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On stability of Boussinesq equations without thermal conduction

Lihua Dong

Abstract. We investigate the stability of a specific stationary solution to Boussinesq equations without thermal conduction
in the flat strip Q@ = T x (0,1). Explicit decay rates of the vorticity/velocity are given as well as the limit state of the
temperature. Our method is based on time-weighted energy estimates.
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1. Introduction
1.1. Presentation of the problem

In the mathematical study of fluid dynamics, the Boussinesq approximation is one of important models
among various simplified ones to the Navier-Stokes—Fourier system. In such an approximation, both
temperature and density of the flow are assumed to vary small so that the variation of temperature is
(inversely) proportional to that of density. Hence, the fluid is assumed to be divergence free and only the
action of gravity is considered. In a general 3D setting, the Boussinesq equations read as

v +v-Vv —vAv 4+ Vp = gles,
V-v=0, (1.1)
9+ v - Vi — rAY = 0.

Here v,p and ¢ are the velocity, pressure and temperature of the fluid, respectively, while v is the
viscosity, k is the thermal conductivity, g is the constant of gravity and es is the inverse direction of
the gravity. Note that the term gdes on the right-hand side of momentum Eq. (1.1); is nothing but
the effect of gravity/buoyancy. In case of v,k > 0, the Boussinesq equations is an elliptic—parabolic
coupled nonlinear PDE system which plays a key role in the study of hydrodynamic instability problems,
especially the Rayleigh-Bénard convection, see [3,10] among others. When the thermal conductivity is
neglected, the temperature variation 9 can be considered as the inverse of density variation. This explains
the physical significance of the transport equation in (1.1), which now becomes an elliptic—parabolic—
hyperbolic coupled system.
The present paper is concerned with Boussinesq equations

Ov+v-Vv—Av + Vp = de,,
V-v=0, (1.2)
3t19 —|— V- V’l? = O

in the two-dimensional domain Q = T x (0,1) C R?. Here the vector field v = (v1(x,t),v2(x,t)) is the

velocity describing the motion of viscous fluid under the action of buoyancy force, while the temperature
1 is transported by the fluid motion. The fluid viscosity v and the constant of gravity g are assumed to
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be 1, which are irrelevant in the following analysis. We use x to denote the space variable (z,y) € R? and
ey := Vy = (0,1) the direction of buoyancy force.
We supplement system (1.2) with the following initial and (slip) boundary conditions.

(v-n)(x,t) =0, (S(Vv)n 1) (x,t) =0 on 9Q, t > 0, (1.3)

{ v(x,0) = vo(x), 9(x,0) = Jo(x) in Q,
where n (7) is the outward unit normal (unit tangential direction) to 9 = T x {y = 0,1} and the stress
tensor S(Vv) is the symmetric part of Vv. Since the boundary 99 is flat, (1.3)5 is equivalent to

va(x,t) = 0, dav1(x,t) = 0 on 99, t > 0. (1.4)
By setting v =0 in (1.2), we immediately obtain that

Ve =0, ps = ps(y), s =P (y), y € [0,1] (1.5)

is a stationary solution (hydrostatic equilibrium) to (1.2), where p,(-) is an arbitrary smooth function.
It is well known that when 9/(yo) < 0 for some yo € [0,1], such a stationary solution is unstable—the
Rayleigh—Taylor instability happens. In the present work, we are interested in the opposite case ¥, (y) > 0
for all y € [0,1], which implies that fluid with lower temperature (higher density) lies below the fluid
with higher temperature (lower density). Specifically we choose ¥5(y) = y and succeed to show that this
steady solution is stable in the sense of Lyapunov, meaning that the solution to (1.2)-(1.3) starting from
initial data close to this stationary solution is close to it for all time ¢ > 0 in a suitable sense. Moreover,
we obtain that the velocity v and 9,9 converge to zero in H? with explicit decay rates (1+t)~! ast — oo,
see Theorem 1.1.

1.2. Related results on the Boussinesq equations

Boussinesq equations have rich physical background and mathematical features. In particular, the two-
dimensional model keeps some key features of the 3D Navier—Stokes/Euler equations, see [20,23]. Over
the past years, there have been many works devoted to Boussinesq equations. For the reason of brevity,
we only review some related results on the two-dimensional Boussinesq system (1.2).

First result on global well-posedness of Cauchy problem to (1.2) has been obtained in [6] and [15]
with arbitrary large initial data. Since then, other kinds of initial (boundary) value problems to (1.2)
have been investigated by many authors under different settings, see [1,7,13,14,16,19], among others.
It is then natural to study the large-time behavior of solutions to (1.2). In [17], N. Ju has obtained the
global-in-time uniform boundedness of v in H2 and the exponential growth <" of || V()| 2. It is then
improved by I. Kukavica and W. Wang in [18] that the growth of ||V (t)|/z2 is at most €. In [8], for
general initial data it is shown that v converges in H'! to zero and ||[V?v(t)||2 is uniformly bounded. Very
recently, by using spectral analysis, the authors in [24] have investigated the global asymptotic stability of
the specific hydrostatic equilibrium (1.6). Besides analysis for the linearized system, they also give explicit
decay rate (1 +t)~/2 of ||v(t)||z> under certain assumptions on the solution (v,) to (1.2) on periodic
domain T?. In the most relevant work [26], R. Wan has obtained asymptotic behavior and explicit decay
rates for solutions to the perturbed system (1.7) in R? by using spectral analysis. Finally we refer the
reader to [4,5,25] for works on the global existence and stability of the 2D Boussinesq equations with a
velocity damping term (without viscosity) near the hydrostatic equilibrium (1.6).
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1.3. Main result

Choosing 9,(y) = y, we infer from (1.5) that

1
vy =0, ps = 5:1/2, Js =y, y€el0,1]. (1.6)

Perturbing this specific stationary solution, we have

1
v:u7p=q+§y2,19=y+9~

Then (u, g,0) satisfies the perturbed equations as follows.
dru+u-Vu— Au+ Vg = ey,
O +u-Vl = —uy, (1.7)
V-u=0
with initial and boundary conditions
{ (u,0)(x,0) = (uo, b)(x) in £,

1.8
ua(x,t) =0, Oauyi(x,t) =0 on 9Q, t > 0. (18)

Since V - u = 0, there exists a stream function v such that u = V+1 = (929, —01¢). Here we choose v

satisfying
- A =w,
{¢|aﬂ =0, (1.9)
where w = d1us — douy. By denoting ¢ = (—A) " w,
u=V+t(-A)lw.
Hence, the equations for (w, ) are written as
Oiw+u-Vw — Aw = 016,
O +u -Vl = —uy, (1.10)
u=Vvt-A)le,
together with initial and boundary conditions
w, 0)(x,0) = (wp, Op)(x) in €,
{fa(x,ig = 3 011(897 t)>( 0) (1.11)

In the following we focus on the analysis of (1.10)-(1.11) instead of considering (1.2)-(1.3) directly.
Assume that

wo € H™(Q) and 95wy = 0 on 9, for n =0,2,---,2[(m —1)/2], (1.12)
0o € H™1(Q) and 956y = 0 on 99, for n =0,2,---,2[m/2], (1.13)

where [m/2] = kit m =2k or 2k +1, k=0,1,2,---. We remark that assumptions (1.12) and (1.13) on
initial data are motivated by [5]. According to (1.10)2 and ua(t)|sq = 0, we get the transport equation

040(t)]oq + u1(t)910(t)]an = 0.
Then 0g|aq = 0 implies 6(t)|sn = 0. Taking d on V - u = 0 and using dauy ()]s = 0 yield
Dz us(t)|oe = —0201u1 (t)|oe = 0.
Now operating 95 on (1.10)3 and restricting to the boundary, one gets
D1020(1)| 90 + ur (£)81020(t)|aq + 202u2(£)D20(t) |0 = 0.
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This implies that 956,|sq = 0 is preserved in time. Furthermore, from the evolution Eq. (1.10)y, it follows
that

—Aw(t)|gg = 819(t)|39 — Ow(t)|oq — ul(t)alw(t)‘ag — u2(t)62w(t)|ag.
Then d5w(t)|sn = 0. By using this fact and the incompressibility condition for u,
B5u (t)]ae = 0, dyua(t)|oq = 0.

Similarly, from 936|aq = 0 for n = 2,4---, we conclude that the sufficiently smooth function (w,8,u)
satisfies
850(t)|oa = 0, 03 2w(t)|on = 0, 85 ur(t)|oa = 0, 95 ua(t)|se = 0. (1.14)
Hence, we assume that the initial data (wo,6y) satisfies the special setting (1.12)-(1.13).
We now state the main result of this paper as follows.

Theorem 1.1. Let m > 5 be a fized integer and (wg,0o) satisfy (1.12)-(1.13). There exists a constant
€0 > 0 such that if
lwollZrm + 1607 mer < €5, (1.15)
then (1.10)-(1.11) admits a unique global smooth solution
(w,0) € C([0,00); H™) x C(]0,00), H™ 1)
satisfying
lw@lFm + 10 |1 S €5, for all t > 0.
Moreover,
@l + 01w @)l £ A+ (010012 S (1 +1)7"
Remark 1.1. Tt follows from Theorem 1.1 that the solution to (1.2)-(1.3) satisfies
IV@Olze S IVl £ @+,

[9(z,y,t) = Iy, )l S 19, y,8) = Iy, )= S 019, y, )] S (1 +8)7"

This means that J(y,t) determines the large-time asymptotics of 9(z,y,t). Furthermore, we deduce from
(12)3 that

t
Iy, t) = Toly) + B / w0y, 7)dr,
0

which has been proved in [24]. Here the bar denotes the horizontal average, that is,
fly,t) = / f(z,y,t)da.
T

The method of the proof of Theorem 1.1 is motivated by [22]. To prove Theorem 1.1, it is necessary
to show the global uniform estimates of the solution (w, 8) to (1.10)-(1.11). However, we have to face the
difficulty arising from the absence of thermal conduction. By making full use of the structure of (1.10),
we obtain the only partial dissipation of #. This partial dissipation implies that it is difficult to control
the growth of u - V6. In the estimate process of £(T) defined in (3.4), we find that the key point is
to obtain L' estimate of ||Qu(t)|| = in time and L! estimate of ||03ua(t)| = in time. Using a carefully
designed time-weighted energy F(T') defined in (3.5) and applying Poincaré inequality in the z-direction,
we overcome these above challenges and prove uniform estimates of £(T") and F(T').

The structure of this paper is as follows. In Sect. 2, we give some notations and lemmas which are
used in the sequel. Section 3 is devoted to the proof of Theorem 1.1. In Sect. 4, we present some remarks.
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2. Preliminaries

The following notations and results will be used in the paper. For simplicity, we set 91 = 0,, 02 = 9, and
use (-,-) as the inner product in L?. Here A < B means that A < OB, where C is a generic constant.
Throughout this paper, V = (91,92), A = V-V = 011 + 092 is the 2D Laplacian operator. For m € N, the
inhomogeneous Sobolev space with derivatives up to order m in L?(f2) is denoted by H™(£2). Moreover,
we use H™(Q) to denote the homogeneous Sobolev space with the mth-order derivatives in L?(Q). For
fe ™), [[fllam@) = [Ifllz2@) + Il fm(q)- In this paper, we may use LP, H™ and H™ to stand for

LP(Q), H™ () and H™(Q), respectively, in some places.
In this section, we give some necessary lemmas.

Lemma 2.1. ([2]) Let 0 < mq <m < mq. If f € H™(Q), then
I fllam@) S Hf||§1m1(Q)Hf||,1q_vf2(g)7 with m = smy 4 (1 — s)ma, 0 < s < 1. (2.1)
The following estimates are classical, see [11,21], among others.

Lemma 2.2. For m € N, we have
o If f,g € H™(2) N L>(Q), then

HngH”"(Q) < ||f||H7”(Q)||g||L°°(Q) + Hf||L°°(Q)||g||H7”(Q)~ (2-2)
o If f€ H™(Q)NWL>(Q) and g € H™ 1(Q) N L>(Q), then for |a| < m,
10*(fg) — f5a9|\L2(Q) < ||f||W1~°°(Q)HQHH’”*l(Q) + ||f||Hm(Q)||9||L°c(Q)~ (2.3)

The following lemma related to Poincaré inequality in the z-direction is important. The proof of this
lemma is standard, see [2,22], among others.

Lemma 2.3. Let m € N. If f € H'T™(Q),

Hf(:c,m - [ st

S NOLf e (- (2.4)
H™ ()

Furthermore, if f satisfies [ f(z,y)dz =0, then
[l @) S N01f (0 (2.5)
The following result is well known, see [12], among others.

Lemma 2.4. Let m € N. Consider the elliptic equations

_AU:fa
Ulo = 0.

If f € H™(Q), then
Ul m+2(0) S 1f1lam0)-
From (1.9) and Lemma 2.4, we obtain
Corollary 2.1. Let m € N. Assume that v.€ H™(Q), V-v=01in Q and v-n =0 on 9Q. Then

IVIlEm@©) S IV X V|gm-10)-
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3. Proof of the main result

The local existence of solution to (1.10)-(1.11) for general smooth initial data in a bounded domain 2 can
be proved by the classical methods, see [5,21] and references therein. We omit the proof of the following
result for brevity.

Proposition 3.1. Let m > 2 be an integer and (wo,00) satisfy (1.12)-(1.13). Then there exists Ty > 0 such
that (1.10)-(1.11) admits a unique solution

(w,0) € C([0, To; H™(Q)) x C([0, To]; H™ (%))
satisfying
ABwlog =0, for s =0,2,...,2[(m —1)/2], (3.1)
050)oq =0, for n=0,2,...,2[m/2].
Moreover, if T* is the lifespan to the solution (w,#) and T* < oo, then

-
/0 (Va1 + [V0(t) | ) dt = oo. (3.3)

Based on Proposition 3.1, it is enough to show global a priori bounds for the smooth solution (w, #).
To this end, we define for m € N,

T T
E(T) = sup (||9(t)||?1m+1+||w(t)||?{m)+/ ||519(t)\|§1m_1dt+/ lw(®)lFmedt,  (3.4)
0<t<T 0 0
F(T) = sup (1 +6)2 (10100172 + 01w ®) 17 + lw(®)F)
T
+/0 (148 (1000172 + 01w() 72 + lw(B) 172 dt. (3.5)

The estimates of £(T") and F(T') will be given, respectively, in the following two sections.

3.1. A priori estimate of £(T)

To begin, we set

T
ET) = sup (100) s + [(Olg) + [ lolt) st (3.6)
i
euT) = [ 101000) s, (3.7)

We start with controlling the bound of & (T") by the combination of energies defined in (3.4)-(3.5).

Lemma 3.1. Let m > 2. Then

E1(T) S E(0) +E5(T) + F3(T). (3.8)
Proof. Multiplying (1.10); by w and testing (1.10)2 by —A#,
1d
53 IVOIZ: + wlzz) + [ VwllZe = =(Va- V6, V0) + (~Vuy, VO) + (916, ). (3.9)
Due to up = —9;(—A) 1w, we use integrations by parts to obtain

(=Vug, VO) + (010,w) = (VO (—A) " w, V8) + (0,6, w) = 0. (3.10)
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By integrating (3.9) in time from 0 to 7' and using (3.10),
T
sup (IV8(OI3: + lw0)3:) + [ 19(0)3adt
0<t<T 0

T
S ||V90H%z+llwoll2m+/ [Vu(t)[r=dt sup [|VO(1)]7-
0 0<t<T

1
2

T
(/ (1 +t)_2dt> sup ||9(t)||%{1
0 0<t<T

1
2

T
S IV6oll72 + llwollZ2 + </ (1 +t)2||w(t)||§,2dt>
0

S E(0) + F2(D)E(T) < E(0) + E(T) + F=(T), (3.11)
where Young’s inequality is used in the last inequality. Moreover, we get for m > 1,
(00w, 0™ w) + (0™ (u - Vw), 0" w) — (A0"w, d"w) = (0™ 016, 0™ w), (3.12)
(0 0™VO,0mVO) + (0™V (u-V0),0mV0) = (=" Vuy, 0" V). (3.13)
Adding (3.12) to (3.13) yields
e (081 l) + el = o+ T + Ty (314)

with
L =—(0™(u-Vw),0Mw),
I, = —(0™V(u-V#),0"V0),
I3 = (—0™Vug,0™V0) + (0™010,0™w).

According to (2.3) in Lemma 2.2, together with Corollary 2.1 and the Sobolev imbedding theorem,
we have

IL =—(0(u-Vw) —u-Vi"w,0Mw) = — (0"div(uw) —u - VO™ w, 0" w)
< lulwr e lwllzrm + lwllzoe full gl S ol a2 ] Fom

where we use the fact that (u- V0™"w,d™w) = 0. Hence, for m > 2,
T

T
/ LS sup (@) / ()|t < €
0 0<t<T 0

3
2

(1). (3.15)
Note that
I, = —/ 0™ (u-VO)O" 0 0dxdy — / 0"y (u - VO)I" 0x0dady
Q Q

=: Iy + Ig.

For I51, using the fact that (u-V9™0,0,0™0,0) = 0 and applying integration by parts together with the
boundary conditions (1.14),

Iy = — Z C%Jrl-/ 0%u - Vamﬂf"‘(‘)amaﬁdxdy
1<a<m+1 Q
= Z 7a7L+1 / 8o¢+1u . vam#»lfae@mflaledxdy
2<a<m1 Q
+ ) oy / 9%u - Vo2 9am 19, 0dxdy
2<a<m+1 Q2

—(m+1) / du - VO™09a™ 9, 0dxdy,
Q
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where 0™0; is denoted by ™1 which has at least one derivative on x. Then

I S

~

||11||Hm+2 H9||Hm+1 ||619||H77L71
Hllall e 16]] e 1016 s + 0] Loe [0][7m 4+

S lwllzms116]

g1 || 010 grm—1 + ||w]] 2 |0]| Fma -

With the help of Hélder inequality and Young’s inequality,

T T % T
Lﬁ I (8)|dt < ([;amwnzm+ﬂﬁ> <z13ﬁﬂﬂﬂim—ﬂ“> s 0(0)] s
] ,
+ (/0 (1 +t)2||w(t)%{2dt>

S ENT) + F2(T)E(T) < E3(T) + F3(T). (3.16)

N

1
2

T
(/ (1+ t)_th> sup [|0(t)||3m1
0 0<t<T

For I, we analyze the case, namely 0™ has only derivative on y. Other cases can be estimated by the
method as employed in the proof of Is;. Since (u- V9™d20,0™020) = 0,

Ly=- > Can/ ogu - Vot =egarodady
1<a<m+1 Q
= Ixo1 + 1222
with
Ipor = — Z C,?‘LH/ 05 u1 0,05 007 0dxdy,
1<a<m+1 Q2
Ipge = — Z Cﬁlﬂ/ 05 u05 200 T odwdy.
1<a<m+1 Q
Note that
Ipor = — Z C’fflﬂ/ S ur O 9,005 0dxdy
2<a<m+1 Q
—(m+ 1)/ Doy 501005 T 0dxdy.
Q
Similarly,
Ipor S |[allgmss [|010] gm0 zrmr + [|O2wn || oo 1|0 Fme1
S wll zm |01 grm—1 1] s + ||l 221103 -
Then

3

(T) + F3(T). (3.17)

(S

~

/ﬁhmwwssﬁﬂ+fﬂﬂaﬂ<e
0
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Using the fact that Osus = —01uq and integrating by parts yield
Ipgo = — QH/ 05 uy 05 20,005 T oddy

3<o¢<m+1

- > ey / 99 Lu 209, 00 odady

3<a<m+1

—(m+1) / Qo205 100y odady — C2, 4 / D2un05 005 T odxdy

=- ) Coy / A5 Ly A2 9,005 9dady

3<as<m+1
. Z C%Jrl/ Z C,Gaa 1+5 am+2 at2— ﬁea 8m 19dxdy
3<a<m-+1 Qo<p<2

+(m+1) / Our 05100y odady + C2, 44 / Do01u1 05 005 T 0dady.
Q Q

Furthermore, one gets

Iz < |ul

1020l s 101 s+ ([l 2 10101 1 10 s
1l 1002 es + 1920 | 0] 3

S Nwllgrma 10101 om0 zrmss + 10100 12 10117

Thus,

T 3
/0 (1)t < E3(T)

T
+ ( / (1+ 1)t >||H2dt>

1
2

(1+1) 2dt) bup 10(E) |37

ol

S—
A

0<t<
S EXT) + FEHT)ET) S EXT) + FH(T (3.18)
Putting (3.17) and (3.18) together,
/T|122( )t 5 €3(T) + FH(T). (3.19)
Moreover, the preceding estimates (3.016) and (3.19) show that
/OT L)t < E3(T) + FH(T), (3.20)

To handle the last term, substituting us = —0;(—A) 'w into I3 and then integrating by parts give
= (0"V O (=A) " w,0mV0) + (0M0,0,0™w) = 0. (3.21)
Integrating (3.14) in time from 0 to T and summing up (3.15), (3.20), one has
T
55 (10O e + ) F) + / (@)1 dt S EO) +E2(T) + FHT).  (3.22)
Finally adding (3.11) to (3.22), we get by Poincaré inequality that
EU(T) S E(0) + E3(T) + F2(T). (3.23)
O

In the following lemma, we proceed to deal with the estimate of E(T).
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Lemma 3.2. Let m > 2. Then

E(T) S E(0) + E2(T) + F3(T). (3.24)
Proof. Applying 9™~ on (1.10); and taking inner product with 9;0™ 16, one gets
1016117, = (0™ 10w, 010 10) + (0™ H(u - Vw), 010™10) — (0™ Aw, 0,0™'6)

= %<am—1w,alam—1e> — (0™ w, 5,0™10,0)

+ (0™ Hu - Vw),0,0™10) — (0" Aw, 0,0 10)
= N1 +N2+N3+N4 (325)
We need estimate Nj,j = 1,2, 3,4, respectively. For Ny, by Holder inequality,

T
/ INi(@#)|dt < sup [[0(t)|am sup lw(t)|mm-1 S E(T). (3.26)
0 0<t<T 0<t<T

Substituting 0,0 = —u - V8 — uy into Ny and using (2.2) in Lemma 2.2 give
N2 = (8"L_1w,818m_1(u : V9)> + <8m_1w,816m_1u2>

S NwllZrml16]

Hm+1 + H(A)H%Im+1

Then
T

T -
/ INy(t)|dt < £4(T) + / () Zrnndt < €
0 0

3
2

(T) + & (T). (3.27)

Similarly for N3,

T T
/ N3 (8)[dt < / o) 2 [026(8) ]| st < EX(T). (3.28)
0 0

By Hoélder inequality and Young’s inequality,

Ni < Cellwllipmer +ell010]1F

where C; is a constant depending on . Thus,

T T T
/ INy(8)]dt < C. / () Zsrdt + ¢ / 12:0(0)]2,,.,dt
0 0 0

anfl

T
< C.E(T) +¢ / 10,6()]1%,,,_ . dt. (3.29)
0

Integrating (3.25) in time from 0 to 7', summing up (3.26)-(3.29) and then taking e small enough, we
infer from Lemma 3.1 that

T P
| 10001 < 85(1) + £(7) 5 £0)+ 1)+ D) (3.30)
Similarly,
T 3 3
/ 10:10()||72dt < E(0) + E2(T) + F=(T). (3.31)
0
Finally, the desired estimate (3.24) follows from (3.30) and (3.31). O

From Lemma 3.1-3.2, we obtain

Lemma 3.3. Let m > 2. Then
3

E(T) < E0) + 3 (T) + F3 (T). (3.32)

(N
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3.2. A priori estimate of F(T)

Here we set

T
Fi(T) = sup (1+1)* (1010172 + [01w(t) 1 71) +/O (L +t)*[0rw(t) [ F=dt,

0<t<T

T
B(T):/O (1+ )2 0n0() [2adt,

T
F3(T) = sup (1+1)*|lw(t)l7n +/ (1 +)?lw(®)lFdt.
0<t<T 0

To obtain a priori estimate of F(7'), we shall estimate F(T), Fo(T) and F3(T), respectively.

Lemma 3.4. Let m > 5. Then
Fi(T) S F(0) + E3(T) + F2(T) + E2(T)F2 (T).

Proof. Taking 09; on (1.10); and testing by 001w yield

(0100w, D01w) + (001 (u - Vw), 001w) — (ADO 1w, DO w) = (00110, 001 w).
Applying 001V to (1.10) and taking inner product with 90 V0 give

(01001 V0,000V 0) + (001 V (u - V), 00, V) = (=901 Vug, 00, V).

By adding (3.37) to (3.38) and multiplying the time weight (1 + )2,

1d

5&(1 +0)2 (1010]% + [010]|5) + (1L + 020w Fe = J1 + T2 + T + Ja,
where
Ji = —(1+1)%(00;(u - Vw), d0,w),
Jo = —(1+1)%(00,V(u - V0),00,V),
Js = —(1+1) ([|0:10]13 + 010]%,) ,
Ji = —(1+1)? (00110, 00,w) + (=00, Vg, 00,V0)) .

Estimate of .J;. Note that
Ji = —(1+1)%(001u - Vw, d01w) — (1 4 )%(0u - Vow, 001 w)
—(1+t)2(01u - Vow, d01w) — (1 +t)*(u - VO w, 00 w).
By the incompressibility condition for u,
(u-Voow,d01w) = 0.
Then the Sobolev imbedding theorem implies that
Ji S L+ )00y ul| 2|Vl L= |10 0
+(1+ )2 0wwll7p [|0u]| = + (1 + ) [[0rul| e ]| rr2 | 010 e
< @+ 20wl F iz

Thus, by Young’s inequality,

T T
/‘Ih(ﬂwtsu/ (14 02|21 (8) 22t sup w(t)]
0 0 0<t<T

SF(T)E(T) S F3(T) + E(T).

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)



128 Page 12 of 18 L. Dong ZAMP

Estimate of J,. We divide J; into six parts as follows.
Jy = —(1+)2(0%01(u - VO),0%010) = Jo1 + Jog + Jog + Jog + Jos + Jog
with
Jo1 = —(1 4+ t)%(0%01u - V0,0%0:0), Jon = —(1 +1)*(0%*u - V10,0°0,0),
Joz = —2(1 +1)2(001u - VIO, 9%010), Joy = —(1 + 1)*(01u - VO?0,0°%0,6),
Jos = —2(1 +1)2(0u - VIO10,0%010), Jog = —(1 +t)*(u-VO?010,0%0:6).
For J,1, we calculate that
Jo1 = — (14 )2(0201u1010,0%0,0) — (1 + 1)*(9%01u2050, %0, 0)
= —(1 4+ )*(0?0111010,0%010) + (1 + 1)*(0*u2020,0, 0%010) + (1 + 1)*(9*u2020, 07011 6)
=: Jo11 + Jo12 + Jois.
From Lemma 2.3, we find that
Joit S (L+ 0201l s 916 2060 s S (1 + 8201l 11101101 2 161 . (3.41)
Integrating by parts and using the fact that u = V+¢ = V(—=A)~w yield
Joo = (141)2 / > 0P Pup07P0,0,00,0dxdy

Qo<p<2

=—(1+1)? [ Y 0*P01p0* 1 0,0,00,0dxdy.
Qo<p<e
From Lemma 2.3-2.4, it follows that
Jorz S (1+ 02100 4[| 010|210 s S (14 8)[[010[| 1221|0116 L2 16 15 (3.42)

In a similar way,

Jo1z = (1 +1)? Z 0% Pur0* P 9,00, 0dzdy

Qo<p<e
= —(1+1)? / Z 0**89,40%> P 9,00,,0dzdy.
Qo<p<
Then
Jo1z S (1+1)2)|01w] 72110110 12 16] = - (3.43)
Summing up (3.41)-(3.43),
Ja1 S (14 6)*[|01w| 210110 L2 (10| a5 (3.44)

Note that
Jog = —(1 4 t)2(0%u10110,0%010) — (1 + 1)*(0*u20,0,0, %0, 6)
= — (14 t)%(0%u10110, 9%010) + (1 + 1)*(020%u2010, 0%0,0) + (1 + t)*(0%u2010, 0%92016).
This implies that

Joz S (14 )2 [|wll gz (101201216l 115 (3.45)

Similarly, we obtain
Joz S (1+6)]|01w]| 112101201 21|01 s, (3.46)
Jos S (1+8)]|01w] 11210120 21|01 s, (3.47)

and
Jas S (14 t)2]lwl 2| 01161 12110 115 (3.48)



ZAMP On stability of Boussinesq equations. . . Page 13 of 18 128

Moreover, the incompressibility condition for u implies that
Jag = 0. (3.49)
We eventually deduce from (3.44)-(3.49) that
Jo S (L4 2wl 10120112161 5 + (1 + ) [[01w]| 12| 01101 2 6] -
Consequently, by Holder inequality and Young’s inequality,

T T
/ Ta(0)]d < ( / <1+t>2|w<t>||%pdt>
0 0

T T
+< / <1+t>2||aw<t>||%pdt> ( / <1+t>2||ane<t>||%2dt> sup 1081z
0 0 0<t<T

SF(T)EXT) S FH(T) + E2(T). (3.50)
Estimate of J3. By the interpolation inequality (2.1) in Lemma 2.1,
Js S (L+1)[010][32 + 1+ )01 7
S (U4 0)[1816] 121010 zra + (1 + 1) [|10] Fy=

1
2

T
( / <1+t>2||aue<t>||%zdt> sup [16() ]z
0 0<t<T

1
2

1
2

Hence, for m > 5,

/ REACIES ( / " +t>2|aue<t>%2dt> E ( / ' ||ale<t>||%,m_1dt>
T % T
+</ <1+t>2||alw<t>||%pdt) (/ ||w<t>||§wdt>

< E3(T)F3(T). (3.51)
Estimate of J;. Substituting us = —0;(—A)~'w into J; and integrating by parts give
Jy = 0. (3.52)
Integrating (3.39) in time from 0 to T and putting (3.40), (3.50), (3.51), (3.52) together, we obtain

N

1
2

T
sup (1+1)? ([010)[1 %2 + 0101 F1) +/ (1+1)2]|0vw(t) || dt
0<t<T 0

S F0)+E3(T)+ F2(T) + €2 (T)F=(T). (3.53)
Similarly,
T
sup (14 6)% (|VO0(1)[22 + [|01w(t)]|22) +/ (1+1)%|0: Vw(t)||2dt
0<t<T 0
< F(0)+E3(T) + F2(T) + E2(T)F*(T). (3.54)

Hence, summing up (3.53)-(3.54) and using Poincaré inequality give

FiU(T) S F(0) + E3(T) + F3(T) + E2(T)F3(T).
This completes the proof of Lemma 3.4. d
Lemma 3.5. Let m > 5. Then

Fo(T) S F(0)+E2(T) + F3(T) + E3(T) F*(T). (3.55)
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Proof. Taking 8, on (1.10); and testing by 8110 yield
10110]]72 = (0101w, 0110) + (D1 (- Vw), 8110) — (Adyw, 110)
%(61w,8119> — (O1w, 0110:0) + (01 (u - Vw), 0116) — (Adyw, 0116).
Multiplying (3.56) by (1 + ¢)2, we have

d

(L4 006ll7: =7 (

+ (1 + t)2<61(u . Vw),8110> — (1 + t)2<A81w,8110>
:ZKl +K2 +K3+K4+K5

We now estimate K, Ko, -+, K5 one by one. For K7, by Holder inequality,

T
/ [Ky(t)|dt S sup (1+0)[[010(t)]| gz sup (1 +8)[|01w(t)][m S Fu(T).
0 0<t<T 0<t<T

For K, one gets
1
3

T T T
/0 |K2<t>dts</0 |81W(t)|L2dt> (/ (1+1) ||3119(t)||L2dt> <e

By substituting 0,0 = —u - V0 — us into Ks,
K3 = (1 + t)2<81w, 811(11 : V9)> + (1 + t)2(81w, 811U2>
S (L+ 62wl 101 s + (1 + )2 010[[F2-

~

N
N

Thus,
T . T
| 1Kol s XA + [ (14 0 forwo)ede
0 0
< EXT) + F3(T) + Fu(T).
Note that
Ky S (1+)2)10010)| 2 |01w]| g2 ||| 71 -
Then

T
| 1K1 s e @Fm) S e + #H@),
0
For the last term, by Young’s inequality,
K5 S (1+1)?) 0102|0110 2
< Ce(L+ 1|01l T2 + (1 +1)?[10110] 7.
Then

T T T
/ K5 (1)]dE < cg/ (1+t)2||alw(t)||§,2dt+a/ (1+ 0)%|0u6(t) | 2adt
0 0 0

T
< C.F\(T) +¢ / (14 6)20120(0)| 2.
0

14+ 6)2(01w, 8110) — 2(1 + t)(Dyw, 8110) — (1 + )2 (D1w, D110,0)

(T)F=(T).

ZAMP

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

Finally, integrating (3.57) in time from 0 to 7" and summing up (3.58)-(3.62), we take e small enough

to obtain
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where we apply (3.36) in Lemma 3.4. O
Lemma 3.6. Let m > 5. Then
F3(T) S F(0) + E3(T) + F3(T) + £5(T)F=(T). (3.63)
Proof. Testing (1.10); by —Aw yields
1d
§allwllip +Aw]e = —(u- Vo, Aw) — (916, Aw). (3.64)
Furthermore, multiplying (3.64) by (1 +¢)? gives
1d
55(1 + t)2||w||z1 + (1 +t)*||Aw||2: = Ry + Ry + R, (3.65)

where
Ry = —(1+t)*(u-Vw, Aw),
Ry = —(141)%(010, Aw), Ry = (1 +t)[|wl|%: -
By Hoélder inequality and Young’s inequality,
/T [Ry(8)dt S /T(l + ) |w®)IF=dt sup ()|
0 0 0<t<T

< F(T)E(T) < F2(T) + E2(T). (3.66)

Similarly for Ro, we deduce from Lemma 2.3 that
T

T T
/ Ra(t)]d < C. / (L+ 021006(8)[2adt + ¢ / (1+ 62 Aw(t) 2t
0 0 0

T
< C.Fo(T) + s/ (1 + )% Aw(t)|?.dt. (3.67)
0

For R3, we find that

/0 ROl < ( / T+ t>2||w<t>zzdt) ) ( / : |w<t>||§,1dt>

< E(T)FA(T). (3.68)

2

Integrating (3.65) in time from 0 to 7" and summing up (3.66)-(3.68), we take £ small enough to yield
T
s (1 02Ol + [0+ 02w
S F(0) + Fo(T) + F2(T) + E2(T) + EX(T)FE(T).
Finally, we use Poincaré inequality, Lemma 2.4 and (3.55) in Lemma 3.5 to obtain
F3(T) S F(0) + Fo(T) + F3(T) + E3(T) + E3(T)F+(T)
S F(0) + EX(T) + F=(T) + E2 (1) F(T).

The next lemma gives estimate of F(T').

Lemma 3.7. Let m > 5. Then
3

F(T) < E(0) + E3(T) + F3(T). (3.69)
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Proof. From Lemma 3.4-3.6, it follows that
F(T) S F(0) +E2(T) + F2(T) + £3(T)Fz(T).
By virtue of Young’s inequality,
F(T) < F(0) + E3(T) + F3(T) + C.E(T) + eF(T).
Then taking e small enough and using (3.32) in Lemma 3.3 give
F(T) < E(0) + F(0) 4+ E2(T) + F2(T) + E(T) S E(0) + E3(T) + F2(T),

where we use the fact F(0) < £(0). Hence, the proof of Lemma 3.7 is completed. O

3.3. Proof of theorem 1.1

From Lemma 3.3 and Lemma 3.7, there exists a constant Cy > 0 such that
E(T) + F(T) < Co(0) + Co (5 (T) + F3 (T)) . (3.70)
By denoting G(T') = E(T) + F(T), one deduces from (3.70) that
G(T) < CoE(0) 4+ CoG? (T). (3.71)

Assume that
lwoll7rm + 160 ll3rm+r < €5, (3.72)

with ¢y € (0,1) to be determined later. Then there exists a constant C; > 0 such that

Coh&(0) + G(0) = CuE(0) + £(0) + F(0)
< Coeg + 3e2 < Cyep. (3.73)

According to Proposition 3.1, there exists a positive time Ty < T such that
G(T) < 4Cye5, for all T € [0, Ty]. (3.74)

Since T* is the life span to the solution (w,#), we only need to show T = oo while completing the proof
of Theorem 1.1. Otherwise, if T* < oo, the solution (w, #) satisfies (3.3). Then we define

T 2 sup{T < T*: G(T) < 4C1€2}. (3.75)
Moreover, we take ey small enough to yield SC’OC’% €0 < 1. From (3.71) and (3.73), it follows that
G(T) < Co2 + 8CoCE €3 < Cre2 + 8Co0F €8 < 2012, for all t € [0, T).
By using a continuity argument,
G(T) < 2Cyé3, for all t € [0,T*),

which gives a contradiction with (3.75) if T < T* < co. This in turn implies that 7' = T™ = co. Thus, we
finish the proof of Theorem 1.1.
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4. Concluding remarks

In this article, we show stability of the specific stationary solution wg = 0, J5 = y to Boussinesq equations
without thermal conduction in the two-dimensional domain T x (0, 1). For the vorticity /velocity, we obtain
asymptotic stability and explicit decay rate while for the temperature only the stability in the sense of
Lyapunov is given. One may expect the temperature ¢ converges to ¢, as time goes to infinity. However,
this is not true in general, once we realize that the stationary solution

ws =0, ¥g =y + esin 27y

is a small perturbation of (ws,ds) if € is small. Note that the existence of such a small perturbation is
due to the choice of our underlying domain T x (0, 1), which is periodic in the horizontal direction. In a
future paper [9], we will consider the underlying domain 2 = R x (0,1), in which case it seems possible
to give the asymptotic stability of the temperature under suitable setting.
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