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Infinitely many solutions for a class of critical Kirchhoff-type equations involving p-
Laplacian operator
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Abstract. In this paper, we investigate the following Kirchhoff-type equation

M / IVulPdz | Apu = [ulP” ~2u + h(z)|u|" %y, z € RV,
N

o
where N > 3,1 <p <N, p* = ]\1]V_pp7 0 < h e L4 (RN) with q € (1,p*); M is a nonnegative continuous function with

some growth conditions. We show that the above problem has infinitely many solutions by using variational methods.
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1. Introduction and main results

Kirchhoff equations of the type
—(a+b [ |Vu|?dz)Au = f(z,u), z € Q,
Q
u =0, x € 09,

are related to the stationary analogue of the Kirchhoff equation
Ugp — a+b/|Vu|2dx Au = f(z,u),
Q

which was proposed by Kirchhoff [1] in 1883 as an extension of the classical d’Alembert’s wave equation for
free vibrations of elastic strings. After Lions [2] proposed an abstract framework to problem (1), various
kinds of Kirchhoff-type equations have been widely concerned and studied by many scholars (see [3—15]
and the references therein). Among them, the critical case has been studied in [7,11,13-15]. In particular,

Faraci and Farkas [15] dealt with the following Kirchhoff-type problem involving a critical term
—M([ |Vu|Pdz)Apu = [ulP ~2u, z € Q, @
Q 2

u =0, x € 01,

where 2 is an open connected set of R with smooth boundary, N > 3,1 < p < N, M € C([0, +0), [0, +0))
and satisfies some of the following hypotheses.

(My) M(t+s) > M(t) + M(s), for every t,s € [0,+00);
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M(t) > Cyp;
* - “p»

Ms) inf
(Mz) Juf =~

oM
(M) %g(f) sl >SN

where M : [0,400) — [0, +00) is the primitive of the function M, defined by
¢
An:/M@m
0

(2r—t — 1)?1%51\,7, p>2;

p* _p*

22”*1*7”51\," 1<p<2,

cp is a constant, defined by

*

Cp:

Sy is the best Sobolev constant of W* () < LP" (). If (M;) and (M) hold, the authors proved that
the energy functional associated with problem (2) is sequentially weakly lower semicontinuous in VVO1 P(Q).
When (M3) holds, the property of Palais—-Smale (for short (PS)) for the energy functional associated with
problem (2) was got by using the second Concentration Compactness lemma of Lions [18] in Wy?(Q2).
Moreover, the authors provided an application to a Kirchhoff-type problem on exterior domains

—M ([ |VulPdz)Apu = A(u? P +u"" 1), x € Q,

Q
u >0, x €, (3)
u =0, x € 0N,

where Q = RN \ Br(0), 2 < p <r < p*. Under (M), (Mz) and
. M(t)
(My) lim = - 0,
two nontrivial solutions of problem (3) were obtained for some A € (0,1) by employing an abstract
well-posedness result for a class of constrained minimization problem.

Inspired by [15], we study the existence of infinitely many solutions for the following p-Laplacian

equations of Kirchhoff type via variational methods
—M( [ |VulPdz)Apu = |uP" ~2u + h(z)|u|?"2u, © € RV, n
RN 4
u € DVP(RN),

where N >3, 1 <p < N, p* = Np 50 4 € (1,p*), D¥?(RY) is the classic Sobolev space (the definition

is given in Sect.2), M : [0, +o0) — [0, +00) is a continuous function, satisfies (M3) with Sy is the best
Sobolev constant of Dlvp(RN) < LP" (RV) and

L M)
(Ms) iy = = 0.

h satisfies the following assumptions.
(h1) h is positive almost everywhere;
(hy) h e L= (RN).

The main result of this paper is the following theorem.

Theorem 1.1. Assume that assumptions (Ms),(Ms), (h1) and (he) hold. Then, there are infinitely many
solutions to problem (4).
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Remark. Assumption (M3) indicates that the growth rate of M at infinity is no less than %; at the
same time, the decay rate of M at zero is no more than %. It ensures that the functional associated with

problem (4) is coercive in DV(RN). Assumption (M) indicates that the decay rate of M at zero is no
less than %. This assumption is mainly used to ensure the functional associated with problem (4) can
take a value less than near zero. Assumption (M3) is a global constraint; we think it may be extended to
some growth assumptions at zero and infinity. There are a lot of functions satisfy the assumptions (M3)
and (Ms). A class of example is

_ Jat*, te[0,1];
M{(t) = {atﬁ, t € (1,00),

Y
where a > Sy 7,

. 4 _1<a< —1,9g>p; .
{ <a_ 1P B = E- — 1. Here we can define M(0) = a if a = 0.

The rest of the paper is organized as follows. In Sect. 2, we give the variational structure of problem
(4). In Sect. 3, the main result is proved by using the second Concentration Compactness lemma of Loins
and a variant of Clark’s theorem.

The following conventions and notations are used in this paper:

e C,C1,C5,. .. denote positive (possible different) constants.

e We denote weak and strong convergence by u,, — w and u,, — u, respectively.

e 0,(1) is an infinitely small quantity of 1.

2. Preliminaries

In this section, we give some preliminary results which will be used to prove our main result.
As usual, the Sobolev space D''P(RY) is defined by
{ue LP (RN):|Vul € LP(RV)}
equipped with the norm

Jull = / Vuldz

The classical Lebesgue spaces L4(RY)(1 < ¢ < p*) are equipped with the norms

1
fully = | [ a7z
N

a
Sy is the best Sobolev constant of D'?(RN) < LP" (RN), i.e.,
[l

Sy =
uweDLP(RV)\{0} |Ju]

-
-
As it is well known, L? (RY) is a uniformly convex Banach space.

Under our assumptions, problem (4) has a variational structure. We denote by J : DY?(RY) — R,
the energy functional associated with problem (4), which is given by

1 * 1
() ;—g/m@mmx
RN

- 1
= —M(||ul[") = —lu
p p
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Obviously, J € CY(D*P(RY),R) with derivative at u € DVP(RY) given by

J'(u)(v) = M(||lul?) / |Vu[P~2VuVodr — / ulP” ~2uvdz — /h(az)|u|q72uvdx, v € DVP(RY).
RN RN RN
Consequently, the critical points of J are weak solutions for problem (4).

In order to prove our main result, we need the following lemma which is a variant of a result of
Clark [16] and is given in [17].

Lemma 2.1. Assume X is a Banach space, I € C'(X,R) satisfying Palais—Smale condition is bounded
from below and even, 1(0) = 0. If for any k € N, there exist k-dimensional subspaces X* and pj, > 0 such
that

sup I <0,
X*kNS,,

where S,, = {u € X| ||u| = pi}; then, I has a sequence of critical values ¢, < 0 satisfying ci, — 0 as
k — oo.

3. Proof of Theorem 1.1

Under the assumptions of Theorem 1.1, we will show the existence of infinitely many solutions for problem
(4).

Lemma 3.1. Under assumptions (M3), (h1) and (hs), the functional J is coercive bounded from below in
DYP(RN) and satisfies Palais—Smale condition.

5

_p_
Proof. From assumption (M3), it follows that there exists a positive constant & such that k£ > Sy * and
M(t) > kt's ! for every t > 0. Then, M(t) > p%k:tp'? for every t > 0. Since h € L#*=7 (RY), we have

1 N 1 2 N 1
J) > =kl — =557 [ul?” = Ll )2
p q p*—q
1(k s"’f’*)n v L B e
=— | k- ullP — - p |lul|?.
p* N g N T

Due to ¢ < p*, we obtain that .J is coercive and bounded from below in D»?(RY).
Let {u,} be a Palais—Smale sequence for J, that is,
{J(uy)} is bounded, J'(u,) — 0, as n — oo.
Obviously, since J is coercive, {u,} is bounded in DV'P(RY). Then, there exists u € DVP(RY) such
that up to a subsequence
Up — u in DVP(RY),
U, — win Ly, (RN, € [1,p"),

Up — u a.e. in RY,
|V, |P — n,|u.|P — v, in the sense of measures,

where 7, v are nonnegative and bounded measures on RY. By the second Concentration Compactness
lemma of Lions [18] and the Concentration compactness principle at infinity of Chabrowski [19], there exist
an at most countable index set A, a set of points {z;};ex C RY and two families of positive numbers
{nj}ien, {vj}ien such that

n > |VulPdr + Zn]ﬁzj, v = |ulP dz + Z Vjlg,,
JEA JEA
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and
L*
SNI/P

P
7 <mn; forevery je A, in particular, Z vi < oo,

JEA
where d,; is the Dirac mass concentrated at x;;
limsup/ [V, |Pde = /dn + 7o, limsup/ un P da = /du + Voo,
n—oo n—oo
RN RN RN RN
where

Moo :Rlim lim sup / [Vu, |Pdz, vee :Rlim lim sup / un |P” da,

—X n—oo —0 n—oo

B (0) B(0)

b
satisfying Syvd < Nso.

39

Next, we will prove that the index set A is empty. Arguing by contradiction, we may assume that
there exists a jo such that v, # 0. Consider now, for ¢ > 0 a nonnegative cut-off function ¢. such that

2
¢e =1 on B(zj,,€), e =0 on RN\B(ij,Ze), Vo < ot

It is easy to see that the sequence {u, ¢}, is bounded in D**(RY). Then,
lim J'(up,)(unde) = 0.
That is to say,

on(1) = M(Jun |?) / VP2V (1o )l — / i P bodar — / h(a) e

RN RN

RN
=M (||un||?) /|Vun|p¢>5dx+/un|Vun|p*2VunV¢edx 7/|un|p*¢>€dx (3.1)
N RN

RN
- /h(m)|un|q¢5dm.
RN
Since {u,} is bounded in D'?(RY), by Hélder inequality, one has
/ U |Vt P 2Vu, Vodz| = / U |Vin [P2Vu, Vo da
N (54 ,2¢€)
p=1 1
< / |V, [Pdx / |un, Ve |[Pda
B(zj,,2¢€) B (2, ,2¢)

1
B(zj,2¢€)
Since
Jim / V. [Pz = / UV . [Pz,

B(z_jo,Qe) B(xjo,QE)
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1
P ¥ N

/ uVee|Pdz | < / JulP" da / |Ve|Nda

B(zj,,2€) B(zj,,2€) B (xj,,2€)
1

=

<C / \u|p*dx — 0, as € — 0,

B(ajjo ,2€)

and the sequence {M (||u,||?)} is bounded in R, we can get that

litn i sup M ) / [Vt [P~ 2V 0V 6, d| = 0.

N

Moreover, as 0 < ¢ < 1,

lim inf M (||lu,||?) / Vg [Popcdr > k lim / |V, |Pocda
RN B(xj,,2€)

>k / |VulPoedz + nj,

B(Ijo ,2¢€)

Together with [ |[Vu[P¢.dz — 0 as e — 0, thus
B(ij,QE)

jol
limi(r)lfliminfM(Huan)/|Vun|p¢€dz2 kn;y

RN

In addition,

e—0n—oo

i T [ unl? ocde =T | [l oo+ (136,00 | =
RN

B(‘Tj()v2€) et

By assumptions (h1) and (ha),

n—oo
RN B(zj,,2¢)

_ / h(@)|ul?6.de,

B(I]‘O,QE)

lim /h(aﬁ)|un|q¢€dm: lim / h(x)|u,|?p.dx
n—oo

ZAMP
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and
p :CI pi*
h(z)|u|?¢dx < / |h(z)| P —adx |ulP dz
B(Ij0,2e) B(Ij0,26) B(wjo,Qe)
i*
<C / |u\p*dx
B(xjq,2¢€)

Thus,

lim lim [ h(x)u,|?¢.dx = 0.

e—0n—oo

RN
From (3.1),
[ et oo =1 mmpfwwwwwmem%/%w%WRMN¢m
RN RN
_ / h(@)|n|Tedz + op (1)
RN
>M(Junl?) [ [FunPode ~ [M(Junl?) [ [T P>V Vo.da
]RN
- / h(z)|up|9pedz + 0, (1).
RN

Then,

lim nf / i l”" e > lm inf (M () / Vit [Pbedir — | M([|un|?) / |Vt P2V, Vol
RN ]RN
—/Mmmmmm+%an
]RN

ZliminfM(Huan)/|Vun|p¢€dx

M ( ||un||p un|vun|p_2VunV¢€dx

S
([

+ lim inf
n—oo

+ lim inf

n—oo

h )|t |*edz
RN
:liminfM(Huan)/|Vun|p¢ed$

RN
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— lim sup M(Huan)/un|V’u,n|p72VUnV¢)edx

n—oo RN
—lim sup / h(z)|un|Tpda.
n—oo RN

Passing to the liminf as e — 0 in both sides of the above inequality, it follows from (3.2)-(3.5) that

p*

Vjo 2 knjg :

b
From Syv < nj; for every j € A, we obtain

* p*

p_ p_
kSN vy < knjp < v,

P
This is a contradiction with the fact that k£ > Sy * . Such a conclusion implies that A is empty.
Then, in order to get that

it suffices to show that v,, = 0. Indeed, let 1z € C(R¥,[0,1]) be a cut-off function such that
2
Yr(x) =0, |z| < R, Yr(x) =1, |z| > 2R, and |[Vig| < VR

It is also easy to see that {u,%r}, is bounded in DVP(RY). Then,

on(1) = M([[un||) / Vup [Pebrda + / | Vi [P~ Vuy Vi el
~ R (3.6)
—/|un|p*¢Rdx—/h(m)|un|qw3dx.
RN RN

By Holder inequality, one has

/un\Vun|p72VunV1/)Rdm < / |unV1,ZJRHVun|p71d:z:

N {R<|z|<2R}

p—1

D=

IN

|V, |[Pdx / | Vipr|Pda
{R<|z|<2R} {R<|z|<2R}
%
<C / |tn Vipr|Pdz
{R<|z|<2R}

Since

lim / |u, Viogr|Pda = / |[uVg|Pde,

n—oo

{R<|z|<2R} {R<|z|<2R}
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1
P N

3=

[uVypPde | < / lulP” dz / |Vr|Nd
(R<|z|<2R} (R<|z|<2R} (R<|z|<2R}
<C / lulP" da — 0,
{R<|z|<2R}

as R — oo, and the sequence {M (||u,||?)}. is bounded, we can get that

Rlim lim sup M (||un||?) /un|Vun|p72VunV¢Rdm =0. (3.7)
X n—oo -
Moreover, by assumption (M3) again,

M(Jun|?) / VunPirde | > k% [ [VulPde.

Then,

p_ P_
P

lim sup limsupM(Huan)/|Vun\p1/13dx > lim sup lim sup M(Hun\|p)/|Vun|p1/)Rdx

R—oc R—oo nm—oo

RN RN

> ko~ hm lim sup / |V, |Pdz

R—o0 nooco

b~

BgR(0)
= kP oo
Thus,
h}rznsuphmsupM(HunH )/|Vun|prdx > kn:z*. (3.8)
RN
In addition,
hm hmsup/ [un |P ppde = hm lim sup / [ |P” dat = Vo (3.9)
A T BE(0)
Since assumptions (h1) and (hz) imply that
/h(z)|un|q1/szz < / h(z)|uy|9da
RY B (0)
and
lim h(z)|up|?dz = / h(z)|u|?dx,
n_woBg(O) BE(0)
then

limsup/h(m)\un|q1/13dx§ / h(z)|u|?dz.

RY BZ(0)
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Together with

]?Iijrlm h(z)u|?dx = 0,
580
we can get
Jim_Tim sup / h(@)|un|"rdz = 0. (3.10)
RN
From (3.6),

)
/ lun |P” tprdz =M (||u,||?) / |V, |Pyrde + / Un | Vitn [P~ 2V, Vippda
N N

R RN
- / h() | rde + 0n(1)
]RN
> M([lun |7) / VutnlPondz — | M (Jun]?) / |Vt P2Vt Vi
RN ]RN
- / (@) | e + 0n(1);
RN
then,
limsup/\un|p*z/}3dx Zlimsup[M(Huan)/\Vun|p¢3dx

_ M(Huan)/un|Vun|p_2VunV1/JRdx —/h(m)|un|qw3dx+on(1)}

RN RN

> lim sup M (||un||?) / |Vu,|[Pyrde
RN

n—oo

— limsup M(Huan)/un|Vun|p72VunV@/}Rdx

n—oo
RN
—limsup/h(x)\un\qlﬁl%dx-
n—00
]RN

Taking the lim sup as R — oo in both sides of the above inequality, it follows from (3.7)-(3.10) that

Voo > kng.

p_
From Syvd < 14, we obtain
" 2
kSN Voo < kNod < Voo

If vo # 0, it also leads to a contradiction with the fact that k > S&T. Therefore, vy, = 0.
The uniform convexity of LP" (RY) implies that

Uy, — u in LP (RV).
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Since {uy,} is bounded in DVP(RY),

lim J'(u,)(up —u) = lim [M(||u,||?) / |Vt |P 2V, V (u, —u)de

n—oo

RN

- / |t | P 2, (1, — ) — / h(2) |t |2t (1, — u)d]
RN RN
0

By Hoélder inequality,

Np—N+p
N

/|uﬂ|p*_2un(un_u)dx S /|un|p*dx /lun—u|p*dfff

N N N

1
¥

We know from the definition of weak convergence and assumption (hy) that

lim [ A(@)|un |9 % un (4 — u)de = 0.

n—oo

RN
So we deduce that

lim M (||un||?) /|Vun|p*2VunV(un7u)dx =0.
N

We claim that

lim [ |Vu,|P"2Vu,V(u, —u)dz = 0. (3.11)
RN
In fact, if lim sup M (||u,]|”) > 0, then, (3.11) follows at once( in the sense of subsequence). If lim M (]|u,||?)

= 0, then, by assumption (M3) and Holder inequality, we obtain that u, — 0 in D'?(RY) and (3.11)
holds true also in this case.
It follows from the definition of weak convergence that
lim [ |VuP"2VuV(u, —u)dr = 0.
n—oo

]RN
Then,

lim [ (|Vun|[P"2Vu, — |[VulP~2Vu)V(u, —u)dz = 0.
RN
By the boundedness of {u,} in D*?(RY) and the well-known Simon inequalities
cp([€P726 = InlP=*m) - (€ = m), P2

2—p

Cul(I€P72€ — In[P=2n) - (€ = )% x (|EPP + [nlP) =", 1<p<2

for all £, € RY, where ¢, and C, are positive constants depending only on p, we can obtain

s—mp<{

ln, — ul|? = / |Vu, — VulPdz — 0, n — oo.
RN

Therefore, u,, — u in DP(RN). O
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Lemma 3.2. For any m € N, there exists a m-dimensional subspace X™ of DYP(RN) and p,, > 0 such
that  sup  J(u) <0, where S, = {u € D"P(RN) : ||ul| = py}.
ueXm™NS

Pm

Proof. For any m € N, we can find m functions ey, es, . . ., e, € C5°(RY) of linearly independent. The m-
dimensional subspace X™ is defined by X™ = span{ey, e, ..., e, } equipped with the norm of D1:P(RY).

1

q

While [Jullgn:=| [ h(x)|u|qu> is also a norm of X™. Because all norms are equivalent in X™, there
RN

exists C,,, > 0 such that
ull < Cillullgn, veX™.
We know from (Ms5) that for some Cy € (0, q%), there exists § > 0 such that
M(t) < Cotr, |t] < 0.

Let p,, € (0,0 %) be small sufficiently, we have that

1 - 1 « 1
Jw)==-M(|Jul]?) - = up*—f/hx u|dz
() = SM(Jlulf?) = Zllull- = o [ @)yl

RN

1 1

< ~Collul” = el
1 1

= (=Cy— —— a

(360~ 7 )
<0,

when u € X™ NS, .. The proof of Lemma 3.2 is completed. O

Proof of Theorem 1.1. Assumption (Ms5) implies that M (0) = 0. By the definition of J, we can get
that J(0) =0 and J € C*(DVP(RY),R) is even. According to Lemma 3.1 and Lemma 3.2, J satisfies all
the conditions of Lemma 2.1. Therefore, there are infinitely many solutions to problem (4).
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