cases p < ¢ and p = q.
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3.1. The case p < g

In this subsection we show the following theorem, which asserts global existence and boundedness in (1.1)
in the case p < q.

Theorem 3.1. Assume that (A1) is satisfied with p < q. Then for all ug satisfying (1.2) there exists a
unique triplet (u,v,w) of nonnegative functions

u € C%Q x [0,00)) NC*HQ x (0,00)),

v,w € Ny, CO([0,00); W () N C*1(Q x (0, 00)),

which solves (1.1) in the classical sense, and is bounded, that is, ||u(-,t)| =) < C for all t > 0 with
some C' > 0.

In the following we denote by (u,v,w) the local classical solution of (1.1) given in Lemma 2.1 and by
Tinax € (0,00] its maximal existence time. To prove Theorem 3.1 it is sufficient to derive an L7-estimate
for u with some o > n, because Lemma 2.2 leads to an L*-estimate for v which together with the
criterion (2.2) implies the conclusion.

As a first observation, we note that an upper bound for the mass of u can be derived quite immediately.

Lemma 3.2. The first component of the solution satisfies that for all t € (0, Tinax),

/uo when k =1,

/u(-,t) <M, =P

P min{/uo, (22) \Q|} when k> 1.

Q

Proof. Integrating the first equatlon in (1.1) over £, we have

u<)\o/u—uo/u </\0/ |Q|H1 /u

Q

so that the conclusion results from an ODE comparison argument. O
The following lemma plays an important role in the derivation of the L-estimate.
Lemma 3.3. Let £ > 1. Then the first and third components of the solution satisfy that for all e > 0,

/wz <e / uf +e(e) on (0, Tax)

Q Q
with some c(g) > 0.

Proof. Let t € (0, Tiax) and put u := u(-,t), w := w(-,t). Multiplying the third equation in (1.1) by w’~!
and integrating it over (), we obtain

6/w67/wZ71Aw:7/uw#1.

Q Q Q

Since the second term on the left-hand side is rewritten as

400 —1
—/we_lAw =(- 1)/11)2_2|Vw|2 = %/|VU}%|2,

Q Q Q
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5/w[—|— = /uwé_l. (3.1)
Q

Now, integrating the third equation in (1.1) over Q and invoking Lemma 3.2 entail that

3]

Q

we infer

(3.2)

Applying the Gagliardo—Nirenberg inequality to Hw2 and using the estimate (3.2), we see that

20

£ —0
w2 ] 2 g <01(HVW|| st 2 + wF ]2 Q))
< CQ(HVUﬂ 1% + 1), (3.3)

3 € (0,1). Let € > 0 (fixed later). Then Young’s inequality implies that

£ 91
IV iy < 570 g+ e

which together with (3.3) yields that

2
o5 a0y < (4 51708 L + exlen(@) + 1)

< e[Vt gy +eale).

/WVwI /ﬁ%—%@> (3.4)

Q Q

where 01 :=

This means that

Combining (3.1) with (3.4) and using Young’s inequality, we derive that

5/w€+%6/w€§7/uwé_l+67(e)
Q Q Q
L[ e L ¢
<alg [u+(1-9) [ ] +ee),

Q Q
and thus infer
¢
(6+—677+1)/wzgz/ul+07(5). (3.5)
€ / 12
Q Q
We now observe that if € € (0, %6), then ¢ —~ > 0, that is,

6+C—677+%>0.

Therefore, picking ¢ € (0, < ) we obtain from (3.5) that

.
0 ‘ ¢ cr(e)

w Sc—/u LS

Q/ 0+ 2 -v+7) 0+ 2 -7+7

_ 7€ /u I cr(e)e
_(6—7+%)5+66Q (0—v+Te+cs
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o . — . Ce 76 — .
Noticing that for all & > 0 there exists ¢ € (0, 7) such that [y e < g, we arrive at the
conclusion. 0

We now prove an L7-estimate for u.

Lemma 3.4. Assume that p < q. Then for some o > n there exists C > 0 such that
[u(, )o@ < C
for all t € (0, Trax)-

Proof. Let 0 > max{n,—m + 1,—p + 2,—q + 4}. Then we verify that the asserted estimate holds on
(0, Trnax ). We first have from the first equation in (1.1) integration by parts that

1d
o dt (u+1)7
Q
z/(u—&—l)”*lv-((u + 1) 'Vu) X/u—i—l" 'V (u(u+1)P7*Vo)
Q Q
+& [(u+1)7'V - (u(u+1D)72Vw) + [ (u+1)7" 1 fu)
/ /
<—(c—1) [ (u+1)7T 3 Vul® + x(0 — 1) [ w(u+1)7P*Vu - Vo
/ /
— &0 —1) [ uu+1)7T V-V + [ (u41)7"H(Nou — pou™)
/ /
=1L+ I+ I3+ 4. (36)

We estimate the terms I, I, I3. As to the first term 7, we rewrite it as
4(0 — 1) ot+m—1 2
- \Y 1) = . 3.7
(a—i—m—l)?/} (u+1) | (3.7)
Q

We next deal with the second term I and third term I3. As to the former, integration by parts and the
second equation in (1.1) lead to

I =

u

I = x(o — 1)/v[/s(s+ 1)“+P*4ds} Vv
0—1/ /ss+1"+p 4ds}-(—Av)
0—1/ /ss—l—l‘”‘p 4ds} (au — pv)

<Xaa—1/{/ss+1“+p 4d8} (3.8)
Q 0
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Here, since o satisfies 0 > —p + 2, we infer that

u

{/s(s+1)"+p*4ds u < /erl YorP=3 ds|u

0 0
< m(u +1)7P 2y
_.Ef;};:ji(ug+1)g+p*9
Combining the above estimate with (3.8) and using Lemma 2.3 with e = 1 and 0 > —p + 2, we establish
I < MQ/uﬁp—l + cl). (3.9)
Q

Similarly, we have

I3 =¢(0 — 1)/ [/s(s 4 1) a4 ds} - Aw
Q 0
(o —1) / / (s+1)7H1 4d5} (dw — yu). (3.10)
Q 0
Here, noting that s77973 < s(s + 1)7197% < (s 4 1)°7973 because o > —q + 4, we see that
1 1
- gote—2 1eta4qe< — = 1)o+a—2 11
ey _/s(s+ P < e e )7, (3.11)
0

L 5 on the most right-hand side. Due to Lemma 2.3 with ¢ = 1 we

where we neglected the term — 57

obtain that

u

1
[/s(s + 1)o7t ds}w < m(u +1)7 T2y

0
1
o+q—2
< g+q72<2u w+02w). (3.12)
Therefore a combination of the above estimates (3.10)—-(3.12) yields that
{0 —1) / +q—2 / / -1
< =12 T — o+q ). 1
_a+q—2(6 u w+des [w—7 [ u (3.13)
Q Q Q
Collecting (3.7), (3.9) and (3.13) in (3.6), we derive
1d O' - 1 a+m 1
1)? < — 1)
odt (w+1)7 < J+m—1 /|V + |
Q

i xa(o—1) (2/u0+p71 i 01)

oc+p—2
Q
E(o—1)

—|— 25/ ”+q_2w+602/w—7/u"+q_1> + Iy. (3.14)
oct+q—2
Q Q Q
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Moreover, taking £; > 0 which will be fixed later and applying Young’s inequality to u®+?~!, we observe
that u? TP~ < egut971 4 c3(e). Additionally, again by the estimate (3.2) we deduce that

1d a+m 12
it 1)°
odt (u+1) + U+m /|V |
Q
-1
<1 Rlle [ )
Q
-1
+ f(jiq_)z (25/u“+q72w +ca— 'y/u‘”q*l) + 1y (3.15)
Q Q
We next estimate the term [ w1972, Due to Holder’s inequality, we infer
Q
ot+qg—2 1
/u”+q_2w < (/ua+q—1) o+q—1 (/wa+q—1) oFa-T
Q Q Q

We now take g2 > 0 which will be fixed later. Firstly applying Lemma 3.3 with { = ¢ + ¢ — 1 and
e= (%)t to [w7t?" ! and secondly using the fact (A + B) 7FiT < A7Fe T + Bora T for A,B > 0

Q
and thirdly employing Young’s inequality, we establish

o4+qg—2 1
oFa—1 g0\ otg—1 ey
/ua+q—2wS (/ua+qfl> +q—1 [(52) /ua+q—1+65(62)} Tq—1

Q Q
- otq—2
< 52 ot e (gg)eFa—1 F¥a=T </u‘7+q_1) ot
Q Q
<2 [urst s ey (2 [ s a)
Q 2¢5(e2) 7Fo Q
= &9 / ota—1 + Ccr 62) (316)
Q
which in conjunction with (3.15) implies
1d 4(0’— 1) / otm—1 2
D+ — \% 1 2
Udt/(u+ ) +(a+m—1)2 ’ (u+1) |
Q Q
< cgeq /u”+q_1 + c9 [25(82/Ua+q_1 + 67(82)) — 'y/u‘7+q_1] + 010(51)
Q Q Q
= g€ /UJJrqil + 69(2562 — ’}/) /u"ﬂ]*l -+ 011(51,62) + 1. (317)
Q Q

Here we choose g3 > 0 satisfying €2 < g, that is, 26e2 — v < 0. Then we have from (3.17) that

1 d U_ 1 d+m 1,2
1)°
odt M g } (c+m—1)2 /|V ‘
Q
< (0881 — Cg(’y — 2552)) /u"+q_1 + 611(61) + Iy, (318)

Q
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and we thereby let

—26
€1 = e c =2) > 0.
8

Then it follows from (3.18) that

1 d o 4(0—1) o'+7;7,71
dt/(u+1) +(g+m_1)QQ/|V(u+1)

Q

‘2 <cn+ 1y, (3.19)

where due to Young’s inequality, I, appearing in (3.6) can be estimated independently of the other terms
as

I :/\o/u(u+1)‘771 —,uo/u”(qul)”*l

Q Q
< )\o/(qul)” 7M0/u0+n71
Q Q
<297 1)\0/ /J,()/’U,(H_H_l +2U_1>\0|Q|
Q
< Co-

This entails that

* <eén. (3.20)

]. d - 4(0'—].) d+72n—1
Q

We finally estimate the second term on the left-hand side of this inequality to derive a differential
inequality for [(u+ 1)7. Again using the Gagliardo-Nirenberg inequality and Lemma 3.2, we see that

Q
[u(,) + 1z @)
e

= @+ ) TF T
L7Fm=T(Q)
<7+m 1 a+mfl 1—-02

S C12 ||v(u( 7t) + 1 ||L2(Q H 2 HL%(Q)

otmo1 TPt
+ [+ 1) HL#@)

U+m p =

< ecrn (HV HL;(Q -, 1) + U5 ay + Nl 6) + 1||L1(Q))
otm-1 20

< e (V0 + DTF | 7 + 1)

o4m—1_ o+m—1
with 6, 1= =T € (0,1), which implies
2 . 2
900+ =5 gy 2 () + 1o 1)
) €13
ot+m—1
> cuallu(-,t) + 1||L”(Q) - L (3.21)
A combination of (3.20) and (3.21) yields that
1d o
e (u+1)° +015(/(U+ 1)0) - < c¢16,

Q Q
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where ”"'07732_1 > 0, because 0 > —m + 1. Upon an ODE comparison argument this inequality warrants
that
c 0o
/(u +1)7 < max { (ﬁ) T /(uo + 1)“}
C15
Q Q
for all t € (0, Tynax). This proves the conclusion. O

We are now in a position to complete the proof of Theorem 3.1.

Proof of Theorem 3.1. A combination of Lemmas 3.6 and 2.2 along with the criterion (2.2) leads to the
conclusion of Theorem 3.1. O

3.2. The case p = q

In this subsection we prove the following theorem, which guarantees global existence and boundedness in
(1.1) in the case p = gq.

Theorem 3.5. Assume that (A1) is satisfied with p = q and xa — &y < 0. Then for all ug satisfying (1.2)
there exists a unique triplet (u,v,w) of nonnegative functions

ue COT % [0,00)) N C21(S % (0, 00)),
v,w € Nyar, CO(10, 00); W () N1 C21(E x (0, 50)),

which solves (1.1) in the classical sense, and is bounded, that is, ||u(:,t)|[p~) < C for all t > 0 with
some C' > 0.

As in the previous subsection, we denote by (u,v,w) the local classical solution of (1.1) given in
Lemma 2.1 and by Tihax € (0, 00] its maximal existence time. The proof of Theorem 3.5 relies also on an
L?-estimate for u.

Lemma 3.6. Suppose that p = q. Then for some o > n there exists C > 0 such that
[, )o@ < C
for all t € (0, Trmax)-

Proof. Let 0 > max{n,—m + 1, —p+ 4}. Then we prove that the asserted estimate holds on (0, Tyyax)-
Let e1 > 0 which will be fixed later. Proceeding similarly in the proof of Lemma 3.6, we see that (3.14)
with p = ¢ holds, that is,

Ld o o2 /yv 1)

odt 0+m—1

Q

+§(jp__2 25/ otp- 2w+6c2/w 7/ ot 1)+I47

Q Q
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where I, is the term appearing in (3.6). Also, recalling the estimate (3.2), we have

1d - 4(0—1) otm=1)2
adt/(u+1) +(g+m_1)29/|V(u+1) |

< Xa63((1 +e1) /ua+p_1 + 01(61)>

Q

+ e (2(5/u”+p—2w 4y — W/u"“’_l) + 1. (3.22)
Q Q

We now take €5 > 0 which will be fixed later. Then, an argument similar to that in the derivation of

(3.16) implies
/ TPy < 255/ 7Pl 4 es(eg).

Q

Thus we obtain

Ld (w+ 1)+ T Ao 1) /|V (u+ 1)

odt (c+m—1)2
Q
< X0403((1 +e1) /Uaﬂk1 + 01(51))
Q
+ &c3 (25/u”+p*2w+64 —’y/u””*l)
Q Q

<3 {xa(l—f—al)/ o+p— 1+2£5(2£5 uo+p_1—|—c5(£2)) —fv/uaﬂ)—l}

Q Q Q
+ Ce ({:‘1 )

=c3 {(X(X(l + 61) — 5’7) + 62:| /UU+P71 + C7(51,€2) + 1. (323)
Q

Here since xa — £y < 0 by assumption, we can pick 1 > 0 satisfying ya(1 + 1) — &y < 0. Then, taking
g2 :=&y — xa(l +¢&1) >0,

we have from (3.22) and (3.23) that
1d -1)
(w17 + 2=l / |V(u+

odt (c+m—1)2
Q

2
< cr+ Iy,

which corresponds to (3.19). Therefore the conclusion results from an argument similar to that in the
proof of Lemma 3.6. O

Employing Lemma 3.4, we can prove Theorem 3.5.

Proof of Theorem 3.5. In view of Lemmas 3.4 and 2.2 along with the criterion (2.2) we immediately arrive
at the conclusion of Theorem 3.5. O
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4. Finite-time blow-up

In the following we suppose that

Q= Br(0) C R"(n € N,n > 3) with R > 0,
mZ17p>17q€R7X7£7a7ﬂ7775>07

(A2) fu) = AM|z))u — p(|z))u"(k > 1), where A, p satisfy (1.4) and (1.5),
up is radially symmetric and fulfills (1.2).
Then we denote by (u,v,w) = (u(r,t),v(r,t),w(r,t)) the local classical solution of (1.1) given in

Lemma 2.1 and by Tax € (0, 00] its maximal existence time.
In order to state the main theorems we give the conditions (C1)—(C3) as follows:

2(n* +1
ne€{3,4}; p< m (n” + >,
(C1) n+1 n(n+1)
- 1 +2(n2—n—1) - 2,
P n—2" n(n—2) ’ mep n’
2(n* —2n—1 2 2(n? +1
n>>5 — m —+ (n " )<p< m + (n” + ),
(C2) n—3 n(n —3) n+1 n(n+1)
<_n—|—2m+3n2—5n—4 <n—|—2m_n2—3n—4‘
P n—4 n(n—4) P="3 3n '
2(n? —2n —1) 2 2(n? +1)
>5 - < ,
" n—gm—’_ n(n —3) +12 n(n+1)
+2 3n® —5n—4 1 2(n* —n—1)
(C3) ¢ -~ <p<-—
—4m2 n(n—4) —P< 2t T =y
m—p<-——.
n

4.1. The case p > q

In this subsection we establish finite-time blow-up in (1.1) in the case p > gq.

Theorem 4.1. Assume that (A2) is satisfied with p > q. Also, suppose that m,r fulfill the following
conditions:

(i) In the case (C1),

(n=2)((m—p+1n+1) a((m—p+1)n+1)

ne n(n—1) + n(n —1) —(m—=1)=(2-p)y;

(ii) In the case (C2),

n—2)((m—p+1n+1) a((m—p+1)n+1)

( .
K<1+ =) + TOEY —(m=1)=(2=p);

(iii) In the case (C3),

£ <14t (m—p+1)n+1 N a((m—p+1)n+1) B (2—10)4r7
2(n—1) nin—1) 2
where a > 0 is given in (1.5) and yy+ = max{0,y}. Then for all My > 0, My € (0, My) and L > 0,
one can find g > 0 and r1 € (0, R) with the following property: If uy satisfies ug(x) < L|z|~%, where
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o= % + 0 as well as S{uo = M, andB f(o) ug > My, then the solution (u,v,w) to (1.1) blows
1

up at t =T* € (0,00) in the sense that

1. . t 5] == .
t/H:IFl lu(-, )l (Q) = 0

We first show the following lemma giving the profile of u, in which we include the case p = g toward
the next subsection. For the proof we rely on [14, Theorem 1.1], which is useful because it generalizes a
precedent for the case of linear diffusion in [50, Theorem 1.1] and covers the case of nonlinear diffusion.

Lemma 4.2. Assume that p > q. Also, suppose that m,p fulfill
1 2
m>1, m-pe (—1—7, —f]
n n

Let My > 0, L > 0 and take any finite time T such that T € (0,Tmax). Let € > 0 and set o :=
% + e. Then there exists C = C(My, L, T) > 0 such that the following property holds: If ug
satisfies [ug = My and

Q

uo(z) < Llx|™7
for all x € Q, then u has the estimate

u(z,t) < Cla|=° (4.1)
for allx € Q and all t € (0,T).

Proof. In view of the condition for the function A (see (1.4)) we can find A; > 0 such that A(|z]) < A\
for all x € Q. We next set
u(z,t) = e Mu(z,t), D(x,t,p):=(eMip+1)""1,
Si(x,t,p) == —x(eMp+1)P2p,  Sy(w,t,p) == E(eMp+1)12p
for x € Q,t € (0,T) and p > 0. Since Si1(+,+,-) <0 on Q x (0,T) x (0,00), we have
Sa(z,t, p)
Si(z,t, p)

Si(x,t, p)Vo(z,t) + Sa(x, t, p)Vw(z,t) = Si(x,t, p) [Vv(a:, t)+ Vuw(z, t)}

forall z € Q, t € (0,T) and all p > 0. Putting

SQ(SC,t,p)
+ —Vw(z,t),
Sl(x7t>p) ( )

f(x,t) .= Vo(z,t)

we obtain from (1.1) that

uy < V- (D(z,t,u)Vu+ Sy (z,t,u) f(z,t)) inQx(0,T),

(D(x,t,u)Vu + Sy(z,t,u) f(x,t))-v=0 on IQ x (0,7T), (4.2)

u(+,0) = wuo in Q.
Also, it can be checked that for all z € , t € (0,7) and all p > 0,

D(x,t,p) = p" 7,

D(z,t,0) < (MTp+ 1™ < (M + 1™ max{p, 1)1,

191(2,t, )] < X(€MT + 1) max{p, 117,

Moreover, the initial condition in (4.2) implies that [u(-,0) = [uy = My. We now choose 6 > n satisfying
Q )

c(boal iy
m=PEy n 6 n
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and

n(n—1)
(m—-p+1n+1
nin—1) B n—1
(m—p+n+1-2 " (m—-p)+1+1 -1

Since p > ¢ and

A —2
SQ(%',LP)‘ _ §(e 1tp_|_1)q P — §(6>\1tp+1)q_17 <
Si(z,t,p)l x(eMip+1)P=2p

= |

for all z € Q, t € (0,T) and all p > 0, following the steps in the proof of [3, Lemma 5.2], we establish

Wn—1

0 ,2eMT L\ 0
(n-1)8 bqp <o (& 8.7 0
J el e e < e (5 + 5 2)( )l
Q

for all ¢ € (0,T) with some ¢; > 0, where w,,_1 denotes the (n — 2)-dimensional surface area of the unit
sphere in R"~1. Thanks to [14, Theorem 1.1], we derive that there exists co > 0 such that @(x,t) < co|x| =

for all z € Q and all ¢t € (0,T"), which leads to the end of the proof.

O

We now introduce the mass accumulation functions U = U(s,t),V = V(s,t) and W = W (s, t) as

3=

Uts.t)i= [ 0" tulp.t)dp.
0
Si

V(s,t) = /p"’lv(pvt)dp
0

and

1
sn

W (s t) = / Lo, ) dp,
0

where s :=r" for r € [0, R] and t € [0, Tinax). We next define the moment-type functional

S0

@(s0,t) := /s_b(so —8)U(s,t)ds

0

for sop € (0,R™), t € [0, Thax) and b € (0, 1).

(4.3)
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Lemma 4.3. Assume that p > q. Let g1 >0, kK > 1 and a > 0. Then there exist C1,Cs > 0 such that for
any b € (0,1) and s € (0, R™), the function ¢(so, ) belongs to C°([0, Tiax)) N CL((0, Timax)) and satisfies
S0

¢ (s0,t) > |Ch /s_b(so — 8)(nUs(s,t) + 1)P72U (s,t)Us(s,t) ds — Cag(s0,t)
0

+ n2/52*%*b(50 —8)(nUs(s,t) + 1)™ U, (s, 1) ds
0

- Xﬂn/sfb(so —8)(nUs(s,t) + 1)P72V (s, t)Us(s,t) ds
0

S0 S0
*n"”m/S’b(sO - S)[/H%Uf(n,t) dn} ds
0 0
=: Ji(s0,t) + J2(s0,t) + J3(s0,t) 4+ Ja(s0,1) (4.7)

for allt € (0, Tiax)-

Proof. We first note that ¢(sg,:) € C°([0, Tiax)) N C1((0, Tiax)) for all b € (0,1) and so € (0, R™) by
the proof of [48, Lemma 4.1]. The first equation in (1.1) implies that u = u(r,t), v = v(r,t), w = w(r,t)
satisfy

1

Tn—l

Uy =

T

1
(Cwt )™ ), = x iy (ulu + )P o)

+¢ (u(u+ 1)q_2r"_1w,,)r + Au — pu. (4.8)

Tn—l
Moreover, the second and third equations in (1.1) yield that

" (r,t) = BV (r™,t) — U (r", 1)
and

"l (r,t) = SW(r™, t) — yU(r™, t).

Integrating (4.8) combined with these relations with respect to r over [0, sﬂ, we see from the nonnegativity
of A and (1.5) that

U, > 71282_%(71[]5 + 1) U, + xnUs (nUs + 1)P72 (U — V)

—&nUy(nUg +1)72(YU — W) — 0"ty /77% Ul (n,t)dn
0
= xnUs(nUs +1)P72 . U — énU,(nU, 4+ 1)772 - AU
+n2s2 % (nUs + 1)™ U,
—xnUs(nUq + 1)P72 . BV + EnUy(nUg +1)772 - 6W

S

—n* "y /U%Uﬁ(n, t) dn,
0
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which together with (4.6) entails

S0

@' (s0,t) > Xom/s_b(so — 8)(nUs(s,t) + 1)P2U(s,1)U,(s,t) ds

0
- §7n/s‘b(so — 8)(nUs(s,t) + 1)72U (s,1)U,(s,t) ds
0

+ n? / 32_%_”(30 — 8)(nU,(s,t) + 1) U,s(s,t) ds

0
S0

—xfn / 57 (s — 8)(nUy(s,t) + 1)P~2V (s,t)Us(s,t) ds

0
S0

+ §6n/s_b(50 —8)(nUs(s,t) + 1)T2W (s, t)Us(s,t) ds

0
S0 S0

—n”‘lul/s‘b(% —8){/77%U§(777t) dn| ds

0 0

= J1(s0,t) + E1(s0,t) + Ja(s0,t) + Ja(s0,t) + Ba(s0,t) + Ja(s0,t)
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(4.9)

for all sg € (0, R"™) and all ¢ € (0, Tiyax)- Here we estimate the term FEj(sg,t). We first consider the case
q > 1. In this case, using Young’s inequality, we see that for all £; > 0,

(nUy(s,t) + 1) 72U, (s, 1) < &, [(nUS(s,t) + 1)@ D1y (s, 1)]

p—1

= e1(nUy(s,8) + VP50 057 (5,8) + e (e1).

Here we notice from the relation % > 1byp>q>1that

p—=1__ p—1
(5,8) = Ud=1 ' (5,)U,(s,8) < (nU,(s,8) + 1) 531U, (s, 1).

A combination of (4.10) and (4.11) implies that

(nUs(5,t) + 1)72U,(s,t) < e1(nUs(s,t) + 1)P 72Uy (s,t) + c1(e1).

In the case ¢ < 1, noting that

(nU4(s,t) + 1) 2U,(s,t) < (nUsg(s,t) + 1) Us(s,t) <n ™1,

+ci(e1)

(4.10)

(4.11)

(4.12)
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we can choose £ = 0 and ¢1(e1) = n~! in the estimate (4.12). In view of (4.12) we obtain

Ey(so,t) = —§7n/s‘b(so —8)(nUs(s,t) + 1)972U (s,1)Us(s, 1) ds

0
S0

> —slg'yn/s*b(so — 8)(nUs(s,t) + 1)P72U (s, 1)U (s, 1) ds

0
50

—ci(e1) [ s7%s0 — 8)U(s,t)ds
/

= —e1éyn / 57 0(s0 — 8)(nUs(s,t) + 1)P72U (s, t)Us(s,t) ds + c1(e1)B(s0, ). (4.13)
0
Combining (4.13) with (4.9) and noting that F5(so,t) > 0, we establish
¢ (so,t) > (xa — Elgw)n/s_b(so —8)(nUs(s,t) + 1)P72U (s, 1)Uy (s, 1) ds
0

—c1(e1)P(s0,1)

So

+ nZ/SZ_%_b(so —8)(nUs(s,t) + 1)™ U, (s,t) ds

0
So

- Xﬁn/s_b(so — 8)(nUs,(s,t) + 1)P2V (s,t)Us(s,t) ds

0
) S0
—n" "ty /s_b(so ) [/U%U:(n,t) dn| ds.
0 0
Here, choosing ¢ := % when ¢ > 1 and recalling that ey = 0 when g < 1, we see that ya —1&y > 0,
which means that the desired inequality (4.7) holds. O

Proof of Theorem 4.1. In order to prove the assertion, assume on the contrary that the conclusion does
not hold, that is, suppose that there exist My > 0, M7 € (0, Mp) and L > 0 such that given T" > 0,
e >0 and r; € (0, R) one can take ug fulfilling ug(z) < Ljz|~7 for all x € Q, where o := % +e,
f ug = My and f ug > M, and the corresponding solution u of (1.1) does not blow up at T, that is,
Q B, (0)

T < Thax. Then ilt follows from (4.1) that u(x,t) < K|z|~7 for all z € Q and all t € (0,T) with some
K = K(My,L,T) > 0, which is rewritten as

nU,(s,t) < Ks~n for all s € (0, R"] and all ¢t € (0,T). (4.14)

As in the proofs of [38, Lemmas 3.3 and 3.9], in the case p > 2, this estimate provides (nUs + 1)P72 <
(Ks™# +1)P~2 < (K + R%)P~ 25~ 7 (P=2) whereas in the case p € (1,2], we have (nU, 4 1)?~2 < 1, which
can be unified such that

(nU, +1)P72 < s n P2+ (4.15)
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for all s € (0, R"] and all ¢ € (0,T"), where ¢; depends on T when p > 2. Let so € (0, R™). Invoking (4.15)
with ¢ fixed in (0,7), we see that Ji(so,t) is estimated as

J1(s0,t) = Cq / s7(so — 8)(nUg(s,t) + 1)P~2U(s,t)Us(s,t) ds — Cag(s, )
0
> c1C1¢p(s0,t) — C20(s0, 1),

where

£
Pp(s0,t) = /sib+%(27”)+ (so — 8)U(s,t)Us(s,t) ds.
0
Using (4.15) again, we deduce from integration by parts that

50

J3(s0,t) > —xPncy (b + %(p -2)+ 1) So/s_b_l—%(p—Q)V(s,t)U(s,t) ds,
0
which can be further estimated as

2,1-b_ o 9g_ 2(p—2 2_of(o— _9
Jg(SO,t) > —CgSélJr 7 — 5 [(2=P)++2(p—2) 4] /wp(so,t) — cosg Z[@=p)++(p )Hil)p(sovt)
in light of

c3 21 ,l+”;¥7 2
2 2 +
Vs, t) < nsé’ s+ casg sn

wle

¢p(507 t)

with some b > 0, where ¢, depends on T when p > 2 (for details, see the proof of [38, Lemma 3.9]). Next,
as in the proof of [3, Lemma 3.6 (i)], integration by parts yields

S0

Ja(s0,t) = % / 52*%71’(50 —5)((nUs(s,t) +1)™)s ds
0

S0
n 2 2
> _ 27771)) lfsz o . m
> m( - /s (so — s)(nUs(s,t) +1)™ds
0
and hence, applying
(nUs +1)™ < css MU 4 ¢

for all s € (0, R"] and all t € (0,7T'), where c5 := max{n, 2™~ 2" InK™~1} we can see from integration
by parts and an estimate for U in [3, Lemma 3.4] that

3202 o [o(m— _
Jo(s0,t) > —cesy> " 3 [2(m=1)+(2=-p)+]

3_7
Pp(s0,t) — cesy ™

Also, from an argument similar to that in the proof of [3, Lemma 3.5] it follows that
S0

J _nl{71/1’1 1—b o _ K
4(s0,t) > T 50 sm(sg — s)Ul(s,t)ds

0
and by (4.14),
S0 S0
/s%(so —8)Ur(s,t)ds < C780/S%_%(K_1)_1U(S,t) ds,
0 0
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where ¢7 := fi,:—:ll [(2(k—1)— %), +1]. Again by using an estimate for U, we have

3-b_a_ o [9(p_
Ja(s0,t) > —cssy® +a—5 2(k=1)+(2-p)+

1/)p(507 )
Collecting the estimates for Ji(so,t), J2(s0,t), J3(s0,1t), Ja(s0,t), we infer

@' (s0,t) > cothp(s0,t) — c100(s0, 1)

S=b_2_ 9 9(m—1)+(2— 3—2_p
_ 011802 n 2n[ ( )+(2—p)+] wp(SOat) — 118, n
24120 o [(2—p)4+2(p—2 2 _2[(2—p)s+(p—2
—c11sg 3 [(2=P)+ +2(p—2)4] Up(50,t) — c11 30 21(2=p)++(p— )+]z/Jp(So, £)

3=bia_ o 9(k—1)+(2—
_01180 +n Qn[ ( ) ( p)+] 1/)p(50,t),

where cg, 17 depend on T when p > 2 or m > 1 or k > 1. Let £; > 0 which will be fixed later. Using
Young’s inequality, we can see that

2_of(o— 9

@' (s0,t) > cotbp(s0,t) — e1¥p(s0,t) — 118§ " [(2=p)++(p—2)4] by (501)
—b— =% [2(m— - _2_
_ 012(61)(53 b= =R R2Om—)+2-p)4] 33 2y

"‘304+1 b—Z[(2—p)++2(p—2)+] +Sg—b'*'%—%[?(f@—l)-ﬁ-(?—p)ﬂ)

- Clo¢(80, t) (416)
for all sp € (0, R"™) and all ¢t € (0,T). We now choose s1 = s1(7T) small enough such that s; € (0, R™) and

2_o 1
01180 [(2 p)++(p 2)+]w (8 t) ZCQ’(/JP(SO,t)

for all sgp € (0,s1) and all ¢ 6 (0, 7). From now to the end of this proof, we suppose that si, sg,t are in

these regions. Setting ; := <, we have from (4.16) that

¢ (so0,t) > %Cs)%(so, t)

4 _2_
7612(53 bo R RROMDHCo)] | 2o
4 sp IR 202 ngw%f%[z(nflnafp)u)

- 610¢($07 t)

By an argument similar to that in the proof of [38, Lemma 4.3], due to the conditions (C1)—(C3), we can

pick 9 > 0 and then for 0 = —2"=D__ 4 o there exists 6 € (0, 2 — 2(2 — p), ) such that
(m—pFn+1 7

# (30,1) 2 ety (50,0) — crash 7 = 140 (so, ). (117)

b=3 4 o (9_
Applying the estimate /1, (s0,t) > c155,2 tan p)+¢(so,t) (see [38, Lemma 3.10]) to the first term on
the right-hand side of (4.17), we have

@' (s0,t) > 01530 Taes p)+¢2(80,t) — 1355707 — c140(s0,t). (4.18)

Again by Young’s inequality, we derive that

1 b=3+7(2— 3—b—2 (2—
c140(80,t) < 51550 2( p)+¢ (50,8) + c165. 2 10)+7
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which along with (4.18) yields

¢/(80,t) 5 b 3+Z (2 p +(b2(80, ) _ 61388 b—0 C1683_b_%(2_p)+
1 b 342 (2— 1
> Sa RO 2050 8) — cr7s0 (4.19)

with # = min{3 —b—6, 3 —b— 2(2 — p)+}. Here, in view of the conditions (C1)-(C3) we can take
b € (0,1) satisfying

4 o
2 Ttm—1)+(2—
b<2—— ——2(m—1)+(2-p)4]
(see [38, Lemma 4.1]). This entails that
4 o 4 20
b—3+2 (2 p)+<{275—ﬁ[2(m71)+(2fp) ]}—3+ @-p)+ =-1---Z(m-1)<0

and moreover, recalling the choice that 6 € (0, 2 — 2(2 —p) ), we have
3-b—0>3-b— [2—5(2—19)+
n
=1-b+22-p)s >0,
n

which lead to > 0. We now set k; = k1(so) := %cwsg*%%(%p)*, ko = ko(sp) := 01750 Then (4.19) is
rewritten as

¢'(s0,1) > k1¢*(s0,1) — ka.
As in the proof of [3, Theorem 1.1], we appropriately select ¢(sp,0) later and employ the solution

k2 Yo~ 1 \/ klkf_)t

+1 = ko — k
y(t) = \ﬁyo of Yy 1Y 2,
V kz | Vit y(0) = o,

2v/ k1kot

%
ﬁyo-i-l

where yo > 0 and we pick sg € (0, s1) further small such that %yo > 1. The solution y(t) blows up at

o %Z/o-‘rl & Zflyo-i-l I;:*lyo-l—% %yo
t = Ty with e2VkikTo — +-2——. Here we note that if Lyo > 2, then +2 = kz
o1 2 Feyo—1 i yO** LYo

:3,

which means Ty < log 3. Thus, again taking s € (0, s1) sufficiently small such that 5 \/W log 3 <

2\/1@ T2
T, ,/Z—;yo > 2 and ¢(s9,0) > yo (use [3, Lemma 4.1]), we obtain from an ODE comparison argument

that ¢(so,t) > y(t) for all ¢ € (0,Tp), which implies a contradiction, because ¢(so,-) is bounded on
(0,Tp) (C (0,7)), whereas y(t) blows up at t = Tj. Therefore we arrive at the desired conclusion. O

4.2. The case p = ¢q

In this subsection we show the following theorem, which guarantees finite-time blow-up in (1.1) in the
case p = q.

Theorem 4.4. Assume that (A2) is satisfied with p = q and xa — &y > 0. Moreover, suppose that m, p
and K fulfill the same conditions as in Theorem 4.1. Then the conclusion of Theorem 4.1 holds.

In order to prove the above theorem we show the following lemma giving the pointwise lower estimate
for ¢’, where U, V, W and ¢ are defined as in (4.3)—(4.5) and (4.6), respectively.
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Lemma 4.5. Suppose that p = q. Let u1 >0, k > 1 and a > 0. Then for any b € (0,1) and sy € (0, R™),
the function ¢(sg,-) belongs to C°([0, Tmax)) N CH((0, Thmax)) and satisfies

S0

®'(s0,t) > (xo — §’y)n/s‘b(so — 8)(nUs(s,t) + 1)P72U (s, 1)Uy (s, 1) ds
0

+ n? / 52_%_b(so — 8)(nU,(s,t) + 1) U,s(s,t) ds

0
So

- Xﬁn/s_b(so — 8)(nUs,(s,t) + 1)P2V (s,t)Us(s,t) ds

0
EN) S0
o 5 s09)| [ni Uz o] as
0 0

for allt € (0, Tinax)-

Proof. Arguing as in Lemma 4.3, we see that ¢(sg, ) € CY([0, Trnax)) NCH((0, Tipax)) for all b € (0,1) and
s0 € (0, R™), and have (4.9) with ¢ = p. We then rearrange it as

® (s0,t) > (xa — §7)n/s_b(so —8)(nUs(s,t) + 1)P72U (s, 1)U (s, ) ds
0
+n? / s27 7 (50 — 8)(nUy(s, 1) + 1) Usy(s, t) ds
0
- Xﬂn/s*b(so —8)(nUs(s,t) + 1)P72V (s, 1)U (s, ) ds
0

50

+ 5571/5*!’(50 — 8)(nUs(s,t) + 1)P2W (s,t)Us(s,t) ds

0
So S0
fn"”"flul/s*b(sofs){/n%U:(n,t)dn ds.
0 0

Here, compared with (4.9), the terms corresponding to F1(sg,t) and j]:(so, t) are arranged into the first
term on the right-hand side of the above inequality, and the other terms are the same as those in (4.9),
provided that the fourth term is equal to Es(sg,t) with ¢ = p, which is nonnegative. In light of this
observation, we obtain the desired inequality. O

Proof of Theorem 4.4. Let T € (0, Tyax). In view of Lemma 4.5, proceeding as in the proof of Theo-
rem 4.1 and taking o properly, we can find ¢1,co >0 and 6 € (0, 2 — 2(2 —p)) such that

¢ (s0,) > crse TRCTPIE g2050 1) — cpsBb0
0 0

for all sp € (0,s1) and all ¢ € (0,T) for some small s; > 0. This inequality corresponds to (4.19) and
proves Theorem 4.4. O



ZAMP Boundedness and finite-time blow-up in a quasilinear Page 25 of 27 61

Acknowledgements

The authors would like to express their gratitude to Professors Stella Vernier-Piro, Giuseppe Viglialoro
and Monica Marras for providing helpful comments on an earlier version of the manuscript. The authors
would also like to thank the referees for their appropriate advice on the manuscript.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

References

[1] Arumugam, G., Tyagi, J.: Keller-Segel chemotaxis models: a review. Acta Appl. Math. 171(6), 82 (2021)

[2] Bellomo, N., Bellouquid, A., Tao, Y., Winkler, M.: Toward a mathematical theory of Keller-Segel models of pattern
formation in biological tissues. Math. Models Methods Appl. Sci. 25(9), 1663-1763 (2015)

[3] Black, T., Fuest, M., Lankeit, J.: Relaxed parameter conditions for chemotactic collapse in logistic-type parabolic—
elliptic Keller—Segel systems. Z. Angew. Math. Phys. 72(3), 23 (2021). (Paper No. 96)

[4] Blanchet, A., Laurencgot, P.: The parabolic-parabolic Keller—Segel system with critical diffusion as a gradient flow in
R%,d > 3. Commun. Partial Differ. Equ. 38(4), 658-686 (2013)

[5] Chiyo, Y., Marras, M., Tanaka, Y., Yokota, T.: Blow-up phenomena in a parabolic—elliptic—elliptic attraction—repulsion
chemotaxis system with superlinear logistic degradation. Nonlinear Anal. 212, 14 pp (2021). (Paper No. 112550)

(6] Chiyo, Y., Mizukami, M., Yokota, T.: Global existence and boundedness in a fully parabolic attraction-repulsion
chemotaxis system with signal-dependent sensitivities and logistic source. J. Math. Anal. Appl. 489(1), 18 (2020).
(Paper No. 124153)

[7] Cieslak, T.: Quasilinear nonuniformly parabolic system modelling chemotaxis. J. Math. Anal. Appl. 326(2), 1410-1426
(2007)

[8] Cieslak, T., Laurengot, P.: Finite time blow-up for radially symmetric solutions to a critical quasilinear Smoluchowski-
Poisson system. C. R. Math. Acad. Sci. Paris 347(5-6), 237242 (2009)

[9] Cieslak, T., Stinner, C.: Finite-time blowup and global-in-time unbounded solutions to a parabolic-parabolic quasilinear
Keller—Segel system in higher dimensions. J. Differ. Equ. 252(10), 5832-5851 (2012)

[10] Ciedlak, T., Stinner, C.: Finite-time blowup in a supercritical quasilinear parabolic-parabolic Keller-Segel system in
dimension 2. Acta Appl. Math. 129, 135-146 (2014)

[11] Ciedlak, T., Stinner, C.: New critical exponents in a fully parabolic quasilinear Keller—Segel system and applications to
volume filling models. J. Differ. Equ. 258(6), 2080-2113 (2015)

[12] Cieslak, T., Winkler, M.: Finite-time blow-up in a quasilinear system of chemotaxis. Nonlinearity 21(5), 1057-1076
(2008)

[13] Ding, M.: Global boundedness in a fully parabolic quasilinear chemotaxis system with singular sensitivity. J. Math.
Anal. Appl. 461(2), 1260-1270 (2018)

[14] Fuest, M.: Blow-up profiles in quasilinear fully parabolic Keller—Segel systems. Nonlinearity 33(5), 2306-2334 (2020)

[15] Fujie, K.: Boundedness in a fully parabolic chemotaxis system with singular sensitivity. J. Math. Anal. Appl. 424(1),
675-684 (2015)

[16] Fujie, K., Ito, A., Yokota, T.: Existence and uniqueness of local classical solutions to modified tumor invasion models
of Chaplain—Anderson type. Adv. Math. Sci. Appl. 24(1), 67-84 (2014)

[17] Fujie, K., Nishiyama, C., Yokota, T.: Boundedness in a quasilinear parabolic-parabolic Keller—Segel system with the
sensitivity v~ 1S(u). In: Dynamical Systems and Differential Equations, AIMS Proceedings 2015, Proceedings of the
10th AIMS International Conference (Madrid, Spain), Discrete and Continuous Dynamical Systems, pp. 464-472 (2015)

[18] Fujie, K., Suzuki, T.: Global existence and boundedness in a fully parabolic 2D attraction—repulsion system: chemotaxis—
dominant case. Adv. Math. Sci. Appl. 28, 1-9 (2019)

[19] Ishida, S., Seki, K., Yokota, T.: Boundedness in quasilinear Keller—Segel systems of parabolic—parabolic type on non-
convex bounded domains. J. Differ. Equ. 256(8), 2993-3010 (2014)

[20] Ishida, S., Yokota, T.: Global existence of weak solutions to quasilinear degenerate Keller—Segel systems of parabolic—
parabolic type. J. Differ. Equ. 252(2), 1421-1440 (2012)

[21] Ishida, S., Yokota, T.: Global existence of weak solutions to quasilinear degenerate Keller—Segel systems of parabolic—
parabolic type with small data. J. Differ. Equ. 252(3), 2469-2491 (2012)

[22] Jia, Z., Yang, Z.: Global boundedness to a parabolic—parabolic chemotaxis model with nonlinear diffusion and singular
sensitivity. J. Math. Anal. Appl. 475(1), 139-153 (2019)



61 Page 26 of 27 Y. Chiyo and T. Yokota ZAMP

[23] Keller, E.F., Segel, L.A.: Initiation of slime mold aggregation viewed as an instability. J. Theor. Biol. 26(3), 399-415
(1970)

[24] Lankeit, J.: Finite-time blow-up in the three-dimensional fully parabolic attraction-dominated attraction-repulsion
chemotaxis system. J. Math. Anal. Appl. 504(2), 16 (2021). (Paper No. 125409)

[25] Laurencot, P., Mizoguchi, N.: Finite time blowup for the parabolic—parabolic Keller—Segel system with critical diffusion.
Ann. Inst. H. Poincaré Anal. Non Linéaire 34(1), 197-220 (2017)

[26] Li, D., Mu, C., Lin, K., Wang, L.: Global weak solutions for an attraction-repulsion system with nonlinear diffusion.
Math. Methods Appl. Sci. 40(18), 7368-7395 (2017)

[27] Li, X., Xiang, Z.: Boundedness in quasilinear Keller—Segel equations with nonlinear sensitivity and logistic source.
Discrete Contin. Dyn. Syst. 35(8), 3503-3531 (2015)

[28] Lin, K., Mu, C., Gao, Y.: Boundedness and blow up in the higher-dimensional attraction-repulsion chemotaxis system
with nonlinear diffusion. J. Differ. Equ. 261(8), 4524-4572 (2016)

[29] Luca, M., Chavez-Ross, A., Edelstein-Keshet, L., Mogliner, A.: Chemotactic signalling, microglia, and Alzheimer’s
disease senile plague: is there a connection? Bull. Math. Biol. 65, 673-730 (2003)

[30] Mimura, Y.: The variational formulation of the fully parabolic Keller—Segel system with degenerate diffusion. J. Differ.
Equ. 263(2), 1477-1521 (2017)

[31] Nagai, T., Seki, Y., Yamada, T.: Boundedness of solutions to a parabolic attraction—repulsion chemotaxis system in
R2: the attractive dominant case. Appl. Math. Lett. 121, 6 (2021). (Paper No. 107354)

[32] Nagai, T., Seki, Y., Yamada, T.: Global existence of solutions to a parabolic attraction—repulsion chemotaxis system
in R?: The attractive dominant case. Nonlinear Anal. Real World Appl. 62, 16 (2021). (Paper No. 103357)

[33] Nagai, T., Yamada, T.: Boundedness of solutions to the Cauchy problem for an attraction—repulsion chemotaxis system
in two-dimensional space. Rend. Istit. Mat. Univ. Trieste 52, 131-149 (2020)

[34] Nagai, T., Yamada, T.: Global existence of solutions to a two dimensional attraction-repulsion chemotaxis system in
the attractive dominant case with critical mass. Nonlinear Anal. 190, 25 (2020). (Paper No. 111615)

[35] Osaki, K., Yagi, A.: Finite dimensional attractor for one-dimensional Keller-Segel equations. Funkcial. Ekvac. 44(3),
441-469 (2001)

[36] Painter, K.J., Hillen, T.: Volume-filling and quorum-sensing in models for chemosensitive movement. Can. Appl. Math.
Q. 10(4), 501-543 (2002)

[37] Sugiyama, Y., Kunii, H.: Global existence and decay properties for a degenerate Keller-Segel model with a power factor
in drift term. J. Differ. Equ. 227(1), 333-364 (2006)

[38] Tanaka, Y.: Blow-up in a quasilinear parabolic-elliptic Keller—Segel system with logistic source. Nonlinear Anal. Real
World Appl. 63, 29 (2022). (Paper No. 103396)

[39] Tanaka, Y., Yokota, T.: Blow-up in a parabolic—elliptic Keller—Segel system with density-dependent sublinear sensitivity
and logistic source. Math. Methods Appl. Sci. 43(12), 7372-7396 (2020)

[40] Tao, Y., Wang, Z.-A..: Competing effects of attraction vs. repulsion in chemotaxis. Math. Models Methods Appl. Sci.
23(1), 1-36 (2013)

[41] Tao, Y., Winkler, M.: Boundedness in a quasilinear parabolic-parabolic Keller—Segel system with subcritical sensitivity.
J. Differ. Equ. 252(1), 692-715 (2012)

[42] Tello, J.I., Winkler, M.: A chemotaxis system with logistic source. Commun. Partial Differ. Equ. 32(4-6), 849-877
(2007)

[43] Wang, L., Mu, C., Zheng, P.: On a quasilinear parabolic—elliptic chemotaxis system with logistic source. J. Differ. Equ.
256(5), 1847-1872 (2014)

[44] Wang, Y., Liu, J.: Boundedness in a quasilinear fully parabolic Keller-Segel system with logistic source. Nonlinear
Anal. Real World Appl. 38, 113-130 (2017)

[45] Winkler, M.: Does a ‘volume-filling effect’ always prevent chemotactic collapse? Math. Methods Appl. Sci. 33(1), 12-24
(2010)

[46] Winkler, M.: Global solutions in a fully parabolic chemotaxis system with singular sensitivity. Math. Methods Appl.
Sci. 34(2), 176-190 (2011)

[47] Winkler, M.: Finite-time blow-up in the higher-dimensional parabolic-parabolic Keller-Segel system. J. Math. Pures
Appl. (9) 100(5), 748-767 (2013)

[48] Winkler, M.: Finite-time blow-up in low-dimensional Keller-Segel systems with logistic-type superlinear degradation.
Z. Angew. Math. Phys. 69(2), 25 (2018). (Paper No. 69)

[49] Winkler, M.: Global classical solvability and generic infinite-time blow-up in quasilinear Keller-Segel systems with
bounded sensitivities. J. Differ. Equ. 266(12), 8034-8066 (2019)

[50] Winkler, M.: Blow-up profiles and life beyond blow-up in the fully parabolic Keller—Segel system. J. Anal. Math. 141(2),
585-624 (2020)

[51] Winkler, M., Djie, K.C.: Boundedness and finite-time collapse in a chemotaxis system with volume-filling effect. Non-
linear Anal. 72(2), 1044-1064 (2010)



ZAMP Boundedness and finite-time blow-up in a quasilinear Page 27 of 27 61

[562] Zheng, J.: Boundedness of solutions to a quasilinear parabolic—elliptic Keller—Segel system with logistic source. J. Differ.
Equ. 259(1), 120-140 (2015)

[53] Zheng, J.: Boundedness of solutions to a quasilinear parabolic-parabolic Keller—Segel system with a logistic source. J.
Math. Anal. Appl. 431(2), 867-888 (2015)

Yutaro Chiyo and Tomomi Yokota
Department of Mathematics
Tokyo University of Science

1-3, Kagurazaka

Shinjuku-ku Tokyo162-8601

Japan

e-mail: yokota@rs.tus.ac.jp

Yutaro Chiyo
e-mail: ycnewsszQgmail.com

(Received: July 21, 2021; revised: January 10, 2022; accepted: January 13, 2022)



	Boundedness and finite-time blow-up in a quasilinear parabolic–elliptic–elliptic  attraction–repulsion chemotaxis system
	Abstract
	1. Introduction
	2. Preliminaries
	3. Global existence and boundedness
	3.1. The case p<q
	3.2. The case p=q

	4. Finite-time blow-up
	4.1. The case p>q
	4.2. The case p=q

	Acknowledgements
	References




