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Some regularity criteria for the 3D generalized Navier—Stokes equations
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Abstract. We show some regularity criteria (Prodi—Serrin type regularity) to weak solutions of the 3D generalized Navier—
Stokes equations in viewpoint of the velocity vector u or the vorticity vector w := V X u in Lorentz space. Moreover, we
briefly mention some results for coupled equations with Navier—Stokes equation (see Remark 1.5 and 1.8).
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1. Introduction

Consider the following 3D generalized Navier—Stokes equations:

u+ (=L8)%u+ (u-Vju+ VP = f, [
in Qr :=R3x 0, T), (1.1)
div u =0,

where v : Q7 — R3? is the flow velocity vector and P : Q7 — R is the magnetic pressure. We consider
the initial value problem of (1.1), which requires initial conditions

u(z,0) = up(x), r € R3. (1.2)

The fractional power of Laplace operator (—A)® is defined as in [28]

(CA)F(€) = €1 Fle).

where f denotes the Fourier transform of f. For notational convenience, we write (—A)'/? as A. Before
we take a further look, let’s recall the definition of Leray—Hopf (weak) solution to (1.1)—(1.2) which is
given in [6].

Definition 1.1. Let a > 0 and ug € L?*(R?) divergence-free. A Leray—Hopf solution is a distributional
solution (u, P) of (1.1)—(1.2) on R3 x (0,T) such that

L we L((0,7), L*(R?)) N L*((0,T), H*(R?)),

II. P is the potential-theoretic solution of —AP = divdiv u ® u,
III. Foreveryt € (0,T), for s = 0 and for almost every 0 < s < ¢t there holds the global energy inequality

t
lu(t) 72 o) +2/ 1(=2)*"2ullF2 gay dr < Ju(s)] 72 gs)-

S
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Recently, in the authors in [6, Theorem 2.2] construct the existence of Leray—Hopf solution in the
sense of Definition 1.1 on R? x (0,7 to (1.1)—(1.2). Let u(x,t) be a solution to system (1.1), then uy(z,t)
with any A > 0 is also a solution, where uy(z,t) = A\2*~tu(Az, A2?t). It is worth pointing that H™ 2" isa
critical space, that is, H 3 norm is scaling invariant. By Sobolevs embedding theorem, we also obtain

s 5—3a

H < L5 2, Then
2« 3
fJull . < Cllul? 5o [[ull? s52a, —+—— =2a—1
LA4(0,T;L3=2= (R3)) Le(0,T;H 2 ) L2(0,T;H 2 ) 4 T

It is well-known that the local and global-in time existence of strong solutions (i.e., pointwise sense
solutions) to the system (1.1)—(1.2) were established for a@ > 2 using Galerkin approximation method
with the energy estimate (see e.g., [35] and [18]). About the uniqueness, very recently, Colombo et al.
[5] proved the ill-posedness in the case o < % After that, Rosa [9], proving the non-uniqueness of such
solutions in the range o < §. That is, there exist infinitely many Leray solutions u of (1.1) in T? x [0, c0)
based on the convex integration theory in the limelight recently. As Rosa mentioned, the method given
by Colombo et al. [5] also would give us infinitely many weak solutions bounded in L°°(0,T; L?(T?)) in
the range % <a< %

On the other hand, we list only some results relevant to the regularity. The authors in [37] and [14]
showed the following the integral conditions, typically referred to as Serrin’s condition for % <a< %
< p < o0.

3 2«
e L0, T; LP(R? ith =+ — <2a—-1, ——
u ( (R%))  wi p—l— 7S a 5o 1

On the other hand, in [2] for a vorticity w = V X u, for 0 < a < 2,
2
w € L9(0, T; LP(R?)) with 3 + = <a, 6 <p< oo,
p q «
After that the authors in [14] shown that for 0 < o < 2,

Vu € L7a5(0,T; L7), 23<r§oo, 0<T < .
(0%

Also, other types of regularity criteria can be referred to, for example, [10,13,21,23,30], and the related
references therein. Our study is motivated by these direction; we obtain the regularity conditions for a
local solution to 3D generalized Navier-Stokes equations (1.1)—(1.2) in Lorentz space.

Our results reads as follows:

Theorem 1.2. Let ug € H™(R?) with div ug = 0 and m > % and % <a< %. There exists a sufficient
constant € > 0 such that if u satisfies

([l

Then the solution u can be extended beyond T' > 0.

ara <e, <r<oo, 0<T<ooc. (1.3)
L2ra—r—3" (O’T’LTOC) 2a — 1

Theorem 1.3. Let ug € H™(R3) with div ug = 0 and m > % and 0 < o < %. There exists a sufficient
constant € > 0 such that if

3
S]] _zra_ o <€, —<r<oo, 0<T<o0. (1.4)
LZra—3"%(0,T;L™°°) 200

Then the solution u can be extended beyond T > 0. Here, S = (S;;) = %(g:? + gg?).

Remark 1.4. The result in Theorem 1.3 is more weaker condition to that in [2] or [14]. More speaking,
the strain tensor S in Theorem 1.3 is replaced by Vu or w := V x u due to

IS0z sy < IVullL= sy < llwllL-@s) (1.5)
for 1 < z < o0.
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Remark 1.5. The result in Theorem 1.2 and Theorem 1.3 don’t hold for the 3D generalized MHD equa-

tions, which is Navier-Stokes equation coupled with the simplified Maxwell equations (3D MHD equa-
tions). Instead, the condition in Theorem (1.3) can be replaced by

w € L3 (0,T; L™™) < oo,

2a_1<7‘§oo, 0<T < 0.

and the condition in Theorem (1.4) can be substituted by

rou 3
S € L#a3(0,T; L") < oo, o <r<oco, 0<T <o,
@
since we don’t apply Lemma 2.2. However, according the argument in [20], the result in Theorem 1.2 and
Theorem 1.3 may be hold for the 3D generalized micro-polar fluid, which are fluids with microstructure
containing the velocity of rotation of the fluid particles. For these models, we refer to [11,13,17,18,25] for
the fractional diffusion and [12,13,15,16,24,31,32,36,38] for the viscous fluids, and the related references
therein.

Motivated by the papers [3,19], we give a geometric regularity condition for the volume of paral-
lelepiped type in viewpoint of v and w.

Theorem 1.6. Let % 20‘ <20—-1, s==<r<ocoand 1l <« < . Suppose that u be a solution of 3D

generalized NavierfStokes equations (1.1) —~(1.2) with initial condztwn ug € H™(R3) with m > 3. There
exists a sufficient constant € > 0 such that if

< €.

H w V xw
Ls:22(0,T;L™>°(R3))

|V x w|

then a regular solution u exists beyond T .

As mentioned in [33], geometric-analytic regularity criterion expressed as a balance between the vortic-
ity direction and the vorticity magnitude, key geometric and analytic descriptors of the flow, respectively.
For this, define a pointwise measure of the coherence of the vorticity direction in in turbulence by

o [sin p(&(x +y,t),E(x, b))
py(@,t) = sup PR -

(see refer to [27] for the coherence structure of the vorticity and [8] for effect of vorticity coherence).
In this connection, our result reads as follows:

Theorem 1.7. Let w € C([0,T), LP(R3)) be a solution to the 3D generalized Navier—Stokes equations
(1.1)~(1.2) for some p > 3. Assume that w satisfies

/T / po (. 8)w(a, )] ) dx}% dt < oo, (1.6)

where the parameters v,p and a conform to the scaling-invariant condition p(y + 2a) — 3 = ap. Then T
is not a blow-up time.

Remark 1.8. The results in Theorem 1.6 and Theorem 1.7 don’t hold for the 3D generalized MHD
equations(or 3D generalized micro-polar fluid). In order to achieve these kind of results, it may need
additional assumption for a magnetic field (or the velocity of rotation of the fluid particles).
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2. Preliminaries

In this section, we introduce notations and definitions used throughout this paper. We also recall the
well-known results for our analysis. For 1 < ¢ < oo, W*4(R?) indicates the usual Sobolev space with
standard norm ||-[[, ., i.e.,

WEIR?) = {u € LYR?) : D € LI(R?),0 < |a| < k}.

In case that ¢ = 2, we write W*4(R3) as H*. All generic constants will be denoted by C, which may
vary from line to line. In particular, A < B means for A < CB.

2.1. Lorentz spaces

Let m(p,t) be the Lebesgue measure of the set {x € R® : [p(x)| > t}, i.e.,
m(p,t) :=mix € R® : |p(z)| > t}.
We denote by the Lorentz space LP4(R?) with 1 < p, ¢ < oo with the norm [29]

1/q
(ftq gotq/pdt) < oo, for 1<q< oo,
H<PHLM(R3) =

SuptZO{t( ( 2 ))E} < 0, for qg=0o
Followed in [29], Lorentz space LP4(R?) is defined by real interpolation methods
LP(R?) = (L7 (R?), LP* (R?))aq,

with % = 1;10‘ + z%’ 1 < p; <p<py <oo. In particular, we note that

L7 2(R3) = (LQ(}R3) L6(R3))

3 2.
2p 7
We mention the Holder inequality in Lorentz spaces (see [22]).

Lemma 2.1. Assume 1 < pl, pg < oo, 1 < ql, q2 < o0 and u € LPr1(R3), v € LP2%2(R3). Then
uv € LP393(R3) with L = L -+ 5 and < = —|— -, and moreover,
p3 a3 Q1
HUU||LP3=43(R3) < CHUIILPM ®3) V] 2.0z r2)
1s valid.
Also, we recall the following nonlinear Gronwall-type inequality established in [26] (see also [1]).

Lemma 2.2. Let T > 0 and ¢ € L;0c([0,T)) be nonnegative function. Assume further that

t t

o(t) < Co+ C4 /,u(S)cp(S) ds + R/A(s)lffgp(s)l“‘(f) ds, V0<e<ep.
0 0

Where k,eq > 0 are constants, p € L'(0,T) and A(e) > 0 satisfies lim. g () = ¢y > 0. Then ¢ is
bounded on [0,T) if ||\l pr.ee(o,r) < cg w71

To control the fractional diffusion term, we recall the following result (see e.g., [4] or [34]).

Lemma 2.3. With 0 < a < 2, v, A% € LP(R®) with p = 2k, k € N, we obtain

1 [e3 P
/|v|p_2vA°‘vdx2 ];/|A5v5\2dx.
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3. Proofs of Theorems

Proof of Theorem 1.2. A. Case 1 < a < %: Multiplying —Aw to the first equation of (1.1), integrating
over R3, we have

2dt||Vu( HLz—l—HAO‘HuHL2 ‘/ (u-V)u - Audx|. (3.1)

Using Holder inequality, Lemma 2.1, interpolation inequality for Lorentz space and Young’s inequal-
ity, the right-hand side term in (3.1) is estimated as follows:

Lm.2 \|V2u|\Lq,2

Lree [Vl

/WuHVunvzunm:suu|
]R?)
e [Vl nAw“uHHQHVuHLGAa+%mL22

< ull % IVl + 5 HAQ+1 I7:

where for 1 < s,g <ocand 0<6,§ <1

111
S —4-=1,
T m q

and
1 2 1 1 1 a+1
——s=d(5 -z )ra-9(5- )
q 3 (2 3>+( )2 3
This implies § = 1 + % — %, 6=1+ q% — % Thus, we set m = zri and ¢ = 45, and then,
we obtain
d « 2 rTa—r
5 [ 17uP o Al S el 9l
Note that
3 2 3
—+—a:—+a(9+5):2a—1,
ros r

and a < % implies g > %
Now, we use an argument similar to the one used in the work of Bosia et al. [1]. For € > 0,

- 4o L 3S+3E(2a lfozs) 27(1 .
Choose sc = 5 + €(5,%7 — as) and r = a1 (ot e( 1%, —as)) 20 with 2 -+ 5% = 2o — 1. Then we
have
lull?s oo < C(e)lully o V|35, (3.2)

where we use the interpolation and Sobolev inequalities. Then, we know
d S —€ €
720 < ClelullsS o) 2, o(t) == || Vull72 s

2ra
By Lemma 2.2 with \(s) := Hu||z’;“oozki), 1(s) = 0 and Cy = 0 under the assumption (1.3), we obtain
the desired result (see e.g., [20] for a detail proof).
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B. Case % < o < 1: Note that

/(u Vu - Audz = /V (u®u) - Audx = /A“av (u@u) - AU da. (3.3)
R3 R3 R3
From (3.1) with (3 3), we have
o 2
5 dt||Vu( W2z + A +1uHL2 < —/(u -Vu - Audz.
R3

_ / AV - (@ ) - AP da < [[AZ (4 @ u)| g2 AT u o

lull o A2l ae [IAT ] e

IIUIILT IIWIIizeIIA”“uHm AT |2

IZANRZAN

l—a+2
7 | V|2, + f||A1+au||L2, pol-aty

Hence, we get

||Vu< 122+ | Al

~

In the same manner as the previous technique (the proof in case A), we obtain the desired result.
O

Following [7], the symmetric part S, which we will refer to as the strain tensor and he anti-symmetric
part A will be given by

S’(S”)’i(amﬁaxj)’ and A*(A”)*i(amfax)’

respectively. Then, we rewrite the vorticity equation:
wr +v(—A)w+ (v V)w = Sw. (34)
The vortex stretching term Sw is often written (w-V)u, but it is clear from (1.7) that Aw = 0; therefore,
(w-Vu=(S+A)w = Sw.

Proof of Theorem 1.3. Multiplying w to the first equation of (3.4), integrating over R3, we have

1d .
S IOl + A%} < / SlJwf? do (35)

Using Holder inequality, Lemma 2.1, interpolation 1nequahty for Lorentz space and Young’s inequality,
the right-hand side term of (3.5) is estimated as follows:

JEERTEICI. ||w||§% 1

2(1
S 1S e I35 2[4

T Il + SIAGlE,
and thus we obtain

ro ro 1 E) 2(1+ ro— )
/le2d$+llA“wlle S ISIEE? loll3s < ISIE ) Jwlza 7

~

where we use (1. ) By Lemma 2.2 under the assumption (1.4), we obtain the desired result. 0
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Proof of Theorem 1.6. For a proof, |lu||prem®s) in the proof of Theorem 1.2 is only replaced by

[ )] -2

Lo (R3)

d 2
GIVuOIR: + A=l < [ 1l val v2ul do

4
g/’<u x ﬁ) - % Vul|V2y

J
< (v ﬁ)} ' |§ g Z| .
x| Iuleslia el

oo

In the same manner as the proof(case A) of Theorem 1.2, we obtain the desired result.

Remark 3.1. Comparing to the result of Theorem 1.2, the range of o in Theorem 1.6 restrict to 1 < o <

. Indeed, from (3.1), we have

IVull g2 | V] o2

IV 22 | AF |

JICEE B

1-96
L2,2

O

[\GI[9N)

since the argument in Theorem 1.2 hold for % < « <1, in particular, do not work in this case.

Lastly, we consider the vorticity equation:

wr +v(—A)w+ (u- Vw = (w- V)u.

(3.6)

Proof of Theorem 1.7. Multiplying the equations (3.6) by |w[P~2w and integrating over the whole space

yields

1%/\wlpdx+/(M)2aw~lep’%df”: /(w~V)u' [l *wde = /a|w|p,
p

where we use the fact the pointwise identity

(w-V)u = alw|*.

Here, following [7], the strain matrix S(z,t) is given

Sz, t) = %(Vu(m,t) + Vu(:c,t)T> = —P.V./M(g,w(x ry)—L, =2,

3 dy

47

ly|®’ ly

where M (g, w) = %[g) ® (g xw)+ (§ xw)® g)} with (a ® b);; = a;b;. Denote

By Lemma 2.3 implies a lower bound on the fractional diffusion term follow as

12
Jo B ol wde > 2 [ VBl do 2 o Ol
p L3—2a
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Using Holder and Young’s inequalities, the RHS is estimated as follows,

1
tpal [ ale Dt 0 ds] < ey [ (prllote.0F) (sl +3.0] dy)aal
< cp o310 | e | s #
= e Pl |[fa= e
1 3—4 1
2 —
< Cpa Hp’y|w| HLp,oo ”w”L&1 s ]72 +1= T + 5
1— 1 1 3 -2«
< Cpa Hp'y|w|2||Lp,oo ||w||%22 ||w||L:62a,ﬁ vy = 045 +(1- Oé)T
2 Cp, 1—
< Cpa Hp’Y|w|2”LP ||w||%l7 + p8a lelLagga s

where we use H |y|+_7 * |w| HLLl < ||lwl| . in third inequality and Lemma 2.1 in fourth inequality. It yields
=

the final form of our differential inequality on (0, T),

< Cllpylwl| 7y ()12 (3.7)

()17 + ca lw(®)]

L3—2a

o

a”w
Applying the Gronwall’s inequality to (3.7) under the assumption (1.6), we have the desired result. [
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