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Analysis of a malaria epidemic model with age structure and spatial diffusion

Chunyue Wang and Jinliang Wang

Abstract. This paper aims to provide the complete analysis on the threshold dynamics of an age-space structured malaria
epidemic model. We formulate the model in a spatially bounded domain by assuming that: (i) the density of susceptible
humans at space z stabilizes at H(z); (ii) the force of infection between human population and mosquitoes is given by
the mass action incidence. By appealing to the theory of fixed point problem and Picard sequences and iteration, the
well-posedness of the model is shown by verifying that the solution exists globally and the model admits a global attractor.
In the spatially homogeneous case, we establish the explicit formula for the basic reproduction number, which governs the
malaria extinction and persistence. The local and global stability of equilibria is achieved by studying the distribution of
characteristic roots of characteristic equation and constructing the suitable Lyapunov functions, respectively.
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1. Introduction

It is well known that malaria is a parasitic infections in humans, caused by the genus Plasmodium. In
general, humans acquire malaria through effective biting by several species of infectious female anopheles
mosquitoes [23,25]. Susceptible mosquitoes acquire malaria through effective bites of infectious human
host. It has been reported in [15] that about more than one hundred countries are under prevalence of
malaria. Every year, two billion people are at risk affected by Plasmodium falciparum.

Reaction—diffusion model frameworks have been proved to be a powerful tool to generalize the classical
Ross—Macdonald malaria models [4,6,11,20-22,32,34]. For a spatial transmission dynamics of malaria,
it is usually assumed that human and mosquitoes are confined in a bounded domain 2. Laplacian oper-
ator 9/0z% = € Q C R*(n > 1) are introduced to reflect the spatial random movement of humans and
mosquitoes. Recent publications [13,14,21] demonstrated that the spatial heterogeneity is a more mean-
ingful and important factor in disease transmission. In reality, as environmental conditions vary spatially,
for example, temperature and humidity, etc., it comes natural to demonstrate spatial heterogeneity for
disease transmission parameters. It is also argued in [26] that “the non-random distribution of humans
and mosquitoes across the landscape can generate spatially heterogeneous biting patterns”.

In typical and pioneering work of malaria transmission model [1,18-20,23,25], humans are categorized
into susceptible and infected class. The adult female mosquitoes (termed as vector) are categorized into
susceptible and infected mosquito classes. The mosquitoes have to breed in water, and the adult female
mosquitoes emerge from aquatic mosquitoes. The adult female mosquitoes transmit malaria to human
hosts. The infected mosquitoes may spend a incubation period of 10 to 14 days (termed as extrinsic
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incubation period (EIP)) to survive (during which the infected mosquitoes cannot transmit malaria
to human hosts) and transmit malaria to human hosts [18]. Taking EIP and mobility of human and
mosquitoes in a spatial domain into account, Lou and Zhao [21] generalized the model in [25] and proposed
a nonlocal and time-delayed diffusive malaria model, for x € Q, t > 0,

%mai(f,x) — D, AS,, (t,x) = p(x) — %Sm(t,x)lh(t,x) — dp S (t, 1),

W = DmAln(t @) = e_d"‘T/F(ﬂx, y)lﬁ((g))sm(t = Tyt = 7 y)dy — dmIn(t,7), (1.1)
Q

5%$@_aAhmwzﬁg%m@—hmmmy%%+MMwm

with

OSm(t,x)  OL,(t,x)  OIL(t,x)

on N on  On

Here, S, (t,2), I, (t,x) and Ij,(t,z) denote the density of susceptible, infected adult female mosquitoes
and infected humans at space x and time ¢, respectively, which are equipped with diffusion rates D,,,
D,, and Dy, respectively. The total population stabilizes at H(x). S(z) and p(z) stand for the space-
dependent biting rate and recruitment rate of adult female mosquitoes, respectively. d,,, represents the
natural death rate of mosquitoes. b and ¢ stand for the transmission probabilities per bite from I to S,
and from I, to H(x)— I, respectively. dj, and p represent the death rate and recovery rate of humans. T’
is the Green function corresponding to the operator D,,, A subject to the Neumann boundary condition.
T represents the fixed incubation period constant.

Since the latent mosquitoes in one location can fly around during EIP, and arrive at any location
in the domain when they can transmit malaria to human hosts, the spatial movement of mosquitoes in
EIP will result in non-local infection [3,13,14]. In model (1.1), the nonlocal time delay term is obtained
by introducing an infection age variable a. At time ¢ and space x, denote by i,,(t,a,z) the density
of the mosqultoes with infection age a. Suppose that 7 is a fixed latent period. It then follows that

=0, z €9Q,t > 0.

E., f im (t,a,z)da and I, (¢, x f im (t, a, z)da are the density of latent and infected mosquitoes,

rebpectlvely Then, the evolution of zm(t a,x) satisfies

Qi (t, a,x) N Qi (t,a, x)

— D Aip(t,a,x) = —dpim(t,a,x), x€Q, t>0,a>0,

ot
im(t,0,2) = l}f(( ))S Iy, zeQ, t>0, (1.2)
Oim(t a,7) _ z €00, a>0,

on

where i, (t,0, x) is the newly infected mosquitoes. The nonlocal time delay term in (1.1) comes from the
key point that i,,(t, 7, x) can be determined by the integration along characteristics line ¢ — a = const.,

[ i@ pintt - a0pdile),  tza

Zm(t,aam) = @ H(CL) (13)
/F1(t’l‘, Y)imo(a — tﬁ‘/)dym, t<a,
Q

where 4,0 is initial condition, and II(a) = e~%"®. Hence,

i (t, T, ) :H(T)/Fl(ﬂw,y)im(t*ﬂO,y)dy, vt > 1.
Q
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From the standpoint of mathematical analysis, the authors in [21] confirmed that the threshold dynamics
of (1.1) is governed by the sign of the principle eigenvalue of the associated linear and nonlocal eigenvalue
problem. Subsequently, a typical feature of malaria termed as vector-bias, was introduced to describe the
difference between the probability (denote by p and l) of a mosquito picking the human when he/she is
infected and susceptible (see, e.g., [8,29,33,34]). To explore the seasonal patterns of malaria epidemics
(may be caused by annual temperature and rainfall variation (see, e.g., [12])), Bai et al. [4] further
extended the models in [21,33] by incorporating the seasonality, vector-bias, EIP and the spatial het-
erogeneity, and formulated a time-delayed periodic reaction-diffusion model. Their results suggest that
the sharp threshold results can be achieved by defining the basic reproduction number. They also con-
firmed the existence of a periodic solution for the proposed models, which built an interesting biological
implication: Seasonal patterns of malaria epidemics will occur. It is important to mention that recent
studies on diffusive Zika epidemic models (see, e.g., [11,22,32]) can also be regarded as a generalization
of the classical model in [25]. Like other vector-borne disease models, Zika epidemic models share the
same cross-infection mechanism between humans and mosquitoes.

Our goal of this paper is to perform an original analysis of (1.1). A more complete understanding of
(1.1) can help to get better understanding of the malaria transmission in regions. As in studies of Zika
outbreak in Rio De Janerio, Bastos et al. [28] argued that compared to the total population, infected
human density takes a fairly small number [28]. Subsequently, Fitzgibbon et al. [11], Magal et al. [22]
and Wang and Chen [32] proposed the diffusive vector-borne disease model by assuming the density of
susceptible humans to be H (), which depends only on space x, and will not be altered within a short time.
On the other hand, in (1.1), the force of infection for humans and mosquitoes is described by adopting
standard infection mechanism, %Sml n and 35((;))
the density of susceptible humans. It comes naturally to wonder what happens if standard incidence is
replaced by the mass action. In this work, we continue to borrow the idea in [11,22,32] that the density
of susceptible humans is H(z) and adopt the mass action incidence, which result in the force of infection
for humans and mosquitoes at space x and time ¢ given by b3(x)Sy, Iy, and cf(x)H (z)I,,, respectively.

This work is also inspired by some recent works on diffusive disease models with age structure (see,
for example, [5,9,10,35,36], aiming to understand the effects of the spatial heterogeneity and infection
age on disease transmission. For the standard age-space structured susceptible—infective-recovered (SIR)
model, Chekroun and Kuniya [5] reformulated the model by a hybrid system of one diffusive equation
and one Volterra integral equation, and studied the threshold dynamics for the disease extinction and
persistence in one-dimensional domain. Further, the global stability problem of a constant equilibrium
was achieved by constructing Lyapunov function. In another works, the existence of travelling wave
solutions of age-space structured SIR model with or without birth and death processes was established
in a spatially unbounded domain [9,10]. For a age-space structured SIR model with seasonality, Zhang
and Wang [36] established the threshold dynamics that basic reproduction number more than one or
less than one determines whether or not disease extinction. Yang et al. [35] made an attempt to extend
the methods and ideas in [5] to propose a model for the spatial spreading of brucellosis in a continuous
bounded domain. Some basic mathematical arguments, including the existence and uniqueness of the
solution and threshold dynamics, were successfully addressed.

Unlike in [13,21] where disease transmission is modeled with a fixed incubation period in a spatial
bounded domain, here we intend to incorporate an infection age to be a continuous variable and the
fixed incubation period is ignored. This work can be considered as a continuation of the work [21]. For
convenience, we shall adopt some notations used in [21], as proceeded below. With these considerations,
we propose the following age-space-structured malaria model:

(H(x)—Ip)I,y,, respectively, where H (x)—Ij, represents
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m t’
M - DmASm(t,l‘) = :U‘(I) - ﬂ(x)sm(tax)Ih(tﬂ I) - dem(tvx)a T e Q,t > O;
Qi (t,a,x) n Qi (t, a,x)
ot da

— DAl (t,a,2) = —dpin(t,a, x), xeQ,t>0,a>0,

oo 1.4
oI (t, ) , (14)
5 Dy AL (t,x) = H(z) | f1(a)im(t,a,x)da — (dn + p)Ip(t,x), x€Q,t>0,

0
im(t,0,%) = B(2)Sm1n, xeQt>0,

with the following initial condition
Sm(0,2) = ¢1(z) > 0, in(0,a,2) = ¢a(a,x) € LY (Ry;C(Q)), I4(0,2) = ¢3(z) >0, z € Q, (L.5)
and boundary condition

0Sm(t,x)  Oip(t,a,x)  OIn(t,x)
on N on  On
Here, 3(x) and fi(a) € LY (R4) are the age-dependent disease transmission rate. All the location-
dependent parameters are continuous, strictly positive and uniformly bounded functions on .

We point here that the main difficulty lies in that (1.4) is formulated in a non-uniform Banach space.
The existence and positivity of the solution should be carefully verified, to which adopt the methods used
in [5,35]. Comparing to [5,35], we need to turn the existence of global nonnegative classical solution into
a fixed point problem by inserting the first and third equation to the second equation due to the cross-
infection mechanism. On the other hand, the cross-infection mechanism brings us difficulties in obtaining
the explicit formula for the basic reproduction number through defining the next generation operator.
Finally, in a homogeneous case, the local stability of equilibria achieved by studying the distribution of
characteristic roots of characteristic equation, the strong persistence result and the global stability of
equilibria achieved by Lyapunov functions in different cases are indeed not trivial, as proceed below.

We proceed the paper as follows: In section 2, we present the preliminary results on (1.4) with (1.5)
and (1.6), and the well-posedness of the model is shown by verifying that the solution exists globally and
the model admits a global attractor. Section 3 is spent on giving the basic reproduction number for (1.4)
by appealing to the theories of the next generation operator and renewal equations. In section 4, the local
and global stability problem for space-independent equilibria of (1.4) is studied in a homogeneous case.
A brief conclusion section ends the paper.

=0, z€09Q, t>0. (1.6)

2. Preliminaries

Denote by X = C(Q,R) the Banach space endowed with the norm [|¢||x = sup{|#(z)|}, and let X be
zeQ
its positive cone. Denote by Y = L (R, X) the space of Lebesgue integrable functions endowed with the

norm |||y = [ |¢(a)|xda. The positive cone of Y is Y.

0
Suppose that Ti(t), To(t) : X — X, t > 0 are the strongly continuous semigroups corresponding to the
operators, D, A and Dy A, subject to (1.6), respectively. Clearly,

(T9)(@) = [ it p)olo)dy, 20, 6 € X, (21)
Q
where T'; (¢, 2,y),i = 1,2 is the Green function associated with D,,A and Dy A subject to (1.6). It then
follows from [27, Corollary 7.2.3] (see also in [24, Theorem 1.5]) that T;(¢) : X — X, ¢ > 0, ¢ = 1,2, is
strongly positive and compact. Further, T'(t) = (T1(t), T1(t), T>(t)) : X3 — X3, t > 0 forms a strongly
continuous semigroup.
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We place our problem on the state space X x Y x X. For convenience, in what follows, we denote

B, = ess. sup Pi(a), x* = max x(z) and x. = min x(z),
a€Ry z€Q €N

where x = u, 8, H, respectively.
We next aim to prove that the solution of (1.4) exists globally and (1.4) admits a global attractor.
For simplicity, we denote by X = X x Y x X and X; = X, x Y, x X;. We first present the main result.

Theorem 2.1. For any ¢ = (¢1, b2, ¢3) € X, (1.4) admits a unique global nonnegative classical solution.
Further, the solution semiflow, i.e.,

(I)(t)¢ = U(t,.%',(b) = (Sm(t,x;qbl),im(t,a,x;¢2),Ih(t,x;¢3)), a Z 07

possesses a global attractor in §§+.

We shall first introduce the following lemmas and then combine with them to prove Theorem 2.1. For
convenience, we always denote

B(t, ) := im(t,0,2) = B(z)Sm1n. (22)
For positive T', we define the space
Yr = C([0,T],X) with [[¢[ly, = sup [[¢(t)[lx, ¢ € Yo
0<t<T

Lemma 2.2. For any ¢ € X, (1.4) admits a unique nonnegative solution defined on [0, T]x Q with T > 0.

Proof. In view of the S, equation of (1.4), direct calculation yields
t

Sy = Fy(t, x) —|—/e_d"‘(t_s) /Fl(t —s,z,y)[uy) — B(s,y)]dyds, (¢t,x) € [0,T] x Q, (2.3)
0 Q

where Fy(t,z) = e~ [T(t,2,y)¢1(y)dy. Similarly, in view of the Ij, equation of (1.4), we get
Q

t

.h:R@@+/?“”M“@/D@—&%MH@/fWMM&mw®®®Jt@€MﬂXQ,

0 )
(2.4)
where Fa(t, ) = e~ (4Pt [ To(t, 2,y)¢3(y)dy. It follows from (1.3) that
Q
[es) t
/m@mmmmm:/m@mm/nm@wMme@m+mwm, (25)
0 )

where F3(t, x) fﬁl a+t) H(QH) fFl t,x,y)p2(a,y)dyda.
Plugging (2. 5) into (2.4) and then substituting (2.3) and (2.4) in (2.2) yield

B(t,z) = pB(z) | Fy +/e_dm(t_s)/Fl(t—s,x,y)[u(y) — B(s,y)|dyds | x (Fy +Fy
0 Q

t
+/e (dn+p)(t— 3)/1"2(t— s,x,y)H /ﬂl / 1(a,y,2)B(s — a, z)dzdadyds
0
B

= F(B)(t,z), (2.6)
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where Fy(t, x) fe (dntp)(t—s) fI‘g t—s,z,y)H(y) [ Bi(a+ H(‘HS) fI‘l (8,9, 2)p2(a, z)dzdadyds.
0

Next, we clalm that the nonhnear operator F has a fixed point, Wthh in turn ensures that (1.4) admits
a unique solution on [0, T]. For ease of notations, we denote

Fo(t,z) := Falt,z) + Fy(t, z),

/ & / Ty (t — 5,2, 9) [u(y) — B(s,)]dyds,
O

(2.7)

Ga(B) :== /e_(dh'“’)(t_“’) /Fg(t —s,z,y)H(y) / /I‘l (a,y,z —a, z)dzdadyds.
Q

0 Q

It then follows that the nonlinear operator F can be rewritten as:
F(B) = B(z)(F1 + G1(B))(F2 + G2(B)).

By appealing the Banach—Picard fixed point theorem, we only need to verify that the nonlinear operator
F is a strict contraction in Y. To this end, we choose any B1,Bs € Yy and let B = B; — Bs such that

F(By) — F(B2) = 5(z)(F1Ga(B) — F2G1(B) + G1(B1)Ga(B) — Ga(B2)G1(B))
< B8* |F1G2 — FoGy + G1G; — G1Go| B,

where
t
@1(8) = /e*d”"(tfs) /I‘l(t— s, x,y)B(s,y)dyds,
0
G, = /7d m (1= S)/Fltfsxydyds
Q
and
t s
Gy = /e_(dh+p)(t_s)/Fg(t—s,x,y)H(y)/ﬁl(a)H(a)/Fl(a,y,z)dzdadyds.
0 Q 0 Q
Putting
h(T) = 3* sup F1(s,2)Ga(s,z) — Fa(s, 2)G1(s,2) + Gi(s,2)Ga(s,z) + Gi(s,2)Ga(s, @ ’X,

0<s<T
which leads to
IF(By) — F(Ba)| < h(T) By — Ba|.

Choosing sufficiently small T > 0 such that i(T) < 1. We arrive at the conclusion that F is a strict

contraction in Yp, that is, the nonlinear operator F has a unique fixed point. This proves Lemma 2.2.
O

We next to prove that the local solution of (1.4) remains positive for any ¢ € XJF.

Lemma 2.3. For any ¢ € XJF, we have that ¥t € [0,T] and x € Q,
Sm(t,x) >0, B(t,z) >0 and I,(t,z) > 0.
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Proof. Tt is easily seen that due to the positivity of u(x) and ¢y,

t

t
~ — [(dm+E250 Ny
Smltr) =Fr+ [ e [t o [ it = s..p)duds o

0 Q

~ - f dm+ i?’;y) dr
where F; = ¢ S*t( =) STtz y) o1 (y)dy.

Q
We next to prove the positivity of B(t,z) by the method of Picard sequences. We first set
Bo(t,x) = B(x) Sy (t, 2)Fa(t,z) > 0,
where Fy(t,z) is defined in (2.7). Assume that B, (t,2) > 0 (n € N). We then directly get

t

Bn—i—l(tvx) = BO(t7I) + ﬁ(x)sm(ta ‘T) / ei(thrp)(tiS) /FQ(t - s,x,y)H(y)
0 Q

x [ Bi(s—a)l(s —a) | T1(s — a,y,2)By(a, z)dzdadyds
/ /

> 0.
It remains to show that the sequence {8, (t,x)}5° converges to B(t, ) in the sense that lim B, (¢, z) =
n—oo
B(t, z). To achieve this, we introduce
By (t,z) = e By (t, ), for A € Ry.

Hence,

B\n+1(t7 Z‘) = e_AtBO(t? I) + ﬁ(x)sm(ta x) e_(dh+p)(t_8) /F2(t -5, y)H(y)

Q

o — .

X /ﬂl(a)ﬂ(a)/Fl(a,y,z)efMBn(s—a,z)dzdadyds
0 Q

= e MBy(t, ) + B(2)Sum(t,2) ef(dw)s/ Fels o))

o .

Q
t—s
X / ﬂl(a)H(a)/I‘l(a7y,z)e_kt3n(t — s —a, z)dzdadyds
0 Q

— e MBy(t,x) + B(x) S (t, ) [ e [Inte)s / Ta(s, 2, y)H (y)

Q

o _

t—s
X / 61((1)1_1((1)/I‘l(a,y,z)e*A(aJrs)e*/\(t*a*S)Bn(t — s —a, z)dzdadyds
0 Q

= By (1.2) + B@)S(ta) [ [To(oz )

Q

o .
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t—s

X / Bl(a)H(a)ef)‘a/Fl(a,y,z)ef)‘sgn(t — s — a,z)dzdadyds.

0 Q

Note that both sides of above equality always hold. It allows us to choose & € Q such that B*(t,7) =
max _ B(t,z). Hence, for any n € N,

te[0,T),2€9
||Bn+1 B;H <3S, / (dntp)s /F2(53x7y)H(y)
Q
X /,Bl(a)H(a)e_)‘“/I‘l(a,y7z)6_’\sdzdadydsHBZ —BZ,IHDO
0 Q
B*Su B H 1 .
< 77;\21 HBn— n—1||oo’
where H* = meag({H( x)} and Sf, = r%n%] | (, )|~ By repeating the iteration, it is easily seen that
T telo,
1Brsr = Bl < Ia (1B = Bia [l < LR 1BT = Billo
where Ly = M Hence, for any m,n € N,
* * Ln *

Choose A large enough that Ly < 1. Consequently, as n — oo, |Bf — B, — 0, implying that
lim B, (t,z) = B(t,z), Vt € [0,T] and = € Q. The positivity of B, (t,z) directly implies that B(t, z)
n—oo
is positive.

We next to show that I (¢,2) > 0 by contradiction. Assume to the contrary that there exist x, € Q
and ¢, € (0,7) such that

In(t,z) >0, t€10,t1] and z €
In(t,z.) =0, t=1t; and x, € Q;
In(t+ex.) <0, t=t,z,€Qand0<e<]1.

By (2.4), together with the positivity of B(¢,x), we can easily obtain

t1+e
MUHfJQZFrF/e*“ﬂmﬁ“”/Bﬁﬁf—&%wH@
Q
/ﬂl /Fl(a y,2)B(s — a, z)dzdadyds + F4 > 0,

which results in a contradiction with I, (1 +¢, ) < 0. Hence, I;(t,z) > 0 directly follows. This completes
the proof. 0

Next, we g)nﬁrm that the solution of (1.4) exists globally by extending solution existence interval
from [0,7] x Q to [0, +00) x €.

Lemma 2.4. For any ¢ € XJF, (1.4) admits a unique nonnegative solution defined on [0,00) x Q.
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Proof. In view of S,,, equation of system (1.4), we know that S, is governed by

9Sm, . .
W—DmASm:u(x)—dem, x €N, t>0, (28)
) 2.8
%:O, x €00, t>0.
on
According to [21, Lemma 1] and comparison principle, Sy, is bounded above by the upper solution %,

ie., SmS%:MS for all t > 0 and = € Q.

We now claim that for all ¢ > 0 and = € Q, B(t,z) < oo by contradiction. Assume to the contrary
that there exist t* > 0 and 2* € Q such that lim;_¢« B(t,2*) = 400. In view of S,,, equation of system
(1.4), we get lim;_4= 0p.Sp, (¢, 2*) = —o0, i.e., Sp(t,z*) < 0 in near of ¢*. This leads to a contradiction
to the positivity of Sy, (see Lemma 2.3). Hence, B(t,z) < oc. Based on this fact, we assume that there
exists Mp > 0 such that B(t,z) < Mp.

(o]

Finally, we determine the boundedness of Iy, (t,x). Let I= [ im(t, a, x)da, then it satisfies
0

g T I(a +1t)
I= | 1(a) | Ti(a,z,y)B(t —a,y)dyda+ | ——— | T1(t,z,y)p=2(a,y)dyda

< /H(a)/Fl(a,x,y)dydaMB —i—//I‘l(t,x,y)qﬁg(a,y)dyda = M.
0 Q 0 Q
It then follows that

Int.a) < HG, [ @00 [Tyt = 5,0, 0, p)dyds + [ Talt..9)0a()dy
0 Q Q
H* B, M
< — 4 = My, . 2.9
< g, tleslx =, 29)
Therefore, the solution of (1.4) exists globally. This proves Lemma 2.4. O

By utilizing the previous lemmas, we shall give the proof of Theorem 2.1.

Proof of Theorem 2.1. By the assertions in Lemmas 2.2, 2.3 and 2.4, we knovv~ that the solution of (1.4)
with initial condition ¢ = (¢1, @2, ¢3) € X, exists globally. Let ®(¢) : Xy — X, ¢ > 0, be the semiflow
generated by the solution of (1.4), i.e.,

(I)(t)¢ = u(ta 5 ¢) = (Sm(ta 5 ¢1)7 im(t’ a, x; ¢2)a Ih(ta x; ¢3))
From Lemma 2.4, solution semiflow ®(¢) is ultimately bounded. Hence, we can apply [16, Theorem 2.4.6]
to confirm that (1.4) possesses a global attractor. This proves Theorem 2.1.
Throughout of the paper, we define the following positively invariant set, at which the dynamics of
(1.4) are confined.
Letting M(t) := [ Sppdz+ [ Idz. Integrate the i,, equation from 0 to co, and integrating the S,, and
Q Q

im equation of system (1.4) over © and then adding them up, yield

AM(t)
A0 < 1)~ o),

Hence, we obtain the a priori estimate
Y

M(t) < M(0)e=4mt ¢ y

(1—e~dnty < max{M(O), “df}
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This implies
*19
lim sup M(t) < | ‘

t—oo

dm
Hence, there exists to > 0 such that for any t > to, M(t) < & | L
Denote by Ih fIh t,z)dz. We directly have

dlh(t) H*ﬂlu*lﬂl 7
< — + .
P - (dh p)]h(t)

We integrate this differential inequality to obtain that for ¢; > ¢y,
. H*B *10)

Ih(t) < 17“”’

dm (dn, + p)

Consequently, we can define the following positively invariant set

v *1Q T H*B, 1" |Q
:{¢€X+|0<M(t)<“dL,|,0<Ih(t)<#i+‘p)l}- (2.10)

for t > ty.

3. The basic reproduction number

Obviously, (1.4) has a disease-free steady state Ey, = (%,0,0). Assuming that both humans and
mosquitos are near Fy. Following the standard procedures as those in [30] and [7], this section is spent
on defining basic reproduction number of model (1.4).

Linearizing system (1.4) at Ey for infectious components yields

azm(t %) + alm; a2) — DAl (t,a,z) = —dpin(t,a,x), x€Q, a>0,
(tOm) 'ua) = B(t,z), x €,
o, (3.1)
e DI, = H(x) /ﬁl(a)im(t,a@)da — (dn, + p)In, z€eQ, a>0,
Qi (tya,z) Ol
on o 0, x el
We integrate the 4, equation of (3.1) along the characteristic line ¢t — a = const.
[rieyBe-epan@,  t>aceo,
im(t,a,2) = @ - | 1(a) 0 (3.2)
_ ik Sl > .
/ 1(t,$,y)¢2(a tay) yH(a_t)a a_ta T €
Q

We substitute (3.2) in Ij, (defined in (2.4)) resulting in
t
B(t,r) = z) —(dn+p)(t—5)
,x) = B(x) 7 Fo+Fs+ [ e Lo(t —s,2,y)H(y)
0 Q

X /ﬂl(a)ﬂ(a)/Fl(a,y,z)B(sa,z)dzdadyds)

0 Q
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5($)?<F2+F4+0j6(d"er)sﬂ/Fz(Saxvy)H(y)

« t/_sﬁl(a)ﬂ(a) / Ty (a,y, 2)B(t — 5 — a, z)dzdadyds), (3.3)
0 Q

where Fo and Fy are defined in (2.4) and (2.6), respectively. Since (3.3) is a renewal equation, we can
make Laplace transformation to (3.3)

[ B =D [ o / S0 [ o) H)
0 "D Q
t—s
X / I (a)H(a)/Fl(a,y,z)E(t — s — a,z)dzdadydsdt.
0 Q

Interchanging the order of integration (¢ and s) and letting ¢ — s = ¢ (for simplicity, still denote ¢ by t)
yield

/e_ktg(t,x)dt Mdﬂ/e_(d’”'p /e_)‘t/Fg(s,x,y)H(y)
0 "0 s Q
t—s
X /ﬁl(a)H(a)/Fl(a,y,z)E(t—s—mz)dzdadydtds
0 Q
= ()42 [ et [ oo [rogsaym
0 0 Q

t

X /ﬁl(a)H(a)/Fl(a,y,z)g(t—a,z)dzdadydtds.

0 Q

Interchanging the order of integration (¢ and a) and letting ¢ — a = ¢ (for simplicity, still denote ¢ by t)
yield

o0 o0

/ e MB(t, x)dt %/ —(dn+p)s 7)\5/ﬂ1 /FQ(S ) H ()

0

0
/ M/I‘l (a,y,2)B(t — a, z)dzdtdydads
Q

a
o0

%/e—(dm))s 751(a)n(a)e—“‘/Fz(sw,y)H(y)

Q

0
/ /Fl a,y, 2)B(t, z)dzdtdydads.
0 Q
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Consequently, interchanging the order of integration (¢ and z) yields

(oo}

[ B = o) / ~(dtpis / () (a)e ™ / Ta(s.2.)H(y)
0 0
X /I‘l(a,y,z)/e_’\tg(t,z)dtdzdydads. (34)
Q 0

Setting A = 0 leads to

/Et:c
0

Md—/e_(d"“’)é/ﬁl /1"2(3 x,y)H(y) /F1 (a,y,z / (t,z)dtdzdydads.  (3.5)
"0 0

0

Hence, the following operator L is termed as the next generation operator

Cl¥)(x) = Bz W/ (@ t0)s / Bia / To(s, 2, 9)H(y) / I'y(a,y, 2)(z)dzdydads.  (3.6)

d’m
Q
The following result indicates that £ defined in (3.6) is strictly positive and compact.
Lemma 3.1. Let £ be defined in (3.6). Then, L is strictly positive and compact.

Proof. Tt is easily seen that the operator L is positive. Due to the properties of I'; and I's, we can select
a bounded sequence {¢,, }nen in X such that for M > 0 and Va € €,

|on| <M, where M > 0.

Hence,

H*ﬂ* * < 7d
‘CM)TLK:E) = (dntep)s 61 F?(S :c,y) Fl(a,y,z)dzdydads,

that is, £ is uniformly bounded. Accordlng to the Arzela—Ascoli theorem, it remains to confirm that £ is
equicontinuous. In fact, for any z,z € Q with |z — Z| < 6 and y € Q,

H ﬂ / *(thrP)s/ﬁl /|F2(8 x,y) — Da(s, Z,y |/P1 a,y, z)dzdydads. (3.7)

Due to the compactness of the operator A and the uniform continuity of I'y(s,z,y), finding g > 0

ensures

deO
Tr -T T < —
| 2(a7x7y) 2(0,,1’,y)| = MH*B*M*M’

where M = |Q] [ e~ +P3ds [ B (a)[I(a)da and |Q] is the volume of Q2. Using this J and €y, we know

0 0
that [L[¢](z) — L[$](Z)| < eo, for all |x — Z| < §. Consequently, the compactness of £ directly follows (as
L is uniformly bounded and equicontinuous). This proves Lemma 3.1. 0
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According to the general results as those in [30] and [7], we define the basic reproduction number as:

where r(+) is the spectral radius of the operator £. As usual, it is difficult to obtain spectral radius of the
next-generation operator £, if not impossible, so that we cannot get further information on dynamical
properties of (1.4). To proceed further, we will consider the homogeneous case that

wu(r) = p, B(x) = B, H(z) = H.

4. Global stability problem of space-independent steady states

This section is spent on exploring the global stability problem of the space-independent equilibria of the
following system:

95m 1y NSy = o= BSm Iy — don S, 2EQ, t>0,
im(t, a,2) + Dim(t,a,) — D Ai (t,a,x) = —dpmim(t,a,2), x€Q, t>0, a>0,
ot da -
I,
% — DyAIL(tw) = H / Br(@im(t,a,x)da — (dy + p)In, T EQ, >0, (4.1)
0
im(t,0,2) = BSmIn, e, t>0,
0Sm  Oip(t,a,x) Ol
p— = —_—— Q t .
o o o 0, €I, t>0

Note that the assertions of model (1.4) in previous sections, including the existence and uniqueness of
the solution, existence of global attractor, and definition of the basic reproduction number, still hold for
(4.1). Obviously, (4.1) has a space-independent disease-free equilibrium Ey = (S59,,0,0), where 57, = 2.

Similar to (1.3) and (3.2), i, (¢, a,z) takes the following form:
/Fl(a, x,y)B(t — a,y)dyll(a), t—a>0, x€Q,
im(t,a,z) = ¢ (a) (4.2)

II(a
T — 7 —t> Q
/ 1(t,$,y)¢2(a t’y)dyﬂ(a — t)) a t > 07 SN
Q

with B(t — a,y) := im(t — a,0,y) = BSm(t — a,y)I1(t — a,y).
Lemma 3.1, together with Krein—-Rutman theorem (see, e.g., [2, Theorem 3.2]), implies that the basic

reproduction number is the only positive eigenvalue of £, with a positive eigenvector. Substituting ¢(z) =
1> 0in (3.6) and using [T;(-,z,y)dy = 1(i = 1,2), one gets
Q

In this setting, the basic reproduction number of (4.1), [Ro], is

(o) = pt=H [ @ ds [ 5y (a)1i(a)da. (4.3)
0 0
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Denote by E* = (S}, 4%, (), I};) the space-independent endemic equilibrium of (4.1), if it exists. Then,
it satisfies

- 65:1111 d S';kn =
diy,(a) .
.*T = —*dnilm(a%
im(0) = BSL, (4.4)
H/ﬁl a)da — (dn + p)I}; = 0.
Direct calculation gives
dn+p . . KHi, (0)
Sm BHK (a’) Zm(o) (a)7 and h dh +p ’ ( 5)

(o]
where K = [ (31(a)Il(a)da and i}, (0) = %}){%&30]71).

0
Obviously, we have the following assertion.

Lemma 4.1. If [Ro] > 1, (4.1) has a space-independent endemic equilibrium E* = (S}, (0)II(a), I}),
which is unique and defined by (4.5).

4.1. Local dynamics

This subsection is spent on the local stability problem of E, and E*. To this end, letting E =
(S im(+), In) be any equilibrium of (4.1). We linearize (4.1) around F
[ - -
— D AS, = —BSmIn(t,x) — BSm(t, )1}, — dm S (t, ),
a m t7 ) a m ta ) . .
! (8ta z) im(t, 0, 7) — D Aiy (t, a, ) = —diin (t, a, x),
_ a _
Z.m(ta 0755) = BSmIn + BSmin,

oIy, .
DAL= H / B1(@)im (t, @, 2)da — (dn + p) I,
0

Sy _ Oim(t,a,x) Ol 0
on on on '

We proceed to determine the characteristic equation of E. Since the linear system contains Laplacian
term, we introduce the related theory from [6]. Denote by A;(j = 1,2,...) the eigenvalues of operator

—A on a bounded set © with boundary condition (1.6), that is, Av(z) = —(;v(z). Hence,

(4.6)

02)\0<)\1<)\2<"'7

corresponding to which there is the space of eigenfunctions in C*(€2), denoted by E()\;).
Denote by {¢;;| 7 =1,2,...,dim E();)} the orthogonal basis of E();). Further, let X;; = {c¢;;| ¢ €
R3} such that

dim E(X;)

X = @X“ where X; = @ Xij.

It is well known that the parabolic problem w = Au(t, z) with % = 0, admits the exponential
solution u(t,z) = e"v(z), where v(z) € X;. Substituting (Sy,, im (¢, a, z), I) = €™ (¢Y(x),&(a, x), d(x)) in
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(4.1) gets

mp(x) + D A\itp(2) = —BSme(x) — BIp(x) — dmtp(z),

nea.2) + B9 4 s e(a,a) = ~dc(a.),

§(0,2) = BSme(z) + flnp(x), (4.7)

nd(x) + Dahid(a H/ﬁl £(a, 2)da — (dy + p)(x).

Combined with the second and third equation of (4.7), we get that

€(a,z) = £(0,2)e""%11(a), where TI(a) = e~ PmA1(a).
We prove the following claim.
Claim. n # —(D,\; + dy,) and n # —(DpA; + dp + p).

In fact, if n = = (DA +dyy), together with the first equation of (4.7), implies that £(0, 2) = 0. Hence,
from the fourth equation of (4.7), we directly have n = —(DpA; +dp, + p), which results in a contradiction.
n # —(DpX; + dp + p) < 0 can be proved in a similar way.

This claim together with the first and fourth equation of (4.7) implies that

_ &0,2) §(0,2)f(n)
Vie) = N+ DA + di, and ¢() = n+DpXi +dp +p’ (48)
where f(n) = H Tﬁl(a)e*"“f[(a)da. Plugging (4.8) into the third equation of (4.7) and canceling £(0, x),
we get ’
1 =\ _ oz f(n)
(1+n+DmAi+de”> _ﬂSm<n+DhAi+dh+p)' 9

Hence, (4.9) indeed admits a principal eigenvalue n* (see, for example, [17, Lemma 2.2]).

The following result indicates that both Ey and E* are locally asymptotically stable (LAS) under
threshold conditions, which is achieved by studying the distribution of characteristic roots of (4.9).
Theorem 4.2. Let [Ry] be defined by (4.3).

(i) If [Ro] < 1, then Eq is LAS;
(i1) If [Ro] > 1, then E* is LAS.

Proof. Let us first prove (i). For Ep, that is, S, = - and Ij, = 0, (4.9) can be reduced to

m

f(n)
_ﬂdinJrDh)\ +dy+p (4.10)

Suppose, by contradiction, (4.10) admits a real root n > 0. We estimate (4.10)

1 Bf(n)
dm 1+ DpAi +dp, + p _ﬂd (dh+p H/ﬁl

1=

a)da = [Ro],

which leads to a contradiction with [Jg] < 1. Hence, all the real roots of (4.10) are negative. On the other
hand, if (4.10) admits a pair of complex roots, denote by 7 = ¢ + di with ¢ > 0 and d > 0, we then have

(c+ DpXi +dp + p) 7061 (a)e=< cos(da)Tl(a)da — d Tﬁl (a)e~<*sin(da)I(a)da

1=pLH 0 : <[
Sam (et Dih v 4 P2 1 < [Rol,

(4.11)
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again a contradiction with [f] < 1. This proves (i).
We next prove (ii). For E*, that is, S,, = S}, and I}, = I}, (4.9) can be reduced to

1 . . f(n) )
1+ ——pI7 | =388 . 4.12
( +77+Dm)\i+dmﬁh> ﬂm(n+Dh)\i+dh+p ( )

With n = ¢+ di with ¢ > 0, we estimate the left-hand side (4.12),
1 V(c+ Dy + d + BI)? + d?

1+ ————— (8[| = > 1. 4.13
’ 77+Dm>\i+dmﬁh V(c+ Dp)i +dy)? + d? (4.13)
The right-hand side (4.12) can be estimated as
f(n) ‘ |f(n)] HK
S = 3S* < pBSH ——- =1, 4.14
F5m 10+ DpAi +dp +p "0+ DpAi 4+ dn + pl ﬂmd;ﬁrﬂ (4.14)

which is a contradiction. Consequently, if [Rg] > 1, all roots of (4.12) have negative real parts. This proves
(ii). O

4.2. Global dynamics

This subsection is spent on the global stability problem of Ey and E*. Combined with local asymptotic
stability (in subsection (4.1)) and global attractivity of equilibria, we shall confirm that both Ey and E*
are globally asymptotically stable (GAS).

Theorem 4.3. If [Ro] < 1 and ¢ = (¢1, 2, ¢3) € D, then Ey is GAS.
Proof. Tt is well known that function
G(u,v):u—v—fulngzo, for u,v € Ry, (4.15)
v

and G(u,u) = 0. By using this function, we define

L[S, tm, Ip](t) = /[ILSm (t,x) + L, (t,z) + Ly, (t, z)]dz,
Q

= G(Sp(t,x),S2), L;

Tm

where Lg,,

= [ 01(a)im(t,a,z)da, L;, = igfplh(t,x) and ©1(a) € Ly(o0) will
0

be determined later.
We take the derivative of Lg, ,

dLs, S9, (Sm = Sp)* | o

With the help of (4.2), we rewrite L;

L;,, = [ ©1(t—a) [ T1(t —a,z,y)B(a,y)dyll(t —a)da+ [ ©1(a+1t) | T1(t, z,y)p2(a, y)dyll(t)da.
[oren] [oreen]

(4.17)
We take the derivative of L; |

t

JL; d
s =010) [ 110,z )8ty + [ £t -a) [Tt - a.0,9)Bley)dyti(e — a)da
Q 0 Q
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t

+ /@1(t —a) / gI‘l(t —a,z,y)B(a,y)dyll(t — a)da

—dm [ ©1(t—a 1(t —a,z,y)B(a, y)dyll(t — a)da (4.18)
ool
+/%91 / (t,2,y)¢2(a, y)dyIl(t)da

0 Q

/@1 +1) /atFl (t,z,y)p2(a, y)dyll(t)da

o

~dy [61(a / Ly (t, 2, )2 (0, y)dylI(t)da.

0

Collecting the terms with the form of (4.17), together with the fact that W = D,,ATl'1(t,z,y) a.e
for z € Q, we get

L, [[d _
aatm = @1(0)B(t,$) + / |:da@1(a) - (dm - DmA)\IJ(a)] 'Lm(ta a,x)da. (419)
0
We take the derivative of Ly, (¢, x)
Ly, 50 50 o 0
5 ﬁd s Dy AT, + ﬂ H B1(a)im(t,a,x)da — S,,B1. (4.20)

0
With the help of (4.16), (4.19) and (4.20), we get the derivation of L(¢)

8]L /D (1 - i) A8, do— /de+/(@1(o) —1)B(t, 2)de
Q

Sm
Q
(4.21)

//[ & A )+iel(a)—(dm—DmA)@ﬂa)] im(t, a, z)dadz.

Setting

(0)I1(6)df.

Then, it satisfies

da dp +p

{d@1(a)= -3 S Hpi(a) + dm©O1(a),
©1(0) = [Ro],

Hence, (4.21) becomes

aL(t) VSml® / (S — 59)2 B /
= Dy, 52 ———dx dpm, s dz + ([Ro] — 1) | B(t,z)dz.
Q Q Q
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Hence, the global attractiveness of Ey holds in D when [Ro] < 1 (see, e.g., [31, Theorem 4.2 ]). This
together with Theorem 4.2 indicates that the Fy is GAS. This proves Theorem 4.3. O

Define
Dy = {(¢1,¢2,¢3) e X4 | ¢3 > 0, for some z € ﬁ} . (4.22)

In the following, we pay attention to the persistence problem of system (4.1) when [Ro] > 1. We first give
the following lemma.

Lemma 4.4. Let Dy be defined by (4.22). If [Ro] > 1, then there exists €1 > 0 such that
lim sup |B(t,-)|x > €1, V¢ € Dy.

t—oo

Proof. Due to [Ro] > 1, we can select €; > 0 such that

=c) gy / ~(dntp)s s / B1(a)(a)da > 1. (4.23)

We will prove the assertion by contradiction. Assume, by contradiction, that there exists 77 > 0 such
that for all t > Ty and x € Q, we have B(t,z) < e;. By the inequality in (4.23), choosing Ty > T (denote
by h =Ty —T7) and XA > 0 small enough that

o0 oo

@ = ﬂ? _ —dmh /6 (dn+p)s —ksds/ﬁl(a)l—[(a)e—)\ada > 17 (424)
" 0 0
Note that S,,, satisfies
%_DmASmZIJ/_GI_deWH eratZT%
& (4.25)
JZO, xe@Q,tZTg.
on

Hence, direct integrating (4.25) yields

Sy > “d_ 11— e dmt=T0)) > %(1 —emdmh) Vit > T

m m

Further from (2.4),

t [e's)
I, > H/e‘(d”p)(t‘s)/Fz(t—8796,1/)/ﬁl(a)im(sva,y)dadyds
0 Q
t—s

v

¢

H/e*(thrp)S/Fg(s,x,y) / ﬂl(a)H(a)/I‘l(a,y,z)B(tfsfa,z)dzdadyds.
0 Q 0 Q

Combined with the above two inequalities, we have

B(t,x)

t t—s

> g (- ) [ @0 [rys,ny) [ Bu@n(e) [ Tiap 2B - s - a,2)dzdadyds.

m
0 Q 0 Q

(4.26)
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ZAMP
Note that [ e *B(t,z)dt < oo for all z € . Choose T € 2 that B(¢,Z) = mingeq B(t, ). By (4.26)

t t—s

0
have
/e_’\tB(t,f)dt > ﬁud_ o1 H(1 —e_dmh)/e_’\t/e_(dh+p)s/f‘2(s7f,y) / B1(a)II(a)

O 0

0
X /Fl(a, y,2)B(t — s — a, z)dzdadydsdt.

m
0 0

Q
Interchanging the order of integration (¢ and s) and letting ¢ — s = ¢ (for simplicity, still denote ¢ by t)

t—s

yield
/e”\tB(t,i)dt > ﬁ’“‘d_“Hu —e*d’"h)/e*(thrp)s/e*)‘t/Fz(s,ﬂ Y) / B1(a)l(a)
0 s Q 0

0
X /Fl(a, y,2)B(t — s — a, z)dzdadydtds

Q
= BE L H(1 - e / e (hterres / e / Ta(s,7,y) / B1()1(a)
" 0 0 Q 0

X /Fl(a,y,z)B(t — a, z)dzdadydtds.

Q
Interchanging the order of integration (¢ and a) and letting ¢ — a = ¢ (for simplicity, still denote ¢ by t)

o0

e~ (dntp)s _)‘8/51 /1"2(3 T y)/ —At

a

yield
/e—“B(t,f)dt >t "S-
0 m

X /Fl(a,y,z)B(t — a, z)dzdtdydads

—dm h)

Q
=g ety [eiose [ @n@e ™ [Tas g [
" 0 0 Q 0
X /I‘l(a,y, 2)B(t, z)dzdtdydads.
Q
Consequently, we have
/e_’\tB(tJ?)dt > 6Md_ ° H(1 —e_dmh)/e_(d“ﬂ’)se_)‘s/51(a)H(a)e_)‘a/F2(s,57y)
0 " 0 Q
X /F1 a,y, 2 /e MB(t, z)dtdzdydads
Q 0

@/ ﬂvBto:
0
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which results in a contradiction with (4.24). This proves Lemma 4.4. 0
Lemma 4.5. If [Rg] > 1, then liminf; o |B(t,-)|x > €1, Vo € Dy.

Proof. Suppose, by contradiction, that liminf, ., [B(t,)|x < €1. This together with Lemma 4.4 allows
us to choose increasing sequences {t1;}%2, {t2;}32,, {f3;}32, and a decreasing sequence {t4;}32, such
that tlj > tgj > tgj, ‘liIil t4j = 0 that

j—+o0

|B(t,)|x > €1, t=ts);

B(t,)|x = e1, t = ta); (4.27)

|B(t,~)|x <tyg <€, t=115;
It is easy to see that |B(t,)|x < €1, for all t € (t2;,%1;). When t = t5;, we denote by {Sp,;}52,, {B;}52;
and {Ip,;}52, be functional sequences in X, which satisfies S,; = S (t2;,-) € X, B;j = B(ta;,-) € X and
In; = In(tej,-) € X, respectively. From the expressions in (2.2)-(2.4), we can conclude that there exist
(Sm, B, I;) € XT x YT x X* such that

lim Sm]—Sm, hm B; —B hr+n IhJ—Ih

J—oo
In this setting, for all a > 0 and = € Q, denote by (S5,,iS,(, a,x), I5) the solution of (4.1) with
01(2) = S (o), dala,a) = [ Tale,a,)B)dyll(e), a(e) = Ii(o).
Q
Here, the choice of ¢5 is based on (1.3). According to Lemma 4.4, there exists 7* > 0 and £ > 0 such that
|B (7", )|x > €1, and |B°(t, )|x > ¢, Vt € (0,7").

Denote by B (t,-) = B(t + 6;,-). The above inequalities imply that for sufficiently large j that

|B§(t,-)|x>61, t=1%
{ Be(t, ) > > ¢j, te (0,7%). (4.28)
Corresponding to this, however, by letting t = t1; — ta;, (4.27) indicates that
IBS(t, ) |x < ej <e, t=1;;
~ 4.29
{ |B°( )‘X < €71, te (O,f,j). ( )
For the cases where 7 < t; and 7" > t;, it is easily seen that (4.28) and (4.29) contradict each other.
This proves Lemma 4.5. g

Combined with Lemmas 4.4 and 4.5, we directly have:

Theorem 4.6. If [Ro] > 1, system (4.1) is uniformly strongly persistent, that is, there exists g > 0 such
that for x € Q and a > 0,

liminf U > ¢, (4.30)

t—o0,xE€

where U = Sy, i (t, a, x), I, respectively.

Proof. For all a > 0,2 € Q, Lemma 4.5 implies that there exist €; > 0 and to > 0 such that 4, (¢, a,2) >
e111(a) :=¢;,, for all t > to. By using this estimate, the I}, equation of (4.1) satisfies

I
ﬂ > DpAly+etHK — (dp + p)In, €8, t > 1o,

8t

7:0, l’E@Q,tZtQ.
an
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By a comparison principle, we have

.. €1HK
1 f In(t,z) > =€5,.
t—lgo},lrneﬂ w(t:7) dp +p “In

where ij’lfs is the unique positive steady state of the following system

I
?L—DhAIh+61HK(dh+p)Ih, €, t>ty,
=h o, €00, t >ty
on
In view of S, equation of (4.1) and (2.9), there exists t3 > 0 such that
0Sm
? > D AS, +u— (BMy, +dn)S, € Q, t>ts,
a—mzo, r €00, t>ts.
on

Again, from comparison principle, we have

. I
1 f St -_—
tig,zneﬂ (t,2) > BMy, +dm

Consequently, the theorem is proved by letting €g = min{eg, ,€;,.,€r, }-

=€s,,-

Theorem 4.7. If [Ry] > 1, then E* is GAS for ¢ € Dy.
Proof. Let us define
(S im: 1)) = [ [Ls, (t.0) + L (8.0) + Ly (),

Q
where
Ls, G[Sm,S*]
L;, f )Glim(t, a, ), %, (a)da,
Ly, = dﬁpG[]h,I;;)},

and G(u,v) =u—v—vin?, for u,v >0, and ¥;(a) will be determined later. We next wish to calculate

the derivative of Lg, , ]Lzm, and L;, , respectively.
We derivative ]LSm along the solution of (4.1)

E *

ot Sm
S* d * \2 - -
=(1- D ASy — (S — S5+ ik, (0) — i (8,0, 2)
S S,
— i (0)? + i (t,0 a:)g: (4.31)
Here, the equality, u = d,, S}, +i*,(0), is used. Using (4.2), rewriting L; = as

t
Ei == /\Pl(t*T)G /Fl(t7Taxay)im(raoay)dyﬂ(t77‘)71.:1@77') dr

0 Q
00

+/\I/1(t+7")G /Fl(t,aj,y)@(r,y)dyH(t),ifn(t+7“) dr.

0 Q
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For convenience, let

= /Fl(t - 7”7967y)im(7“7 Oyy)dyn(t - T)7 U1 = Z;kn(t - T)
Q

and

= | Ta(t,2,y)d2(r, y)dyll(t), va =iz, (t+ 7).
Q
It follows from the relations i*(a) = i*(0)e~ % and I1(0) = 1 that

i — , (0)G

/ Fl (0, z, y)im(tv 07 y)dya Zrn(o)]

Q

t [e'e]
d d
—|—/a\111(t—7") [ug,v1] dr + /d— (t+ )G [ug, vo] dr
0

+ / Uy (t— r){ [/ %Fl(t — 7,2, Y) (1, 0, y)dyll(t — 1) — dmul} aiulG [, v1]
Q

0

- dmijn (t )%G [Ul, Ul] }d’l"

+ Z\Ifl(t + r){ [Q/ %Fl(t z,y)o(r,y)dyll(t) — dmw} 8%20 [ug, v2]

- dmijn (t + r)aiWG [Ug, U2] }d’l”

With the equality that u2-G[u, v] + v G[u,v] = G[u,v], we have

Pn _ w06 / L0, y)im<t,o,y>dy,ifn<o>]

+ —dpnV(a)|Glim(t,a,z), iy, (a)]da
i

+ / Uyt —r) {/ %Fl(t — 1,2, Y )im (7, 0, y)dyII(t — r)} (“)iulG [u1, v1] dr
0 Q

+ [wen] [ rianotnnun)] ;- 6l .
0 )

Note that 2T1 = D, AT, ZGlu,v] = 1 — £ and semigroup (7(0)[¢])(z) = [T1(0,2z,y)é(y)dy is an

Q
unit semigroup. It follows that

8;" = U1(0)G [im(t,0,2) +]O{ —d \If(a)}G[im(t,a»w)vifn(aﬂda
0
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 [mpasininn - 0o

Now we let

HS:3 1 _
Uy (a) = dwiﬂ /ﬂ e 4m0dp.

Then, it satisfies
HS*
d T (a) = — SrB

7, Yila) = a, +pﬁl(a)[;}dm\lll(a)7
HS* 0
Uy (0 K =5 — =1
1( ) 6dh+[) m 521
Hence, (4.32) becomes
oL;, HS; 3 , , im(t, a,x)
—im(t; a, m(@)In————1d
ot clm—p/ﬁ1 [ il ) () In im(a) } !

+ Glim(t,0,2),5, (0)] +/\I'1(a) [1 - i:;";%} D, Aty (t,a, x)da.

Taking derivative of Ly, yields

= L0 @A n m — 8581 | .
ot [ T N T i Pr(a)im(t, a, w)da — S5, Bl
0

For simplicity, we let
L(t,z) = Lg,, (t,2) + L;, (t, %) + Ly, (t, ).
With the help of (4.31), (4.34) and (4.35), we then have
oL S S

S = Wi (0) = im(t,0,2) — i, (0) " +zm(t 0, x)Sm
+ Glim(t,0,2),i%,(0 Zif/ﬁl [z;“n (a —im(t,a,m)—l—i;‘n(a)lnw
+ [ - Zﬂ Zsfi /ﬁl(a)im(t,a,x)da— S;ﬁ[h] ,
where i
W= {1 — g:] D,,AS,, — g—:(sm - S5)?
+ 7@1 [ Zm; (Z>x)] Dy Din(t, a, z)da + [1 - I} df *prhAIh

0

Collecting terms with i, (0), i, (¢,0, z) and Z5nf , respectively,

n +
oL S S
Fn =W+ir,(0) [1 - Sm] —im(t,0,2) [1 - Sm:|

(4.32)

(4.33)

(4.34)

(4.35)
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HS* =B / , . im(t,a,x)
Glim(t,0,2),4;,( m(t,a, (@) ln ————=1d
+ Glim(t,0,2),4, dh+p Bi(a [ —im(t,a,x) + 47, (a)In i (@) a
H * x I* *
dhsr,i {1 — I’;ﬂ B1(a)in, (t, a,x)da — i, (t, 0, ) g:: +47.(0).
0

Here, we have used the fact that {1 - I’L] S B8In = im(1,0, x) m — g% (0). Canceling the zero terms,

together with 4%, (0) = I;fff fﬁl (a)da, yields
oL ‘ Sr im(t,0,2)
C_wWei 1 2m gy m50, )
g =0 [1- g e
HS* 6/ im(ta,x)  Ifig(t,a,x)
1+1In - d
T ] [ U@ hine |
HS: B im(t,a,2)  Ipim(t,a,x) Sy im(t,0,2)
Y G / ot { TUL@ T hine Se a0 [
By a zero trick that 1 — % = 0, we have
oL HS: (3 S Ifim(t,a,x) S Ini, (0)
o= m Zhtmib & L) _Pmohtm\P) ) g
at dh +p /51 |: (Sm> +g< I Zm( ) +g S':;zl;:lm(t’o"r) “

where g(a) = a — 1 — Ina, o € R possesses the properties that g(«) > 0 when a > 1 and g(1) = 0.
Hence,

@:_Dmsjn |VS /D ) ( /\V@mtaac deda
ot t,a,x)
Q
D,S* 3 |VIh| 9
_ m _ * d
dh+P S’m Sm) ‘
Q

HS: B . S i (t,a, ) SmInit, (0)
. dwpofﬁl(“”m(“) [g<sm)+g< i) o (s )| dee
<0.

Hence, with the help of the property of g, M = 0 if and only if S,, = S}, im(t,a,2) = i¥,(a) and
I, = I}f. According to the invariance principle (bee e.g., [31, Theorem 4.2]), the global attractivity of E*
directly follows. This together with the local stability of E*, as stated in Theorem 4.2, implies that E*
is GAS for all @ > 0,z € Q. This proves Theorem. O
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5. Conclusion and discussion

This paper provides the complete analysis on the threshold dynamics of an age-space structured malaria
epidemic model. Unlike in [21] where the spatial movement of mosquitoes in EIP will result in non-
local infection, here we intend to incorporate an infection age to be a continuous variable and the fixed
incubation period is ignored. We conducted a complete analysis of model (1.4) by adopting the density of
susceptible population to be H(z) and the mass action incidence, which can be regarded as a continuous
work of [21]. In Lemma 2.2, we confirmed that (1.4) admits a unique local solution through investigating
the fixed point problem, which is defined in (2.6). It is also proved that the local solution of (1.4) is
positive for initial conditions (see Lemma 2.3). The positivity of i,, (¢, a, ) is implied by the positivity of
B(t,z), which is proved by the methods of Picard sequences and iteration. The proof of which is indeed
not trivial, as B(t, z) involves the product of S,, and Iy, as demonstrated in (2.6). In addition, we have
extended the interval of existence of the local solution to [0,400). To achieve this, we verified that in a
finite time interval, the solution does not blow up (see Lemma 2.4). Consequently, the solution semiflow
generated by the solution of (1.4) possesses a global attractor in XJF.

By introducing the renewal equation and Laplace transformation, we identified that the next-
generation operator £ defined in (3.6) is strictly positive and compact (see Lemma 3.1), which allow
us to define Ry. It is important to mention that it is difficult to obtain spectral radius of £, if not impos-
sible, so that we cannot get further information on dynamical properties of (1.4). To proceed further,
we considered the special case where parameters are all independent of x. In such a setting, the Krein—
Rutman theorem ensures that [Ry] can be explicitly obtained if the positive eigenvector (corresponding
to [Ro]) is a constant. It is also identified that if [Ry] < 1, then space-independent disease-free equilibrium
Ey = (89,,0,0), where SO, = 7 is GAS (see Theorem 4.3); if [Ro] > 1, then the model is uniformly
persistent (see Theorem 4.6) and the space-independent endemic equilibrium E* = (S}, 4%, (0)II(a), I})
is GAS (see Theorem 4.7). The local stability of Ey and E* is achieved by studying the distribution
of characteristic roots of characteristic equation (4.9) (see Theorem 4.2). The strong persistence result
is implied by the weak persistence (see Lemmas 4.4 and 4.5), which is achieved by making the Laplace
transformation and the way of contraction. Both Ey and E* are proved to be GAS by Lyapunov functions
in different cases (see Theorem 4.3 and 4.7).

If the average incubation period is fixed as 7, and

0, 0<a<T;

bula) = {ﬂ*, A,

as standard arguments in [13,21], our model (1.4) can be reformulated into, for x € Q, ¢t > 0,

a;;n ~ DmASm = 'u(x) B ﬂQ(x)Sth — dmSm,

o1, L

W _DmAIm = e dm /FQ(DmTam7y)ﬁ2(y)Sm(t—T7y)]h(t_7—7y)dy_dmlm7 (51)
Q

oIy,

o DpAly = H(x)*I — (dn + p)In,

with

oS, 0I, OI,
—— === o0, t>0
on on on ) $E O, >0,
where I, = [ iy, (¢, a, z)da. As studied in [21, Section 4], with additional conditions, the global attractivity

z
of endemic equilibrium in homogeneous case can be proved by using a fluctuation method.
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If we further take seasonality into account, by using the standard arguments as those in [4,36], our
model (1.4) can be reformulated by following system, for x € , ¢ > 0,

a?sgn — D, AS,, = pult, ) — Ba(t, ) Spdp — di (t, ) S,

ol o

ot DrnAL = 7 /F2(Dm7',x,y)62(t,y)5m(t — Tt = 7,9)dy = du(t,2) Iy (5.9)
)

o1y, .

5 ~ DalDy = H(@)3"I = (dn + p)In,

with
0S,, oI, 0I,
—=—F—=—=0, 2€09, t>0.
on on on .
Here, pu(t, z), B2(t,x) and d,,(t,x) are the recruitment rate, biting rate and mortality rate involving the
seasonality, respectively. The dynamics of (5.1) and (5.2) will be left for future investigation.
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