
Z. Angew. Math. Phys. (2022) 73:37
c© 2022 The Author(s), under exclusive licence to Springer Nature
Switzerland AG

0044-2275/22/010001-30
published online January 9, 2022
https://doi.org/10.1007/s00033-021-01670-z

Zeitschrift für angewandte
Mathematik und Physik ZAMP

Existence and uniqueness of solution to one-dimensional compressible biaxial nematic
liquid crystal flows

Ling Zhu and Junyu Lin
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1. Introduction

Let I = [0, 1], QT = I × (0, T ) for any T > 0 and N = {(n,m) ∈ S2 × S2| n · m = 0}, here S2 is the unit
sphere in R3. In recent paper, we will consider the following compressible hydrodynamic flow of biaxial
nematic liquid crystals

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ρt + (ρv)x = 0,

(ρv)t + (ρv2)x + (P (ρ))x = μvxx − λ[(|nx|2)x + (|mx|2)x + (2|n · mx|2)x],
nt + vnx − 2(nx · m)mx = θ(nxx + |nx|2n) + (mx · nx)m + 2|n · mx|2n,

mt + vmx − 2(mx · n)nx = θ(mxx + |mx|2m) + (nx · mx)n + 2|n · mx|2m,

(1.1)

with the following initial and boundary condition:
{

(ρ, v, n,m)|t=0 = (ρ0, v0, n0,m0), (n0,m0) ∈ N ,

v|∂I = 0, nx|∂I = mx|∂I = 0,
(1.2)

where ρ : QT → R denotes the density, v : QT → R represents the velocity, n : QT → S2 and m : QT → S2

are orthogonal unit vector fields of the biaxial nematic liquid crystal molecules, here P (ρ) = rργ : QT → R
denotes the pressure for some constants γ > 1 and r > 0. For convenient, let λ = μ = θ = r = 1.

The system (1.1) is a coupling between the compressible Navier–Stokes equations and a heat flow,
which is a macroscopic continuum description of the development for the biaxial nematic liquid crystals.
Based on the Landau–De Gennes Q-tensor theory, Govers and Vertogen proposed the elastic continuum
theory of biaxial nematics in [9,10]. The Govers–Vertogen model uses a pair of orthogonal unit vector
fields (n,m) ∈ N , to describe the orientation field of a nematic liquid crystal, and considers the elastic
energy density W(n,m,∇n,∇m) to be of the Oseen–Frank type. In this paper, we focus on the special
elastic energy density has a simple form

W(n,∇n,∇m) =
1
2
|∇n|2 +

1
2
|∇m|2 + |n · ∇m|2. (1.3)
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Then, if we ignore ρ and v, (1.1) is a system with special elastic energy density W(n,∇n,∇m) in dimension
one. If we ignore m, (1.1) becomes the compressible uniaxial nematic liquid crystal equations [2].

Now we first recall some previous works on the existence and uniqueness of solutions to the related
systems. Ericksen [5] and Leslie [14] in the 1960s derived firstly the hydrodynamic theory of incompressible
uniaxial nematic liquid crystals. This theory simplified to the incompressible uniaxial nematic liquid
crystal equations, which has been successfully studied (see [6,7,13,17,18,20,26] and so on for the constant
density case, and [8,15,16,27] and so on for nonconstant density case for example). For the compressible
uniaxial nematic liquid crystal equations, Ding et al. [2,4] obtained the global existences of classical,
strong and weak solutions in dimension one, while authors in [24] obtained the global existence and
regularity of solutions in suitable Hilbert spaces in Lagrangian coordinates. In higher dimensions, authors
in [23] obtained the global existence of weak solution with large initial energy and without any smallness
condition on the initial density and velocity in a three-dimensional bounded domain. Lin et al. [19]
established the existence of finite energy weak solutions with the large initial data in dimensions three,
provided the initial orientational director field lies in the upper hemisphere. Wen et al. in [11,12] obtained
the local existence of strong solution and blow-up criterion compressible nematic liquid crystal flows in
dimension three. Gao et al. [8] obtained the global well-posedness of classical solution under the condition
of small perturbation of constant equilibrium state in the suitable Hilbert space. Authors in [21] derived
a global existence of classical solution with smooth initial data which is of small energy but possibly
large oscillations in R3. For more about the progress of mathematical researches on liquid crystals, the
interested readers can consult with the review articles [1,22,28].

For the hydrodynamic flows of incompressible biaxial nematics with a constant density, Lin et al. in
[18] have derived the existence of unique global weak solution in two dimensions which is smooth off at
most finitely many singular times. Authors in [3] have derived the weak compactness property of solutions
in two dimensions as the parameter tends to zero by Pohozaev argument.

Inspired by the work on the hydrodynamics of compressible uniaxial nematics with a nonconstant
density [2], we consider the global classical and strong solutions to (1.1)–(1.2). For initial density ρ0
without vacuum states, we obtain our first result on the existence and uniqueness of global classical
solutions.

Theorem 1.1. For α ∈ (0, 1), let ρ0 ∈ C1+α(I) with C−1
0 ≤ ρ0 ≤ C0 for some positive constant C0,

v0 ∈ C2+α(I) and (n0,m0) ∈ N with n0,m0 ∈ C2+α(I). Then, (1.1)–(1.2) has a unique global classical
solution (ρ, v, n,m) : I × [0,+∞) → [0,+∞) × R × S2 × S2, such that for any T > 0, there hold

(ρx, ρt) ∈ Cα, α
2 (QT ), C−1

1 ≤ ρ ≤ C1, (v, n,m) ∈ C2+α, 2+α
2 (QT ) and (n,m) ∈ N

for a positive constant C1 depending on C0 and T.

For initial density ρ0 with possible vacuum states, we obtain our second result on the global existence
and uniqueness of strong solutions.

Theorem 1.2. Let 0 ≤ ρ0 ∈ H1(I), v0 ∈ H1
0 (I) and (n0,m0) ∈ N with n0,m0 ∈ H2(I). (1.1)–(1.2) has a

unique global strong solution (ρ, v, n,m) such that for any T > 0, there hold (n,m) ∈ N and

ρ ∈ L∞(0, T ;H1(I)), ρt ∈ L∞(0, T ;L2(I)),

v ∈ L∞(0, T ;H1
0 (I)) ∩ L2(0, T ;H2(I)), (ρv)t ∈ L2(0, T ;L2(I)),

√
tvt ∈ L2(0, T ;H1

0 (I)),
n,m ∈ L∞(0, T ;H2(I)), nt,mt ∈ L∞(0, T ;L2(I)) ∩ L2(0, T ;H1(I)).

Our two results extend the works in [2] to biaxial nematic liquid crystals. However, because of the
additional vector m and term |n · ∇m|2 in elastic energy density, there are many difficulties to overcome.
For example, to use the Schauder theory in constructing local existence in Sect. 2, we use some modi-
fications in deriving the map H. To prove the global existence of solutions, we have to overcome some
difficulties coming from some terms similar to gradient square like terms, for example, (nx · m)mx and
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|n · mx|2. In Sect. 4, in order to use the result of Theorem 1.1, we will construct a suitable approximate
initial nk

0 and mk
0 such that (nk

0 ,m
k
0) ∈ N . Meanwhile, one observes that the system (1.1) is strongly

coupled and the equations therein are strongly nonlinear. All of these suggest the main difficulties in the
global estimates.

Throughout this paper, we will use the following notices for simplicity.

|| · ||k+α = || · ||
Ck+α, k+α

2 (QT )
, α ∈ [0, 1); || · ||p = || · ||Lp(I), p ∈ [0,+∞].

The paper is organized as follows. In Sect. 2, the existence of local classical solutions of (1.1)–(1.2) is
proved. In Sect. 3, through deriving some a priori global estimates for classical solutions, we prove the
global existence and uniqueness of classical solutions for initial density without vacuum states. In Sect. 4,
we prove the global existence and uniqueness of strong solutions for initial density with possible vacuum
states.

2. Local classical solution: existence and uniqueness

In this section, we will prove the existence and uniqueness of local classical solutions. We will assume
that ∫

I

ρ0(ξ)dξ = 1. (2.1)

We will rewrite (1.1)–(1.2) in Lagrangian coordinate firstly. For any T > 0, introduce the Lagrangian
coordinate (y, τ) on I × (0, T ) such that

y(x, t) =

x∫

0

ρ(ξ, t)dξ, τ(x, t) = t.

Then, (x, t) → (y, τ) is a C1−bijective map [2]. One also has

∂

∂t
= −ρv

∂

∂y
+

∂

∂τ
,

∂

∂x
= ρ

∂

∂y
.

By a coordinate transformation, (1.1)–(1.2) can be changed into the following system
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ρτ + ρ2vy = 0,

vτ + Py = (ρvy)y − (ρ2|ny|2)y − (ρ2|my|2)y − (2ρ2|n · my|2)y,

nτ = ρ(ρny)y + ρ2|ny|2n + ρ2mmy · ny + 2ρ2|n · my|2n + 2ρ2(ny · m)my,

mτ = ρ(ρmy)y + ρ2|my|2m + ρ2nny · my + 2ρ2|m · ny|2m + 2ρ2(my · n)ny,

(2.2)

and the initial boundary conditions
{

(ρ, v, n,m)|τ=0 = (ρ0, v0, n0,m0), (n0,m0) ∈ N ,

v|∂I = 0, ny|∂I = my|∂I = 0.
(2.3)

Then, we have the following result.

Theorem 2.1. For 0 < α < 1, suppose ρ0 ∈ C1+α(I) with 0 < C−1
0 ≤ ρ0(x, t) ≤ C0 and v0 ∈ C2+α(I),

n0,m0 ∈ C2+α(I) with (n0,m0) ∈ N . Then, (1.1)–(1.2) has a unique local classical solution (ρ, v, n,m)
such that there exists T = T (ρ0, v0, n0,m0) > 0 such that

(ρx, ρt) ∈ Cα, α
2 (QT ), C−1 ≤ ρ(x, t) ≤ C, (v, n,m) ∈ C2+α, 2+α

2 (QT ) and (n,m) ∈ N
for some constant C > 0.
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Proof. For K > 0 large and T > 0 small determined later, define X = X(T,K) by

X = {(u, z, w) : QT → R × R3 × R3|(u, z, w) ∈ C2+α, 2+α
2 (QT ), (u, z, w)|τ=0 = (v0, n0,m0),

||(u − v0, z − n0, w − m0)||X � K},

where

||(u, z, w)||X = ||u||
C2+α, 2+α

2 (QT )
+ ||z||

C2+α, 2+α
2 (QT )

+ ||w||
C2+α, 2+α

2 (QT )
.

It can be checked that X is a Banach space.
For any (u, z, w) ∈ X, we will firstly solve the following equation

{
ρτ + ρ2uy = 0,

ρ|τ=0 = ρ0, ρ|∂I = ρ0|∂I .
(2.4)

In fact, we have

ρ(y, τ) =
ρ0

1 + ρ0
∫ τ

0
uy(y, s)ds

. (2.5)

Moreover, since (u, z, w) ∈ X, we have ||u||X ≤ K. Then if T ≤ T1 := 1
2C0K , we have

ρ ≤ ρ0

1 − |ρ0
τ∫

0

uy(y, s)ds|
≤ 2C0, (2.6)

and

ρ ≥ ρ0

1 + |ρ0
τ∫

0

uy(y, s)ds|
≥ C−1

0

2
. (2.7)

From u ∈ C2+α, 2+α
2 (QT ) and ρ0 ∈ C1+α(I), we know that ρ, ρy ∈ Cα, α

2 (QT ) by (2.5).
Let ρ be given by (2.5). Define a map H : X → C2+α, 2+α

2 (QT ) with H(u, z, w) = (v, n,m), where
(v, n,m) solves

⎧
⎪⎨

⎪⎩

vτ + Py − ρvyy = ρyuy − (ρ2|ny|2)y − (ρ2|my|2)y − (2ρ2|n · my|2)y,

nτ − ρ2nyy = ρρyzy + ρ2|zy|2z + ρ2wwy · zy + 2ρ2|z · wy|2z + 2ρ2(zy · w)wy,

mτ − ρ2myy = ρρywy + ρ2|wy|2w + ρ2zzy · wy + 2ρ2|z · wy|2w + 2ρ2(wy · z)zy.

(2.8)

with the following initial boundary conditions
{

(v, n,m)|τ=0 = (v0, n0,m0), (n0,m0) ∈ N ,

(v, ny,my)|∂I = (0, 0, 0).
(2.9)

Now the proof of Theorem 1.2 is divided into several steps.

Step 1: To prove that H is well defined.

In fact, since ρ, ρy ∈ Cα, α
2 (QT ) and z, w ∈ C2+α, 2+α

2 (QT ), we know that (2.8)–(2.9) has a unique
solution (v, n,m) in C2+α, 2+α

2 (QT ) by the Schauder theory and the boundedness of ρ from (2.6) and
(2.7). Hence, H is well defined.

Step 2: To prove that the image of H is in X, if K is large enough and T small enough.
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Let C1 = ||ρ0||C1+α(I) + ||v0||C2+α(I) + ||n0||C2+α(I) + ||m0||C2+α(I). Differentiating (2.5) w.r.t y, we
have

ρy(y, τ) =
ρ0y

1 + ρ0
τ∫

0

uy(y, s)ds

−
ρ0ρ0y

τ∫

0

uy(y, s)ds + ρ20

τ∫

0

uyy(y, s)ds

(1 + ρ0
τ∫

0

uy(y, s)ds)2
. (2.10)

Then, (2.5) and (2.10) imply that if T ≤ T2 := min
{

T1, ( 1
K )

2
2−α

}
, then

max
{

||ρ||
Cα, α

2
, ||ρy||

Cα, α
2 (QT )

}
≤ C(C1). (2.11)

Applying the Schauder theory to (2.8)2, one gets that for any T ≤ T2,

||n − n0||
C2+α, 2+α

2 (QT )
≤ C

[
1 + ||ρρyzy||

Cα, α
2 (QT )

+ ||ρ2|zy|2z||
Cα, α

2 (QT )

+||ρ2w(wy · zy)||
Cα, α

2 (QT )
+ ||ρ2|z · wy|2z||

Cα, α
2 (QT )

+ ||ρ2(zy · w)wy||
Cα, α

2 (QT )

]
. (2.12)

Since w − m0 = z − n0 = 0 at t = 0, we get that

||z − n0||C(QT ) ≤ KT, ||zy − n0y||C(QT ) ≤ KT,

||w − m0||C(QT ) ≤ KT, ||wy − m0y||C(QT ) ≤ KT.

By the interpolation inequality, we have that for 0 < δ < 1,

||z − n0||Cα, α
2 (QT )

≤ C

[ ||z − n0||0
δ

+ δ||z − n0||2+α

]

≤ CK

(

δ +
T

δ

)

,

||zy − n0y||
Cα, α

2 (QT )
≤ C

[ ||zy − n0y||0
δ

+ δ||z − n0||2+α

]

≤ CK

(

δ +
T

δ

)

.

Similarly, we also have

||w − m0||Cα, α
2 (QT )

≤ CK

(

δ +
T

δ

)

, ||wy − m0y||
Cα, α

2 (QT )
≤ CK

(

δ +
T

δ

)

.

Then, we have

||ρρyzy||
Cα, α

2 (QT )
≤ 3||ρ||α||ρy||α||zy||α ≤ C(C1)[||zy − n0y||α + ||n0y||α]

≤ C(C1)||zy − n0y||α + C(C1)

≤ C(C1)
[

K

(

δ +
T

δ

)

+ 1
]

. (2.13)

One also gets that

||ρ2|zy|2z||
Cα, α

2 (QT )

≤ ||ρ2|zy|2z − ρ20|zy|2z||α + ||ρ20|zy|2z − ρ20|n0y|2z||α + ||ρ20|n0y|2z − ρ20|n0y|2n0||α + ||ρ20|n0y|2n0||α
≤ 5||ρ − ρ0||α||ρ + ρ0||α||zy||2α||z||α + 5||ρ0||2α||zy − n0y||α||zy + n0y||α||z||α

+ 5||ρ0||2α||n0y||2α||z − n0||α + C(C1)

≤ C(C1)(||zy − n0y||α + ||n0y||α)2(||z − n0||α + ||n0||α) + C(C1)(||zy − n0y||α
+ ||n0y||α)(‖z − n0‖α + ‖n0‖α) + C(C1)||z − n0||α + C(C1)

≤ C(C1)
[

K

(

δ +
T

δ

)

+ 1
]3

. (2.14)
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Similarly, we have

||ρ2wwyzy||
Cα, α

2 (QT )

≤ ||ρ2wwyzy − ρ20wwyzy||α + ||ρ20wwyzy − ρ20m0wyzy||α + ||ρ20m0wyzy − ρ20m0m0yzy||α
+ ||ρ20m0m0yzy − ρ20m0m0yn0y||α + ||ρ20m0m0yn0y||α

≤ 5||ρ − ρ0||α||ρ + ρ0||α||w||α||wy||α||zy||α + 5||ρ0||2α||w − m0||α||wy||α||zy||α
+ 5||ρ0||2α||m0||α||wy − m0y||α||zy||α + 5||ρ0||2α||m0||α||m0y||α||zy − n0y||α + C(C1)

≤ C(C1)
[

K

(

δ +
T

δ

)

+ 1
]3

(2.15)

and

||ρ2|z · wy|2z||
Cα, α

2 (QT )

≤ ||ρ2|z · wy|2z − ρ20|z · wy|2z||α + ||ρ20|z · wy|2z − ρ20|n0 · wy|2z||α
+ ||ρ20|n0 · wy|2z − ρ20|n0 · m0y|2z||α + ||ρ20|n0 · m0y|2z − ρ20|n0 · m0y|2n0||α + C(C1)

≤ C(C1)
[

K

(

δ +
T

δ

)

+ 1
]5

. (2.16)

Finally, we also get

||ρ2(zy · w)wy||
Cα, α

2 (QT )

≤ ||ρ2(zy · w)wy − ρ20(zy · w)wy||α + ||ρ20(zy · w)wy − ρ20(n0y · w)wy||α
+ ||ρ20(n0y · w)wy − ρ20(n0y · m0)wy||α + ||ρ20(n0y · m0)wy − ρ20(n0y · m0)m0y||α + C(C1)

≤ C(C1)
[

K

(

δ +
T

δ

)

+ 1
]3

. (2.17)

By there estimates from (2.13) to (2.17), we have

||n − n0||
C2+α, 2+α

2 (QT )
≤ 5C(C1)

[

K

(

δ +
T

δ

)

+ 1
]5

. (2.18)

Similarly, applying the Schauder theory to (2.8)3, we also have

||m − m0||
C2+α, 2+α

2 (QT )
≤ 5C(C1)

[

K

(

δ +
T

δ

)

+ 1
]5

. (2.19)

Taking T = δ2, we have

||n − n0||
C2+α, 2+α

2 (QT )
+ ||m − m0||

C2+α, 2+α
2 (QT )

≤ 10C(C1)[2KT
1
2 + 1]5. (2.20)

Then, there are T3 > 0 small enough and K3 > 2 large enough, such that for 0 < T ≤ T3 and K > K3

there holds that

||n − n0||
C2+α, 2+α

2 (QT )
+ ||m − m0||

C2+α, 2+α
2 (QT )

≤ K
1
8 . (2.21)

Now we will estimate v. Applying the Schauder theory to (2.8)1, we have for 0 < T ≤ T3 and K > K3

that

||v − v0||
C2+α, 2+α

2 (QT )

≤ C[1 + ||ρyuy||α + ||(ρ2|ny|2)y||α + ||(ρ2|my|2)y||α + ||(ρ2|n · my|2)y||α]. (2.22)
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It is not hard to see that

||ρyuy||
Cα, α

2 (QT )
≤ C(C1)[||uy − v0y||α + ||v0y||α] ≤ C(C1)

[

K

(

δ +
T

δ

)

+ 1
]

.

Taking δ =
√

T firstly and then 0 < T ≤ T4 := min{T3,K
−1}, we have

||ρyuy||
Cα, α

2 (QT )
≤ C(C1)[K

1
2 + 1].

By (2.21), we have

||(ρ2|ny|2)y||
Cα, α

2 (QT )

≤ C||ρ||α||ρy||α||ny||2α + C||ρ||2α||ny||α||nyy||α
≤ C(C1)(||ny − n0y||α + ||n0y||α(I))2 + C(C1)(||ny − n0y||α + ||n0y||α)(||nyy − n0yy||α + ||n0yy||α)

≤ C(C1)(K
1
8 + 1)2

and

||(ρ2|my|2)y||
Cα, α

2 (QT )
≤C(C1)(K

1
8 + 1)2

and

||(ρ2|n · my|2)y||
Cα, α

2 (QT )
≤ C(C1)(K

1
8 + 1)4.

Putting these four estimates together and taking K ≥ K5 for some K5 large enough, we have

||v − v0||
C2+α, 2+α

2 (QT )
≤ 7C(C1)[K

1
2 + 1] ≤ 1

2
K. (2.23)

Finally, (2.20) and (2.23) imply that there are T > 0 small enough and K > 0 large enough such that

||v − v0||
C2+α, 2+α

2 (QT )
+ ||n − n0||

C2+α, 2+α
2 (QT )

+ ||m − m0||
C2+α, 2+α

2 (QT )
≤ K.

Therefore, H is a map X to X.

Step 3: To prove that H is a contract mapping, if T > 0 is small enough and K > 0 is large enough.

Let (ui, zi, wi) ∈ X and (vi, ni,mi) = H(ui, zi, wi), i = 1, 2. Denote ū = u1 − u2, z̄ = z1 − z2,
w̄ = w1 − w2, v̄ = v1 − v2, n̄ = n1 − n2, m̄ = m1 − m2, and ρ̄ = ρ1 − ρ2, where ρi solves the following
equation

ρiτ + (ρiui)y = 0.

Then it is not hard to see that
(

ρ̄

ρ1ρ2

)

τ

= −ūy.

We get

ρ̄ = −ρ1ρ2

τ∫

0

ūy(y, s)ds.

Because ρ1 and ρ2 satisfy (2.11), we get that

max
{

||ρ̄||
Cα, α

2 (QT )
, ||ρ̄y||

Cα, α
2 (QT )

}
≤ C(C1)T 1− α

2 ||ū||C2+α, 2+α
2 (QT ). (2.24)
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We also have

n̄τ − ρ21n̄yy

= G := ρ̄(ρ1 + ρ2)z2yy + ρ̄ρ1yz1y + ρ2ρ̄yz1y + ρ2ρ2y z̄y + ρ̄(ρ1 + ρ2)|z1y|2z1
+ ρ22z̄y · (z1y + z2y)z1 + ρ22|z2y|2z̄ + ρ̄(ρ1 + ρ2)w1w1y · z1y + ρ22w̄w1y · z1y + ρ22w2w̄y · z1y

+ ρ22w2w2y · z̄y + 2ρ̄(ρ1 + ρ2)|z1 · w1y|2z1 + 2ρ22z̄ · w1y(z1 · w1y + z2 · w2y)z1

+ 2ρ22z2 · w̄y(z1 · w1y + z2 · w2y)z1 + 2ρ22|z2 · w2y|2z̄ + 2ρ̄(ρ1 + ρ2)(z1y · w1)w1y

+ 2ρ22z̄yw1 · w1y + 2ρ22z2yw̄ · w1y + 2ρ22z2yw2 · w̄y. (2.25)

Applying the Schauder theory to (2.25), we get

||n̄||
C2+α, 2+α

2 (QT )
≤ C||G||

Cα, α
2 (QT )

≤ C(C1)K5[||ρ̄||α + ||ρ̄y||α + ||z̄y||α + ||z̄||α + ||w̄||α + ||w̄y||α]

≤ C(C1)K5

(
T

δ
+ δ

)

(||ū||2+α + ||z̄||2+α + ||w̄||2+α), (2.26)

where we have used (2.24) and

||z̄||α ≤ C

(
1
δ
||z̄||0 + δ||z̄||2+α

)

≤ C

(
T

δ
+ δ

)

||z̄||2+α,

||z̄y||α ≤ C

(
1
δ
||z̄y||0 + δ||z̄||2+α

)

≤ C

(
T

δ
+ δ

)

||z̄||2+α,

||w̄||α ≤ C

(
1
δ
||w̄||0 + δ||w̄||2+α

)

≤ C

(
T

δ
+ δ

)

||w̄||2+α,

||w̄y||α ≤ C(
1
δ
||w̄y||0 + δ||w̄||2+α) ≤ C(

T

δ
+ δ)||w̄||2+α.

Similarly, we have

||m̄||
C2+α, 2+α

2 (QT )
≤ C(C1)K5

(
T

δ
+ δ

)

(||ū||2+α + ||z̄||2+α + ||w̄||2+α). (2.27)

Taking δ =
√

T , we have

||n̄||
C2+α, 2+α

2 (QT )
+ ||m̄||

C2+α, 2+α
2 (QT )

≤ 4C(C1)K5T
1
2 (||ū||2+α + ||z̄||2+α + ||w̄||2+α). (2.28)

For v̄, we have

||v̄||
C2+α, 2+α

2 (QT )

≤ C(C1)K4[||ρ̄||α + ||ρ̄y||α + ||n̄y||α + ||n̄yy||α + ||m̄y||α + ||m̄yy||α]

≤ C(C1)K4[4C(C1)K5T
1
2 + C(C1)T

1
2 ](||ū||2+α + ||z̄||2+α + ||w̄||2+α), (2.29)

where we have used (2.24) and (2.28).
Therefore, there is T > 0 small enough and K > 0 large enough, such that

||v̄||
C2+α, 2+α

2 (QT )
+ ||n̄||

C2+α, 2+α
2 (QT )

+ ||m̄||
C2+α, 2+α

2 (QT )

≤ 1
2
(||ū||

C2+α, 2+α
2 (QT )

+ ||z̄||
C2+α, 2+α

2 (QT )
+ ||w̄||

C2+α, 2+α
2 (QT )

), (2.30)

which means that H is a contract map.
Hence by the contractive fixed point theorem, we know that exists a unique (v, n,m) ∈ X, such that

H(v, n,m) = (v, n,m). Moreover, there is a unique ρ with ρy, ρτ ∈ Cα, α
2 (QT ) for some small T > 0.

Hence, (2.2)–(2.3) has a unique local classical solution, so as (1.1)–(1.2).
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Step 4: To prove that (n · m) ∈ N .

In fact, multiplying (1.1)3 by n, we have

1
2
(|n|2 − 1)t +

1
2
v(|n|2 − 1)x − 1

2
(|n|2 − 1)xx − 2(mx · n)(n · m)x

= (|nx|2 + 2|n · mx|2)(|n|2 − 1) + (nx · mx)n · m. (2.31)

Multiplying (1.1)4 by m, we have

1
2
(|m|2 − 1)t +

1
2
v(|m|2 − 1)x − 1

2
(|m|2 − 1)xx − 2(nx · m)(n · m)x

= (|mx|2 + 2|n · mx|2)(|m|2 − 1) + (nx · mx)n · m. (2.32)

Multiplying (1.1)3 by m and (1.1)4 by n, we also have

(n · m)t + v(n · m)x − (n · m)xx − (nx · m)(|m|2 − 1)x − (mx · n)(|n|2 − 1)x

= (|nx|2 + |mx|2 + 4|n · mx|2)(n · m) + (nx · mx)[(|n|2 − 1) + (|m|2 − 1)]. (2.33)

Denote f1 = |n|2 − 1, f2 = |m|2 − 1 and f3 = n · m. In order to prove that (n,m) ∈ N , we just need to
prove that f1 = f2 = f3 = 0. From (2.31) to (2.33), we have

f1t + vf1x − f1xx − 4(mx · n)f3x = (2|nx|2 + 4|n · mx|2)f1 + 2(nx · mx)f3, (2.34)

f2t + vf2x − f2xx − 4(nx · m)f3x = (2|mx|2 + 4|n · mx|2)f2 + 2(nx · mx)f3,

f3t + vf3x − f3xx − (nx · m)f2x − (mx · n)f1x (2.35)

= (|nx|2 + |mx|2 + 4|n · mx|2)f3 + (nx · mx)(f1 + f2). (2.36)

Multiplying (2.34) with f1 and then integrating by parts, we get

1
2

d
dt

∫

I

f2
1dx +

∫

I

|f1x|2dx

= 2
∫

I

(
1
4
vx + |nx|2 + 2|n · mx|2

)

f2
1dx + 2

∫

I

(nx · mx)f1f3dx + 4
∫

I

(mx · n)f3xf1dx

≤ C

∫

I

(|vx| + |nx|2 + |n · mx|2 + |m · nx|2)f2
1dx +

∫

I

|mx|2f2
3dx +

1
4

∫

I

|f3x|2dx.

(2.37)

Multiplying (2.35) with f2 and then integrating by parts, we get

1
2

d
dt

∫

I

f2
2dx +

∫

I

|f2x|2dx

= 2
∫

I

(
1
4
vx + |mx|2 + 2|n · mx|2

)

f2
2dx + 2

∫

I

(nx · mx)f2f3dx + 4
∫

I

(m · nx)f3xf2dx

≤ C

∫

I

(|vx| + |mx|2 + |n · mx|2 + |m · nx|2)f2
2dx +

∫

I

|nx|2f2
3dx +

1
4

∫

I

|f3x|2dx.

(2.38)
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Multiplying (2.36) with f3 and then integrating by parts, we also get

1
2

d
dt

∫

I

f2
3dx +

∫

I

|f3x|2dx =
∫

I

[(nx · m)f2x + (mx · n)f1x]f3dx

+
∫

I

(
1
2
vx + |nx|2 + |mx|2 + 4|n · mx|2

)

f2
3dx +

∫

I

(nx · mx)[(f1 + f2)f3]dx

≤ C

∫

I

(|vx| + |nx|2 + |mx|2 + |n · mx|2 + |m · nx|2)f2
3dx +

1
2

∫

I

(|nx|2f2
1 + |mx|2f2

2 )dx

+
1
2

∫

I

(|f1x|2 + |f2x|2)dx.

(2.39)

Putting (2.37), (2.38) and (2.39) together, we have

d
dt

∫

I

(f2
1 + f2

2 + f2
3 )dx +

∫

I

(|f1x|2 + |f2x|2 + |f3x|2)dx

≤ C

∫

I

(|vx| + |nx|2 + |mx|2 + |n · mx|2 + |m · nx|2)(f2
1 + f2

2 + f2
3 )dx. (2.40)

By the regularity of (v, n,m), (n0,m0) ∈ N and Gronwall’s inequality, we get f1(x, t) ≡ f2(x, t) ≡
f3(x, t) ≡ 0 for (x, t) ∈ QT . Hence (n,m) ∈ N .

Theorem 2.1 is proved. �

3. Global classical solution: Existence and Uniqueness

In Sect. 2, we have obtained the local existence and uniqueness of classical solution. In this section, we
will derive some global estimates to get the global existence and uniqueness of solutions to (1.1)–(1.2).
Let (ρ, v, n,m) be the classical solutions obtained in Sect. 2.

Lemma 3.1. For any t ∈ [0, T ), there holds
∫

I

[

|nx|2 + |mx|2 + 2|n · mx|2 +
ρv2

2
+

ργ

γ − 1

]

(t)dx

+
∫

Qt

2|mxx + |mx|2m + (nx · mx)n + 2|n · mx|2m + 2(mx · n)nx|2dxdt

+
∫

Qt

|vx|2dxdt +
∫

Qt

2|nxx + |nx|2n + (mx · nx)m + 2|n · mx|2n + 2(nx · m)mx|2dxdt

+ 4
∫

Qt

(nx · mx + n · mxx)2 = E0, (3.1)

where

E0 =
∫

I

[
ρ0v

2
0

2
+

ργ
0

γ − 1
+ |n0x|2 + |m0x|2 + 2|n0 · m0x|2

]

dx.
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Proof. Multiplying (1.1)2 by v and integrating over I, we have

d
dt

∫

I

ρv2

2
−
∫

I

ργvx = −
∫

I

v2
x +

∫

I

|nx|2vx +
∫

I

|mx|2vx + 2
∫

I

(|n · mx|2)vx.

Firstly, by a similar argument as in [2], we have from (1.1)1 that
d
dt

∫

I

ργ

γ − 1
=
∫

I

ργvx.

Then, we have

d
dt

∫

I

[(
ργ

γ − 1

)

+
ρv2

2

]

+
∫

I

v2
x =

∫

I

(|nx|2 + |mx|2 + 2|n · mx|2)vx. (3.2)

Multiplying (1.1)3 by (nxx + |nx|2n + (mx.nx)m + 2|n · mx|2n + 2(nx · m)mx) and integrating over I,
we obtain

∫

I

nt · nxx +
∫

I

(mx · nx)(m · nt) +
∫

I

vnx · nxx +
∫

I

v(mx · nx)(m · nx)

+ 2
∫

I

v(mx · nx)(m · nx) + 2
∫

I

(m · nx)(mx · nt) =
∫

I

A, (3.3)

where A = |nxx + |nx|2n + (mx · nx)m + 2|n · mx|2n + 2(nx · m)mx|2.
For the first term on the left of (3.3), we have

∫

I

nt · nxx = −1
2

d
dt

∫

I

|nx|2.

For the second term and fourth one on the left of (3.3), we get
∫

I

(mx · nx)(m · nt) +
∫

I

v(m · nx)(mx · nx) =
∫

I

(mx · nx)(m · nt + vnx · m).

For the third term on the left of (3.3), we have
∫

I

vnx · nxx =
1
2

∫

I

v(|nx|2)x = −1
2

∫

I

vx|nx|2.

Then, we have
1
2

d
dt

∫

I

|nx|2 +
1
2

∫

I

vx|nx|2 +
∫

I

A −
∫

I

(mx · nx)m · (nt + vnx)

− 2
∫

I

(m · nx)(mx · nt) − 2
∫

I

v(mx · nx)(m · nx) = 0. (3.4)

Multiplying (1.1)4 by (mxx + |mx|2m + (nx · mx)n + 2|n · mx|2m + 2(mx · n)nx) and integrating over I,
we get

1
2

d
dt

∫

I

|mx|2 +
1
2

∫

I

vx|mx|2 +
∫

I

B −
∫

I

(nx · mx)n · (mt + vmx)

− 2
∫

I

(n · mx)(nx · mt) − 2
∫

I

v(mx · nx)(n · mx) = 0, (3.5)
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where B = |mxx + |mx|2m + (nx · mx)n + 2|n · mx|2m + 2(mx · n)nx|2.
Combining (3.4) with (3.5), we have

1
2

d
dt

∫

I

(|nx|2 + |mx|2) +
1
2

∫

I

vx(|nx|2 + |mx|2) +
∫

I

(A + B)

− 2
∫

I

[(m · nx)(mx · nt) + (n · mx)(nx · mt)] = 0. (3.6)

Now we will estimate 2
∫

I

[(m · nx)(mx · nt) + (n · mx)(nx · mt)].

In fact, we have

d
dt

∫

I

|n · mx|2 = 2
∫

I

[(n · mx)(mx · nt) + (n · mx)(mxt · n)]

= −2
∫

I

[(nx · m)(mx · nt) + (n · mx)(mt · nx)] − 2
∫

I

[(nx · mx + n · mxx)(n · mt)].

Then, we have

− 2
∫

I

[(nx · m)(mx · nt) + (n · mx)(mt · nx)]

=
d
dt

∫

I

|n · mx|2 + 2
∫

I

[(nx · mx + n · mxx)(n · mt)]. (3.7)

Hence combining (3.6) with (3.7), we get

d
dt

∫

I

(|nx|2 + |mx|2 + 2|n · mx|2) +
∫

I

vx(|nx|2 + |mx|2) + 2
∫

I

(A + B)

+ 4
∫

I

[(nx · mx + n · mxx)(n · mt)] = 0. (3.8)

Multiplying (1.1)4 by n, we have

n · mt = n · mxx + nx · mx − vmx · n.

Then, we have

4
∫

I

[(nx · mx + n · mxx)(n · mt)]

= 4
∫

I

G − 4
∫

I

[(nx · mx + n · mxx)(vmx · n)]

= 4
∫

I

G − 2
∫

I

v(|n · mx|2)x

= 4
∫

I

G + 2
∫

I

vx|n · mx|2, (3.9)

where G = |nx · mx + n · mxx|2.
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Then from (3.8) and (3.9), we obtain

d
dt

∫

I

(|nx|2 + |mx|2 + 2|n · mx|2)

+
∫

I

(|nx|2 + |mx|2 + 2|n · mx|2)vx + 2
∫

I

(A + B + 2G) = 0. (3.10)

Combining (3.10) with (3.2), we obtain

d
dt

∫

I

[
ρv2

2
+

ργ

γ − 1
+ |vx|2 + |nx|2 + |mx|2 + 2|n · mx|2

]

+ 2
∫

I

(A + B + 2G) = 0.

Integrating above equality over (0, t), we get (3.1). Then, Lemma 3.1 is proved. �

Lemma 3.2. It holds that for any T > 0,

T∫

0

||nxx||22 +

T∫

0

||mxx||22 ≤ C. (3.11)

Proof. Firstly, we have

|nxx + |nx|2n + (mx · nx)m + 2|n · mx|2n + 2(nx · m)mx|2
= |nxx|2 − |nx|4 + 2(nx · mx)(m · nxx) + 4(nx · m)(nxx · mx) − 4|nx|2|n · mx|2

+ |nx · mx|2 + 4|mx|2|n · mx|2 − 4|n · mx|4.

Similarly, we have

|mxx + |mx|2m + (mx · nx)n + 2|m · nx|2m + 2(mx · n)nx|2
= |mxx|2 − |mx|4 + 2(nx · mx)(n · mxx) + 4(mx · n)(nx · mxx) − 4|mx|2|m · nx|2

+ |nx · mx|2 + 4|nx|2|m · nx|2 − 4|m · nx|4.

Then, we have

∫

I

(|nxx|2 + |mxx|2)

=
∫

I

(A + B) +
∫

I

(|nx|4 + |mx|4 + 8|n · mx|4 + 2|nx · mx|2)

− 4
∫

I

[(m · nx)(mx · nxx) + (n · mx)(nx · mxx)]

≤
∫

I

(A + B) +
1
4

∫

I

(|nxx|2 + |mxx|2) + C

∫

I

(|nx|4 + |mx|4). (3.12)
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Meanwhile, we have
∫

I

(|nx|4 + |mx|4)

≤ C||nx||32||nx||2 + C||mx||32||mx||2
≤ C||nx||32||nx||∞ + C||mx||32||mx||∞
≤ C||nx||32[||nx||2 + ||nxx|| 1

2
2 ||nx|| 1

2
2 ] + C||mx||32[||mx||2 + ||mxx|| 1

2
2 ||mx|| 1

2
2 ]

≤ C||nx||42 + C||nx||32||nxx||2 + C||mx||42 + C||mx||32||mxx||2
≤ 1

4

∫

I

(|nxx|2 + |mxx|2) + C[
∫

I

(|nx|2 + |mx|2)]2. (3.13)

Combing (3.12) with (3.13), we get (3.11). Lemma 3.2 is proved. �

Lemma 3.3. There holds that for any T > 0,

sup
0≤t≤T

(||nxx(·, t)||22 + ||mxx(·, t)||22) +

T∫

0

(||nxt||22 + ||mxt||22 + ||nxxx||22 + ||mxxx||22)

≤ C(E0, ||n0||H2 , ||m0||H2 , T ). (3.14)

Proof. Differentiating (1.1)3 with respect to x, multiplying by nxt and integrating over I × (0, t), we have
t∫

0

||nxt||22 +
1
2
||nxx||22(t) − 1

2
||n0xx||22

=

t∫

0

∫

I

(−vxnx · nxt − vnxx · nxt) +

t∫

0

∫

I

[2(nx · nxx)(n · nxt) + |nx|2(nx · nxt)]

+

t∫

0

∫

I

[(mxx · nx)(m · nxt) + (mx · nxx)(m · nxt) + (mx · nx)(mx · nxt)]

+

t∫

0

∫

I

[4(n · mx)(nx · mx)(n · nxt) + 4(n · mx)(n · mxx)(n · nxt) + 2|n · mx|2(nx · nxt)]

+ 2

t∫

0

∫

I

[(nxx · m)(mx · nxt) + (nx · mx)(mx · nxt) + (nx · m)(mxx · nxt)]. (3.15)

For the first term of the right of (3.15), we have
t∫

0

∫

I

(−vxnx · nxt − vnxx · nxt) ≤ 2ε

t∫

0

∫

I

|nxt|2 + C

t∫

0

∫

I

(v2
x|nx|2 + v2|nxx|2).

For the second term of the right of (3.15), we have
t∫

0

∫

I

[2(nx · nxx)(n · nxt) + |nx|2(nx · nxt)] ≤ 2ε

t∫

0

∫

I

|nxt|2 + C

t∫

0

∫

I

(|nx|2|nxx|2 + |nx|6).
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For the third term of the right of (3.15), we have

t∫

0

∫

I

[(mxx · nx)(m · nxt) + (mx · nxx)(m · nxt) + (mx · nx)(mx · nxt)]

≤ 3ε

t∫

0

∫

I

|nxt|2 + C

t∫

0

∫

I

[|mxx|2|nx|2 + |mx|2|nxx|2 + |mx|4|nx|2].

For the fourth term of the right of (3.15), we have

t∫

0

∫

I

[4(n · mx)(nx · mx)(n · nxt) + 4(n · mx)(n · mxx)(n · nxt) + 2|n · mx|2(nx · nxt)]

≤ 3ε

t∫

0

∫

I

|nxt|2 + C

t∫

0

∫

I

[|mx|4|nx|2 + |mxx|2|mx|2].

For the fifth term of the right of (3.15), we have

2

t∫

0

∫

I

[(nxx · m)(mx · nxt) + (nx · mx)(mx · nxt) + (nx · m)(mxx · nxt)]

≤ 3ε

t∫

0

∫

I

|nxt|2 + C

t∫

0

∫

I

[|nxx|2|mx|2 + |nx|2|mx|4 + |nx|2|mxx|2].

Then by taking 0 < ε < 1
30 , we have

t∫

0

||nxt||22 +
1
2
||nxx||22(t) − 1

2
||n0xx||22

≤ 1
2

t∫

0

||nxt||22 + C

t∫

0

∫

I

[v2
x|nx|2 + v2|nxx|2 + |nx|2|nxx|2 + |nx|6]

+ C

t∫

0

∫

I

[|mxx|2|nx|2 + |mx|2|nxx|2 + |mx|4|nx|2 + |mxx|2|mx|2]

≤ 1
2

t∫

0

||nxt||22 + C

t∫

0

⎡

⎢
⎣

⎛

⎝

∫

I

v2
x

⎞

⎠

⎛

⎝

∫

I

|nxx|2
⎞

⎠ +

⎛

⎝

∫

I

|nxx|2
⎞

⎠

2

+

⎛

⎝

∫

I

|mxx|2
⎞

⎠

2
⎤

⎥
⎦ + C, (3.16)

where we have used ‖v‖2L∞(I) ≤ C(‖v‖22 + ‖vx‖22) ≤ C‖vx‖22 from the Poincare’s inequality and

‖nx‖2L∞(I) ≤ C(‖nx‖22 + ‖nxx‖22).
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Similarly, differentiating (1.1)4 with respect to x, multiplying mxt and integrating over I × (0, t), we also
have

t∫

0

||mxt||22 +
1
2
||mxx||22(t) − 1

2
||m0xx||22

≤ 1
2

t∫

0

||mxt||22 + C

t∫

0

⎡

⎢
⎣

⎛

⎝

∫

I

v2
x

⎞

⎠

⎛

⎝

∫

I

|mxx|2
⎞

⎠+

⎛

⎝

∫

I

|nxx|2
⎞

⎠

2

+

⎛

⎝

∫

I

|mxx|2
⎞

⎠

2
⎤

⎥
⎦ + C. (3.17)

Combining (3.16) with (3.17), we get
t∫

0

(‖nxt‖22 + ‖mxt‖22) + (‖nxx‖22 + ‖mxx‖22)(t)

≤ C

t∫

0

⎛

⎝

∫

I

|mxx|2
⎞

⎠

2

+ C

t∫

0

⎛

⎝

∫

I

|nxx|2
⎞

⎠

2

+ C

t∫

0

⎛

⎝

∫

I

v2
x

⎞

⎠

⎡

⎣

∫

I

⎛

⎝|nxx|2 +
∫

I

|mxx|2
⎞

⎠

⎤

⎦ + C.

From

(‖vx‖22 + ‖nxx‖22 + ‖mxx‖22)(t) ∈ L1(0, T )

and the Gronwall’s inequality, we have

sup
0≤t≤T

(||nxx||22 + ||mxx||22)(t) +

T∫

0

(‖nxt‖22 + ‖mxt‖22) ≤ C(E0, ||n0||H2 , ||m0||H2 , T ). (3.18)

Differentiating (1.1)3 and (1.1)4 with respect to x, we have

nxxx = nxt + vxnx + vnxx − 2(nx · nxx)n − |nx|2nx − (mxx · nx)m − (mx · nxx)m

− (mx · nx)mx − 4(n · mx)(nx · mx + n · mxx)n − 2|n · mx|2nx − 2(nxx · m)mx

− 2(nx · mx)mx − 2(nx · m)mxx,

mxxx = mxt + vxmx + vmxx − 2(mx · mxx)m − |mx|2mx − (nxx · mx)n − (nx · mxx)n

− (nx · mx)nx − 4(n · mx)(nx · mx + n · mxx)m − 2|n · mx|2mx − 2(mxx · n)nx

− 2(mx · nx)nx − 2(mx · n)nxx.

Then, (3.18) implies that
T∫

0

||nxxx||22 +

T∫

0

||mxxx||22 ≤ C(E0, ||n0||H2 , ||m0||H2 , T ).

Hence, Lemma 3.3 is proved. �
Now we will improve the estimates of both lower and upper bounds of ρ by a similar argument as in

[2].

Lemma 3.4. There are two positive constants C1 and C2 depending on C0, γ, E0 and ‖ρ0‖H1(I) such that

sup
0≤t<T

∫

I

ρ

∣
∣
∣
∣

(
1
ρ

)

x

∣
∣
∣
∣

2

+

T∫

0

∫

I

ργ−3ρ2x ≤ C1, (3.19)

(C2)−1 ≤ ρ(x, t) ≤ C2, (x, t) ∈ I × (0, T ). (3.20)
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Proof. From (1.1)1 and Lemma 3.4 in [2], we have

1
2

d
dt

∫

I

ρ

∣
∣
∣
∣

(
1
ρ

)

x

∣
∣
∣
∣

2

=
∫

I

ρ

(
1
ρ

)

x

(
1
ρ

)

xt

+
1
2

∫

I

ρt|
(

1
ρ

)

x

|2 =
∫

I

(
1
ρ

)

x

vxx. (3.21)

On the other hand, we have

∫

I

(
1
ρ

)

x

vxx =
∫

I

(
1
ρ

)

x

[(ρv2)x + (|nx|2)x + (|mx|2)x + (2|n · mx|2)x + (ργ)x + (ρv)t]

=
∫

I

(
1
ρ

)

x

[(ρv2)x + (|nx|2)x + (|mx|2)x + (2|n · mx|2)x] − γ

∫

I

ργ−3ρ2x

+
d
dt

∫

I

(ρv)
(

1
ρ

)

x

+
∫

I

(ρv)x

(
1
ρ

)

t

. (3.22)

Putting (3.22) into (3.21), we have

1
2

d
dt

⎡

⎣

∫

I

ρ

∣
∣
∣
∣

(
1
ρ

)

x

∣
∣
∣
∣

2

+ 2
∫

I

ρv(−1
ρ
)x

⎤

⎦ + γ

∫

I

ργ−3ρ2x

=
∫

I

(
1
ρ

)

x

[(ρv2)x + (|nx|2)x + (|mx|2)x + (2|n · mx|2)x] +
∫

I

(ρv)x

(
1
ρ

)

t

= 2
∫

I

(
1
ρ

)

x

[nx · nxx + mx · mxx + 2(n · mx)(nx · mx + n · mxx)] +
∫

I

1
ρ2

[|(ρv)x|2 − (ρv2)xρx]

≤ C

∫

I

ρ

∣
∣
∣
∣

(
1
ρ

)

x

∣
∣
∣
∣

2

(||nx||2∞ + ||mx||2∞) + C||1
ρ
||∞

∫

I

(|nxx|2 + |mxx|2) +
∫

I

v2
x

≤
⎡

⎣C + C

∫

I

ρ

∣
∣
∣
∣

(
1
ρ

)

x

∣
∣
∣
∣

2
⎤

⎦

∫

I

(|nxx|2 + |mxx|2) + ||vx||22 + C

∫

I

ρ

∣
∣
∣
∣

(
1
ρ

)

x

∣
∣
∣
∣

2

, (3.23)

where we have used

∥
∥
∥
∥

1
ρ

∥
∥
∥
∥

∞
≤ 2 +

∫

I

ρ

∣
∣
∣
∣

(
1
ρ

)

x

∣
∣
∣
∣

2

, (3.24)

from (3.11) in [2] and

||nx||2∞ ≤ C(||nx||22 + ||nx||2||nxx||2), ||mx||2∞ ≤ C(||mx||22 + ||mx||2||mxx||2).
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Integrating (3.23) over (0, t), we have

1
2

∫

I

ρ

∣
∣
∣
∣

(
1
ρ

)

x

∣
∣
∣
∣

2

+ γ

t∫

0

∫

I

ργ−3ρ2x

≤ 1
2

∫

I

ρ0

∣
∣
∣
∣

(
1
ρ0

)

x

∣
∣
∣
∣

2

−
∫

I

ρ0v0

(
1
ρ0

)

x

+
∫

I

ρv

(
1
ρ

)

x

+ C

t∫

0

∫

I

(|nxx|2 + |mxx|2)

+ C

t∫

0

[∫

I

ρ

∣
∣
∣
∣

(
1
ρ

)

x

∣
∣
∣
∣

2 ∫

I

(|nxx|2 + |mxx|2)
]

+

t∫

0

||vx||22 + C

t∫

0

∫

I

ρ|
(

1
ρ

)

x

|2

≤ C + C

[

1 + sup
0≤t≤T

(‖nxx‖2 + ‖mxx‖2)(t)
] t∫

0

∫

I

ρ

∣
∣
∣
∣

(
1
ρ

)

x

∣
∣
∣
∣

2

.

Using Lemma 3.3 and the Gronwall’s inequality, we get (3.19). It is easy to get (3.20) by a similar
argument as [2]. We omit the details. Hence, Lemma 3.4 is proved. �

Lemma 3.5. There holds that

sup
0≤t≤T

||vx(·, t)||22 +

T∫

0

(||vt||22 + ||vxx||22) ≤ C. (3.25)

Proof. From (1.1)1 and (1.1)2, we have

ρvt + ρvvx + (ργ)x = vxx − (|nx|2)x − (|mx|2)x − (2|n · mx|2)x. (3.26)

Multiplying (3.26) by vt and integrating over I, we have
∫

I

ρv2
t +

1
2

d
dt

∫

I

v2
x

= −
∫

I

ρvvxvt −
∫

I

(ργ)xvt −
∫

I

(|nx|2)xvt −
∫

I

(|mx|2)xvt − 2
∫

I

(|n · mx|2)xvt

≤ 1
2

∫

I

ρv2
t + C

∫

I

1
ρ
(|nx|2|nxx|2 + 2|mx|2|mxx|2 + |mx|4|nx|2) + C

∫

I

ρv2v2
x + C

∫

I

ρ2γ−3ρ2x

≤ 1
2

∫

I

ρv2
t + C

∫

I

(|nx|2|nxx|2 + 2|mx|2|mxx|2 + |mx|4|nx|2) + C||vx||42 + C

∫

I

ρ

∣
∣
∣
∣

(
1
ρ

)

x

∣
∣
∣
∣

2

. (3.27)

Combining (3.19) with (3.20) and using the Gronwall’s inequality, we get

sup
0≤t≤T

||vx(·, t)||22 +

T∫

0

||vt||22 ≤ C. (3.28)

From (3.26), it is easy to get that
T∫

0

∫

I

|vxx|2 ≤ C. (3.29)

Therefore Lemma 3.5 is proved. �
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Lemma 3.6. There holds that

sup
0≤t≤T

(||vt||22 + ||vxx||22)(t) +

T∫

0

||vxt||22 ≤ C. (3.30)

Proof. Differentiating (3.26) with respect to t, multiplying vt and integrating over I, we have

1
2

d
dt

∫

I

ρv2
t + ||vxt||22

= 2
∫

I

[nx · nxtvxt + mx · mxtvxt + 2(n · mx)(nt · mx)vxt + 2(n · mx)(n · mxt)vxt]

+
∫

I

[(ρv)xv2
t + (ρv)xvvxvt − ρv2

t vx − γργ−1(ρv)xvxt]

≤ 1
2
||vxt||22 + C

∫

I

(|nx|2|nxt|2 + |mx|2|mxt|2 + |mx|4|nt|2 + ρ2v2v2
t + ρ2v4v2

x)

+ C

∫

I

(ρ2γ−2v2ρ2x + ρ2γv2
x) + C

∫

I

(ρv2v4
x + ρv4v2

xx) + C(1 + ‖vx‖∞)
∫

I

ρv2
t . (3.31)

Hence, one gets

d
dt

∫

I

ρv2
t + ||vxt||22 ≤ C(‖nx‖2∞ + ‖mx‖2∞ + ‖mx‖4∞)(||nxt||22 + ||mxt||22 + ‖nt‖22)

+ C(1 + ‖vx‖∞ + ‖ρ‖∞‖v‖2∞)
∫

I

ρv2
t

+ C(‖ρ‖2γ
∞ + ‖ρ‖2∞‖v‖4∞ + ‖ρ‖∞‖v‖2∞‖vx‖2∞)

∫

I

v2
x

+ C‖ρ‖∞‖v‖4∞
∫

I

v2
xx + C‖ρ‖γ+1

∞ ‖v‖2∞
∫

I

ργ−3ρ2x

≤ C

∫

I

ρv2
t + C,

where we have used the following estimate,

‖ρ‖∞ + ‖v‖∞ + ‖vx‖∞ + ‖nx‖∞ + ‖mx‖∞ ≤ C,

which comes from Lemma 3.1 to Lemma 3.5.
Hence, we get (3.30) from the Gronwall’s inequality. Therefore, Lemma 3.6 is proved. �

Lemma 3.7. [2] Suppose that

sup
0≤t≤T

|v(x, t1) − v(x, t2)| ≤ θ1|t1 − t2|α,∀t1, t2 ∈ [0, T ]

and

sup
0≤t≤T

|vx(x1, t) − vx(x2, t)| ≤ θ2|x1 − x2|β ,∀x1, x2 ∈ I
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then

sup
0≤t≤T

|vx(x, t1) − vx(x, t2)| ≤ θ|t1 − t2|δ,∀t1, t2 ∈ [0, T ],

where δ = αβ
1+β , and θ depends only on α, β, θ1, θ2.

Proof of Theorem 1.1. We will use a proof of contradiction to prove this theorem, which is similar as in
[2].

Suppose there exists a maximal finite time interval T ∗ > 0, such that there is a unique classical
solution (ρ, v, n,m) : I × [0, T ∗] → R+ × R × S2 × S2 to (1.1)–(1.2), but at least one of the following
properties fails:

(i) (ρx, ρt) ∈ Cα, α
2 (QT ∗);

(ii) 0 < C−1
2 ≤ ρ(x, t) ≤ C2 < +∞, ∀(x, t) ∈ QT ∗ ;

(iii) (v, n,m) ∈ C2+α, 2+α
2 (QT ∗).

It is easy to see that (ii) holds from (3.20) in Lemma 3.4. Hence, either (i) or (iii) fails.
From Lemma 3.1 to Lemma 3.6, we have

sup
0≤t≤T ∗

(||v(·, t)||22 + ||vx(·, t)||22 + ||vxx(·, t)||22) ≤ C,

sup
0≤t≤T ∗

(||n(·, t)||22 + ||nx(·, t)||22 + ||nxx(·, t)||22) ≤ C,

sup
0≤t≤T ∗

(||m(·, t)||22 + ||mx(·, t)||22 + ||mxx(·, t)||22) ≤ C.

By the Sobolev embedding theorem, we have

max
{

||v||
C1, 12 (QT ∗ )

, ||n||
C1, 12 (QT ∗ )

, ||m||
C1, 12 (QT ∗ )

}
< +∞.

Using Lemma 3.7 for α = 1
2 , β = 1

2 and δ = 1
6 , we have

max{||vx||
C

1
3 , 16 (QT ∗ )

, ||nx||
C

1
3 , 16 (QT ∗ )

, ||mx||
C

1
3 , 16 (QT ∗ )

} < +∞.

Using the Schauder theory to (1.1)3 and (1.1)4, we have

||n||
C2+ 1

3 ,1+ 1
6 (QT ∗ )

< +∞, ||m||
C2+ 1

3 ,1+ 1
6 (QT ∗ )

< +∞.

Hence,

||nx||
C1, 12 (QT ∗ )

< +∞, ||mx||
C1, 12 (QT ∗ )

< +∞.

Using the Schauder theory to (1.1)3 and (1.1)4 again, we also get

||n||
C2+α,1+ α

2 (QT ∗ ) < +∞, ||m||
C2+α,1+ α

2 (QT ∗ ) < +∞.

For ρ and v, denote G(x, t) = −(|nx|2 + |mx|2 + 2|n · mx|2)x. Then, ||G||
Cα, α

2 (QT ∗ ) < +∞.

In Lagrangian coordinate, (1.1)1 and (1.1)2 are changed to
{

ρτ + ρ2vy = 0,

vτ + (ργ)y = (ρvy)y + G.
(3.32)

From Lemma 3.4 to Lemma 3.6 in the Lagrangian coordinate, we have

0 < C2 ≤ ρ ≤ C2 < +∞, (3.33)

sup
0≤t≤T ∗

||ρy(·, t)||22 ≤ C < +∞, (3.34)

sup
0≤t≤T ∗

(||vy(·, t)||22 + ||vyy(·, t)||22) ≤ C < +∞. (3.35)
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By a similar argument as in [2], we get that

max{||v||
C2+α, 2+α

2 (QT ∗ )
, ||ρy||

Cα, α
2 (QT ∗ ), ||ρτ ||

Cα, α
2 (QT ∗ )} < +∞.

Hence, both (i) and (ii) are right if T ∗ is finite. This is a contradiction. Then, T ∗ is infinite.
Theorem 1.1 is proved. �

4. Global strong solution: Existence and uniqueness

In this section, we will establish global existence and uniqueness of strong solution for initial density with
possible vacuum states. In order to use the result of Theorem 1.1, we will construct approximate solutions
firstly. For any large k > 0, define a family of approximate initial datas

ρk
0 = ηk ∗ ρ0 +

1
k

, vk
0 = ηk ∗ v0, nk

0 =
ηk ∗ n0

|ηk ∗ n0| and mk
0 =

m̃k
0

|m̃k
0 |

,

where m̃k
0 = m̂k

0 − (m̂k
0 · nk

0)n
k
0 and m̂k

0 = ηk ∗ m0. Then, we have ρk
0 ≥ k−1, nk

0 · mk
0 = 0 and

lim
k→+∞

{‖ρk
0 − ρ0‖H1(I) + ‖vk

0 − v0‖H1(I) + ‖nk
0 − n0‖H2(I) + ‖mk

0 − m0‖H2(I)} = 0.

Let (ρk, vk, nk,mk) be the unique global classical solution to (1.1) with initial data (ρk
0 , v

k
0 , nk

0 ,m
k
0)

and boundary condition (vk, nk
x,mk

x) = (0, 0, 0) constructed by Theorem 1.1.
In order to prove Theorem 1.2, we will establish several new estimates for (ρk, vk, nk,mk) that are

independent of k. We will omit the superscripts of (ρk, vk, nk,mk) for simplicity.
By a same argument in Lemma 3.1, Lemma 3.2 and Lemma 3.3, we have the following lemma.

Lemma 4.1. For any T > 0, there is a constant C > 0 independent of k, such that

sup
0≤t≤T

∫

I

(ρv2 + ργ + |nx|22 + |mx|22 + |nxx|22 + |mxx|22)

+

T∫

0

(||vx||22 + ||nxt||22 + ||mxt||22 + ||nxxx||22 + ||mxxx||22) ≤ C. (4.1)

Lemma 4.2. For any T > 0, there is a positive constant C independent of k, such that

||ρ||L∞(I×(0,T )) ≤ C. (4.2)

Proof. Let

f(x, t) =

t∫

0

(vx − |nx|2 − |mx|2 − 2|n · mx|2 − ρv2 − ργ) +

x∫

0

(ρ0v0).

Then, we have

ft = vx − |nx|2 − |mx|2 − 2|n · mx|2 − ρv2 − ργ and fx = ρv.

Then,

||f ||∞ ≤ C

∫

I

(|f | + |fx|) ≤ C,

here we have used Lemma 4.1.



37 Page 22 of 30 L. Zhu and J. Lin ZAMP

Let x(z, t) solve
{

dx(z,t)
dt = v(x(z, t), t), 0 ≤ t < τ,

x(z, τ) = z, 0 ≤ z ≤ 1.

Let g = ef . Then, we have

d
dt

(ρg(x(z, t), t)) = (ρt + ρxv)g + ρg(ft + vfx)

= [−ρ(|nx|2 + |mx|2 + 2|n · mx|2) − ργ+1]g ≤ 0.

Then,

ρg(z, τ) = ρg(x(z, τ), τ) ≤ ρg(x(z, 0), 0) ≤ C.

Hence, we get (4.2) from the definition of g.

Lemma 4.2 is proved. �

Lemma 4.3. For any T > 0, there is a positive constant C independent on of k, such that

sup
0≤t≤T

||vx(·, t)||22 +
∫

QT

ρv2
t ≤ C. (4.3)

Proof. As Lemma 3.5, multiplying (3.26) by vt and integrating over I, we have

∫

I

ρv2
t +

d
dt

||vx(·, t)||22

≤ 2

⎡

⎣

∫

I

ρv2
t + ‖ρ‖∞‖v‖2∞

∫

I

v2
x +

∫

I

ργvxt +
∫

I

(|nx|2 + |mx|2 + 2|n · mx|2)vxt

⎤

⎦

≤ C

⎡

⎢
⎣

⎛

⎝

∫

I

v2
x

⎞

⎠

2

+
∫

I

ργvxt +
∫

I

(|nx|2 + |mx|2 + 2|n · mx|2) vxt

⎤

⎥
⎦ , (4.4)

where we have used Lemma 4.2 and ‖v‖2∞ ≤ C‖v‖22. For the second term on the right of (4.4), we have
∫

I

ργvxt =
d
dt

∫

I

ργvx +
∫

I

γργ−1(ρv)xvx

=
d
dt

∫

I

ργvx +
∫

I

(ργ)xvvx + γ

∫

I

ργv2
x

=
d
dt

∫

I

ργvx + (γ − 1)
∫

I

ργv2
x −

∫

I

ργvvxx

=
d
dt

∫

I

ργvx + (γ − 1)
∫

I

ργv2
x −

∫

I

ργv[ρvt + ρvvx + (ργ)x + (|nx|2)x + (|mx|2)x]

−
∫

I

ργv(2|n · mx|2)x
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≤ d
dt

∫

I

ργvx +
1
2

∫

I

ρv2
t + C(1 +

∫

I

v2
x)
∫

I

v2
x + C

∫

I

[v2(|nx|2 + |mx|2) + (|nxx|2 + |mxx|2)]

≤ d
dt

∫

I

ργvx +
1
2

∫

I

ρv2
t + C(

∫

I

v2
x)2 + C,

where we have used (4.1) in the last inequality.
For the third term on the right of (4.4), we have

∫

I

(|nx|2 + |mx|2 + 2|n · mx|2)vxt

= −2
∫

I

nx · nxtvx +
d
dt

∫

I

|nx|2vx − 2
∫

I

mx · mxtvx +
d
dt

∫

I

|mx|2vx

− 4
∫

I

(n · mx)(nt · mx + n · mxt)vx +
d
dt

∫

I

2|n · mx|2vx

≤ C

∫

I

v2
x + C

∫

I

(|nxt|2 + |mxt|2 + |nt|2) +
d
dt

∫

I

(|nx|2 + |mx|2 + 2|n · mx|2)vx,

where we have used ‖nx‖∞ ≤ C‖nxx‖2 < C and ‖mx‖∞ ≤ C‖mxx‖2 < C by Lemma 4.1 and Poincare’s
inequality.

Putting above two estimates into (4.4), we have
∫

I

ρv2
t +

d
dt

∫

I

|vx|2

≤ C(1 + ||vx||42) +
d
dt

∫

I

(ργvx + |nx|2vx + |mx|2vx + 2|n · mx|2vx) + C||nxt||22 + C||mxt||22. (4.5)

Then integrating (4.5) over (0, t) and using Lemma 4.1, we have
∫

Qt

ρv2
t + ||vx||22(t)

≤ C

t∫

0

||vx||42 +
1
2
||vx||22(t) + C(||nx||44 + ||mx||44) + C

≤ C

t∫

0

||vx||42 +
1
2
||vx||22(t) + C(||nx||22‖nxx‖22 + ||mx||22‖mxx‖22) + C

≤ C

t∫

0

||vx||42 +
1
2
||vx||22(t) + C.

Then, we have

∫

Qt

ρv2
t + ||vx||22(t) ≤ C + C

t∫

0

||vx||42.
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From ‖v‖22(t) ∈ L1(0, T ) and the Gronwall’s inequality, we obtain (4.3).
Hence, Lemma 4.3 is proved. �

Lemma 4.4. For any T > 0, there has a positive constant C independent of k, such that

sup
0≤t≤T

||ρx(·, t)||22 +

T∫

0

(||vx||2∞ + ||vxx||22) ≤ C. (4.6)

Proof. From (1.1)1 and (1.1)2, we have

||vx||2∞ ≤ 2||vx − ργ − |nx|2 − |mx|2 − 2|n · mx|2||2∞ + 2||ργ + |nx|2 + |mx|2 + 2|n · mx|2||2∞
≤ C[||vx − ργ − |nx|2 − |mx|2 − 2|n · mx|2||22 + ||vxx − (ργ)x − (|nx|2 + |mx|2 + 2|n · mx|2)x||22]

+ C||nxx||42 + C||mxx||42 + C‖ργ‖2∞
≤ C + C||nx||2∞||nx||22 + C||mx||2∞||mx||22 + C||ρvt + ρvvx||22
≤ C(1 + ||vx||42 + ||nx||22||nxx||22 + ||mx||22||mxx||22) + C||ρv2

t ||1
≤ C + C(||nxx||22 + ||mxx||22 + ||ρv2

t ||1).
Lemmas 4.1 and 4.3 imply that

T∫

0

||vx||2∞ ≤ C. (4.7)

Next we are going to estimate ρx.

d
dt

∫

I

ρ2x =
∫

I

2ρxρxt = −2(ρv)xρx|x=l
x=0 + 2

∫

I

(ρv)xρxx

= −2ρvxρx|x=l
x=0 + 2

∫

I

ρxvρxx + 2
∫

I

ρvxρxx

= −2ρvxρx|x=l
x=0 −

∫

I

ρ2xvx + 2ρvxρx|x=l
x=0 − 2

∫

I

ρ2xvx − 2
∫

I

ρxρvxx

= −3
∫

I

ρ2xvx − 2
∫

I

ρρ2xvxx

≤ C||vx||∞
∫

I

ρ2x − 2
∫

I

ρρx[ρvt + ρvvx + (ργ)x + (|nx|2)x + (|mx|2)x + (2|n · mx|2)x]

≤ C(1 + ||vx||∞)
∫

I

ρ2x + C

∫

I

ρv2
t + C(||vx||42 + ‖nxx‖22 + ‖mxx‖22)

≤ C + C

∫

I

ρ2x + C

∫

I

ρv2
t . (4.8)

From Lemma 4.3 and Gronwall’s inequality, we get

sup
0≤t≤T

||ρx(·, t)||22 ≤ C.

Finally, we estimate ‖vxx‖L2(QT ). In fact, (3.26) implies that

vxx = ρvt + ρvvx + (ργ)x + (|nx|2 + |mx|2 + 2|n · mx|2)x.
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Then, it is easy to get

T∫

0

||vxx||22 ≤ C. (4.9)

Hence, Lemma 4.4 is proved. �

By a similar argument as in [2], we also have an important estimate as follows.

Lemma 4.5. For any T > 0, there is a positive constant C, independent of k, such that

T∫

0

t||vxt(·, t)||22 ≤ C.

Proof. Differentiating (3.26) w.r.t. t, multiplying vt and integrating over I, it is not hard to get that

d
dt

∫

I

ρv2
t +

∫

I

|vxt|2

≤ C(||nxt||22 + ||mxt||22 + ||vx||2∞ + ‖vxx‖22) + C(1 + ||vx||2∞)
∫

I

ρv2
t + C. (4.10)

Multiplying (4.10) by t > 0, one has

d
dt

⎛

⎝t

∫

I

ρv2
t

⎞

⎠ +
∫

I

|vxt|2

≤
∫

I

ρv2
t + Ct(||nxt||22 + ||mxt||22 + ||vx||2∞ + ‖vxx‖22) + C(1 + ||vx||2∞)t

∫

I

ρv2
t + C. (4.11)

By Lemma 4.3, we have

lim
ti→0

ti

∫

I

ρv2
t (x, ti)dx = 0. (4.12)

Integrating (4.11) from ti to t and using (4.12), we obtain the result of Lemma 4.5 according to Lemma
4.1, Lemma 4.3 and Lemma 4.4.

Therefore Lemma 4.5 is proved. �

The following Aubin–Lions’s lemma is needed in proving Theorem 1.2.

Lemma 4.6. [25] Assume X ⊂ E ⊂ Y are Banach spaces and X ↪→↪→ E. Then, the following embedding
is compact:

(i)
{

ϕ : ϕ ∈ Lq(0, T ;X),
∂ϕ

∂t
∈ Lq(0, T ;Y )

}

↪→↪→ Lq(0, T ;E), if q ∈ [1,+∞];

(ii)
{

ϕ : ϕ ∈ L∞(0, T ;X),
∂ϕ

∂t
∈ Lr(0, T ;Y )

}

↪→↪→ C([0, T ];E), if r ∈ (1,+∞].

Now we are going to prove Theorem 1.2.
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Proof of Theorem 1.2. Let (ρk, vk, nk,mk) be the unique global classical solution to (1.1) with the initial
data (ρk

0 , v
k
0 , nk

0 ,m
k
0) and boundary condition (vk, nk

x,mk
x) = (0, 0, 0) constructed by Theorem 1.1. From

Lemma 4.1 to Lemma 4.5, we get that

sup
0≤t≤T

(||ρk||H1(I) + ||ρk
t ||2 + ||vk||H1(I) + ||nk||H2(I) + ||nk

t ||2 + ||mk||H2(I) + ||mk
t ||2)(t)

+

T∫

0

[t||vk
xt||2 + ||(ρvk)t||22 + ||vk

xx||22 + ||nk
t ||2H1(I) + ||mk

t ||2H1(I)] ≤ C,

where the positive constant C is independent of k.
Then, there is a subsequences of (ρk, vk, nk,mk) (still denoted by (ρk, vk, nk,mk)) and (ρ, v, n,m),

such that

(ρk, ρk
x, ρk

t , vk, vk
x) ⇀ (ρ, ρx, ρt, v, vx) weakly star in L∞(0, T ;L2(I)),

(vk
xx,

√
tvk

xx) ⇀ (vxx,
√

tvxx) weakly in L2(0, T ;L2(I)),

(nk, nk
x, nk

t , nk
xx,mk,mk

x,mk
t ,mk

xx) ⇀ (n, nx, nt, nxx,m,mx,mt,mxx) weakly star in L∞(0, T ;L2(I)),

(nk
xt, n

k
xxx,mk

xt,m
k
xxx) ⇀ (nxt, nxxx,mxt,mxxx) weakly in L2(0, T ;L2(I))

and

(ρkvk)t ⇀ (ρv)t weakly in L2(0, T ;L2(I)).

Moreover, because ρk is bounded in L∞(0, T ;H1(I)) and ρk
t bounded in L∞(0, T ;L2(I)), we have from

Lemma 4.6 that

ρk→ρ strongly in C(QT ).

Similarly, because ρkvk and (ρkvk)t are bounded in L1(0, T ;H1(I)) and L2(0, T ;L2(I)), respectively, we
know that

ρkvk → ρv strongly in C(QT )

by Lemma 4.6.
It is easy to see that

ρk(vk)2⇀ρv2, [ρk(vk)2]x⇀(ρv2)x and ((ρk)γ)x⇀(ργ)x weakly star in L∞(0, T ;L2(I)),

since [ρk(vk)2]x is bounded in L∞(0, T ;L2(I)).
Lemma 4.6 also implies

(nk, (nk)x)→(n, nx), (mk, (mk)x)→(m,mx) strongly in C(QT ).

Therefore, we get

(|nk
x|2nk, |mk

x|2mk)→(|nx|2n, |mx|2m) strongly in C(QT ),

(|nk · mk
x|2nk, |nk · mk

x|2mk)→(|n · mx|2n, |n · mx|2m) strongly in C(QT ),

((nk
x · mk)mk

x, (mk
x · nk)nk

x)→((nx · m)mx, (mx · n)nx) strongly in C(QT ),

((mk
x · nk

x)mk, (nk
x · mk

x)nk)→((mx · nx)m, (nx · mx)n) strongly in C(QT ),

vknk
x⇀vnx, (|nk · mk

x|2)x⇀(|n · mx|2)x weakly star in L∞(0, T ;L2(I)).

Therefore, we know that (ρ, v, n,m) is a strong solution to (1.1)–(1.2).
Finally, we will prove the uniqueness of the global strong solutions.
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Denote ρ̄ = ρ1 − ρ2, v̄ = v1 − v2, n̄ = n1 − n2, m̄ = m1 − m2, where (ρi, vi, ni,mi)(i = 1, 2) are two
strong solutions to (1.1)–(1.2). Hence, (ρ̄, v̄, n̄, m̄) solves

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρ̄t + (ρ̄v1)x + (ρ2v̄)x = 0,

ρ1v̄t − v̄xx = −ρ̄v2t − ρ̄v2v2x − ρ1v̄v2x − ρ1v1v̄x − (ργ
1 − ργ

2)x − 2n1x · n̄xx

−2n̄x · n2xx − 2m1x · m̄xx − 2m̄x · m2xx − 4(n̄ · m1x)(n1x · m1x) − 4(n2 · m̄x)(n1x · m1x)
−4(n2 · m2x)(n̄x · m1x) − 4(n2 · m2x)(n2x · m̄x) − 4(n̄ · m1x)(n1 · m1xx)
−4(n2 · m̄x)(n1 · m1xx) − 4(n2 · m2x)(n̄ · m1xx) − 4(n2 · m2x)(n2 · m̄xx),

n̄t + v1n̄x + v̄n2x = n̄xx + |n1x|2n̄ + n̄x · (n1x + n2x)n2 + m̄x · n1xm1 + m2x · n̄xm1

+m2x · n2xm̄ + 2|n̄ · m1x|2n1 + 2|n2 · m̄x|2n1 + 2|n2 · m2x|2n̄
+2(n̄x · m1)m1x + 2(n2x · m̄)m1x + 2(n2x · m2)m̄x,

m̄t + v1m̄x + v̄m2x = m̄xx + |m1x|2m̄ + m̄x · (m1x + m2x)m2 + n̄x · m1xn1 + n2x · m̄xn1

+n2x · m2xn̄ + 2|n̄ · m1x|2m1 + 2|n2 · m̄x|2m1 + 2|n2 · m2x|2m̄
+2(m̄x · n1)n1x + 2(m2x · n̄)n1x + 2(m2x · n2)n̄x,

(4.13)

with the following initial and boundary conditions

{
(ρ̄, v̄, n̄, m̄)|t=0 = (0, 0, 0, 0),
(v̄, n̄x, m̄x)|∂I = (0, 0, 0).

(4.14)

Multiplying (4.13)1 by ρ̄ and integrating over I, we get

1
2

d
dt

∫

I

|ρ̄|2 = −
∫

I

(ρ̄ρ̄xv1 + ρ̄2v1x + ρ̄ρ2xv̄ + ρ̄ρ2v̄x)

= −1
2

∫

I

|ρ̄|2v1x −
∫

I

(ρ2xv̄ + ρ2v̄x)ρ̄

≤ 1
2
||v1x||∞

∫

I

|ρ̄|2 + ||v̄||∞||ρ2x||2||ρ̄||2 + ||ρ2||∞||v̄x||2||ρ̄||2

≤ 1
2
||v1||H2(I)

∫

I

|ρ̄|2 + C||v̄x||2||ρ̄||2 + ||ρ2||∞||v̄x||2||ρ̄||2

≤ C||v1||H2(I)

∫

I

|ρ̄|2 + C||v̄x||2||ρ̄||2

≤ C(||v1||H2(I) + 1)
∫

I

|ρ̄|2 + C

∫

I

|v̄x|2,

where we have used the regularities of ρi and vi for i = 1, 2. The Gronwall’s inequality implies that for
t ∈ [0, T ],

||ρ̄(·, t)||2 ≤ Ct

∫

Qt

|v̄x|2. (4.15)
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Multiplying (4.13)2 by v̄, integrating over I and using the Cauchy’s inequality, we get
1
2

d
dt

∫

I

ρ1|v̄|2 + ||v̄x||22

≤ C||ρ̄||22||v2t||22 + C||ρ̄||22 + C||v2x||∞
∫

I

ρ1|v̄|2 + C||n̄x||22 + C||m̄x||22 + C||n̄||22. (4.16)

(4.15) and (4.16) imply that

d
dt

⎡

⎣

∫

I

ρ1|v̄|2 +
∫

Qt

|v̄x|2
⎤

⎦

≤ Ct||v2t||22(t)
∫

Qt

|v̄x|2 + Ct

∫

Qt

|v̄x|2 + C||v2x||∞(t)
∫

I

ρ1|v̄|2 + C(||n̄x||22 + ||m̄x||22 + ||n̄||22).

Multiplying (4.13)3 by n̄, (4.13)4 by m̄ and integrating over I, we get
1
2

d
dt

∫

I

(|n̄|2 + |m̄|2) + ||n̄x||22 + ||m̄x||22

≤ C||n̄x||2||n̄||2 + C||v̄x||2||n̄||2 + C||m̄x||2||n̄||2 + C||m̄x||2||m̄||2 + C||v̄x||2||m̄||2
≤ 1

2
(||n̄x||22 + ||m̄x||22) + ε||v̄x||22 + C(||n̄||22 + ||m̄||22),

where we have used the Cauchy’s inequality and ε is small enough to be chosen later.
Hence, we get

d
dt

∫

I

(|n̄|2 + |m̄|2) + ||n̄x||22 + ||m̄x||22 ≤ 2ε||v̄x||22 + C(||n̄||22 + ||m̄||22). (4.17)

Then by taking ε = 1
8C , we get from (4.16) and (4.17) that

d
dt

⎡

⎣

∫

I

(ρ1|v̄|2 + 2C|n̄|2 + 2C|m̄|2) +
1
2

∫

Qt

|v̄x|2
⎤

⎦ + C

∫

I

(|n̄x|2 + |m̄x|2)

≤ Ct||v2t||22
∫

Qt

|v̄x|2 + Ct

∫

Qt

|v̄x|2 + C||v2x||∞
∫

I

ρ1|v̄|2 + C

∫

I

(|n̄|2 + |m̄|2).

From the initial data of (ρ̄, v̄, n̄, m̄) and the Gronwall’s inequality, we have

ρ̄ = 0, v̄ = 0, n̄ = 0, m̄ = 0.

Therefore, the uniqueness of global strong solutions is proved.
Theorem 1.2 is proved. �
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