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A study on the critical Kirchhoff problem in high-dimensional space

Qilin Xie and Ben-Xing Zhou

Abstract. In this present paper, we consider the following critical Kirchhoff problem

—(a + A / |Vu|2dm> Au 4 mu = plu|P~2u + \u\2*72u in RY,
RN
where a, A € R and m,u € RTU{0}, N > 3 and 2 < p < 2*. In this first part, a pure critical Kirchhoff problem (m = p = 0)
has been considered for both a > 0 and a < 0. We obtain a series of fairly complete existence and multiplicity results and
have a clear understand the solutions of this pure critical Kirchhoff problem. In particular, if N > 5, a > 0 and A > 0
is suitable small, we obtain two positive solutions, in which one is a mountain pass solution and another one is a global

(local) minimum solution. In the second part, the original perturbation problem with m,u > 0 has been considered and
two positive solutions also have been obtained for N > 5, which is rather different compared with the case that A = 0.
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1. Introduction and main results

In this present paper, we investigate the following critical Kirchhoff problem

— (a +A / |Vu|2dx) Au+mu = pluP?u+ [ul* 2u in RY, (1.1)
RN
where a, m are two constants, A\, u are two parameters, 2 < p < 2* and 2* = % for N > 3 is the critical
exponent. The original model comes from the following equation

uge — (a + b/ \Vul|?dz)Au = f(z,t,u),
Q

presented in Kirchhoff [23]. This kind of equations is an extension of the classical d’Alembert’s wave
equations because of taking into account the effects of the changes in the length of a string during
vibrations. Kirchhoff type problem is concerning not only the effects of the changes in length of a string,
but also the non-Newton mechanics, the physical laws of the universe, the problem of plasma, elastic
theory, population dynamics models and so on.

The stationary general problem

- (a + b/ |Vu|2dw)Au +V(x)u = g(z,u) in R3 (1.2)

R3
has been studied by many authors under variant conditions on V(x) and g(z,w). Li and Ye [25] proved
that problem (1.2) has a positive ground state solution for g(x,u) = uP~1, 3 < p < 6 when V satisfies some

 Birkhiuser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00033-021-01626-3&domain=pdf
http://orcid.org/0000-0001-6433-4913

4 Page 2 of 29 Q. Xie and B.-X. Zhou ZAMP

suitable conditions. For more related results, we refer the readers to the bounded domain in [31,36,39], the
ground state solutions in [15,41], the nodal solutions [10,37,40,47], the periodic potential cases [3,27,48],
the semi-classical and multi-peak solutions [13,21,26].

In what follows, we briefly recall some known results about the critical Kirchhoff problem. A large
number of papers have been published in three-dimensional space. In Alves et al. [2], the authors studied
the following Kirchhoff problem

—M ([ |Vul*dz)Au =vf(z,u) + v’ in Q,
Q (1.3)
u=~0 on 0f,

where the parameter v > 0, M(t) and f(z,u) are continuous functions, and ) is a bounded domain in
R3. They obtained a positive solution if v > 0 is large enough, among other things, f(x,u) satisfies the
well-known Ambrosetti-Rabinowitz sup-linear condition, i.e.,

0<7F(z,u) := T/f(x,s)ds < f(z,u)u for all x € Q, u > 0 and some fixed .
0

After that, the authors in He and Zou [18] and Wang et al. [42] studied the following critical Kirchhoff
problem

— (ag® + bs/ |Vul?dz)Au 4V (x)u = vf(u) + u® in R3, (1.4)
R3

where € > 0 is a small parameter, a,b > 0 are two constants and V() is a suitable potential. By recovering
a local (PS). condition for ¢ < ¢ or ¢, where

cy = %(aS)% or ¢y = %(aS)% + TIQbSSﬁ,
and S is the best Sobolev constant from DV?(RN) to L?" (RY), they obtained a semi-classical solution if
v > 0 large enough and f(u) satisfies the sup-4-linear condition.
In Li and Ye [24] and Xie et al. [44], the authors obtained a positive solution of the critical Kirchhoff
problem either in R? or in a bounded domain when the perturbation term f satisfies the sup-4-linear
condition by improving a local (PS),. condition for ¢ < c3, where

— 4 2, .
C3 = abS” + b°S° + (b S* + (IS) ( 5)

For more related results concerning the perturbation term f with the sup-4-linear condition, we refer the
readers to Figueiredo et al. [12], He and Li [17], Liu and Guo [28,29], Naimen [33] and references therein.

In He and Li [16], the authors considered the following critical Kirchhoff problem with a sub-4-linear
perturbation term

— (ag® + be/ |Vul?dz)Au + V(z)u = vu?~ ' +4°, v >0 in R (1.6)
R3

They obtained some existence results of the semi-classical solutions for 2 < p < 4 and v > 0 large
enough. Sun and Liu [38] obtained a positive solution for 1 < p < 2 and v > 0 small enough. Some results
concerning the critical Kirchhoff problem with a nonhomogeneous term can be found in [8,22].

Little results have been obtained for the high-dimensional cases N > 4. The authors in Xie et al.
[45,46] studied the following critical Kirchhoff problem in D1:2(RY),

—(a + b/ |Vu|2da:) Au+V(z)u=|u* 2u in RV,
RN
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With some suitable assumptions on b and the potential V', they obtained a bound stated solution for
N = 3,4 and two solutions for N > 5 by recovering a local (PS). condition with

c€ (en,2cy) for N=3or4 and ¢ # cy 4 for N > 5, (1.7)
where ¢y 4 are two fixed levels depending on N, a,b for N > 5 and cy is defined in (1.5) for N = 3 and
(a5)?
= for N = 4. 1.
TRy (18)

In Naimen [32], the author considered the following problem in high-dimensional space

—(a+0b [ |VulPdz)Au = vuP~! + pu? 7' w >0 in Q,
Q (1.9)
u=0 on 0f),

where p € [2,2%) and Q is a bounded domain in RY, N > 4. With some suitable assumptions on the
positive constants a, b and the parameters v, 1, the author obtained a positive solution in four-dimensional

4(/(;1—75;));2)' After that, Naimen and
Shibata [34] obtained two positive solutions for problem (1.9) in high-dimensional case N > 5 by using
the critical levels ¢y 4, which coincides with (1.7). A related result can be found in Naimen and Shibata
[35] for four-dimensional case. We also refer the readers to Hebey [19,20] for the critical Kirchhoff problem
in manifolds.

The rescaling argument is an effective method dealing with a kind of autonomous Kirchhoff problem.

In Azzollini [6], the author considered the following Kirchhoff problem by a rescaling argument

case by recovering a local (PS). condition for ¢ < ¢4, where ¢4, =

—(a + b/ |Vu|2dx) Au=g(u) inRY,
RN

where ¢ satisfies some suitable assumptions. The author proved that there exist some positive constants
t such that u(t-) solving the Kirchhoff problem, where v is a solution of —Au = g(u) in RY. More related
results by using this similar method can be found in Azzollini [5], Lu [30] and Wu et al. [43].

From the above-mentioned works, we can find that it is necessary to make a clear and complete
study on the solutions and corresponding critical levels of the pure critical Kirchhoff problem, which are
interesting and basic works and heavily affect the compactness results or the local (PS). condition. The
levels ¢y, which are defined by (1.5) and (1.8) for N = 3 and 4, respectively, are the first and optimal
threshold for the lack of compactness result. It should be mentioned that these are not clear for the
high-dimensional cases. From this point, we try to give a complete research on the pure critical Kirchhoff
problem, i.e., problem (1.1) with m = p = 0, especially for the high-dimensional cases N > 5.

In the first part of this paper, we investigate the following pure critical Kirchhoff problem

—(a +A [ \Vu\de>Au = [u> 2u inRY,
RN (K3)
u € DV2(RYN),
where ¢ is a constant, A is a parameter and N > 3. Roughly speaking, we try to find solutions of (K7)
from the solutions of the following classical critical elliptic equation by a multiplying argument
—Au = |[u* 2u in RV, (8%)
u € DL2(RVN).

It should be mentioned that this method has no difference comparing with the rescaling argument used
by Azzollini [6].
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To state our results, we need some basic and suitable variational setting. It is well-known that the
solutions of (K3}) correspond to the critical points of C? functional I: DV2(RY) — R given by

/|Vu| dx+ /\vu\ dz ——/|u|2 da. (1.10)

For each u € DY2(RY), we denote the fibering map Q. (t) : [0, +00) — R,
2

Qu(t) == /|v 2de 4+ 20 /\v 2dz ——/|u|2 dz.

A good candidate for appropriate subset of D'2(R¥) is so-called Nehari manifold
— {ue D2 (RM)\{0} : Q,(1) = 0} (1.11)
With the help of the fibering map, it is natural to divide NV into three subsets NV:= NN+ and N'NV:0
corresponding to the local maxima, local minima and points of inflexion of fibering map, respectively,
NN= = {ue NV QU( <0} NN+—{ueNN Qu(1) >0},
NN = Ly e NV =0}.
We denote the unique positive solution of (S *) by U, which achieves the best Sobolev constant S and

SN/2 — = |VU|3, where | - |, is the standard norm in L? for ¢ > 1.
The results for the three- or four-dimensional cases can be stated as follows:

Theorem 1.1. Assume a > 0 and X\ > 0. Then, the following results hold:
(1) For N =3, problem (K3) has infinitely many distinct solutions {¢;}52,. Moreover, 1 is a positive
solution,

ir}\ffg[(u) =c3=1I(p1) >0, I(p;) = 40 asi— +oo.
ue

ii) For N = 4, problem (K}) has a positive solution py if and only if \ < S=2. Moreover, for anyn € N,
A
there exists A, > 0 such that problem (K%) with A € (0, A,) has n solutions {@;}7—, satisfying

inf I(u)=cy=1I(p1) >0,
Jnf T(u) = ca = 1(1)

a2

Ipr) < I(p2) <o < Llpn) = 535

If N > 5, the solutions of problem (K7%) exist in pairs and the main results can be stated as follows:

Theorem 1.2. Assume N > 5, a >0 and X\ > 0. Then, the following results hold:
(z) Problem (K3) has two positive solutions @1 + if and only if X € (0, Ag). Both of them are two local

minimum points on the Nehari manifolds

ueij\ffl]fv)_ I(u) = I(¢1,-) = en,— >0, ueiﬁfw I(u) = I(¢1,+) = cN,+,

and cy,— > ey 4. Moreover, cy 4+ <0 for A € (0,A1) and ey + > 0 for A € (A1, o), where Ay and
A1 are defined as follows, respectively,

2 N—d4 \ z 4 (N—4\ =
Ao = — S™% and Ay = — _ S~
0 N2<a(]\72)> T oand N( aN >

vz

(1.12)
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(it) For any n € N, there exists A, > 0 such that problem (K3) with A € (0,\,) has 2n solutions
pir ENNE i€ {1,2,...,n} and
I(pi-) > I(pi+),
a2

I(pr+) <I(pax) <+ <I(pnzx) < NN — 4\

Remark 1.3. More details can be stated as follows for N > 5.
(). It should be mentioned that 0 and ¢1 4 are two local minimum points of the energy functional I
and one of them is the global minimum point in DLQ(RN). In other words, there hold,

I1(0) = ué%fm I(u) and I(p1,4+)= ueDlﬂl({llRfN)\B,.x I(u), (1.13)

where B,, = {u € DY2(RN) : |[Vuls <7y} and ry := & _ is a constant defined by (1.21). Moreover,

1 if A A
inf I(u) _ (@1,-‘1-)’ 1 S (O? 1)’
u€D1:2(RN) I(O), if A e (Al,A()).
Actually, by the Sobolev inequalities and some basic computations, one obtains
A 1 * «
I(0) > inf I(u)> inf <;|vu|§ + Z|vu|§ - 2—*5’_27|Vu|2 )
A

UGBU ueB
= inf 6(¢t) =0,
te[0,72]

2*
On the one hand, for u € NN *, we have that [Vuly > 7y > 7y (see (1.23)), which implies NN+ € B¢ .
Thus, inf, e pv+ I(u) > inquB,?A I(u). On the other hand, it follows that

where 0(t) = 2t2 + 3t* — L ~% 42" Here 1(0) = infp, I(u) holds.

inf I(u)> ti>nf 0t)=0(14+) =cng = inf  I(u),
ZTX

u€BE, ueN N+

where & 4 is given in (1.21). Thus, I(¢14+) = infyep, I(u) holds. Moreover, by Theorem 1.2 (i), we
have

inf  I(u) = 4 LPra)y A0, A),
w€D12(RN) I(O), if\e (A17A0>~

(73) Moreover, ¢ _ is a mountain pass solution. Actually, by (1.13), Theorem 1.2 (i) and |V1 4|2 >
rx = |Vg1 _|2, we can check that

masx(10), 1(p1.4)} < o1 ) < int 1(u).

Thus, we can define a mountain pass level as following:

m_ := inf sup I(y(t)), (1.14)
Y€l tefo,1]
where I' = {~(t) € C([0,1]) : v(0) = 0 and (1) = ¢1 +}. We claim that
CN— =Mm_. (1.15)

In fact, since |Vy(0)]2 < rx < |Vy(1)|2 for any v € T, there exists t, € (0,1) such that v(ty) € 0B,,.
Thus, it follows that

sup I(y(t)) = I((ty)) = inf I(u) = I(p1,-),
te(0,1] u€dBr
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which implies ¢y, — < m_. Let v1(¢t) := tp1,+ and 71(t) € I'. Then, we have

m— < sup I(71(t)) = max I(te14) = I(p1,-),
tel0,1] te[0,1]

which implies ¢y — > m_. Then, cy,— = m_ holds.

Theorem 1.4. Assume that N >3, a > 0 and A < 0, problem (K%) has infinitely many distinct solutions

{¢i}2,. Moreover, @1 is the positive ground state solution with I(p1) = cy >0 and I(p;) < fg.

Remark 1.5. (7). Similar to Remark 1.3, the critical level ¢ obtained in Theorem 1.1 (i)-(ii) and Theorem
1.4 are the mountain pass levels. In fact, for a > 0,if N=3or N=4and A< S 2or N >5and A <0,
we take Ty > 0 large such that [|[ToU]|| > & and I(ToU) < 0, where & comes from (1.19), (1.20) and
(1.28),

max{1(0), [(TyU)} < I(p1) < inf I(u).

inf
u€d B¢,
Thus, we can define a mountain pass level as following;:

m_ := inf sup I(v(t)),
Y€ ¢ef0,1]

where I := {~(¢) € C([0,1]) : v(0) = 0 and (1) = ToU}. It is evident to prove that
CN =M—_.
(73). We have a clear description of the above critical levels ¢y and cy 1 as follows. Set
A

a 1 2% ok
0(t) = =t>+ St — —S§= =2 fort>0. 1.16

If N=3or N=4and A < S72 or N > 5 and A < 0, the critical levels ¢,y defined in Theorem 1.1 (i)-(ii)
and Theorem 1.4 can be rewritten as

ey = max 0(t). (1.17)

>0
If N>5and 0 < X < Ag, the critical levels ¢y 4 defined in Theorem 1.2 (i) can be rewritten as

en— = max 0(t) and ey 4 = trr>11n 0(t), (1.18)
21

1/2
where 1) = ((1\!277‘14))\) . Tt is easy to check that (1.17) coincide with (1.5) for N = 3 and (1.8) for N = 4
and 0 < XA < S~2, (replace b by \).

Here, we begin to give the proof of the above Theorem 1.1-1.4 by the multiplying argument.

The proof of Theorem 1.1 (i).. Equation (S*) admits infinitely many distinct solutions {u;}5°, satisfying
|[Vula — 400 as @ — oo (see Ding [11]). Without loss of generality, we assume [Vuqla < [Vugla < --- <
|Vu;|a — 400, where u; = U is the positive solution. It is evident to check that the existence of a positive
root K; for equation g¢;(t) = 0 defined by

gi(t) = —t* + A\|Vu;[3t* +a, t>0,
where 7 € N, a > 0 and A > 0. Let ¢; := K;u;, then
—Atpl‘ = —KzAuZ = Kz (\ui\g*_Qui)

A (o) = g
= 0o o | Ui U ) = ——= 3 (1P
0+ K2V 2 a+ \VgiZ U7

2*72%‘) .
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Thus, {¢;}2, is a sequence of solutions for problem (K}) and ¢; € N*~ because of

QLW = -2Vl (19 + 5 ) <o
Set & 1= |Vi|2, then & is the positive root of equation f;(t) = 0 defined by

£it) = = (IVusl3 ") + M2 +a, >0,
where i € N, @ > 0 and A > 0. By the fact that |Vu;|a < |[Vuy1|2 and |[Vu,la — 400 as i — oo and some
calculations, one has f;(t) < fiy1(t) and

0<é << <& — 400 as i — o0. (1.19)
Therefore, I(;) = $a|Veil3 + 15 Veil3. By (1.19), one obtains

0<I(p1) <I(p2)<-<I(pi)— +o0 asi— 0.
Moreover, it follows from u € N and the Sobolev inequalities that
ol Vul} + AVl = [ul < S|Vl

which implies |Vuly > &. Combing with & = |V1]e, it follows that

inf I(u) =c3 = I(p1) > 0.
nf T(u) = c3 = 1(¢1)

The proof is completed. O

The Proof of Theorem 1.1 (ii). On the one hand, if 0 < A < S72,let K1 = , /1=%=5 and U be the positive
solution of problem (S5*). Then, it is evident to check that ¢; := KU is a positive solution of problem
(K3%). On the other hand, if ¢y is a positive solution of problem (K3%), then U = (a + A\chﬂ%)il/z @1 is

a positive solution of problem (S*). Remind that |[VU |3 = SN/2, then &; := |V |y is the root of equation
f(t) = 0 defined by

f)y=\N=8"Ht*+a, t>0,
where @ > 0 and A > 0. The existence of a positive root for f(t) = 0 implies that A < S~2.

For any n € N, let {u;}"_; be n solutions of equation (S*) satisfying |VUl|a = |Vuils < |Vusals
< oo < V2. Setting A, = |Vun|;2, it is evident to check that the existence of a positive root K; for
equation g;(t) = 0 defined by

gi(t) = —(1 = X\|Vw;|2)t* +a, t>0,
where ¢ € {1,2,...,n}, a > 0 and A € (0,\,). Let ¢; := K;u;, then {p;}? is a sequence of solutions
for problem (K3) and ¢; € N~ because of Q) (1) = —2a|Vy;[3 < 0. Set & = |[Vip|p for any i €
{1,2,...,n}, then & is the positive root of equation f;(t) = 0 defined by

fit) = —(|Vuil3? = N2 +a, t>0,
where i € {1,2,...,n}, a > 0 and A € (0,),). By some calculations and |Vu;|as < |Vu;t1]e for i €
{1,2...,n— 1}, one has f;(t) < fi+1(t) and

a
0<&E << <&, = /m. (1.20)
n|2

It follows from I(p;) = a|V;|3 and (1.20) that

0 <I(p1) < I(p2) <--~<I(¢n):m~

By the Sobolev inequalities, for u € A%, we obtain
alVul3 + X Vuly = [ulj < S72Vuls,



4 Page 8 of 29 Q. Xie and B.-X. Zhou ZAMP

which implies that |Vu|s > &;. Combing with |[Vi|s = &, it follows that
inf [ =cy=1 > 0.
Jnf T(u) = e = 1(p1)
The proof is completed. O

The proof of Theorem 1.2 (i).. On the one hand, by the assumption A € (0, Ag), there exist two positive
roots for equation g(t) = 0 defined by

gt) =AS22 — %2 +a, t>0,

where a > 0. Without loss of generality, we denote the roots by K; 4+ and K;_ < K; 4. Let U be
the positive solution of problem (S5*), then it is evident to check that ¢1 4 := K; +U are two positive
solutions of problem (K7%). On the other hand, if ¢ 4+ are two positive solutions of problem (K7), then
U= (a+AVer s 3)_(1\[_2)/4 1.+ are the positive solutions of problem (S*). Remind that VU |3 = SV/2.
Set

§1,+2 = |Vr,£l2, (1.21)
then & 1 are the roots of equation f(¢) = 0 defined by

F(t) = M2 — (S*%t) M4 t>0, (1.22)

where @ > 0 and A > 0. The existence of two positive roots for f(¢) = 0 implies that A € (0, Ag).
Secondly, it follows from u € N’V and the Sobolev inequalities that

. aN_
a| Vul} + \Vuls = [ul} < 8§77 |[Vul ] 7,
which implies that & _ < |Vu|s < & 4. Therefore, for any NN one obtains

2(N —4 2 2(N —4
O 1 (T
2a

N
where 1) := ((N_4)/\)1/2. Combining with &1, < [Vuls < & 4 for any u € NV and & <y < & 4 (see
Lemma 3.3), we can rewrite the Nehari manifolds as follows:

./\/Nf:{ueNN:&,_§|VU|2<7I>\}, NN’OZ{UENN:‘VUb:n)\},
NN+ = {uENN:n,\ < |Vula §§1,+}.

Directly, ¢34+ € NV:*. For any u € NV, there holds,

AVul3 (IVul3 = n3), (1.23)

1 1 N —4
I(u) = I(u) — §<I’(u),u> = Na|Vu|§ — WMVU‘% = Z(|Vul?), (1.24)
where
1 N-4_,
= —at—— "~ > 0. .
I(t) = at — =M 20 (1.25)

It is easy to check that Z(t) is increasing in (0,7%) and decreasing in (13, 400). Z achieves its maximum
point at 3. It follows from 1 + € NVF and 0 < &, < ny < &4 that

Ie1-)> inf I(w)>  inf T(t)=1(&_) =I(p1) >0,

ueNN:~ T <t<n
I > inf I(u)> inf Z@)=Z(. )=1 ,
(1) 2 nf T2, inf  IO=TE,)=I(e1s)

which imply that inf,cnv.+ I(u) = I(p1,4) and I(¢1,—) > 0. Moreover, by the fact that

2 2 2 2
S+ —m>m— &
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in Lemma 3.3, one obtains I(¢1,+) < I(p1,-).

Lastly, it remains to prove that I(¢1 +) < 0 for A € (0,A1) and I(p1,4+) > 0 for A € (A1, Ag). Actually,
it is evident to check that Z(t) > 0 for t € (0,2n3), Z(2n3) = 0 and Z(¢) < 0 for ¢ € (213, +00). Then, it
is sufficient to prove that & 4 > V2ny for A € (0,A;) and 1,4 < V2ny for A € (Ay, Ag). It follows that

. 2 _% 2%2 . aN _ 4a ﬁ
f(\/§77>\)—2>\77/\ (287 2n3) ™ +G—N74 ((N_4))\5N/2> )

Here, f(v/2ny) < 0 for A € (0,A1) and f(v/2n)) > 0 for A € (A1, Ag). Combining this and f(& ) =
f(&1,+) = 0, one has that & 4 > V2ny for A € (0,A;) and 14 < V2ny for A € (Aq, Ag). The proof is
completed. O

The Proof of Theorem 1.2 (ii). For any n € N, let {u;}}'_; be n solutions of equation (S*) satisfying
|VU|2 = |Vuila < [Vuzla < -+ < [Vuglo. Let

L2 N4 (1\774)/2|v -
" N-2\a(N-2) tnlz

it is evident to check that the existence of two positive roots K; + (K; - < K; ) for equation g¢;(t) =0
defined by

gi(t) = NV |22 —t5=2 +a, t>0, 1.26
2

where i € {1,2,...,n}, a > 0 and A € (0,\,). Let ¢; + = K; 1u;, then {¢; 1}, are the solutions of
equation (K7%). Set & + := |V, 1|2 for ¢ € {1,2,...,n}, then 1 are the roots of equation f;(t) = 0
defined by

filt) =M — (V|3 '4) V2 +a, t>0, (1.27)

where i € {1,2,...,n}, a> 0 and X\ € (0,\,,). With a similar argument of Lemma 3.3, we obtain

L <m<&qand &, —nm >n— &,

which implies ¢; + € NVF and I(p; ) > I(p; ). From the assumption |Vu;la < |[Vuyi|e for i €
{1,2,...,n — 1}, it follows that f;(¢) < fi+1(¢) and

0<&, << <& <m<&ps+ <--<& 4.
Combining with the monotonicity of Z(t), the desired result holds,

a2

N(N —4)\
The proof is completed. O

I(p1,4+) <I(p2+) < - <I(pn+) <

The proof of Theorem 1.4. Let {u;}$2; be a sequence of solutions for equation (S*) and satisfy |VU|y =
[Vuile < |Vuzgla < -+ < |Vu;la — +o00. It is evident to check that the existence of a positive root K; for
equation g;(t) = 0 defined by

gi(t) = A\ V|22 —t¥72 +a, t>0,

where i € N, a > 0 and A < 0. Let ¢; := K,u,, then {¢;}52, is a sequence of solutions of equation (K75).
Set

gi = |v<,0i|2, (128)
then ¢; is a positive root of f;(t) = 0 defined by

fi(t) = M2 — (|Vui|2_1t)ﬁ +a, t>0,
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Fic. 1. a>0 and N =3

where i € N, a > 0 and A < 0. From the assumption |Vu;|a < |Vuit1l2, it follows that f;(t) < fir1(t) <
At? + a and

0<§ << <& <o < —%. (1.29)
By (1.29), a > 0 and X < 0, one has
" _2(N_4) 4 4da 12
Q¢1(1) - N —2 )‘|V9074|2 (N . 2) |v<,01|2 < 07

2

which implies that ¢; € NV:~. By (1.29) and the monotonicity of Z(t), the desired result I(p;) < —%
holds. It follows from u € NN that
« 2N
a|Vul + A Vult = [uf2 < 5752 |Vul) 2,
which implies that |Vu|s > &. Combing with [Vi|s = &, it follows that

inf I(u)= =1 > 0.
Jnf I(u) = ey = 1(p1)

The proof is completed. O

Remark 1.6. For N > 5, let {\,} be a positive and decreasing sequence satisfying that A, < Ag and
An — 0T as n — oo. Tt follows from Theorem 1.2 (i) that ¢} | := K}', U being two positive solutions of

problem (K7), where K7, are the positive roots of the equation A S22 — t¥°2 4 = 0. It is evident to

N-—2
check that CL¥ < Kﬁ_ < (m) S < KI’;_’_ and
lim K7 =a 7, lim K, =oo. (1.30)
n— 00 ’ n— 00 ’

Moreover, let {\,} be a negative and increasing sequence satisfying that A, — 07. It follows from
Theorem 1.4 that ¢} . := KU being a positive solutions of problem (K7Y), where KT' < a7 and
lim, oo KT' = PR (R easy to check that (9 := a7 U solves (K%) with A = 0. Thus, from this
aspect, the existence results are continuous in A = 0.

From all the above analysis, we can give the following bifurcation and the red one is the positive
solution.

In the last part of this section, we consider the case that a < 0.
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Fic. 2. a >0 and N =4

W

Fi¢c. 3. a>0 and N > 5

Theorem 1.7. Assume a =0 and X\ > 0. Then, the following results hold:

(1) If N = 3, problem (K3) has infinitely many distinct solutions {¢;}32,. Moreover, ¢1 is a positive
ground state solution

0< inf I(u)= inf I(u)=1I(p1), I(p; j .
g, 100 = a1 = T(e0), T() =400 asi = +oo

(ii) If N = 4, problem (K}) admits a nontrivial solution ¢ if and only if X\ = ||w| =2, where w is a
nontrivial solution of problem (S*). Moreover, I(p) = 0.

(i9) If N > 5, problem (K3) has infinitely many distinct solutions {¢;};2,. Moreover, @1 is a positive
ground state solution

Jnf I) = it 1) = Ign). 1(p0) <0, ) =0 asi— +oc.

Proof. Since the proof is similar, we omit it here. O
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Theorem 1.8. Assume a < 0 and A\ > 0. Then, the following results hold:
(1) For N =3, problem (K3) has two sequences of distinct solutions {p; +}72,.

H(pi-) < I(#i),

I(p1,-) <I(p2,-) <+ <I(pi-) < <0,

I(p1,4) <I(p2,4) <+ <I(pi+) — +o0.

Moreover, if \ > \; = —4aS™3, then ¢1 1 are two positive solution. Both of them are local minimum
points on the Nehari manifolds,

nf T =I(p1) <0, inf () = I(p14).

(i7) For N > 4, problem (K7%) has infinitely many distinct solutions {@;}72, satisfying

Cl2

I(@1)<I(§02)<"'<I(§0i)<"'<_B'

For N =4 and A >\ = S72 or N >5 and \ > 0, then @1 is a positive solution,

inf I(u)= inf I(u)=I(p1).
Jnf I(u) = inf I(u) = I(¢1)

The proof Theorem 1.8 (i). Equation (S*) admits infinitely many distinct solutions {u;}$2, satisfying
|VU|2 = |VU1|2 < |VU2|2 < e <K |Vui|2 — +00. Set

i 1= min{i € N: [Vugly > (—4a/22)"*}.
Then, we can check that the existence of two positive roots K; + (K; _ < K; 1) for equation g¢;(¢) = 0
defined by

gi(t) = —t4 + )\|Vu,-+i0_1|§t2 + a, t Z 0,

where i € N, a < 0 and A > 0. Let ¢; + := K; 1+ui14,—1, @ € N, then {p; £}, are two sequences of
solutions of equation (K73). Set & 4+ := |V, 1o for any ¢ € N, then §; + admit the following forms:

1 1/2 1 1/2
fi,f = (2(>\AZ — \/)\214142 + 4GJAZ)> s fi,+ = <2(>\Al + \/ )\214% + 404141)) s

where A; := |Vu;4i,—1/3. Then by some calculations and A; < A;1, one has fi(t) < fii1(t) < A2 +a

and
a 2a
Vo S <<l <G <o <G <G <o <ig oo (1.31)

2a 2a
2 2
: —>—-——-=¢_>0. 1.32
€7,,+ + )\ )\ S’L,* ( )
Then, ¢; =+ € N3F because of +Qp, (1) = +2A Vi 13 (Vi z]3 + 22) < 0. Therefore, I(yp;+) =
2alV; +]3 + 55A| Vi +]3. The desired results follow from (1.31) and (1.32).

Moreover, if A > —4aS™3, then ig = 1, that is, u; = U. It means that ©1,+ are positive solutions. It
follows from u € N* that

alVuly + AVuly = [ulg < 57| Vuls,

which implies that [Vuly < & — for u € N3F and |Vuly > €4 foru e N3~ Combing with lor
1,4, it follows that

nf () =1(e1,0) <0, dnf I(w) = I(e1,)

The proof is completed. O
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The Proof of Theorem 1.8 (ii). Equation (S*) admits infinitely many distinct solutions {u; };-% satisfying
|VU|2 = |VU1|2 < |VU2|2 < < |Vul-|2 — +00.

i min{i € N: |Vaugo > \"V2}, if N = 4;
Tt if N > 5.

Then, we can check that the existence of a positive root K; for equation g;(t) = 0 defined by
0i(t) = A Vtipig_1 2> —t57 +a, t>0,

where A > 0 and ¢ € N. Let ¢; := Kju;yi,—1, ¢ € N, then {p;}52, a sequence of solutions of equation
(K3) . Set & := |Vils for any i € N, then &; is the positive solution of f;(t) =0, € N,

_4
fl(t) = )\t2 — (|Vui+i0_1|2_lt) N-2 + a.

Then by some calculations and |Vu;|a < |Vu;y1]2, one has fi(t) < fir1(t) < M? +a and

R<...<§i<...<§2<§1_ (133)

Then, ¢; € N for QL (1) = —2a|V;i|2 > 0 and @; € NN+ for

2(N —4) 2a
1 1 e S 2 2 e .
Q<Pi( ) N _2 AlVul3 <|VU|2 (N = 4))\) >0
By (1.33), the following desired results hold,
a2
I(pr) < I(p2) < <I(pi) <--- < =

Similarly, for N = 4 and A > S™2 or N > 5 and A > 0, we can obtain that (; is a positive solution
satisfying

Jnf I(u) = o T(u) =1I(py).

The proof is completed. O

We also have the following bifurcation and the red one is the positive solution.
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Fic. 5. a <0 and N =4

Fi1G. 6. a <0 and N > 5

2. A perturbed problem

In this present paper, we consider the following critical Kirchhoff problem

f(a A / |Vu|2dx) Au+mu=puP~t +u2 "1 w>0 in RY, (K%,
RN
where a > 0, m > 0 are two constants, A > 0, > 0 are two parameters, 2 < p < 2* and 2* = % for
N > 3. Tt can be easily checked that problem (K;‘\ u) has no nontrivial solutions for any m > 0 if 4 =0
by the Pohozaev identity.
Now, we state our existence results as follows.
Theorem 2.1. Assume a >0, m > 0 and A\ > 0. Then, the following results hold.

(i) If N =3, problem (K3 ,) has a positive ground solution for one of the following cases:
p € (2,4) and p > 0 large enough or p € (4,6) and for any p > 0.
(ii) If N =4, there exists 0 < Ay < S~2 such that problem (K3,.) has a positive ground solution for
peE(2,4), 0<A<Ay and > 0.
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The critical Kirchhoff problem (K3 ) with p € (2,4) or p € (4,6) in three-dimensional case is consid-
ered in Proposition 3.8 of He and Li [16] and in Theorem 1.3 of Li and Ye [24], respectively. We list it in
Theorem 2.1(i) for the sake of the completeness.

Theorem 2.2. Assumea >0, m >0, u>0,p€ (2,2) and N > 5.

(i) If A € (0,A1), problem (Ki“) has a positive ground state solution with negative energy, which is
the global minima point of the corresponding functional, where

4 (N—4\ 7
A= — [ — -
TN ( aN ) S
(i4) There exists 0 < Ag < Ay, problem (K3 ,) with A € (0,A2) has two positive solutions.

w|z

Remark 2.3. If a = 1 and A\ = 0, the problem reduces to a semi-linear elliptic equation
—Au+mu=puP "t 0¥ w>0 in RY, (S%)

The authors in Zhang and Zou [49] and Alves et al. [4] obtained a positive ground state solution for
problem (S*)) either N = 3 and p € (4,6) or N > 4 and p € (2,2*). A simple proof also is found in
Proposition 1.1 of Akahori et al. [1], in which the authors proved that problem (S},) admits a unique
positive ground state solution in H! ,(RY) if N > 5, p € (2,2*) and m > 0. However, from this point,
we found a different result that problem (K; #) admits two positive solutions if A > 0 suitable small.

Since problem (Kiﬂ) is an autonomous problem, we consider this problem on the space H :=

H! (R3), the subspace formed by radially symmetric functions, with the norm

rad
1/2
Jull = | [ 190 + luPd
RN
To get the positive solution, the functional is defined by
1 A 1 1 x
J(u) == 3 /( |Vul? + m|ul?)dz + Z|Vu|§l 5 /uﬂ’_dx ~ u? dz, (2.1)
RN RN RN

for any v € H, where uy = max{w,0}. Similar to the above section, we set that Q. (t) := J(tu) for any
u € H and ¢t > 0. Recall that U, is the unique positive solution of (S*),

N-—2

U(z) = <N(N_2)E> 2 , >0, zeRY (2.2)

€+ |zf?

and |VU[3 = |U|3. = SN/2. Similar to Brezis and Nirenberg [9], by some directly computations, it is
evident to check that

U2 = O(ellogel), if N =4,
27 006), it N> 5,

and
2N—(N—2)p
4

|Ue[h = O(e ) f N>4and 2<p<2".

Lemma 2.4. Assume that N =4, a,m,pu >0 and 0 < X\ < S72. Let Qu, m(t) :== J(tU.) for t > 0. There
exists t. > 0 such that Q&E’m(tg) =0 and Q’(’szm(tg) < 0 for small € > 0. Moreover, I(t.U.) < ¢4, where
¢y is defined in Theorem 1.1(ii).

Since the proof of Lemma 2.4 is similar, we omit it here and only prove the following lemma.
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Lemma 2.5. Assume that N > 5, a,m,pn > 0 and 0 < X\ < Ag. Let Qu_ m(t) :== J(tU:) for t > 0. There
evist 0 < t._ <ty such that Qp_,,(tex) = 0 and £Q7;_,,(te+) > 0 for small € > 0. Moreover,
I(te,+Us) < cn .+, where cy 1 is defined in Theorem 1.2 (i).

Proof. By X € (0,Ap), the following equation admits two positive roots 0 < K_ < K,
AST2 -2 2 a=0.
It is evident to check that £(2ASN/2Ky — (2% — 2)K% %) > 0. Moreover,
1 1 1 .
iaS%Ki +ASVEL - 275%1(1 = Cns (2.3)

It is evident to check that there exists €9 such that Q,_,.(t) = 0 admits two positive roots t. + and
+ ’[}mm(tai) > 0 for € < gg. Set to,+ = K4 + 0+, then 6 — 0 as € — 0. We claim that

). (2.4)

2N—(N-2)p
g

55’:‘: = O(E
In fact, it follows from Qy;_,,(t,+) = 0 that
0= a|VU6|g + m|UE|g + A|VU€|3tz,i - M|U€|gt§;l:2 - ‘Usgitzﬂgz
=aSN? 4 ASNE2 L — SNHE T2 - Ofe )+ o(e
2N—(N—2)p
= C)\,:I:ée,:l: - 0(6 4 )7

where C) = ASNPK L — (2 — Q)Ki*_?’ and £C) 4+ > 0. So our claim holds. It follows from (2.3) and
(2.4) that

2N—(N—2)p 2N—(N—2)p
1 1

)

2N—(N-2)p
4

)+ 0(0:+) +o(e

1 1 1 o ok
I(te,+Ue) = §G|VU5\§t§,i + 1>\|VU5|§15§¢ - §|U5 Setl 4

1 1
+ §m|Us\§t§,i - Z;N|Us|§t§,i
Loonyzpe | Lyanvga L onyapeor
ziaS Ki+1)\s K:I:_§S K:I:

+ SN2(a+ ASN2K2 — K2 7)iL6. 4
4 0(ber) — pCe T oA
2N—(N—-2)p 2N—(N—-2)p
4

=cn+ — pCe 1 +o(e

)

) + 0(66,:|:) < CN,+-

This completes the proof. O

Thanks to the radially symmetric functions space H and the compact embedding from H to LI(RY)
for ¢ € (2,2%), we avoid to deal with the lack of the compactness caused by the translation. Thus, we
have the following analysis on the Palais—Smale sequence by a standard argument (see Naimen [32] or
Xie et al. [45]).

Proposition 2.6. Let {u,} be a bounded Palais—Smale sequence for J in H. Then, {u,} has a subsequence
which strongly converges in H. Otherwise, replacing {u,} if necessary by a subsequence, there exist a
function ug € H, a number A € R, a number | € N, | sequences of number {o’,} C RT, points {y¢} Cc RN
and 1 functions u* € DV2(RN), i € {1,2,...,1}, which satisfy

— (a+ M) Aug + mug = pul " + ug*_l, up >0 in RV (2.5)
and

—(a+ M)A = (w)? 7L, v >0 in RY, (2.6)
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such that, up to subsequences, there hold

! i
iN=N2 it YUn _
v (u D M >> 0
" l 2 (2.7)
Vunly — A= |Vuo 3+ [Vl
i=1
and
l .
T(un) — Ji(uo) + > Ja(u?), (2.8)
i=1

as n — oo, where Ji(u) and Jo(u) are defined by

a M

1 1 1 .
Ji(ug) = (2 + 4> [Vuol3 + §m|u0|§ - BM|U0|§ - §|u0 5

A ) (2.9)
i a i i2*
JQ(U):<2+4)|VU§_2*U§*

Remark 2.7. (i). From the fact that equation (S*) admits a unique positive solution and (2.6), it is
evident to check that u’ can be rewritten as

u' = (a+ XA)YE 2y,

2. =82 /2|Vui|} and |Vu'|3 = |Vui|3 for any i # j. Moreover, the constant A

which implies that |u’
can be rewritten as

A= [Vugls +1|Vu'f3.

(7). Set j1(t) and ja(t), respectively,
, 1 1 1 1 o
a(t) =5 (alVuol3 + mluol3) t* + ZAAWUO@# — 2;Muogtp — §|u0|§*t2 , (2.10)
1 , 1 . 1ot e g
Ga(t) == 5a|vw|§t2 + Z/\A|vw|§1t4 - 275*%|vu2|§ %, (2.11)

for t > 0. It follows from (2.5), (2.6) and (2.7) that
71(1) = Ji(uo), j2(1) = Ja(u’) and ji(1) = j3(1) = 0. (2.12)

By a standard argument (see [7]), we get a Pohozaev identity from (2.5) as follows:

1 1 1 1 x
P(ug) := o= (a+ AA)|Vuol3 + smluol3 — =pluolh — 5 |uol3. = 0.
9+ 2 D 2
Thus, combining with P(ug) = j1(1) = 0, one has
2 9 2 —p
2 uold = Z =L oy, (2.13)

Proposition 2.8. For N > 5, then J(u) is coercive, i.e., J(u) — +00 as ||ul| — oo.

Proof. By the Gagliardo—Nirenberg inequality in [14], we have that for all u € H,
lul, < CIVul3 [ul,™, (2.14)
where v = N (3 — %) Let 6y = (p — 2)(N — 4)/4. Then, for 0 < § < 61, we set

2 2
dgh=—"——.
M= i —a)+o

!

BT T —a)+ o)
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It is evident to check that ¢f > 1, ¢5 > 1 and 1/¢;+1/¢5 = 1. Here by the Gagliardo-Nirenberg inequality
and Young’s inequality, one obtains

_ 1 ’ 1 Lo(1—
u&gCWu?W@lwsc(,wm¥“+,wwﬂlw):cwm%+amy (2.15)
q1 dz

where ¢; := ¢{pa and g2 := ¢5p(1 — «). It follows from ¢ € (0, ;) that ¢; < 4 and g2 < 2. By the above
fact and the Sobolev inequalities, we obtain

1 A o 1 x

T(u) 2 5 (el Vuf} - mfuff) + 71Vl — Ejulg — ol
} 2 _ q2 1 2 é 4 q1 _i —2%/2 2
> (gmlul} - Clulf?) + SalVulf + JIVul} - CIVulf — -5~ /2|Vuff

which implies that J

—~

u) — +00 as ||ul]| — oo because of 2* < 4, g1 < 4 and g2 < 2. O

The proof of Theorem 2.2 (i). Firstly, we define that
cy = inf J(u). (2.16)

ueH

Combining with Proposition 2.8, Lemma 2.5 and Theorem 1.2(i), one has
—oo<cp <cen+ < 0. (217)

It is evident to obtain a (PS) sequence {u, } of J at ¢y by Ekeland variational principle. By the coercive-
ness of J, {u,} is bounded in H. Assume that u,, — ug weakly in H. We claim that ug # 0. Otherwise,
if ug = 0, it follows from (2.11) and (2.12) that A = [|Vu'|3,

) N C )

Jo(1) = Ja(u') = T+ <0 and j5(1) =0,
which imply that j5(1) > 0. Thus, it obtains

. . “ _ 2(N —4) i ; 2a
0 <jy(1) =75(1) = (2" = 1)js(1) = ﬁ/\wu 3 <Z|VU 5 - M\) ) (2.18)
which implies I|Vu’|3 > n3. Moreover, by j4(1) = 0, one has
a(IM?|Vuls)? + AIV2|Vulp)* = S 17557 (112 Vuly)? < §7 % (1V2|Vu)y)?,
which implies that £ < 1|Vul3 < &7 . Thus, we obtain
ny <I|Vul3 < fi+-
It follows that
. iy 1o N—d
cr = 1ja(1) = 255(1) = (V' [3) — —=—A(UVu'[3)”
2 N 4N
) N (2.19)
> N(§i+) - W/\(ff,Jr)Q = CN 4+

which is impossible for ¢4 < ¢y 4. Thus, ug # 0.
It remains to prove that uw,, — wug strongly in H. Arguing indirectly, let u, = u, — ug € H. Thus,
U, — 0 weakly in H and lim,, . |V, |3 = [|Vu']3. Set that

Uns = (1+ s)%uo +(1— es)%ﬂn € H,
where e = |Vug|3/(I|Vut|3) and s € (—1,1/e) is a parameter. Then,

Hm [Vl = [V(1+8)2uol + lim |V(1—es)20,)2 = A
n—oo n—oo
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for s € (—=1,1/e). Set h(s) :=lim,— oo J(tn,s). Thus, we know that h(0) = c; and

1 1
h(s) = B (a|Vu0|§ + m|u0|§) (1+s)+ Z)\A|Vuo|§(l + )

1 1 x .
- gu\uO\ﬁZ(l +5)P/? - 27|U0 5 (1+5)>/2

1 . 1 ; | - .
+1 (2aVu"|§(1 —es)+ 1AA|VM|§(1 —es) — 2—*|u’ 2.(1 — es)? /2) .

By some direct calculations, it obtains

EVA

o*
2% 2

1 1 1 1
n'(0) = 5 (a|Vuol3 + mluol3) + EAAWUOB = 5hluoly — 5luo
.1
)

1 ig 1 PP T
—el <2aVu 3+ Z)\A|Vu = §\u
1 1 : 1 ,
= —ZAA|Vuo|§ + elZ)\A|Vu’|§ =M (|[Vuol3 — el|Vu'[3) =0

and

o
2* < O.

1 1, o1, :
H'(0) = ~u(p = Dluol} — 7(2° = 2luol3: — 72 = 2eUfu

That is h(0) = ¢4, A'(0) = 0 and h”(0) < 0. Thus, there exists so small, such that h(sg) < h(0).
Combining with h(sg) = lim, e J (tUn,s, ), we have J(u, s,) < ¢4 for n large enough, which is impossible
because of the definition of c,. The proof is completed. O

In what follows, we will prove the existence of the solution for V = 4 and the second solution for
N > 5. With the help of the fibering map, it is useful to understand the structure of A, ;i\,/m for N > 4,
where

Ny ={ue H\{0}: Q. (1) =0}. (2.20)

We define that for NV > 4,
lefg ={u G-A[;i\,[m 1Qu (1) < 0}, ./\/;iv,,? ={ue Né\fm CQu (1) = 0}.
It follows from the Sobolev inequalities that for any u € N, /ffm,
min{a, m}|ul® < aVuf3 +muf3 + NVuls = plul’ + [uf3 < uCpllull? + 5% [ul?".
By 2 < p < 2%, there exists pg > 0 such that [[u] > po for any u € N,
For N > 4, set
c_ = inf J(u). (2.21)

N
It follows from Lemma 2.4 and Lemma 2.5 that NV~ # 0. By u € V), we obtain
Qi (1) = (2= 2°)(a|Vul3 +mlul3) + (4 = 2)AIVul3 — (p — 2)plul}.

It follows that
1

J(1) = Quan(1) = Q1)
oL 2 a1 L AT
= (5 = 3)@lVul3 + mlufd) + (G = SNl + (5 = Sl -
_p—2 2 2 (N-4)4-p) PR S '
= DS @Vl 4 mfuf}) + S AV - 0l ()

-2
> pZVT min{aa m},ﬂ%,
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which implies that c_ > 0. To get a P.S sequence, we set
o := inf {lim inf J(uy,) : {un} € J\7N’0} ,
where N'N:0 .= {{un} C ./\/lffm im0 Q4 (1) = O}. If NNO = (0, we set ¢y = oo.

Lemma 2.9. There exists 0 < Ay < S72 for N =14 or 0 < Ay < Ay for N > 5 such that

(p—2)?
<3 p(4 — p)A max{a—2 1} - (223)

for 0 < A < As.
Proof. Firstly, we prove the second inequality. Let {u,} € NNO then

Q1 (1) = (2= p)(al|Vun|3 +mlun|3) + (4 = D)AIVunl3 + (0 — 2 unl3.

2%

which implies that

(2 - p)(a|Vun\§ + mlunlg) +(4- p)>‘|VUH|§ = (2" = p)lun
Then, we have

QU (1) 2 QL ().

p—2
AV, l3 > p(alvunlz+mlunlz)+4 Qu, m(1) (2.24)
and
—2
Vitn 3 + mlun|3 > =
AVl il = ) maxfa 2. 1) (2.25)
. .
+ — 57 Qe m (1)

A4 — p)max{a—2,1}(a|Vu,|3 + m|u,|3)
By (2.24), we have

I (un) = Qu,,m (1) — *Qun, (1)
11 11 11

= (5 - 2—*)(a|Vun|2 + mlun|3) + (Z - 27))\|Vun|42L + (27 - ;)N|Un|§
p—2 (N-4)4—p) 1
= 22 Va4 )+ D g - Lz )
p—2 1
> P2 0l mlun )~ QL (1),
With the help of (2.25), it obtains
o (p—2)?
| f n) > .
priakies un) 2 4p(4 — p)Amax{a—2,1}
By the arbitrariness of {u,} € NN0 and the definition of co, we have
(p —2)?

4p(4 — p) A max{a—2 1} -
For N =4, we have cg\vl < c)IQ/? for 0 < A1 < Ag < S72 directly from

— r?>agcl)\2(tU) > r&agcl)\l(tU) =)

Similarly, for N > 5, we have cf‘\,l’ < c)‘2 for 0 < A1 < Ao < Ap from

N = max I, (tU) > max IAl(tU)ch
' 0<t<K}? 0<t<K}?
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Moreover, by Remark 1.6, we can easily obtain that

1 1
lim ¢} = Z(GS)Q and ,\li,%l+ N = N(aS)N/Q.

Thus, ¢} and cf‘v,_ are nondecreasing with respect to A € (0, S72) and A € (0, A;), respectively. Combining
with the above inequalities, there exists Ao such that

(r—2)*
4p(4 — p)Amax{a—2,1}’

for 0 < A < As. The proof is completed. O

co<ey(ey_) <

The proof of Theorem 2.1 (i) and Theorem 2.2 (ii). We divide the proof into two steps.
Step 1. Construct a PSS sequence for J at level c_ in N, é\f;,j .
From the boundedness of NV

N there exists a minimizing sequence {u,} C NN UNNY satisfying
that

sm

1 1
J(uy) < inf  J(u)+— and J(w) > J(un) — —|lun — wl|,
Nﬁ;;uNN,O n n

for any w € N, lﬁvm’ UN, l{Y;,?, by Ekeland variational principle. With the help of Lemma 2.9, we know that
inf J(u)=c_ and {u,} C NV .
Niim ’

Then, it is evident to check that J'(u,) — 0 as n — oo since lim,, .o |Q7, ,,,(1)] > 0. Thus {u,} is a PS
sequence for J at level c_ in N, lﬁvm’ .

Step 2. Claim u,, — ug strongly in H.

If N =4, then we have

-+ 0(1) = T(ua) = Qu (1) = 7@, (1) > P12 minfa mu, |

implies the boundedness of {u,}. Without loss of generality, we assume that u, — uy weakly in H as
n — 00. It remains to prove that u, — ug strongly in H. Arguing indirectly, by Proposition 2.6, Lemma
2.4, and (2.12), we get

lim J(up) =c— = j1(1) + 1j2(1) < 4.

n—oo
Firstly, we have j; (1) = ji(1) — 141 (1) = Ta|Vuo|3 > 0. Let
o Ay Looy
= — —_ _ - > .
0(t) 2t + 4t 45 t* fort>0

It follows from j1(1) = 0 that
a| VU362 + \|[Vul]3 < a| V382 + AA| VU2 = S72 V'3,
which implies that 6'(|Vu'|2) < 0. It follows jj(1) = 0 and j5(1) < 0 that

1 ; 1 , 1 .
io(1) = io(t) > - V 12t2 7)\v 14t4_75—2v z4t4
(1) = s e) > g ( oIVl 4 AVt — L5l

= max 0(t) = ey,
0<t<[Vul|z

which is impossible for jo(1) < j1(1) + lj2(1) = ¢~ < ¢4. Thus, u,, — ug strongly in H.
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If N > 5, the sequence {u,} is bounded in H from the coerciveness of J(u) in H. We also assume that
Uy, — ug weakly in H as n — oo. It remains to prove that u,, — wug strongly in H. Arguing indirectly, by
Proposition 2.6 and (2.12), we get

lim J(un) = e = j1(1) +12(1) — 5 (1) — o 175()

n— oo i

/1 11\,

which implies that 0 < A < 23 = (1\[4—7a4)>\' Then, we have

. . 1 . 1 1 1 1
A1) = 7(0) - 3ot = (5 - ) alVaol+ (§ - 57 ) ATl > 0 (2.26)
We claim that
Ja (1) <0.

In fact, it obviously holds if ug = 0 because of
0> lim @, = (1) + 34 (1) = 50
If ug # 0, arguing indirectly, we assume j5 (1) > 0, that is,
3 (1) = 3 (1) = (2" = 1)ja(1) = ((2 = 2)a + (4 = 2°)AA4) [Vu'[3 > 0.

Then,
0> lim Qy =jy(1)+75(1) > ji'(1) =57 (1) — (2" = 1)51(1)
= (2 2")alVuol3 + (4 = 2)AA[Vuol3 + (2 — 2%)mluo|3 + (2° — p)uluoly
2% — -2
=((2—2%a+ (4 —2")AA) |[Vuol3 + (p;(p) |uolb
2% — -2
=
which is impossible. Thus, our claim j5 (1) < 0 holds. Recall that
a5 Ay 1 2 o=
= — —_ —_— > .
0(t) 2t +4t 2*S 2t* fort>0

It follows from jj(1) = 0 that
al V|22 + N[Vl [3 < a| Vi |22 + M|V 2 = §~ % [V |2
which implies that 6’(|Vu'|s) < 0. It follows from 5] (1) = 0 and j5(1) < 0 that
io(1) = io (1) > - 12t2 7)\ z4t4_7 — = 12t2
(1) = s at) > g (SalVal e T - s TR

= max 6(t) =cn_,
0<t<|Vul|2

which is impossible for ja(1) < j1(1) + j2(1) < c_ < cen,—. O
Remark 2.10. The existence and multiplicity results also can be obtained by the rescaling argument as

follows. Problem (K;"\ u) has a positive solution for any p > 0 and m > 0 if one of the following cases
holds,

e N=3,pe(4,6) and X > 0;

e N=4,pc(2,4)and0< < S 2
Problem (K7 #) has two positive solutions for any p > 0 and m > 0 if
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e N>5 pe(2,2*) and 0 < A < Ay, where

- (N—4)/2
A = 2 < N 4)) G-

vz

N—-2\a(N-2
Actually, the authors in Akahori et al. [1] obtained a positive ground state solution u; of the following
problem

—Au+mu =P+ 4?7 u>0in RY, (Sx)
where m > 0, u >0, p € (4,6) for N =3 and p € (2,2*) for N > 4. It follows from that Lemma A.2 in
Akahori et al. [1] that the ground state solution u; satisfies
1
Jo,m(u1) < ng (2.27)

1

where Jo o (u) = 1(|Vulz + m|ul3) — %,u|u|g — - |ul3.. Since u; is a solution, we have

u

2 =0 (2.28)

Pi(uy) = [Vusla + mlug |3 — plua]f — uy

1 2

2. = 0, which implies that

and Pp(u1) = 55 |Vui|a + Smfui|3 — %,u|u1|§ — 55 lw
2% —2 2% —
S Emlu = ==L, (2.29)
By (2.27), (2.28) and (2.29), we obtain that
1 1
ng >J07m(u1) = J07m(u1) — 27P1(U1)
1 1 1 1 - 1
= (5~ 3 (Vw B+ mlun ) + (57 = )il = 5Vl
which implies that
Vuy |2 < 87 (2.30)

Now, we try to prove the main results. Firstly, we consider the existence of positive roots of equation
G1(t) = 0 defined by

G1(t) = atN T2 —tN 4 N[ Vuy 31 (2.31)
Combining with (2.30), if N =3 and A > 0or N =4 and 0 < A < S72, then G1(t) = 0 has a positive
root. If N =5 and
2 N—4 \NV2
A< Ay = T2 2.32
0 <A<ho N—2<a(N—2)> 57 (2:32)

then G1(t) = 0 has two positive roots.
Let ¢1(x) := u1(dz), where 6 > 0 such that G1(0) = 0 and u; is a solution of (S},). Then, ¢; is a

solution of (K3 ). In fact, G1() = 0 implies that (a + )\527N|Vu1|§)52 — 1. Then, we obtain

—Api(z) = —6%Auy (0z) = 62 (uul(&n)pfl +up (0z) 71 — mul(éx))
= )\521N|Vu1§ (ugol(x)l’—l + ()2 = m(pl(x)) (2.33)
_ 1
a+ AV l3
which implies that ¢; is a solution of (K3 ,). By the above argument, if N =3 and A > 0 or N =4
and 0 < A < S72, then problem (K;H) has a positive solution. If N =5 and 0 < A < Ay, then problem
(K3,,) has two positive solutions.

(1@~ + (@)~ min (@)
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Compared with these results, we have more information about the energies of the solutions obtained
in Theorem 2.1 and 2.2. Though the exact intervals of A for the existence of solutions seem different, we
tend to believe that the solutions obtained in the rescaling argument and in Theorems 2.1 or 2.2 are the
same.

Moreover, some existence results also can be obtained if A\ < 0 by the same method and we do not
state it here.

3. Some general results and an auxiliary lemma

In this section, we consider a general nonlocal equation by the multiplying argument

M| [ |VulPde | Au= My | [ [u[*dz | [ul* 2u in RV,
RN RN (3.1)
we DI2(RN),

where M;: [0, +00) — (0, 00), are two continuous functions, i = 1,2. Actually, the case that M; () = a+ At
and Ms(t) =1 has been considered in Section 1. As to the general cases, we have the following results:

Theorem 3.1. If there exists a positive root of the following equation,

M, (t(N—2>/2A) — M, (tN/2A) t=0, (3.2)

where A = SN2 problem (3.1) has a positive solution. Moreover, if there exists a positive root of equation
(3.2) for any positive parameter A, problem (3.1) has infinitely many distinct solutions.

Proof. Firstly, we denote the positive root of the following equation by ¢1,
M, (t(Nfz)/2SN/2) — M, (tN/QSN/2> t—0.

Thus, let 1 = thfQ)MU, we can easily check that

1 o _1
~Apy = VAU = U = ! (67 0)

N E .
My(SN?t=2) ooy Ma(URBit=) oy Ma(leal3h) ooy

= N5 — — (,0 - 90
M (V24552 T My(|VU ) M (|Ver]3)
and (7 is a positive solution of problem (3.1).
Similarly, let {u;}$°, be a sequence of solutions for equation (S*) satisfying |VUl|s = |[Vuila <
[Vusla < -+ < |[Vu;|la — +oo. By the assumption, there exists a positive root ¢; for the following

equation:
M, (t(N’2)/2A1-) — M, (tN/Z’AZ—) t=0,

where A; = |Vu;|3 = |u;i|3.. Thus, ¢; = t;u; solves problem (3.1). Then, problem (3.1) admits a sequence
of solutions {;}5°,, and the proof is completed. O

In the last part of this section, we investigate the existence of positive solutions for two linear growth
terms case

—la+X [|VulPdz |Au= [1+p [ [u?dz |u®> !, w>0 inRY,
RN RN (3.3)
u € DL2(RY),
where @ > 0, A > 0 and p € R.
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|| : ||‘

H1 M2 w

Fic. 7. N <5 and Ae(0Ao)

Theorem 3.2. Assume that a > 0 and A > 0, € R. The following statements hold.
(i) If N =3 or 4, problem (3.3) has a positive solution for p € (0,+00).
(#6) If N > 5 and A € (0,Ay), there exist py < 0 < po such that problem (3.3) has two positive solutions
for € (u1,0), three positive solutions for p € (0, u2) and a positive solution for p € (pi2,+00).

(#91) If N > 5 and A € (Ao, A), there exist g > pz > 0 such that problem (3.3) has three positive solutions
for u € (u3,pa) and a positive solution for p € (0, uz) U (p4, +00), where A is defined by a exact

form,
N/ N\ 7

(iv) If N > 5 and A € (A, +00), problem (3.3) has a positive solution for p € (0,400).

The proof of Theorem 3.2. Setting that G(t) := Gy () — uS2 , where
Gi(t) = atN T2 — N £ AST Y 1> 0.

It is obvious that G1(0) = 0 and G1(t) — +o00 as t — +oo. If N = 3 or 4, then G(¢) = 0 admits a positive
root denoted by ¢;. Let K = tf(Nfz)/Q and U be the positive solution of problem (S*), then it is evident
to check that ¢ = KU solves problem (3.3). Thus, () holds.

It remains to prove that N > 5. By some calculations, for A € (0,A), G;(t) admits a local maximum
point ty.x and a local minimum point ¢, satisfying 0 < tpnax < tmin and

Gl(tmax) > 0> Gl(tmin) for A € (O,Ao),

Gl(tmax) > Gl(tmin) >0 for \ € (Ao,A)

(I). For A € (0,Aq), set that p; = —G1(tmin)S™ /2 and py = G (tmax)S™ /2. Then, G(t) admits two
roots for p € (p1,0), three roots for p € (0, u2) and a root for p € (ug, +00).

(IT). For A € (Ao, M), set that pg = G (tmin)S /2 and jiy = G1(tmax)S~ /2. Then, G(t) admits three
roots for p € (us, pa) and a root for p € (0, u3) U (114, +00).

(ITT). For A € (A, +00), then G(t) admits a root for p € (0, +00).

Lastly, assume that ¢; is a root of G(t) = 0. Let K; := ti_(N_2)/2 and U be the positive solution of
problem (S*), then it is evident to check that ¢; = K;U solves problem (3.3). The desired results
from (I)—(III). O

By some careful analysis on the roots of G(t) = 0, we can give the following bifurcation of the positive

solutions.
We complete this paper by proving an auxiliary lemma.
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-1y

3 Ha K

Fic. 8. N <5 and Ae(AgA)

Il 1l4

1

F1G. 9. N <5 and Ae(A + o0)

Lemma 3.3. Let N > 5, a > 0 and

4
N-2

ft) =Xt — (S’N/“t) +a, t>0.

For A € (0,Ag), we denote the roots of f(t) =0 by & - and &4+ (0<&,— <&i4). Letmy = ((N2_7“4)>\)%,
then &1,— <nx < &1+ and
o~ >m & (3.5)

Proof. For A € (0,Ag), there exists ¢y such that

f'(G) =0, f(&)= tzigf(t)a where () = (

N-—2 N
2(N-4) §72(N-4) |

(N — 2))\)
Therefore, &1, < ¢\ < &+ and 73 < (3 because of 0 < A < Ag. By A € (0,Ay), then f(n)) < 0 implies
§1.- < <&y N
If we set that ¢y := (3, &+ = &7 4 and
k(t) = f(t/2) = M — S™N 3% g for t > 0,

then f/(¢y\) = k’(@\) =f(& 1) = k(f;) = 0. By the above setting, to prove (3.5), it is sufficient to prove
that

£ —G>0 € (3.6)
We claim that
E(Cy —t) > k(Cy + 1) for any 0 <t < (Ca. (3.7)
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The desired result (3.6) follows from the claim (3.7). If (3.6) does not hold, that is, & — (y < Gy — £
Setting § := &4 — (), then 6 € (0,¢)). It follows from _ < 2(\ — &4 < &4 and (3.7) that

0=k(E-) 2 k(20 — &) = k(G — ) > k(G +6) = k(E+) =0,

which is a contradiction.
Lastly, it remains to prove our claim (3.7). In fact, by some basic calculations, it follows that

ey 2 N N won  2(N—4) N 2N
E'(t) = A 7]\/'—25 N2 N-z, k(t)—i(N_z)QS Nzl N-2
4(N —3)(N —4 N _3N-s8
E"(t) = — ( (N32(2)3 )S_NJ t~N—2 .

Since N > 5, k”'(t) < 0 for any ¢ > 0. Then, one obtains that for any 0 < ¢ < Cn,
(G —1) > k' (Cy + 1)

For 0 < s < E A, integrating the above inequality from 0 to s gives us

O Cats
/ K" (t)dt > / K" (t)dt. (3.8)
Ca—s 3\
Moreover, by k'((y) = 0 and (3.8), then one obtains
3) Cats
K —s) = / E'(t)dt > / E'()dt = K (Cy + ), (3.9)
Ca—s 3\
Similarly, integrating the inequality (3.9) again from 0 to ¢, it follows that k(g,\ —t) > kJ(E)\ +t) for
0 <t < (). The proof is completed. O
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