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Existence of positive solutions for fractional Kirchhoff equation

Ke Wu and Guangze Gu

Abstract. We study the following Kirchhoff equation involving fractional Laplacian in R

|u(z) — u(y)|? . _
<a+b / dedy)(—A)su+uu = g(u), (K)

RN xRN

where N > 2,4 >0, b,u > 0,0 < s <1, and (—A)® is the fractional Laplacian with order s. By reducing (K) to an

equivalent system, we obtain the existence of a positive solution of (K) with general nonlinearities. The positive solution is
unique if g(u) = JulP7lu, 1 < p < %g; Moreover, if the function g is odd, the existence of infinitely many (sign-changing)
solutions is concluded. As we shall see, for the case where 0 < s < %7 a necessary condition of existence of nontrivial
solutions of (K) is that b is small. Our method works well for the so-called degenerate case a = 0.
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1. Introduction and main results

In this paper we are concerned with the following nonlinear nonlocal problem in RV
u(x) — u(y)|?
(a +b / dedy) (=A)Yu+ pu = g(u), (1.1)
RN xRN

where N > 2, a > 0, b,u > 0, 0 < s < 1, (—A)*® is the fractional Laplacian and ¢ is a continuous
function. (1.1) could be derived as a nonlocal model for the vibrating string with a fractional length in
which the tension of string is related to nonlocal measurements of the modification of the string from its
rest position [10].

Nonlocal problems like (1.1) have been widely studied in recent years (see, e.g., [2,3,6,8,13,14,16,17,
19-21,23]). Compared to the semilinear fractional Laplacian where b = 0 in (1.1), looking for solutions
for (1.1) is more challenging due to the presence of the Kirchhoff term

Ju(@) — u(y)|? :
RN xRN
We would like to mention that the existing results on the existence or multiplicity of solutions for Kirchhoff
type problems are almost concluded by the variational methods. As far as applications of variational

methods to the Kirchhoff type problems are concerned, it generally could be a complicated process, even
for the case where the nonlinearity g satisfies the A-R condition (see, e.g., [12,18]). This, at the same
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time, also makes Kirchhoff type problems more attractive. In the past decade, many authors had used
the direct variational methods such as the mountain pass theorem and the Nehari manifold to conclude
the existence or multiplicity of solutions to the Kirchhoff type problems. However, it seems that these
methods do not work for the case 0 < s < &' < 1. There is rare study about (1.1) with 0 < s < Z'. We
also mention that there are very few results about the fractional Kirchhoff type problem with sub-cubic
nonlinearities which do not satisfy the A-R condition g(¢)t > 4 fot g(s)ds.

In this paper, we introduce a new technique to study Kirchhoff type problems and obtain the existence
of positive solutions and infinitely many (sign-changing) solutions to (1.1). Our arguments are quite
different from the direct variational methods and do not depend on the A-R type condition. We do not
need to restrict s on the range % < s < 1, either. Based on our simple but powerful method, we can
conclude the uniqueness of positive solutions of (1.1) with power nonlinearities and deal with the so-called
degenerate case a = 0 which has been rarely studied. To be more precise, we try to solve problem (1.1)
by transforming it into the following system with respect to (u,T) € H*(RV) x R*:

(=A)*u+ pu = g(u), ]
T=a+bT" 2" Ik %dxdy.

RN xRN

Consider the problem (1.1) with the function g satisfying the following conditions:
(91) g € CH(R,R) and g(t) = o(t) as t — 0T;

(g2) there exists a constant 8 € (0, 1) such that —oco < lim ir+1f @ < lim sup @ <G
t—0 t—0+
(93) —oo < limsu tgy_l < 0, where 2% = N2£V23 is the Sobolev critical exponent for the fractional
t—+oo ©°

Laplacian;

(g4) there exists a € > 0 such that 2G(&) > u&?, where G(&) = fog g(t)dt.

Except for developing a new technique to study the Kirchhoff type equations like (1.1), our results
are new and improve significantly the result from [1] where b = (1 — s)¢ and ¢ depending the number
of solutions is required to be small enough. The authors in [1] did not give any results about the cases
neither where a = 0 nor where ¢ is not infinitely small.

Our first result is the following theorem.

Theorem 1.1. Assume that g satisfies conditions (g1) — (ga), then we have

(i) if % <s<1landa>0,(1.1) has a positive solution for any b > 0;

(ii) if s = % and a > 0, there exist constants b*,b** > 0 such that (1.1) has a positive solution for any
0 < b < b*, and no positive solutions for any b > b**.

(iii) of s = % and a = 0, there exists a positive radial function u € H*(RYN) such that for any T > 0,
w(T-) is a solution of (1.1) for b =10*, and (1.1) has no positive solutions for any b > b**, where b*
and b** are the constants given in (it).

(iv) if 0 < s < & and a > 0, there exist positive constant b*,0** > 0 such that (1.1) has two positive
solutions uy and ug for any 0 < b < b*, satisfying ui(x) = uz(Tx) for some T # 1 and T > 0, one
positive solution for b = b*, and no positive solutions for any b > b,

(v) if0<s< I and a =0, (1.1) has one positive solution for any b > 0.

Moreover, each solution u obtained in (i), (ii), (iv) and (v) is radial and satisfies

0 <u(z) < ¢

N

for some positive constant C depending on a,b,s and N.
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A typical function satisfying (g1) — (ga) is g(t) = [t|P7'¢,1 < p < 25 —1 = J+Z5 In this case, one may

rewrite (1.1) as

_ 2
(a +b / dedy) (=A)*u+ pu = [uPru, in RY, (1.3)

RN xRN

where N > 2, a4 >0, b, > 0 and 1 < p < 2% — 1. For problem (1.3), we have the following (uniqueness)
result of positive solutions.

Theorem 1.2. (i) if % <s<1landa>0,(1.3) has a positive solution for any b > 0, which is unique
up to translation;

(i) if s = % and a > 0, there exists constant b* > 0 such that (1.3) has a positive solution for any
0 < b < b*, which is unique up to translation, and no positive solutions for any b > b*.

(iil) if s = % and a = 0, there exists a positive radial function u € H*(RN) such that for any T > 0,
uw(T-) is a solution of (1.3) for b = b*, and (1.3) has no positive solutions for any b # b*, where b*
is the constant given in (ii).

(iv) if0<s < % and a > 0, there exists a positive constant b* such that (1.3) has ezactly two positive
solutions wy and uy for any 0 < b < b*, satisfying ui(z) = us(Tx) for some T # 1 and T > 0,

one positive solution for b= b*, which is unique up to translation, and no positive solutions for any

b > b*.
(v) if 0 < s < % and a = 0, (1.3) has one positive solution for any b > 0, which is unique up to
translation.

Moreover, each solution u obtained in (i), (i), (iv) and (v) is radial, v € C>®(RN) N H*TYRY) and
satisfies
Cc1 C2

N
T fapees <10 S s Yo eRY

for some positive constants c1,co depending on a,b,s and N.

Remark 1.1. From the arguments in the next section, if u is a positive solution of (1.3), then there exists
a T > 0 such that u(x) = U(Tz), where U is a positive solution of (—A)%u + pu = |u[P~tu. We refer
reader to [11] for the existence of U.

Remark 1.2. In view of Theorem 1.2, if {us} is a sequence of solutions of (1.1), then u; may be sign-
changing for every integer k > 2. Moreover, for 0 < s < %, we know from Theorem 1.1 that, unless a = 0,
(1.3) has no nontrivial solutions if b > 0 is large.

It is well known that the symmetry of nonlinearities may imply the multiplicity of solutions to a
differential equation. For problem (1.1), we have the following results on multiplicity of solutions. For
simplicity, we are just going to give the results for the case a > 0.

Theorem 1.3. Assume that g is odd and satisfies conditions (g1) — (g4), then we have

(i) if % <s<1anda>0,(1.1) possesses an infinite sequence of radial solutions {uy} for any b > 0.
(i) if s = & and a > 0, there exist a constant ro > 0 and a sequence {by} C RT with by | 0% and
b <71 such that, for any integer k > 1, (1.1) possesses a radial solution uy, for any 0 < b < by, no
nontrivial solutions for any b > rq.
(ili) if 0 < s < & and a > 0, there exist a constant 7o > 0 and a sequence {br} € R with by, | 0F
and by, < o such that, for any integer k > 1, (1.1) possesses two radial solutions u,l€ and u% for any
0 < b < by, satisfying up(z) = ui(Tyx) for some Ty, # 1 and T), > 0, one solution uy, for b = by,
and no nontrivial solutions for any b > 7.
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Moreover, for any integer k > 1, there exists a constant Cy, > 0 such that

()| < —CF

N

where {uy} stands for sequences of solutions obtained in (i), (ii) and (iii).

The paper is organized as follows. In Sect. 2 we prove the main results above. In Sect. 3 we give some
basic facts which are used in Sect. 2.

2. Proofs of the main results

Let H*(RY), 0 < s < 1, be the normal fractional Sobolev space and H:(RY) = {u € H*(RY) : u(z) =
u(|z])}. Tt is known that the embedding Hi(RY) — LP(RY), 2 < p < 2%, is compact. Define two

functionals on H*(RM):
u):/(}’(u)—g/u2
RN RN

o= | B

RN xRN

and

Recall that the homogeneous fractional Sobolev space D = D%2(RY) is the closure of C2°(RY) with
the Gagliardo seminorm 1/Q(u).

Proposition 2.1. Problem (1.1) admits a nontrivial solution v € H*(RN) if and only if the following
system

(=A)*u + pu = g(u), N
T=qaq+ bl 7 f \u(ac)—u(y)lzdxdy7 in RY x R*. (2.1)

E=TREES
RN xRN

possesses a solution (v,t) € H*(RN) x Rt satisfying (v, T) # (0, a).

Proof. On the one hand, u # 0 is a solution of (1.1). Let

2
T=a+b / [l |N+2)| dzdy and v(x):u(Tix).
RN xRN
Then (u,T) is a solution of (2.1).
On the other hand, if (v, T) # (0,a) is a solution of (2.1), then u(-) = v(T~ =) is a solution of (1.1)
and u # 0. O

Remark 2.1. In view of Proposition 2.1, problem (1.1) can be solved completely by studying system (2.1).
Notice that the second equation in (2.1) is defined on the real line, problem (1.1) is almost equivalent to
the following semilinear equation

(=A)*u+ pu = g(u) in RY, (2.2)

Moreover, as we shall see, if  is a solution of (1.1), then exist a solution U of (2.2) and a positive constant
T such that u(z) = U(Tx).
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Remark 2.2. A relation between problems (1.1) and (2.2) is given in the proof of Proposition 2.1. This
fact could be applied to investigate behaviors of solutions of (1.1). For instance, one may obtain the
Pohozaev identity associated with problem (1.1), that is, if ¢ € C*(R,R) satisfies conditions (g2) and
(93), then any solution u € H*(RY) of (1.1) satisfies the identity

(N —2s) [aQ(u) + bQ*(u)] = 2N P(u). (2.3)
Indeed, if u € H*(RY) is a solution of (1.1), then v = u(T'2:-) is a solution of (2.2), where T' = a+bQ(u).
Recall that g satisfies conditions (g2) and (g3). As the argument in [7] or [24], one has
(N —25)Q(v) = 2NP(v). (2.4)
Then (2.3) follows from the inequality (2.4).

Remark 2.3. The equivalent system (2.1) to (1.1) is not unique. A general one to be equivalent to the
problem (1.1) is the following

T™(=A) u+ pu = g(u),
Tt = g 4ot [ euw)P g, 0 RY x R*.

oy V2
RN xRN

where m # —1 is a parameter.

We state two results on the existence and multiplicity of solutions of (2.2) before we give the proofs
of the main results.

Proposition 2.2. Assume that g satisfies conditions (g1) — (ga), then problem (2.2) possesses a positive
radial solution u € H*(RN) such that

u(z) < ¢

N

for some constant C > 0.

Proposition 2.3. Assume that g is odd and satisfies conditions (g1) — (ga), then problem (2.2) possesses
an infinite sequence of radial solutions {uy} such that

(i) for each positive integer k, there exists constant Cy, such that

Ck

(i) Q(uk) > Q(ug—1) for any k > 1, Q(ux) — +00 and $Q(uy) — P(uy) — 400 as k — +o0.

Proofs of propositions 2.2 and 2.3 will be given in the next section. We are turning to proofs of the
main results now.

Proof. (Proof of Theorem 1.1). For a fixed w € H*(RY), w # 0, define a function f, : R* — R given
N—-2s

by fu(T)=T—a—-bT"=z Q(w). It follows from Proposition 2.2 that problem (2.2) possesses a positive
radial solution u € H*(RY) such that (2.5) holds. By Proposition 2.1, it is sufficient to discuss whether
the equation f,(T) = 0 is solvable.

(1) % < s < 1land a > 0. In this case, we have 0 <
that f,(T) = 0 has a unique solution 7' € R*.

(i) s = & and a > 0. In this case, we have f,,(T") = [1 — bQ(w)]T — a for all (w,T) € H*(RY) x R*.
Let b* := Q~!(u). Then for any 0 < b < b*, T = a[l — bQ(u)]~! > a is a solution of f,(T) = 0.

We now check the existence of b**. Let M be the set of positive solutions of (2.2) and

Qo := inf Q(v).

veEM

N—2s < 1. Thus it is easy to see, for any b > 0,

2s
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We claim that Qo > 0. Indeed, since g is continuous and satisfies (g1) and (g3), there exists a positive
constant C' > 0 such that

g(t) < pt 4+ Ct>~1, vt > 0. (2.7)
By the Pohozaev identity (2.4), we have, for any v € M,

N2_28 /v—/G /v+C/

which implies that Q(v) < C||v J2:- By the Sobolev embedding theorem, Q(v) < C(Q(v)) ~75 | Since
Q(v) > 0, there is a positive constant ¢go independent of v such that Q(v) > ¢o for all v € M. Thus

Qo > 0.
Let b™* = Qal. Then b** > b*. Moreover, for any T' € Rt and b > b**,

sup fo(T) < (1 —=bQp)T —a < 0.
veEM

As a consequence, for all v € M, f,(T) = 0 has no solutions on R*.

(iil) s = % and a = 0. It is easy to conclude the conclusion by an argument as in (ii). We omit the
details here.

(iv) 0 < s < & and a > 0. In this case, for any w € H*(RY), the function f, has a unique maximum
point

2s

n = (wapamw) O

Thus,

max fulT) = fu(Tu) = <1Nv—;li) ((N—22ss)bQ(w)> e
Let

b =2sa" % (N —25)° % (N —4s) = Q (u).

Then f,(T,) > 0if 0 < b < b* and f,(T,) = 0if b = b*. This implies that f,(T') = 0 possesses two
solutions 77 and Ty satisfying 77 # T5 if 0 < b < b*, and a solution T, if b = b*.
Moreover, set

(N —4s) 7 Qg Y,

where Qo is defined as in (ii). Then b** > b* and sup,c g fuw(T) < 0 for any T € Rt and b > b**. This
implies that f,(7") = 0 has no solutions if b > b**.

(v) 0 < s < % and a = 0. It is easy to check, for any b > 0, that f,(7) = 0 has a unique solution
T e RT. O

~ 45— N 25— N
b** =2sa 2 (N —2s) 2=

Proof. (Proof of Theorem 1.2). According to [11], the following problem
(—A)u + pu = [uP~u (2.8)

has a unique positive solution U up to translations such that U € C(RY) N H**1(RY) is radial and
strictly decreasing in r = |x|. Moreover, there are positive constants ¢; and ¢y depending on s and N
such that

C1

N

C2
<U < ——
<U(z) < 1+ [z]N+2s
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Since positive solutions of (2.8) are unique up to translations, for any positive solution u of (2.8), we have
Q(u) = Q(U). The rest arguments are similar to that in the proof of Theorem 1.1. We omit the details
here. U

Proof. (Proof of Theorem 1.3).

It follows from Proposition 2.3 that equation (2.2) possesses a sequence of solutions {uy} satisfying
Qur) > Q(ug-1), k > 2, and Q(ug) — +oo0.

Let M be the set of nontrivial solutions of (2.2) and Qo = inf vext @(v). Since g is odd, we conclude
by (2.7) that Qo > 0. Now, for each integer k > 1, by replacing Q(u), b*, Qo and b* with Q(ug), b, Qo
and ZN)k, respectively, one may obtain the conclusions of Theorem 1.3. g

3. Existence and multiplicity of solutions

In this section, we devote to conclude the results of Propositions 2.2 and 2.3.

3.1. Positive solutions of (2.2)
Let

V= {H*R"Y): Q(u) = 1}.
We will derive the existence and multiplicity of solutions of (2.2) by looking for critical points of the
constrained functional PJy,. The hypothesis (g4) implies that f(f(g(t) — pt)dt > 0. Motivated by [4], we
modify the function g as follows. If g(t) > ut for t > &, then g = g; if there exists a tg > £ such that
g(to) > pto, let g(t) = g(t) for 0 <t < tg and g(t) = g(to) for t > to; g is defined by g(t) = —g(—t) for
t < 0. Clearly, g satisfies the conditions (g2) and (g3). Moreover, one has §(0) = 0 and
im 20, (3.1.1)

t—o00 |t 2;-1

By the maximum principle, a solution of (2.2) with g is also a solution of (2.2) with g. We henceforth
will always identify g as g throughout this paper.

For t > 0, let g1(t) = (g(t) — Bt)T and go(t) = g1(¢) — g(t) + pt and extend both g; and go as odd
functions for ¢ < 0. Then g = g1 — g2 — p,

gi(t) > O,gg(t) > (u—B)t, Vt >0, (3.1.2)
and §(t) = o([t|**~1) as t — oo. Moreover, G( fo gi(s)ds > 0,i=1,2, for any t € R.

Lemma 3.1. If u, — u in H*(RY), then lim, o [ [Gi(un) — Gi(wy)] = [ Gi(u), i=1,2, where w, =
Uy, — U. Y R
Proof. By (g2) and (3.1.1), there exists a constant C' > 0 such that

l9:(0)] < C(lt] + |71, i = 1,2, (3.1.3)

for all ¢ € R. We then conclude by the Young’s inequality that, for any ¢ > 0, there exists C. > 0 such
that

1
|Giun) — / (wy, + tu)udt|
0
C(|wnlul + |uf? %)
_5(|’wn|2 ) + O (Jul? 2),i=1,2.
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Let
1 = (1Gi(un) = Gi(wn) = Gi(w)| — e(|wal? + Jwa|*)) i = 1,2,
Then we see that f7. — 0 a.e. 2z € RV, 0 < T+ Ce(ful® + lu|?) and
|Gi(un) — Gi(wn) — Gi(w)| < f7. +e(|wnl? ).

By the Lebesgue dominated convergence theorem, one has lim,,_, f Ji'= = 0 and hence
N

lim [ |Gi(u,) — Gi(wy) — Gi(u)| =0,i=1,2,
nee )
and
nlLII;O [Gi(un) — Gi(wy)] /G
RN
0

Lemma 3.2. The functional P is weakly sequentially upper semicontinuous in the D*2(RN)-topology on
M={ue H:RY): P(u) >0,Q(u) =1}.

Proof. Let {u,} C M be a sequence such that u,, — u in D*2(RN). It follows from Q(u,) = 1 that {u,}

is bounded in L% (RV).
The conditions (g2) and (g3) imply that, for any £ > 0, there exists a C. > 0 such that

0<Gi(t) <et? %, VteR. (3.1.4)

0 < P(uy) < /G1un—§/u <C/|u b—f/ui,

RN RN
which implies that {u,} is bounded in L?(R¥) and hence {u,,} is bounded in H(RY). We may assume
that u, — u in HS(RYN).
For a fixed p € (2,27), it follows from (gs3) and the definition of g1, for any ¢ > 0, that there exists
C. > 0 such that

Thus, one has

0 < Gyi(t) <elt|® + C|t|P, Vt e R. (3.1.5)
Thus,
o</G1 <5C’+C/|un—u|p—50+o()
RN

Since the embedding H; (RN ) < LP(RY) is compact, we conclude from Lemma 3.1 that

/Gl(un)—’ /Gl(u)
RN RN

1iminf/ (Ga(un) + gui) > / (Ga(u) + gUQ)
RN RN

Therefore, P(u) > limsup,, ., P(un). O

Now by Fatou Lemma,

We turn to the proof of Proposition 2.2.
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Proof. (Proof of Proposition 2.2).
Let
a = sup P(u).
ueV

As in the proof of Lemma 3.2, one has o < +00. Let {u,} C V be a sequence such that P(u,) — «. For
every n, let v, = u} denote the Schwarz spherically symmetric-decreasing rearrangement of |uy,|. Then
one has v, > 0,v, € H:RY), Q(v,) =1 and a > P(v,) > P(u,). Thus P(v,) — a. It follows from
(g4) that there exists w € HZ(RY) such that P(w) > 0 (see, e.g., Lemma 5.2 in [22]). Then a > 0 and
{vn} € M, where M is defined in Lemma 3.2.

Since Q(v,) = 1, we may assume that v, — v in D*2(R"). Thus Q(v) < liminf, . Q(v,). We
claim that @Q(v) = 1. Indeed, assume that by contradiction that Q(v) < 1. By Lemma 3.2, we have
P(v) > limsup,,_,., P(v,) = a > 0. Let v; = v(t) for t > 0. Then Q(v;) = t~N25Q(v). Recalling that
N > 2s, there exists a tg € (0,1) such that Q(vs,) = 1. Then we have

o> P(vg,) =tV P(v) > P(v) > limsup P(v,) = a,
which is absurd. Thus, Q(v) = 1. By Lemma 3.2, « is attained by the nonnegative function v. As a result,
there is a Lagrange multiplier 6 such that %Q’ (v) = 0P’ (u). This shows that v solves equation

(=A)*v = 0(g(v) — pv).
By Pohozaev identity (2.4), one has
N —2s
2
Thus 6 > 0. Let u = v(~ 2 -). Then u > 0 is a radial solution of (2.2). Moreover, the maximum principle
implies that u > 0.

Now we check decay property of u. Let w(x,t) be the s-harmonic extension of u(x), then w is a solution
of problem

P(v) =0NQ(v) = 6N > 0.

19 0 in RN+
—div(y'"*Vw) =0, in RYT,
—ksGe = g(w), on RY x {0},

where 92 = lim, ¢+ yl_ng—Z’(x,y) = — 1 (=A)*u(x). By applying the Moser iterative argument (see,

e.g., [15]), we obtain u(x) = w(x,0) € L>(RY).
As in Lemma 4.2 in [9], there exist an Ry > 0 and a function w satisfying

c N
< — N
o<w(x)71+|x|N+287 Vo € RY, (3.1.6)
and
(=A)*w + (u— B)w >0, in RN\Bg, (0), (3.1.7)

where 3 appears in the condition (go). Notice that u € L?(R") is spherically symmetric and decreasing
with respect to 7 = |z|, there exists a constant C' > 0 such that |u(z)| < C|z|~2 . By the definition of g1,
there exists an Ry > 0 such that

(=AY u+ (u—B)u < (=A)*u+ ga(u) = g1 (u) =0, in RV\Bg,(0). (3.1.8)

Taking R = max{Ry, Rz}, v = infp, o) w and W = (||u| L~ +1)w—~yu, we see that v > 0 and W > w > 0
in Br(0). Furthermore, (3.1.7) and (3.1.8) imply that

(=AW + (u— B)W >0, in RV\Bg(0). (3.1.9)
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We claim that W > 0 in RY. Indeed, assume by contradiction that there exists an xg € RY such
that W (zo) < 0. Note that lim|, o W(z) = 0. We assume without loss of generality that W (zg) =
infrx W < 0. Then one has

(—A)SW(l‘o) _ %Cs / 2W($0) — W(xO + y) — W('rO — y)
RN

|y 2 dy <0,
and therefore (—A)*W (zg)+ (u—B)W (xg) < 0. It follows from (3.1.9) that 29 € Bgr(0), which contradicts
W > 0in Bg(0). Thus W > 0 in RY and we conclude from (3.1.6) that

u(z) < ¢

N

3.2. Infinitely many solutions of (2.2)

In this part, we shall seek infinitely many solutions of (2.2) which are spherically symmetric.
Define a set of V

Ve ={ueV:ux)=u(z|)}.

Let (V) denote the set of compact and symmetric subsets of V. Recall that the genus v(A) of a set
A € 3(V) is the least integer n > 1 such that there exists an odd continuous mapping ¢ : A — S"~1 =
{z € RN : 2| = 1}. We set 7(A) = +o0o is such an integer does not exist.
For any integer k£ > 1, let
¢ = sup inf P(u),
A€ETy, u€A ( )

where I'y, = {4 € ¥(V,.) : 7(A) > 1}. To obtain Proposition 2.3, we are going to show each ¢y, is a positive
critical value of P|y, for any k > 1.

Lemma 3.3. c¢; > 0 for any positive integer k.

Proof. Consider the k-dimensional polyhedron
VI = {r = (r1,ra, - ) €RM S g =1}, k> 1

By the argument as Theorem 10 in [5], for any k > 1, there exists a constant R = R(k) > 0 and an odd
continuous mapping 7 : V¥~1 — H§(Bg) such that
(i) 7(r) is a radial function for all » € V¥=1 and 0 ¢ 7(VF~1);
(i) There exist constants dy,ds > 0 such that dy < [[(=A)2 (7(r)) || L2(p) < do;
(iii) [ (G(r(r) — &7%(r)))dr > 1 for any r € VF=1,
B

R
Let Wk=1 = 7(V*~1). For ahy u € W*~!, by (ii), there exists a unique constant ¢ = t(u) > 0 such
that u(t:) € V. and sup,cyx-1 t(u) < oo. Thus we may define a mapping 7 : Wk~ — V), satisfying
7(u) = u(t) for any u € W*=1. From (iii), we then have

P(n(u)) :t_N/ (G(u) - gu2> >t N > ( sup t(u)) o

ueWk—1
RN

Set Ay = m#(W*=1). Then Ay € X(V,) and v(Ay) > k. Hence Ay € T'y and inf,e 4, P(u) > 0. This
implies that ¢ > 0. g

Lemma 3.4. For any ¢ > 0, the functional Ply, satisfies the (PS). condition, that is, any sequence
{un} C V, satisfying P(u,) — ¢ >0 and P'|y,.(u,) — 0 has a convergent subsequence.
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Proof. Let ¢ > 0 and {u,} C V, be a a (PS) sequence of P|y, . Then P(u,) — ¢ and P'|y, (u,) — 0 — 0.
Without loss of generality, we assume that P(u,) > 0 for all n. As in the proof of Lemma 3.2, {u,} is
bounded in HE(RY). Thus we have P’(u,) — (P'(uy), un)u, — 0 in H*(RY). This implies that

dp(—A)¥uy — g(un) + pai, — 0 in D52(RY), (3.2.1)
where d,, = (P'(uy),u,) = f (9(un) — pun)u,. From (3.1.3) and the embedding theorem, {d,} is

bounded. We may suppose that d, — d. By the boundedness of {u,}, u, — w up to a subsequence.
Applying Theorem A.1 in [4], for any bounded Borel set B C RV, we have

/ lg(un) — pu, — g(u) + pul — 0.

Thus g(uy,) — pun, — g(u) — pu in LY, (RY) and g(u,,) — pu, — g(u) — pu in D' (RY). Therefore, we know
that from (3.2.1) that

d(=A)*u+ pu = g(u), u € HRY). (3.2.2)
Moreover, by Pohozaev identity and Lemma 3.2, we have
2N 2N 2Nc¢
dQ(u) N 2SP(u) 2N 2 hTrLrLSOLip P(uy,) N o5 >0

Thus d > 0 and Q(u) > 0. Using the argument in Lemma 3.2, it is easy to check that

/gl(un)un — /91(u)u (3.2.3)
RN RN

and
d = lim sup/ (g(un)up — puz) < / (g(w)u — pu?)
It then follows from (3.2.2) that dQ(u) = [ (g9(u)u — pu?) > d. Thus Q(u) > 1 and
RN
[ (tw)un =) ~ [ (gt - ) (3.2.4)
RN RN
Note that @ is weakly lower semicontinuous. We have Q(u) = 1 and u, — u in D%2(R"Y). Since

g2 = g1 — g + 1, we conclude from (3.2.3) and (3.2.4) that

[ satwnyun — [ amtuya
RN RN

Let go(t) = gh(t) + 5 (1 — B)t. Then gh(t)t > 3 (u — B)t? for any ¢t € R. By Fatou Lemma, we have
lim inf / ga (Up )ty > /g2 u, hmlnf / uy > /
RN RN
Consequently, we get u,, — u in L2(RY) and u,, — u in HS(RY). O
Proof. (Proof of Proposition 2.3.) In view of Lemmas 3.3 and 3.4, a standard argument shows that ¢y, is

a positive critical value of Py, for any integer k > 1. In particular, there exist ; € R and vy € V, such
that Q(vx) = 1, P(vg) = ¢ and

(=A)*v = 0k (g(vi) — pog).



45 Page 12 of 13 K. Wu and G. Gu ZAMP

It follows from Pohozaev identity that
N —2s

5N Q(vi) = 0, P(vi) = O,

1
which implies 65, > 0. Let u, = v(6, **-). Then uy, is a solution of (2.2) for any integer & > 1. Moreover,
by Theorem 9 in [5], one has ¢, — 0T. Thus, we have

N —2s N
1 1 N-—2s N 1 N—QS T 2s N—QS 2s 2s—N
g Q) = Plun) =36,% Qo) =87 Plow) = [2 (2> ) (2) ]C’“ S
By the definition of ¢, it is easy to check that c¢x_1 > ¢ for k > 2. This shows Q(uy) > Q(ug—1) and
Q(uy) — +oo. Finally, as in the proof of Lemma 2.2, we may obtain the decay inequality (2.6). O

Acknowledgements

The author would like to thank Pro. Zhi-Qiang Wang for his advice.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

References

[1] Ambrosio, V., Isernia, T.: A multiplicity result for a fractional Kirchhoff equation in RY with a general nonlinearity.
Commun. Contemp. Math. 20(5), 1750054 (2018)
(2] Ardila, A.H.: Existence and stability of standing waves for nonlinear fractional Schrodinger equation with logarithmic
nonlinearity. Nonlinear Anal. 155, 52-64 (2017)
(3] Autuori, G., Fiscella, A., Pucci, P.: Stationary Kirchhoff problems involving a fractional elliptic operator and a critical
nonlinearity. Nonlinear Anal. 125, 699714 (2015)
[4] Berestycki, H., Lions, P.L.: Nonlinear scalar field equations. I. Existence of a ground state. Arch. Ration. Mech. Anal.
82(4), 313-345 (1983)
(5] Berestycki, H., Lions, P.L.: Nonlinear scalar field equations. II. Existence of infinitely many solutions. Arch. Ration.
Mech. Anal. 82(4), 347-375 (1983)
(6] Caponi, M., Pucci, P.: Existence theorems for entire solutions of stationary Kirchhoff fractional p-Laplacian equations.
Ann. Mat. Pura Appl. 195(6), 2099-2129 (2016)
[7] Chang, X., Wang, Z.-Q.: Ground state of scalar field equations involving a fractional Laplacian with general nonlinearity.
Nonlinearity 26(2), 479-494 (2013)
[8] Chang, X., Wang, Z.-Q.: Nodal and multiple solutions of nonlinear problems involving the fractional Laplacian. J.
Differ. Equ. 256(8), 29652992 (2014)
[9] Felmer, P., Quaas, A., Tan, J.: Positive solutions of the nonlinear Schrédinger equation with the fractional Laplacian.
Proc. R. Soc. Edinb. Sect. A 142(6), 1237-1262 (2012)
[10] Fiscella, A., Valdinoci, E.: A critical Kirchhoff type problem involving a nonlocal operator. Nonlinear Anal. 94, 156-170
(2014)
[11] Frank, R.L., Lenzmann, E., Silvestre, L.: Uniqueness of radial solutions for the fractional Laplacian. Commun. Pure.
Appl. Math. 69(9), 1671-1726 (2013)
[12] Gu, G., Wu, X., Yu, Y., Zhao, F.: Multiplicity and concentration behavior of positive solutions for a fractional Kirchhoff
equation in R3. Sci. Sin. Math 49(1), 39-72 (2019). (in Chinese)
[13] Gu, G., Yu, Y., Zhao, F.: The least energy sign-changing solution for a nonlocal problem. J. Math. Phys. 58(5), 051505
(2017)
[14] Guo, Q., He, X.: Semiclassical states for fractional Schrodinger equations with critical growth. Nonlinear Anal. 151,
164-186 (2017)
[15] He, X., Zou, W.: Existence and concentration result for the fractional Schrodinger equations with critical nonlinearities.
Calc. Var. Partial Differ. Equ. 55(4), 55-91 (2016)
[16] Jin, H., Liu, W.: Fractional Kirchhoff equation with a general critical nonlinearity. Appl. Math. Lett. 74, 140-146 (2017)
[17] Li, G., Luo, P., Peng, S., Wang, C., Xiang, C.L.: A singularly perturbed Kirchhoff problem revisited. J. Differ. Equ.
268(2), 541-589 (2020)



ZAMP Existence of positive solutions Page 13 of 13 45

(18] Li, G., Ye, H.: Existence of positive ground state solutions for the nonlinear Kirchhoff type equations in R3. J. Differ.
Equ. 257(2), 566-600 (2014)

[19] Molica Bisci, G., Tulone, F.: An existence result for fractional Kirchhoff-type equations. Z. Angew. Math. Phys. 35,
181-197 (2016)

[20] Niu, M., Tang, Z.: Least energy solutions for nonlinear Schrédinger equation involving the fractional Laplacian and
critical growth. Discrete Contin. Dyn. Syst. 37(7), 3963-3987 (2017)

[21] Pucci, P., Xiang, M., Zhang, B.: Multiple solutions for nonhomogeneous Schrédinger—Kirchhoff type equations involving
the fractional p-Laplacian in RY. Calc. Var. Partial Differ. Equ. 54(3), 2785-2806 (2015)

[22] Secchi, S.: On fractional Schrédinger equations in RY without the Ambrosetti-Rabinowitz condition. Topol. Methods
Nonlinear Anal. 47(1), 19-41 (2014)

[23] Song, Y., Shi, S.: Existence of infinitely many solutions for degenerate p-fractional Kirchhoff equations with critical
Sobolev—Hardy nonlinearities. Z. Angew. Math. Phys. 68(6), 128 (2017)

[24] Teng, K.: Ground state solutions for the nonlinear fractional Schrodinger—Poisson system. Appl. Anal. (2019). https://
doi.org/10.1080,/00036811.2018.1441998

Ke Wu and Guangze Gu
Department of Mathematics
Yunnan Normal University
Kunming 650500 Yunnan
China

e-mail: guangzegu@163.com

(Received: August 4, 2021; revised: December 4, 2021; accepted: December 6, 2021)


https://doi.org/10.1080/00036811.2018.1441998
https://doi.org/10.1080/00036811.2018.1441998

	Existence of positive solutions for fractional Kirchhoff equation
	Abstract
	1. Introduction and main results
	2. Proofs of the main results
	3. Existence and multiplicity of solutions
	3.1. Positive solutions of (2.2)
	3.2. Infinitely many solutions of (2.2)

	Acknowledgements
	References




